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Abstract
The paper will characterise the separability of the fongefifinctor from the cat-
egory of comodules over a group coring to the category of resdaver a suitable
algebra. Then the applications of our results to group er@d@imodules, Doi—Hopf
group modules and relative Hopf group modules are considere

1. Introduction

Turaev [15] introduced the notion of group coalgebras angfHpoup coalgebras
in order to generalize the notion of a TQFT and Reshetikhima@v invariant to the
case of 3-manifolds endowed with a homotopy classes of mapé(t, 1), wherex
is any group. Hopfr-coalgebras generalize usual coalgebras and Hopf algehrése
sense that we recover these notions in the situation whesgethe trivial group. A sys-
tematic algebraic study of these new structures has beeedaut in recent papers by
Virelizier [16], Zunino [20, 21], and Wang [17, 18]. Many résufrom classical Hopf
algebra theory can be generalized to Hopf group coalgelthis;has been explained
in a paper by Caenepeel and De Lombaerde [3], where it wasrshiwat Hopf group
coalgebras are in fact Hopf algebras in a suitable symmetdnoidal category.

The notion of separable functor was introduced BsBisescu, Van den Bergh and
Van Oystaeyen in [10], where some applications for growgsgd rings were done. Every
separable functor between abelian categories encodes ahkégstheorem, which ex-
plains the interest concentrated in this notion within thedode-theoretical developments
in recent years. Separable functors have been investigatéw framework of coalge-
bras [8], graded homomorphisms of rings [9, 12], Doi—Kogpirmodules [4], Doi—Hopf
group modules [6], entwined modules [2] or coring [1].

Corings were introduced by Sweedler [13], and were revisedBlzeziski [1].
As the generalization of coring, Caenepeel, Janssen andj {&rintroduce the group
coring and develop Galois theory for group corings. It isunatto ask the following
guestion: How to characterise the separability of the fifuddunctor from the category
of comodules over a group coring to the category of modules avsuitable algebra
under more general assumptions and how to apply our resulisrhe classical cases?
This is the motivation of this paper.
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The article is organized as follows.

In Section 2, we recall some basic concepts such as grougetwak, Hopf group
coalgebras, group corings, etc. In Section 3, as the keyengnmive show that the for-
getful functor from the category of comodules over a grougnepto the category of
modules over a suitable algebra has a right adjoint funetud, discuss under what con-
ditions the adjoint functors are separable. Finally, wehamur main results to some
special cases, such as group entwined modules, Doi—Hopfgmodules and relative
Hopf group modules.

2. Preliminaries

Throughout this paper, we always let be a group with the unie and k a
field. All coalgebras, algebras, vector spaces and unadogeHom, etc., are over
k. For terminology concerning coalgebras and Hopf algebrasrefer the reader to
[14]. Let us recall definitions and basic results related tapHgroup-coalgebras and
group corings.

2.1. m-coalgebras. A m-coalgebra is a family ok-vector space€ = {Cy}luer
together with a family ofk-linear mapsA = {A,3: Cop = Cy ® Cploper (called a
comultiplicatior) and ak-linear mape: Ce — k (called acounif) such that
(C1) For anya, B, y € m, A is coassociative in the sense that

(Aa,ﬁ & idCy) o Aaﬁ,y = (idCD, & Aﬁ,y) o Aoz,/Sy-
(C2) For allx € =,
(idc, ® ) 0 Age =idc, = (¢ ®idc,) 0 Agg-

REMARK 2.1. Notice that Ce, Acg, €) is an ordinary coalgebra in the sense of
Sweedler [14].

We use the Sweedler's notation for a comultiplication in fokowing way: for a
m-coalgebraC, for any«, B € m andc € C,g, we write

Ag p(C) = C1,0) B C2,p)-

2.2. Hopf z-coalgebras. A Hopf w-coalgebra is ar-coalgebraH = ({H,}, A,¢)
together with a family ok-linear mapsS = {S,: Hy — H,-1}«er (called anantipode
such that the following datas hold, for all g € =,

(HC1) EachH, is an algebra with multiplicatiom, and unit 1, € H,,
(HC2) A, 3 ande: He — k are algebra homomorphisms,
(HC3) my o (idpy, @ Si-1) 0 Ay ot = 1, =My 0 (S ® idp,) 0 Ay-1 4.
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REMARK 2.2. Note that the notion of a Hopf-coalgebra is not self-dual and
that (He, Ace, €, &) is an ordinary Hopf algebra.

2.3. m-C-comodules. Let C = {C,}qer be am-coalgebra andV = {V,}4er @
family of k-vector spaces. A right-C-comodule is a coupleM, pV = {p) g}a per),
where for anye, 8 € 7, p;”ﬂ: Vop = Vo ® Cp is a k-linear morphism, which will
be called a comodule structure and denotedpﬁy(v) = vjp,a] ® V1,6, Satisfying the
following conditions,

(CC1) pY is coassociative in the sense that, for anys, y € =, we have

(po\tl,ﬁ ®idc,) o p;/ﬂ,y = (idy, ® Ag,y) 0 po\t/,ﬂr’
(CC2) V is counitary in the sense that, for alle =,
(idy, ® €) o pze = idy,.

2.4. m-H-module coalgebras. Let H = ({H,},e.) be a Hopfr-coalgebra and
C = ({Cqlaer, A, €) am-coalgebra.C is called a rightr-H-module coalgebra, if there
is a family of k-linear mapsp = {¢,: Co ® Hy — Cq, ¢o(C® h) = Cc-h}4er such that
the following conditions are satisfied,
(MC1) For anya, 8 € m, (Cy, ¢¢) is a right H,-module andc € Cyp, h € Hyp,

Agp(C-h) = Cra) - Ny ® Cap) - h2,p)-

(MC2) For anyc € Ce andh € He, ¢(c- h) = g(c)e(h).

2.5. m-corings. Let A be an algebra. Ar-group A-coring (or shortly a
m-A-coring) C is a family {C, }4c. Of A-bimodules together with a family oA-bimodule
maps

Agp:Cop = Cy ®aCg, e:Ce— A

such that the following conditions hold:
(a) (Aa,ﬁ XA idC,) o Aaﬂ,y = (idCa KA Aﬁ,y) o Aa,ﬂy:
(b) (ide, ®ae) o Age =idc, = (¢ ®alide,) © Aga,
forall o, 8,y € .
For a w-group A-coring C, we also use the following standard notation for the
comultiplication mapsA, g:

Aq (C) = C1,0) ®A C2,p)

for all c € Cyp.
For a m-A-coring C, a right 7-C-comodule M is a family of right A-modules
{My}eer (meaning that eactM,, is a right A-module), together with a family of right
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A-linear mapso™ = {pMs}a per, WherepMs: Mys — M, ®aCs, such that the following
conditions hold:
() (dw, ®aApy) 0 pily, = (pils ®aide,) o oy, and
(i) (idm, ®ag)o po’j{'e =idy,
forall o, B,y € .
We use the following standard notation:

Poltv,lﬁ(m) = Mo,a] @A M[1,4]
for m e Mgg.

A morphism between two right-C-comodulesM = {My}oer and N = {Ng}aer
is a family of right A-linear mapsf = {f,}eer, fo: My — N, such that

(fot a idC,g) o pa’\{lﬁ = po,(\lﬁ o fCt,B'
The category of rightr-C-comodules will be denoted byv1™:€.

REMARK 2.3. If we take A = k, m-corings just ber-coalgebra, and then the
objects inM™¢ be a comodule over a-coalgebra.

3. Separable functors in group corings

3.1. Separable functors. We recall now the definitions and some known results
of separable functors from [10] and [11].

Separable functors. First, we recall some results relevant to separable fusctor
Let C and D be two categories, anéf: C — D be a covariant functor. Observe that
we have two covariant functors

Home(e, 8): C% x C — Sets
and
Homp(F(e), F(e)): C°? x C — Sets

and F induces a natural transformation
F: Home(e, ) — Homp(F(e), F(e)).

We say thatF is called aseparable functqrif F splits, this means that we have a
natural transformation

P: Homp(F(e), F(e)) — Home(e, o)
such that
PoF = 1H0mc(o,o)
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the identity natural transformation on Heffe, ¢). Separable functors were introduced
in [10], and the definition can be found in the following morepkcit form: F is
separable if and only if for alA, B € C, we have a map

Pag: Homp(F(A), F(B)) — Hom:(A, B)

such that the following conditions hold:

(SF1) For anyf € Hom¢(A, B), Pag(F(f)) = f.

(SF2) If we have morphismsf € Home(A, B) and f; € Home(A, B;) and g €
Homp(F(A), F(A1)), g € Homp(F(B), F(B;1)) such that the diagram

F(A) —— F(A)

F(f)l F(fl)l

F(B) — F(By)
commutes inD, i.e. F(f1)g = g'F(f), then the diagram

Pan(9)
—r

A
fl h
Ps.e,(9)
B—

B

«—

o8

commutes inC, i.e. f;Pa a,(9) = Pes,(9)f.
The terminology comes from the fact that, for a ring homorhaam R — S, the re-
striction of scalars functor is separable if and onlySifR is separable.

Separable functors are a generalization of the theory ddirabpe field extensions,
and of separable algebras. Separability plays a crucial irokeveral topics in algebra
and algebraic geometry (cf. [1, 2, 4, 8, 9, 11, 10] etc.).

Our next result is Rafael's theorem, giving necessary arfficgnt conditions for
a functor having an adjoint to be separable. Rafael’s thoe a key result in the
development of our further theory.

Rafael's theorem [11]. Let G: D — C be the right adjoint ofF : C — D with
adjunctionsn: Ic - GF and¢: FG — Ip. Then
(1) F is separable if and only if; splits, i.e., for all objectC € C, there exists a
morphismv® € Mor¢ (G F(C), C) such thatv® o »© = C and for all f € Mor¢(C, C'),
v o GF(f) = f 0 C,
(2) G is separable if and only it cosplits, i.e., for all objecD € D, there exists a
morphismv® e Morp (D, FG(D)) such thatc® cv® = D and for all f € Morp(D, D),
FG(f)ovP =vP 0o f.
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3.2. Separable functors in group corings. Now we will described the main re-
sults of separable functors in group corings in the paper.

Lemma 3.1. Let A be an algebra and be anx-A-coring. Then we have a pair
of adjoint functors(F, G) between the categoriest™¢ and M, (the category of right
A-module} where

F: M™¢ > Ma, F(M)=M,, F(f)=fe
for any M= {My}gexr € M€ and f = {f,: My = Ng}aer in M™C, and
G: Mp—> M€, GIN)=N®AC={N®aCulucx (N €Mp)
with the coaction and action maps on(l$) are defined by
PSE;N)(n ®ad) =N®adae ®adep, (M®aC)-a=n®ac-a
for all n e N, ce C, and de Cyp.

Proof. Standard computations show ti@&¢N) is an object ofM™C. Let us next
describe the unity and the counitc of the adjunction F, G). The unit is described
as follows: forM = {M,}eer € M™C, we define a family ofk-linear mapsyM =
{772/' Yaem

772/'1 Mot g Me (2N Cou 772/' (m) = m[O,e] (SN m[l,a]-

It is straightforward to check that“ is a morphism inM™C. For any N € Ma,
we definecN: N ®aCe — N by ¢V = N ®ae. We can check) and ¢ are natural
transformations, and

G(cM) o n®MN = Igny, ¢FMo F(M) = Igm)
for all N € Ma and M = {My}per € M™C. O

Theorem 3.2. LetC be ann-A-coring. Then the functor G ihemma 3.1is separ-
able if and only if there exists an invariantgC2 = {q € C.|a-q = q-a for all a € A}
such thate(q) = 1a.

Proof. “=". Suppose thaG is separable, and lat be split by¢. SinceAis a
right A-module, by Lemma 3.1 and Rafael's theorem, there exists a

A € Mora(A, FG(A)) = Mora(A, A®a Ce) 2 Mora(A, Ce).
Then we defineg = vA(14). From v# being split byc¢#, it follows that

1a = ¢cP o vA(1) = e 0 vA(1) = £(q).
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Now for anya € A, we define the morphisnf® € Homa(A, A) by f2(a’) = aa. By
the naturality ofv, we have the following commutative diagram

A FG(A)

fal lFG(fa)
A

A s FG(A).
For all a, @ € A, since
vA(@a) = v o f3(@)

= FG(f?) o1 @)

= (f2 ®a Ce) 0 vA(@)

=a-vA@),
sov®(@) = a-v?(1a) = a-q. Also it follows that

vA(@) =vA(1lpa)-a=q-a

from vA being a rightA-linear. Henceq is A-central as required.
“&” Suppose that there existpe C2 such thate(q) = 1a. For anyN € M,
we define

NN > N®aCe, vN(N)=n®aq.
It is easily checked thatN is a right A-linear fromq being A-central. Furthermore
cNovN(n) =n-e(@) =n,
i.e., ¢cNovN = N. vy is natural inN. O

REMARK 3.3. Theorem 3.2 is a precise generalization of Theorem 13.8L],
which is the case ofr = {e} a trivial group.

Theorem 3.4. For a m-A-coring C, the forgetful functor F M™¢ — M4 is sep-
arable if and only if there exists a family of A-bimodules= {#@): C,1 ®a Cy —
A}yer such that

(3.1) 0 (Clya 1) ®A Clagy) = &(C),
(3.2) C(1.8) 'e(aﬁ)(c(z,ﬁflafl) ®ad) = Q(a)(c ®a di1,0)) - d2,8)

for all ¢’ € Ce, € € Cy1, d € Cygp.
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Proof. Supposé- is separable. Leb be the splitting ofy. For anya € n, since
C%" = {Cy1p) per is an object OfM™C via A = (A, 14, },cx and the samed-action
on C, there is a morphism® = = {vg’l}ﬁen,

l)gili Ca—l SN Clg — Ca—lﬁ.
Then we define
0@ = o’ 1 Cypr ®aCy — A

From ¢ and vg’l being both right A-linear, it follows that the map@ is a right
A-module morphism. Next for ath € A, we consider a family ok-linear mapsf2* =
{ fﬁaya}ﬁEﬂy

f%: Corp = Corp,  fi7(0)=a-c

It is checked easily thaf 2 is a morphism ofM™¢. By the naturality ofv, we have
the following commutative diagram

1

Co1 ®n Cﬂ Uﬂ—) Ca—lﬂ

f:-"mcﬁl . lfﬁ‘"’
o

Co1 ®aCp Uﬁ—) Ca—1ﬂ
for all « € . Specially, for anyg € «, ¢ € C,-1, d € Cg, we have
Vi (f&(Q) @ad) = 15 0vf (c@ad).

It follows from the above equation that, for amg/ € , vg’l is left A-linear. Since

-1

v o =7 it follows that

-1
Vi (Cat) ®aCep) =C

for all B € w, c € Cy-15. Then it follows that

-1
e(a)(c(l,ofl) ®AC2a) = €0V, (Caa1) ®aC2a) = &(C).
Now, for all ¢ € Cg, we consider a family ok-linear maps

1CoP) = [|©): Crpya, — RED, ¢ — c@ac)

yer

and

é-(ot,ﬂ) — {;)Ea,ﬁ): Cozfly — 9%3“'0‘), C— Cu1p) ®a C(Z'ﬂil‘fly)}yen’
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where

m(ﬂ,a) — {%;ﬂ,a) = Cﬂ Ra Cﬂ—la—ly}yen.

Standard computation can chek®?) and ¢#) is both morphisms inM™¢. By the
naturality of v, we have the following commutative diagrams

pen
Cpyt ®ACy —— Capyty
Ig:,aﬂ)®Acy\[/ ll S/C,aﬂ)
V}g/){(ﬂ.a)

Cp ®AClapyt ®ACy — Cp QaCp)1y

i.e., for anyc € Cg, ¢’ € Ciup)+ andd € C,, we have

(3.3) W (C@aC @ad) = c®AVED (C @ad)
and
o1
Cofl R Cy _— Ca—ly
:é""”@;\cyl l;yw
Ug{(ﬁ.a)
Cﬂ Ra C}B*la—l Ra Cy SLANN Clg Ra Cﬁ—lofly

ie.,
(3.4) ¢fP o vy ®ad) = v (Cup ®a G ey ®ad)

1
= Ca,p) ®a V}(/aﬂ) (C(z,ﬁflofl) Rad)

for all ce C,» andd € C,. Taking y = o and applyingCs ®a ¢ to Equation (3.4),
we have

(3.5) v (€®ad) = Cap - 0 (Cp s @ad).

Sincev® ' is 7-C-comodule map, we have

(3.6) Aepovly (c®ad) =12 (C®a duw) ®ades)

for all d € Cup andc € Cy-1. Applying € ® o Cg to Equation (3.6), we have
(3.7) vs,;l(c ®@ad) =0 (Cc ®a diey) - d2.p)-

Comparison Equations (3.5) and (3.7), we obtain EquatioB) (&8s required.
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“<". Suppose that there existsas in the theorem. Then for aM € M™¢, we
define a family ofk-linear mapsv™ = {(vVM} e,

VOI:/I tMe®aCy > My, MaC— Mo,a] * 9("‘)(m[11a71] ®a C).

Notice first thatvM is right A-linear. Next, we show that™ is right =-C-colinear, i.e.,
the following diagram is commutative

Vo
Me (SN Caﬂ —ﬂ) Maﬂ

Me®AAa,ﬂl J/ﬂ;\{lﬂ

WM®@aC
Me ®aCo ®4Cs 5 My ®a Cp.

In fact, for anym € M, ¢ € Cup, We have

(' ®a Cp) 0 (Me ®a Ag,p)(M @4 C)

= Mpo,o1 - 0 (M[1,4-1] ® A C1e) ®a C2p)

= Mioe] ®A 0 (M 41 ®A Cra)) - Cp)

= Mo.a] ®A Miza1y,p) - 0P (Mg a112,5-10-1) ® 4 ©)
= Mpoag10,a] ®A M.z, p - 0P Myt 1417 ®a ©)

= pa'\{lﬂ o v‘xg(m ®a C).
Next, we shall show that™ o M = M. Indeed, we take any € M, and compute

vy o g (m) = v (Mo.g ®a Mpz,01)
= Mpo,ef0,e] - 0 (Mo ef1.0-1] A Mita)

= Moo - 0 (Mp .-t ®A ML e2,0))

Mpo,o] * &(Mp1,¢) = M.
This shows that™ is the required splitting of,M. It is evidently natural inM. ]

REMARK 3.5. Theorem 3.4 is a precise generalization of Theorem 13.5L];
which is the case ofr = {e} a trivial group.

4. Applications

In this section, we shall apply Theorem 3.4 to some classiwadules.
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4.1. m-entwining modules. Recall first from [18] ther-entwining structure. Let
C = ({Cqlaers A, ) be am-coalgebra andA be an algebra ovek. Let ¢ be a family
of k-linear maps

VU ={¥a: Ca ® A—> AQ Co}uer

(denoted byy, (c®a) = ay, ®c’~ = ay, ®c¥ =---) such that the following conditions
are satisfied:
(ET1) @b)y, ® ¢V = ay, by, ® c¥V= for all a,b e A, c€ C,,
(ET2) 1y, ® ¢’ = 1p®c for all c € C,,
(ET3) ay,, ® dj%y ® diy%s) = ay,u, ® di%, @ diy’s for all d € Cyp,
(ET4) ec(c*)ay, = ec(c)a for all ce Ce, a € A.

The triple (A, C, ) is called a (right-right)z -entwining structureand is denoted
by (A, C)z.y. The mapy is called arx-entwining map

Given a (right-right)z-entwining structure 4, C),.,. Then one can form the cat-
egory M5 () of right (A, C),.,-modules. The objects aM%C(y) are rightz-C-
comodulesM = {M,}qc» together with a family ofk-linear maps

¢ ={pa: Mo ® A—> My, ¢(M® ) =m-a}

such that the following conditions hold:
(1) For eachx € m, (M, ¢,) is a right A-module.

(2) Foralle,Ben, me My anda € A, pa“{'ﬂ(m-a) = Myp,a] - 8y, ® mﬁ‘fﬂ].
The morphisms ofM%C(y) are not only rightA-linear but also rightC-colinear.

EXAMPLE 4.1. Let (A,C),., be am-entwining structure. Thefl = {AQCq}uer
can be endowed witlA-bimodule structure via

b'-(a®c)-b=Dbab, ®c’

for all b, b e A andc € C,, and we have ar-A-coring C = {A ® C,}qer With the
comultiplication and the counit given by

Za,ﬂ=A®Aa,ﬂv g = A®8
The following lemma reveals the relation between the categbthe modules over
the m-A-coring C = {A ® C,}ser and the category of the modules overentwining
structure @, C),.y .

Lemma 4.2. Let (A, C),., be amr-entwining structure. Then

MEE = MEEW).
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From Theorem 3.4 and Lemma 4.2, we have the following corarus

Theorem 4.3. For a m-entwined structure(A, C),.,, the following statements
are equivalent
(1) The forgetful functor F M%C(¥) — Ma is separable.
(2) There exists a family of A-bimodulés= {#®): A® C,-1 ® C, — A}se, such that
for all ¢’ € Cg, d € Cyp,

41) 9@, ® ) = a5c(C),

(4.2) Q(aﬂ)(lA ® C,p-1a-1) ® d),/,!8 ® C(l,ﬁ)‘//ﬁ = Q(a)(l/.\ ®XRCR d(l,a)) ® d(zy,g).

Here the induced A-bimodule structure g\ ® C,-1 ® Cylaer IS
b-@®c®d) b =bal, , &c'®d¥*

foralla,a’,be A, ceC,1 and de C,.
(3) There exists a family of k-linear mags= {#®: C,1 ® C, = Alycr Such that

(4.3) 9(Cy 1) ® Coy) = £c(C),

(4.4) 2P (e p 1t @A)y, @ cap’ = 99 ® diy o) @ dpp),
0’71 o

(4.5) @ (c®da=ayy 99" ®d)

for all ¢’ € Ce, c€ Cy1, d' € Cyp and de C,,.

Proof. We apply Theorem 3.4 to the spechatr-coringC = {AQ C,}uer, Equa-
tion (3.1) and (3.2) directly corresponds to Equation (4atjl

(4.6) 0P(by, 1,2 ® Cp1ay)’" ™ ® d)y, ® Cu
= 0@ (by, , ® ¢’ @ dua) ® d2,p)

forall o, B e, be A, ceC,1 andd € Cys. The equation (4.6) is equivalent to
the equation

4.7 0“P(Ia® Cop1any ®d)y, ® Crp”’ =0“(1a ® C® duw) ® dayp)

for all o, p € m, c e Cy1» andd € Cyg. In fact, if we takeb = 14 in (4.6), then it
follows Equation (4.7). Assume that (4.7) holds, by using3Eand (ET1), we have

by, 0@ (1a ® Ve ® dy,0) ® Az p)
=by_0“P(1a ® (" )2 p10 ® d)y, ® ('« )ap)’

ET3
by, 1, 10,00 (1a ® iy @), ® Capy™?

Y (by,., 1099 (1n ® G g1y ® )y, ®an™
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Sinced@) and 9@ are left A-linear, it follows that Equation (4.6) holds. So we show
that (1)< (2).

Suppose that there exists a family Atbimodulest = {#®: A® C,-» ® C, —
A}yer such that (4.1) and (4.2) hold. Then we define a familyjkdinear mapsy =
{0} yex,

#9:C,1®Cy > A c®d09(1a®c®d)
for all ce C,-« andd € C,. By the properties of), we have
9 (Cly01) ® Coy) = £c(C),
9P (Ce prasy ® d/)./f,5 ® C(lﬁltfﬂ) = 9@ ® diy0) ® Az ),
?c®da=691,cxda
=09 ((1a®c®d)-a)
=0 (ay,, , ®c” ®d")
— ay,y ,#® (Cwl ®d")
for all ¢’ € Ce, c€ Cy1, d € Cg andd € C,, that is, Equations (4.3)—(4.5) hold.

Conversely, suppose that= {#®): C, 1 ®C, — A},e. such that Equations (4.3)—
(4.5) hold. Then we define a family dflinear mapst = {9} qcr,

0@: A®C,i®Cy > A, a®c®dr— av“(c®d)

for all a e A, ce Cy1 andd € C,. It is straightforward to check thal is a A-
bimodule map and satisfies Equations (4.1) and (4.2). Thesprove that (2% (3).
O

4.2. Doi-Hopf z-modules. Given a Hopfr-coalgebraH = ({H,}4c:). Recall
that a (right)7-H-comodule algebra is an algebraover k together with a family of
k-linear mapsp® = {p2: A— A® Hy}ue, such that,

(a) For anya, g € m,

(ida ® Agp) 0 phy = (p) ®idn,) 0 pf,  (ida ® £) 0 pg = ida,

(b) For anya € 7, p, is algebra homomorphism.
We shall adopt the standard notation, for amg A, pj(a) = 80,4 ® A1,

A Doi—Hopf 7-datumis a triple H, A, C), where A is a right 7-H-comodule
algebra andC a right 7-H-module coalgebra (see Section 2.4).DAi—Hopf 7-module
M = {My}qer IS @ right A-module(meaning that eadd, is right A-module) which is
also a rightr-C-comodule with the coaction structure

oM = {pyﬂ: Meg = Mo ® Cgla,ger
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such that the following compatible condition holds:

Pap(M- ) = My o] - 80,5) ® M1 ) - ApL ]

for all o, f e andm e Myg, a € A

The set of Doi—Hopfr-modules together with both a riglt-module maps and a
right 7-C-comodule maps will form a category of Doi—Hopf-modules and will be
denoted by/\/ljz\'C (called aDoi—Hopf 7-modules categoly

Given a Doi—Hopfr-datum H, A, C), we define a family ok-linear maps

Kﬁ = {wa: Ca®A_) A® Cav C®a_)a{0,ot] ®C'a{l,a]}aen-

Then we have a speciat-entwining structure A, C),., associated to Doi—Hopf-
datum H, A, C).

Lemma 4.4. Let (H, A, C) be a Doi-Hopfr-datum. Then

MRC = MECW).
Proof. Straightforward. ]
From Theorem 4.3 and Lemma 4.4, we have the following thesrem

Theorem 4.5. For a Doi—Hopf r-datum (H, A, C), the following statements are
equivalent
(1) The forgetful functor F M%C — M, is separable.
(2) There exists a family of k-linear mapgs = {9@: C,1 ® C, — Alqer such that
the following equations are satisfied

9 (Cly o) ® Caay) = £c(C),
PO (10 © Aog ® Cap) - PP (Cp 1oty @ gy = PO ® iy o) ® Ao,
ﬂ(a)(c ®d)a= a[o,a][o,afl]ﬂ(a)(c a0 aLe] ® d- 871 4])

for all ¢’ € Ce, c € Cy1, d' € Cyp @and de C,.

Let A be a rightr-H-comodule algebra. Then we have a special Doi—Hopf
datum H, A, H). The corresponding Doi—Hopf-modules category\/l’;\‘H is called a
relative Hopfszr-modules category. From Theorem 4.5, we have

Theorem 4.6. Let A be a rightr-H-comodule algebra. Then the following state-
ments are equivalent
(1) The forgetful functor F M%" — M, is separable.
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(2) There exists a family of k-linear maps = {9®: Hy-» ® Hy, — Alqe, Such that
the following equations are satisfied

4.8) (i, 1) ® hipgy) = (),

2P (101 ® d)og) ® Nap)? (D2 p1ay ® A g
= 09 ® diy ) ® diz g,

(4.10) 9@ (h® d)a = a{o,a][o,afl]ﬁ(a)(ha[o,a][l,a—l] ® da)

(4.9)

for all h" € He, h € Hy1, d" € Hyg and de H,.

DEFINITION 4.7. Let A be ar-H-comodule algebra. A family ok-linear maps
o ={pp: Hg — A}ge, is called a total integral for, if ¢ satisfies

,09 O Pup = (P ® idH;;) © Ayps (pﬂ(lﬂ) =1a
for all o, B € 7.

REMARK 4.8. If m = {e} is a trivial group, the total integrals in Definition 4.7
are reduced to the total integrals in ordinary Hopf algeljvds

Let ¢ = {¢o: Hy — Alser be a total integral. Now we define
98 Her @ Hg — A, 9P (g ® h) = 9(Ss-2(g)h)
: Hg s — A 9 ¢p(S5(9

for all B € m, h € Hg and g € Hg1. Standard computation can check that condi-
tions (4.8) and (4.9) hold (also see [6] in detail). Also thz equality (4.10) holds is
equivalent to thatys with g € = satisfies

0,6 95(Ss-1(ap, g1, p-1)) Sp-2(d)bay g2,) = ¢p(Ss-1(d)b)a

for all ae A andd € Hg-1, b € Hg.
Assume that there exists a family kflinear maps

9 =98 Hps @ Hp — Alper

such that the conditions (4.8)—(4.10) hold. Then we definaraily of k-linear maps
¢ ={gp: Hg = Alper, Where

¢p(h) = 0151 @ h)
for all h € Hg. Using conditions (4.8) and (4.9), we can easily get

Proposition 4.9. Under the assumptions above = {¢g}sc, IS a total integral.
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4.3. Hopf z-coalgebras. Let H = ({Hy}qex) be a Hopfr-coalgebra with the
invertible antipodeS = {§,}qer, i.€, for eache € 7, §, is bijective. Aleft (resp. righ)
rw-integral for H is a family of k-linear forms

h={Maer € [ Hs

aEmr

such that, for allx, 8 € 7,

(idHa ® )\.ﬁ) o Aa’ﬁ = )‘-aﬂlou (reSp. ("a ® idHﬁ) o Aa'ﬁ = )\.aﬂlﬂ).

Note that). is a usual left (resp. right) integral for the Hopf algebd. Virelizier
[16] showed that a Hopfr-coalgebraH is cosemisimple if and only if there exists a
right w-integral A = {A4}eer Such thati,(1,) = 1, for all @ € 7.

Lemma 4.10. Suppose that Sis bijective for all 8 € =, then for a right z-
integral A = {A,}qex for H, we have

(har IN@a)N2p) = Paps I1.ap)D) S5 (G2,5-1)

for all g € H, and he Hgg.

Proof. For anya, 8 € m, g € Hy, h € Hyg, we have

(hes INL.)N2p) = en(92.9) Par Yr)h@wm)hez,p)
= S (Geoes)920ws) rar Iaahaa)Nes
= S H00.49) 910 (her repah@m)Nes
= %1(g(l,ﬂ*1))(xaﬂ! dwep)h)-

This ends the proof. ]

As we know, k can be viewed as a-H-comodule algebra with the comodule
structurepX = {pK: k - k ® Hy, @ > a ® 1y}qer- Theng in Definition 4.7 has the
following form

Pup = (0o ® 1dp,) 0 Ay g

for all @, B € 7, which is just a rightr-integral. Meanwhile, we get a special rel-
ative Hopf 7-modules category\™ " (called the category of comodules over Hopf
m-coalgebraH).

Theorem 4.11. Let H = ({H,}«er) be a Hopfr-coalgebra. Then the following
statements are equivalent
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(1) The forgetful functor F M™H — M, (the category of all vector spaces ovey k
is separablewhere HM) = Me for M = {My}ger € M™H.
(2) H is cosemisimple.

Proof. Assume that (2) holds, we have a righintegral ¢ = {¢,}«cr Such that
re(Lly) = 1, for all @ € . Using the rightr-integral ¢ = {@4}ocr, We define a family
of k-linear mapss = {94} e, Where

98 Hpa ® Hp — k, 9P (g ® h) = 0(Ss-2(g)h)

for all B € m, h e Hg andg € Hg1. It is checked straightforward that satisfies the
conditions (4.8)—(4.10). From Theorem 4.6, we can get thsreld result.

Conversely, assume that the forgetful funckois separable. Then, by Theorem 4.6,
there exists a family ok-linear maps

0 ={0“): Hyr ® Hy — Klgex
satisfying Equations (4.8) and (4.9). Let € H be thek-linear functional defined by
ra(h) = 6911 ® h)

for all h € H,. By Proposition 4.9, the family. = {A,}.c, is a total integral for the
right 7-H-comodule algebr&k. By Theorem 5.4 in [16], one can conclude thdt
is cosemisimple. ]
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