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Abstract
In this paper we study the backward uniqueness for parabgliations with non-
Lipschitz coefficients in time and space. The result presktitere improves an old
unigueness theorem due to Lions and Malgrange [7] and some negent results
of Del Santo and Prizzi [5, 6].

1. Introduction

The question of uniqueness and non-uniqueness for soutibpartial differential
equations has a fairly long history, starting form the dtzdsworks of Holmgren and
Carleman. A good and rather complete survey about the sesaltthis topic, until the
early 1980's, can be found in the book of Zuily [16].

In this paper we are interested in a particular class of mdi@abperators for which
we consider the uniqueness property, backwards in timequémess for smooth solu-
tions of parabolic and backward parabolic operators is rigiat In [15] Tychonoff
showed that a solution € C*(R; x RY) of the Cauchy problem
0 {Btu—AXu=0, (t, x) € Ry x RY,

u(0, x) =0, x € RY,

not necessarily vanishes. In particular, the example giseifychonoff is such that the
solution u(t, x) to (1) satisfies

—alx? ) _
@ p{ gt 0l ) =

for all a > 0. On the other hand Tychonoff proved that uniqueness to &h) ke ob-
tained, for example, if one imposes maxt T7lu(t, X)| < ce*’ for someC, a > 0.
Other interesting examples of non-uniqueness for (1), updeicular assumptions, can
e.g. be found in [11].

2010 Mathematics Subject Classification. 35K15, 35R25.
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Here we consider thbackward parabolicoperator

n
(3) Pu=au+ Y a(@(t, X)du) + ct, x)u,
i k=1

defined on the strip [OF] x RY; all the coefficients are supposed to be measurable and
bounded; the 0-order coefficien(t, x) is allowed to be complex valued and we assume
that the matrix &;u(t, X))T,kzl is real and symmetric for allt(x) € [0, T] xR{ and that
there exists amp € (0, 1] such that, for allt( x, &) € [0, T] x R} x R,

@) > a(t, X)E & = aolg .

j k=1

Underuniqueness property ifit we will mean the following: letH be a space of
functions (in which it makes sense to look for solutiomof the equationPu = 0).
Then we say that the operat®r has the uniqueness property#hif, wheneveru € #,
Pu=0on [0,T] xR} andu(0, x) = 0 in RY, thenu= 0 in [0, T] x RY.

In [7] Lions and Malgrange proved the uniqueness property(3prin the space

5) H = L2([0, TI, HARY)) N HY([O, T1, LA(RY)),

(note that this choice fof{ excludes the pathological situation of (2)) under the as-
sumption that, for allj, k=1,...,n,

ajk(t, x) € Lip([0, T], L*®(RY)).

An example of Miller in [10] showed that the regularity of theefficients ajy
with respect tat should be taken under consideration, if one wants to havgueniess
in H. In particular he constructed a nontrivial solution to thau€hy problem for (3)
with O initial data, for an operator having the coefficieatg in C*([0, T], C°(RY)),
for all 0 < @ < 1/6.

The example of Miller was considerably improved by Mandachd8j in the
following way: consider a modulus of continuify which does not satisfy the Osgood
condition, i.e.

1
/—ds<+oo,
o M(s)

then it is possible to construct an operator of type (3) itire regularity with respect
to t of the coefficients of the principal part ruled Ipy such that this operator does not
have the uniqueness property #

In [5] Del Santo and Prizzi proved uniqueness for (3)Hh under the condition
that, for all j,k=1,...,n,

ajk(tv X) € CH([O, T]! LOO(RQ)) N Loo([oi T]! CZ(RQ)),
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and with the modulus of continuity. satisfying the Osgood condition

o
(6) /0 ;L(S)ds +00.

If the result in [5] was completely satisfactory from the mioof view of the reg-
ularity with respect ta, the same cannot be said for the regularity with respecteo th
space variables: th€? regularity with respect tox was a consequence of a difficulty
in obtaining the Carleman estimate from which the uniqueness deduced.

In [4] Del Santo made the technique used in [5] more effedbiyaising a theorem
of Coifman and Meyer ([2, Theorem 35], see also [13, Sectiéf) &nd he could lower
the regularity assumption ir from C2 to C1*¢ for an arbitrary smalk > 0.

Refining this approach Del Santo and Prizzi got in [6] the uaigess property for
(3) with the coefficients of the principal part

ajk € CH([0, T], L=(R3) N L™([0, T], Lip(Rg)).

In the present paper we will lower the regularity assumpfionthe coefficients
of the principal part with respect to the space variablesngydeyond the Lipschitz-
continuity. The regularity with respect to will be controlled by a modulus of conti-
nuity linked to the Osgood modulus of continuity with resptct. More precisely we
will prove that the uniqueness property # for (3) holds for principal part coefficients

ajk € C*([0, T], L*(R3) N L=([0, T], C”(RY)),

where u satisfies (6) ando(s) = +/i(s?). The proof of this uniqueness result will use
the Littlewood—Paley theory and the Bony's paraproduct ailtlbe obtained exploit-
ing a Carleman estimate. The Carleman estimate will be praveH S with s € (0, 1)
while the weight function in the Carleman estimate will be ame as that in [12].

The paper is organized as follows. First we state the unieggemesults and we
give some remarks. Then we introduce the Littlewood—Pdiepry and Bony’s para-
product. These tools are used in obtaining some estimatesemqed in Subsection 3.3.
Finally, Section 4 is devoted to the proof of the Carlemarnese needed to deduce
our uniqueness theorem.

2. The uniqueness result

DEFINITION 1. A continuous functionu: [0, 1] — R is calledmodulus of conti-
nuity if it is strictly increasing, concave and satisfig¢0) = 0.

REMARK 1. The concavity of the modulus of continuity has a list of giencon-
sequences: for alt € [0, 1] we haveu(s) > u(l)s, the functions — u(s)/s is de-
creasing on (0, 1], the limit lim., o, 1(s)/s exists, the functiors +— wu(1/0)/(1/0) is
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increasing on [1#o00) and the functions — 1/(0%u(1/0)) is decreasing on [H-00).
Moreover, there exists a consta@t> 0 such that

() 1(2s) = Cp(s).

DEFINITION 2. Let Q be a convex set iR" and f: Q@ — B, where 5 is a
Banach space. We will say thdt belongs toC#(%2, B) if f is bounded and it satisfies

[ft)— f(9)ls
—_—— < 4+
O<|t—s|<1 M('t - S|)
t,seQ
For f € CH(2, B) we set
[ f(t)— f(9)ls
[fllcr@np = I fllix@s + sSup ——F—.
e @) o<lt-si<1  M(|t —8])
t,seQ

In case of no ambiguity we will omit the spade from the notation.

DerINITION 3. We will say that a modulus of continuity satisfies the Osgood
condition if

1

ExamMpPLE 1. A simple example of a modulus of continuity jigs) = s*, for « €
(0,1]. If « €(0,1) (Holder-continuity)x does not satisfies the Osgood condition, while
if @ = 1 (Lipschitz-continuity)u satisfies the Osgood condition. Similaglyfs) = s(1+
[log(s)|)*, for « > 0, (Logf-Lipschitz-continuity) satisfies the Osgood condition ifda
only if « < 1.

Now we state our main uniqueness result.

Theorem 1. Let u and w be two moduli of continuity such that(s) = /u(s?).
Suppose thap satisfies the Osgood condition. Suppose moreover that #sasts a
constant C> 0 such that

h
t
9) / ot) dt < Co(h);
o t
there exists a constant € 0 such thatfor all 1< p <q-—1,
2-4q
(10) @7 _ 6 ray.

w(27P) —
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for all s € (0, 1),

+00

(11) D20 9Ke(27) < 400,
k=0

Assume thatfor all j,k=1,...,n,

ajc € C([0, T, L*(RY)) N L>([0, T], C“(R)).

Then the operator P has the uniqueness property{inwhere P and# are de-
fined in (3) and (5) respectively.

REMARK 2. We don't know at the present stage whether the conditia@} #nd
(11) are purely technical or can be removed. They are negessdahe proof of some
auxiliary remainder estimates (see Section 3.3, Lemma &).us remark that (11) is
implied by the following: for allo € (0, 1), there exist$, € (0, 1) andc, C > 0 such
that, for alls € [0, §,], we havecs < w(s) < Cs°.

REMARK 3. It would be possible to prove uniqueness for an operattr terms
of order one, i.e. for

n n
P=0d+ Y d@ut,X)d) + > bi(t, X)dy, + c(t, x),
k=1 k=1

assuming thaby(t, x) are L*°([0, T], C?(R})) for somes > 0. This is due to the fact
that the Carleman estimate, which we are able to prove, idif with s € (0, 1). In
[5] and [4] the Carleman estimate was provedLifi and this fact allowed to consider
the coefficientdg(t, x) under no hypotheses dui(t, x), apart boundedness.

EXAMPLE 2. A simple example of moduli of continuity and w satisfying the
hypotheses of Theorem 1 js(s) = s(1 + |log(s)|) and w(s) = sy/1 + |log(s)].

3. Littlewood—Paley theory and Bony’s paraproduct

In this section we recall some well-known results of theléwood—Paley theory
and Bony’s paraproduct. These results will be fundamemtalstin the proof of our
Carleman estimate.
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3.1. Littlewood-Paley theory. Let x andg be two functions inC3°(R{), with
values in [0, 1], such that

3 8
supp) < {s cRD: D << —},
4
(12) suppi) < {& < RY: el < 5.

Let, for all £ € RQ,

XE)+) p@%) =1,

q=0

i.e. p(&) = x(&§/2) — x(&). By these choices we have

suppi(29-)) < {s eR?: f¢] < %12‘*}
and therefore
suppp(279-)) € & € R: 3p < g < 8al
- g2 = <3

We get

(13) supp@(2=9-)) Nsuppp(2P-)) =0, forall |p—q|=>2.

With this preparations, we define the Littlewood—Paley degosition. Let us denote
by F the Fourier transform olR" and by 7~ its inverse. LetAq and S, for q € Z,
be defined as follows:

Agqu:=0 if g=<-2,

A U= x(Dx)u = FH(x(-)F(u)(-)),

Aqu:=@(279DJu = F Hp(2 @ )F(u)(-)), q=0
and

Su = x(29DJu = F (x4 )FWU)(-))= > Apu, g=0.
p=q-1

Furthermore we denote

spec() := supp(F(u)).
Foru e S'(RY),
U= Y Aqu
q=-1
in the sense of5'(RY).
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The following two propositions describe the decompositaord synthesis of the
classical Sobolev spacdds, via Littlewood—Paley decomposition. A proof of these
two propositions can be found in [9, Proposition 4.1.11 angpBsition 4.1.12].

Proposition 1. Let se R. Then a tempered distribution @ S'(R}) belongs to
HS(RY) if and only if the following two conditions hald
(i) forall g > -1, Aqu € L2(RY),
(i) the sequencésy)gez. ,, wheresy := 295 Aqul|L2y), belongs to #(Z-_1).
Moreovey there exists €> 1 such that for all u € H3(R}), we have

1
—Ullhs@n) < 106g) i@z, ) < Csllullnsn)-
S

Proposition 2. Let se R and Re R.;. Suppose that a sequen@gy)qez. , in
L2(R]) satisfies
(i) specl-1) € {& eR?: |§] < R} and for all g > 0,

specllq) < {& € RY: R™129 < |¢| < 2R2%),

(i) the sequencédq)q=—1, where sy := 29%|[ug|| 2wy, belongs to ¥(Z-_1).
Then u= qu_l Ug € HS(RY) and there exists £> 1 such that for all u € H3(RY),
we have

CiS”u”HS(RQ) < 8qll2@z. 1) = CsllullHsy)-
When s> 0 it is enough to assumeénstead if(i), that, for all g > —1,
spec() € (& e Ry: |&] = R21}.
The following result will be crucial in the sequel.

Proposition 3. There exists a constant & 0 such that the following estimates
hold true
(i) (Bernstein inequalitigsfor u € LP(RY), p € [1, +o0]:

[VxSullLeey < C29||ullLr@y, 9 =0,
1
E”Aqu”L”(RQ) <279 VxAqu|Le@s) < CllAqullLery, 9= 0.
For g = =1 only ||[VxA_1ul|Lewy < C|A_1u]|Len) holds.
(i) (Commutator estimajefor a € L*(R%) and ue L?(RY):

I[Sya, AqlApullLemy < C27P|IVxSyallL=wy | Apull L2y,

(14)
qg=>0,pq>-1.
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Proof. The proof of the Bernstein inequalities can be founf®j Corollary 4.1.17].
The commutator estimate follows from [2, Theorem 35]. Thesuit applied to our
case reads

(15) &, Aq]dx ullLomy = CllVxallL~@ylull 2@y

for a € Lip(R}) andu € HY(RY). Estimate (14) follows from (15) writingApu as a
sum of derivatives.

The proof of the following proposition can be found in [14 0Position 1.5].

Proposition 4. Let w be a modulus of continuity. Thefor all u € C*(RY),
(16) | VxSullL=@y < C29%w(279).

Conversely given u e L®(RY), if (16) holds then u e C?(R?), where o(h) =
I o)/t dt.

The main consequence of Proposition 4 is contained in tHewlg corollary.

Corollary 1. Let w be a modulus of continuity satisfying conditi¢®). Then a
function ue L*(R}) belongs to C(RY) if and only if

[ Vi (Sgu) L (rn)

n P 2 )

< 400

Other interesting properties of the Littlewood—Paley deposition are contained
in the following proposition.

Proposition 5. Let ae C*(RY). Then for all g > —1
(18) [AqallL=my = Cllalcompw(279),
and, if additionally (9) holds
(19) la— SalL~ry < Cllallcemy@(279).

Proof. The proof of (18) is the same as [3, Proposition 3.4)].pfove the second
estimate we note that

a—ga:ZApa

p=q
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and therefore, from (18), we get

la - Sallic@y < >_lApalx@y < Clallco@y Y o2
p=q p=q

An elementary computation gives that (9) is equivalentEq)zq w(27P) < w(279FY),
This concludes the proof. O

REMARK 4. Estimate (19) implies thatsgajk)'j"kzl is a positive matrix if
(aJ-k)’j"k:l is a positive matrix andy is sufficiently large.

For later use we introduce a weighted Sobolev space.

DEFINITION 4. Lets € R and w be a modulus of continuity. Lef(q) =
29(279). We say thatu € S'(R}) belongs toHS(RY) if

172
[Uullhg@n) == <Z ZZSQQZ(q)”AqquZ(RQ)) < 4o00.
q=-1

3.2. Bony’s paraproduct. Let us now define Bony’s paraproduct (see [1]) for
tempered distributionsi and v as

Tyv = Z Z ApUAqu = Z S-1UAq.

g>1 p=q-2 gq=>1

Let us define also

RU,v)= Y AqUAguv= Y AqUuAq, Aq:=Aq1+ Aq+ Ager.
q=-1

> q>—1
ie{0,£1}

With this we can (formally) decompose a produet with u, v € S'(R}) by
uv = Tyv + T,u + R(u, v).

Proposition 6. Let ae L>(RY), s € R. Then the operator imaps H(R}) con-
tinuously into H(RY), i.e. there exist a constantsC- 0 such that

[ Taull Hsn) < Csllall Lo llullHs@p)-

The proof of this proposition can be found in [9, PropositA.1]. Other mapping
properties, especially of the remainde(u, v), will be proved in Section 3.3.
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Let nowa andb be tempered distributions sufficiently regular such thlatmakes
sense. Then we have

Ag(@ab) = AqTab + AqTha + AqR(a, b) = AqTab + AqR(a, b),

where

(20) R(a,b)=Tea+ R@ b)= > SyibAqa

qz-1

From the definition ofAy and §; it is easy to verify that

(1) Aq(Sy-128¢b) =0 if |’ —q| =5,
and similarly

(22) Aq(Sy+288qb) =0 if g <q-4,
so that

Agab) = > Aq(§-1aAgh) + D Aq(Sy+2bAga)

lo'~q|<4 q'>0—4
= > [Aq §1alAgb+ Y Sy1aAqAgh
lo'—ql<4 lo'—ql<4
+ > Aq(Sy+2bAqa)
q'>q-4
= > [Aq SaalAgb+ > (12— §18)AqAqb
lo'—aql<4 lo'—ql<4
+ Y Aq(Sys2bAga)+ D §1aAqAgh.
q>q-4 la—ql<4
:34,1aAqb
Consequently,
(23) Aq(ab) = §-1aAqb + Rq(a, b),
where

Ra@b)= Y [Ag §1alAgb+ Y (Sy18— §-18)AqAqgb

la'—q|<4 lo'—al=4
+ ) Aq(Sy+2bAqa)
q'>q-4
= R{(a, b) + RA(a, b) + R¥(a, b).
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Let us remark that a consequence of (23) is that
10
(24) specRq(a, b) € {é eR: |&] < 32q}.

3.3. Auxiliary estimates for Rq(a, b). In this section we prove an estimate
aboutRq(a, b) which we will use in the sequel.

Lemma 1. Let w be a modulus of continuity satisfyin@), s € R, ©(q) as in
Definition 4 Let ae C*(R}) and be Ho5(RY). Then

12
(25) <Z 22(175)‘1“7—\’,8)(&, b)”fz(RQ)) < Cs,i ||a||cw(RQ)||b||H55(RQ), i =1, 2.
q>-1

Suppose moreover thatss(0, 1) and w satisfies(10) and (11). Then the estimaté25)
holds also for i= 3.

Proof. Let us start with the inequality (25), for= 1. We have

RP@,b) = Y [Aq S-18]Aqb
(26) lo'—q|<4

=[Aq, §-58]Aqab + [Aq, §-4a8]Aq-3b + -+ [Aq, +38] Agiab.
Consider the first term of this sum. We have, from (14) and,(17)
I[Aq, S-5a]Aq-abll L2y < C27O ||V, Sy sal Le@p | Aq-abll Lz
< Z (@ 9)alc-ay 1 Aqbl ey,
Sinceb € H5%(RY) we have that

25(0-4) os-1)(a—4)
Q-4 " w@ @)

| Aq-abll L2y =
where €q)qez. , IS @ sequence it?(Z-_;) and there existgs > 1 such that

1
(27) C_S||b||H§5(RQ) =< ) llizz. ) = CslIPllHgsmy).-
We get

w(2-@-5)
a)(z_(q_4))

< Gsllallcomrp)eq-a-

299 [Aq, Sy-5a] Aq_abl| 2@y < C227% |allcomnyeq—a

(28)
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For all the other terms in (26) we obtain an estimate simita(28) and the inequality
(25) follows.
Let us now consider the inequality (25), for= 2. We have
IRA (@, bl 2@y = (Sy-2 — Sy-1)alqAq1b + (S — S-1)aAqAg-1b]l 2y).
Since §-2 — §-1 = —Aq—2 and §; — §-1 = Aq-1, we deduce from (18),
IRP(@, b)llLzmy) < (1Ag-2allL~@y + | Aq-1allL~@p)ll Agbll L2y
as
< 2Cllallcompy@(2) = ¢q,
(RY) Q(Q) q

where we have used the fact tHakqb|| 2wy < (29°/€2(0))eq, where €q)qez._, IS @ se-
quence in?(Z-_,) satisfying (27). Therefore, remembering tixt) = 290(2°9), we get

2(1_S)q||7382)(aa b)|| L2y < 2C||allco®n)eq-
Thus, inequality (25), foi = 2, follows. Let nows € (0, 1). We have
RO@b)= Y Aq(Sys2bAqa)

q'>q—4

= Y (Aq(Sy-1bAqa) + Aq(Ag_1bAga + AgbAga + Aq1bA¢a)).
q>0-4

From (21) and (22) we obtain

R(a, b) = Aq(Sy-abAqza+ - + §14bAq5a)

(29) + ) (Aq(Ag-1bAga + AgbAqa+ Aq1bAqa)).
qz-1

The nine terms in the first line in (29) are essentially of thent Aq(§-1bAga) and
can be treated as follows:

Z 22(1_S)q||Aq(31—1bAqa)||2Lz(RQ) < Z 22(1_S)q”Sll—leqa”Zl_Z(RQ)
q=-1 q=-1

< Y 22098y 1b) gy 1 AR~ ay)
g=-1

2
< Z 22(13)“( Z ”Apb”LZ(R'Q)) 18qaF )

q>-1 p<q-2

2
2Ps
< Z 22(1S)q( Z m%) 272q92(Q)||a||éw(1RQ)

q>-1 p<q-2

2
_sq—p) $2(Q) 2
< § ( E 2 s(q p)—Q(p)8p> ||a||cm(]RQ),

q=-1 \p=qg-2



NON-LIPSCHITZ PARABOLIC BACKWARD UNIQUENESS 805

where €)jez. , is a sequence it?(Z-_;) with (27). From (10) and the definition of
Q we get

Q
=Y 2% (q; < 3 2Py @ P,
p=q-2 p<q-2
Then (11) and the Young inequality for convolutionlih spaces give that the sequence
(8))jez., is in13(Z>_1) and there exist€s > 0 such that
1ED ez = Csli(en) ez

From (27) we conclude that

> 29 8a(S-10Aq@) Eaqmy = CEIEN Iz 181Gy
q=—1
< C2IIblI§ s l12llE0&g)-

The second line of (29) is a sum of three terms of the fdrry.. ; Aq(AqbAqa).
We have

Z 22(1—s)q

g=-1

2 2

> Aq(AgbAga)
q=-1

— Z 22(1—s)q

L2Rp)  g=-1

Aq ( > Aq/bAq/a>

q=-1

LA(R})

Thanks to the result of Proposition 1, this last quantity ncaes with
1> s 1 Aq/bAq/aﬁl,s(RQ). To compute theH=S(R}) of 3. ; AgbAga we use
Proposition 2. In fact + s > 0,

16_ .,
specAgbAga) € {é eR}: [&] = 362‘4 }

and

20299 Ay bAgal|Lory < 2079 || Ag bl Loyl Aqall~@y < &g llallco@y)-

Again (27) gives|Y - ; Ay bAq/a|H1 —— Cs||b||HQS(RH)HaHCw(Rn) The proof of the
lemma is concluded. O

4. The Carleman estimate

4.1. The weight function. The idea of constructing a weight function which is
linked to the modulus of continuity is due to Tarama ([12]e sdso [5, 4, 6]). Letu
be a modulus of continuity satisfying (8). We set

1
w(t) = /1/t (S)
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The functiong is strictly increasing an€([1, 4+oc[). We haveg([1, +0o0)) = [0, +00)
and ¢/(t) = 1/(t?u(1/t)) > 0 for all t € [1, +00). We define

(30) D(t) := /0 o Y(s) ds.

From this we getd’(t) = ¢ (t) and therefore lim, ., ®'(r) = 4+0c. Moreover
we have

@) ¥ = @OFu( 55

for all T € [0, +00) and, since the functior — o u(1/0) is increasing on the interval
[1, +00), we obtain that

im0 = im (@0 g5) = o

4.2. The Carleman estimate. The uniqueness result of Theorem 1 will be a
consequence of the following Carleman estimate.

Proposition 7. Letu andw be two moduli of continuity such thai(s) = v/ u(s?).
Suppose thatt and w satisfy (8) and (9), (10), (11)respectively. Suppose thdor all
ik=1,...,n,

ajk € CM([O, T], LOO(RQ)) N Loo([oi T], Cw(RQ)),

and let(4) hold. Let® and H3(RY}) defined in(30) and Definition 4 respectively. Let
s € (0, 1) Then there exisyp > 1, C > 0, such that for all y > y, and all ue
C(Ry x R}) with supp(@) < [0, T/2] x RY,

2
dt

H-(®Y)

n
du + Z dx; (@jk (t, X)0x, )

T2
/ Q2/V)o((T-1)
i k=1

0

(32)

T2
> Cy¥ /O e TO(VU[R, s + ¥4 Ul .

Setting

u(t, x) = e*(l/y)d’(V(Tft))v(t, X),
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the Carleman estimate (32) becomes

T/2
J

T2
> Cyt /0 (112, s + 7410 agegy) .

2
dt

H->(®)

n
v+ Yy (@k(t, X)dyv) + @' (¥ (T =)
i k=1

(33)

The proof of such inequality is divided in several steps Wwhiee will present in the
subsequent subsections.

4.3. Regularization int. In our proof of the Carleman estimate we need to per-
form some integrations by part with respect ttaand if the coefficientsaj, are not
sufficiently regular this is not possible. We will avoid thiifficulty regularizing the
aj’'s with respect tot and to this end we will use Friedrichs mollifiers. We take a
p € C(R) with suppp) € [-1/2, 1/2] and fR p(t)dr = 1 and p(tr) = p(—1) and

we define
1 t—
aj(t, x) := - / a(s, x)p(—s) ds.
& Jrn &

@5, (t, %) — aji(t, )| < Cule)

We have easily

and
. n(e)
| @ (t, X)| = CT-
where C depends only on[a; k[lcx(o,71, L))

4.4. Estimates for the microlocalized operator. Using the characterization of
Sobolev spaces given in Proposition 1 we have that the leftl Isede part of (33) reads

2

dt,
L2(RY)

dog + Dy (Aq(@ji(t, X)axv)) + &' (y (T —1)vg
ik=1

(34) Y 27 / "
0

q=-1

where we setAqv := vq. We use formula (23) and we replaeg(t, x)dx v with
(S§-13jk (t, X))dx vg + Rq(@jk, 9y v). We deduce that (34) is bounded from below by

Z 2—25q—1 /T/2
0

g=-1

B Z 2—25q /T/Z
0

g=-1

2

dt
L2(RY)

n
dvg + Y O (Sajk(t, )k vg) + (v (T — 1)vg
j k=1

2

dt.
L2(RY)

dx; (Rq(@jk, 9xv))
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We use now (24), the Bernstein inequalities and the resultenfima 1 and we get

T/2
Y 2% /O 4, (Ra(@jk, 8, v)) [22(qy) dt < C /O V013 sy, dt,
g=>-1

where C depends only ors and on max||a; kllL=(o,T1,co®ny- Finally, (33) will be a

consequence of

n 2
Z 2’250'/ dvg + Z A, (Sy—1ajk (t, X)dxvq)) + (¥ (T —t)vg dt
g>-1 j,k=1 LZ(]RQ)
T/2
> cytt /0 (Ve + 7100 Zagagy) A
We have
T/2 n 2
/ dvg + 3 B (Sy-1ik(t, XDy vq) + &' ((T = 1)vg dt
0 k=1 L2®Y)
T/2
=/ 19 vq 172y dt
0
T/2| N 2
[0 (S8t 00 + @O/(T )|l
O lik=2 L2RY)

T/2
+2 Re/ (Brvg | D' (p(T — t))vg) Loy dt

T/2
+ 2 Re Z [ Btvq | ax 1ajk(t, X)axkvq)> dt.
j.k=1

We compute by integration by parts

T/2 T/2
2Re [ (g | 90T~y dt =y [ (T =gl ot
0

To handle the second scalar product we use the regularizétion Section 4.3.

particular
(35) |31afk(t, X) — Sajk(t, x)| < Cu(e), for all (t, x) e [0, T] x R}

and

(36) |0 Syajic (t, X)| < CM( ), for all (t, x) € [0, T] xR,
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where C depends only on maxllajllc«qo,m,L>®y). Adding and subtracting
x; (§-18 k(t X)dy, vq) We get

T/2

2Re Y / (g | 6 (S 185k(t, X)0hv)) Lz O

j.k=1
T/2

@) —2ReY [ v 1 (S 18t 03 vy

j,k=1
T/2

+ 2Re Z / (Otvg | 9x; (Sy-1(ajk(t, X) — a;?k(t, X)) 9%, vq)) L2ry) dt.

j,k=1

By integration by parts we get

T/2

ZReZ f (3hvg | 3, (Sy-185(, X)x V) Laqay) dt

]kl

T/2
Z / (B, vg | 3 (Sy-180,(t, X))d vq) Lory)-

From (36) we obtain

T/2
2 Re Z / E)t Vg | Bxi (S]_la?k (t, X)Bxkvq))l_z(m) dt
j,k=1
T/2
< Z / 195, vgll Lzqre [ (Sy-185 (t, X)) vl Lzgry) At
j,k=1

1) o 12
= ClTZZq / ”vq“EZ(]RQ) dt,
0

where we have used the fact thifl, vg [l L2@p) < C2%|vg | L2@g) and

1[0t (K1 (t, X))Ox, vqllLzrp) = [0 (Sy-1k (t, XD L) [ Vg | L2y

qu()

=C2 [|vg Il L2(y)-

Remark thatC; depends only on max|la;jkllc«qo, 1), L~®y). For the second term in
(37) we perform one integration by parts inand the we use the Cauchy—Schwarz
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inequality. We get

n T/2

2Re D> [ hun | 3 (S auntt, ) — 2yt ) ey

= -2Re )" /0 (B, v | (Sy-2(@(t, %) — @y (&, X))y, vg)Lagey A,

and then

T/2

n
2Re Z /(; (8)(] atvq | (S],]_(ajk(t, X) - a?k(t’ X))Bxkvq)Lz(RQ) dt

jk=1

Nt
=< Z /0 1|9, 3t vg [l L2y [ (Sy-1(@jk (t, X) — &y (t, X)) 0%, vgll L2(rn) dt
j k=1

n T/2
=c > [ nvalumyn(e)lval s ot
j k=1

T/2 ) T/2 )
< [ Vol dt + Co2n(e) [ gl it

where we used (see (35))
[(S—1(@jk (t, X) — &y (t, X))0x, vqll L2y)
= (S-1(ajk (t, x) — & (t, X)) L=l vg | L2y
< C2u(e)llvgll Loy

and the fact thap?(e) < u(L)u(e); remark that here the consta@b depends only on

n and on max||a; kllcxqo, Ty, L~(mp)-
Resuming, we have

2
T/2 n
/ Bvg + Y By (Aq(@jilt, X)dxv)) + ' ( (T — )vg dt
0 j k=1 L2(RD)
T2| N 2
> f 37 i (S1ai(t, o vg) + O ((T =g dlt
(38) 0 j,k=1 LZ(RQ)

T/2
7 [T =)l ey

T/2
e
_ Cs( (&) g2a 2‘%(&)) /O vallEzqey, dt,

&

where C3 depends only on max|a; kllcx(o, 11, L= ®p)-
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4.5. End of the proof: high frequencies. We detail the end of the proof, start-
ing with the high frequencies. We follow the lines of [5, 6]y RRemark 4 there exist
0o > —1 and a constant, > 0 such that, for allg > qo,

D 0y (Sy- 125ty X)dy, vg)

jk=1

[ Uq I L2(RY)

L2@Y)
n
<Z Ay, (Sy-1@jk(t, X)9xvq) Uq>
L2(RY)
IVxvg 1 E2qeg) = Ca2o2”lvallCaqey).

=

jk=1
> %
-2
whereag is the constant in (4).

Suppose first thatd’(y (T —t)) < (1/2)Cs302%%. Then, from the last inequality,
we deduce

> O (Saajk(t, X)dxvg)

1
— ' (y(T = t)llvgllLo@y = §C4a022q-
i k=1

L2RY)

We chooses = 272 in such a way that the quantitiedi2(s) and 29.(¢)/e are equal.
Using the fact thatd”(y(T —t)) > 1 (this is a consequence of the nonrestrictive hy-
pothesis thatu(1) = 1; if it is not so, the modifications of the subsequent lines ar
easy), we obtain that

T2
I
T/2
=/
0 L2(RY)

T/2 T/2
+y /O " (y (T — 1)) lug 22(qy) dt — 2Ca2u(272%) /O v 172(gy dt

2

dhvg + Y B (Aq(@k(t, X)d ) + @' (¥ (T — )vg
jk=1

dt

L2RY)

n

Z 0y, (Sq—lajk(t: X) 0y, Uq)

j.k=1

2
— ' (y(T - t))||vq||L2(RQ)>

T2/01 2
= [ ((Gemo) 294y — 20a2u@® gy
0
T/2001/1 ) Cogv \odg L Y 2
2/ 5| 5C4a0)" — 2C3(u(2 ) |2™ + % |llvg | L2 (gyy dt
0 2\2 3 "

TI2/1/1 2 2
+ /0 (§(§C4a0) 2% 4 :—))V)HUQHEZ(]RQ) dt.
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Since we have ligL, 1o 1£(2729) = 0, there existgp > 0 such that

1/1 2 %
iy [ -2 2729y ) )24 + = >
(2] )50
for y >y and allq > qo. Consequently, fory > yq,
T/2 n
/ dhvg + Y O (Aq(ak(t, X)dyv)) + (¥ (T — t)vg
0 R
j,k=1

T/2 1/1 2 2 2
> [O (§(§C4a0) 24 4 §V)||vq||L2(]RQ) dt.

Recall now (11). Using it withs = 1/2, we have that there exist, > 0 such that,
for all g > —1, we haveu(2-2) < Cp279. Then, for allqg > —1 and for ally > y,

2

dt
L2(RY)

1/1 2 1
§(§C4ao) 24 4 &z Csyi2% > Cgya2%(2729),

2
dt

L2RY)

for someCs, Cg > 0. Finally
n
dhvg + Y B (Aq(ajk(t, X)d ) + @' (v (T — )vg

/T/Z
0 i k=1

20
> /0 (E + Ceyl/“Z“qM(Z‘zq))||Uq||EZ(RQ) dt

(39)

Suppose nowd’(y (T —t)) > (1/2)Csa02%. Again we choose = 2729, Then,
using (31), the fact thagy < 1 and the properties gk, we get

(T =0) = @O =07 —)

1 2 2
>(=C 2%y =2
= (2 4ao) M(C4a0 )

1 2
> (§C4ao) 2% (2729,
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Hence there exisfn and constant€7, Cg > 0 such that, fory > yy,

T2
/
T/2
-,
0

T/2 T/2
@) 7 /0 " (y (T = 1)l|vq ey dt — 2Cs2*9u(2729) fo [vallE ey dt
T/2
14 v, 1 -
[ (E . (§(§C4a0)2—2C3)24qu(2 Zq))”l’q”EZ(RQ)dt
T/2
2/0 (2 + Cry2¥iu(2” 2q))||”q|||_2(mn)

T/2
Z /(; (2 + C8J/1/424qﬂ(2 ZQ))HUqHLZ(Rn)

2
dt

L2(RY)

Bvg + Y 3 (Aq(@k(t, X)dv)) + @' (v (T — 1)y
jk=1

n

D 0y (Sy- 125ty X)dy vg)

jk=1

2
— ' (y(T —1)llvg ”LZ(RQ)>

LARY)

Recall now that 2,(2729) = 2294?(279) = Q?(q). From (39) and (40) we immedi-
ately obtain

g + Y B (Sy-1ajk(t, X)d vg) + (0 (T — 1))vg

Z 224 / dt
(41) g>0do j,k=1 L2(RY)
/2
W / ( +cw“szz(q)zzf*)||vq||L2(Rn)
q=0do

4.6. End of the proof: low frequencies. In this section we complete the proof
for low frequencies. We sum (38) multiplied with 2 for g < go—1 (qo is the same
as in the previous section). We set= 2-2% and we obtain

Z 2—25q /
q=0o—

> Z 2725 / (v — 2Cau(272%)2207®) |[ug | 2 gy dit.
g=Qo—

2
dt

n
dvg + Z O, (Sy-1ak(t, X)dx vg) + @'(¥ (T — 1))vg L2(RY)

j k=1
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Taking yp large enough we can absorb the negative term. We easilynobtai

T/2 n 2
> 22 [ a3 8 (S salt g + ST | e
(42) 9=t 0 k=1 L2(RY)
T/2
> Y 2% /0 (%+Cy1/4522(q)22q)||vq||fz(RQ)dt.
q=qo—1

Summing (41) and (42) we obtain (33). The proof is completed.
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