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Abstract
In the previous paper, we classifiaehoids of genus one into two classes, and con-
sidered one of the classes. As a sequel, we give a necesshgufiicient condition
for the existence of am-noid of genus one with prescribed flux in the other class.
By using the condition, we give obstructions for a certaipetyf flux and arrange-
ment of the ends. We also give new examples by deforming argpkedcovering of
Berglund—Rossman’s-end catenoid.

1. Introduction

Let M be a compact Riemann surface, akd M = M \ {qu, ..., g} — R® an
n-noid, that is a complete conformal minimal immersion with finiwtal curvature,
which has embedded ends @t ..., g, € M. We call X ann-end catenoidif all the
ends are catenoidal. L&: M — S? c R® be the Gauss map of. The flux vectorat
the endq; is defined by the integrap; := fyqj nds whereyg, is a loop surrounding

g; from the left,ii is a unit conormal vector field along, such that f,, i) is posi-
tively oriented, andds is the line element ofX(M). By the divergence formula, we
get theflux formuIaZ';:l ¢j = 0. Now, since we assume that each egdis an em-
bedded endG(q;) is parallel tog; (see [7], [11], [14]), and hence there exists a real
number w(q;) satisfying ¢; = 4rw(q;)G(q;). We call w(q;) the weight of the end
g;. We note here that the erq] is catenoidal (resp. planar) if and only 1f(q;) # O
(resp.w(q;) = 0). By using the weights, we can rewrite the flux formula asoil:

n

(1.1 > w(q;)G(q;) = .

=1

Conversely, we can consider a problem of findimgoids that realize given dat@(q;)
andw(g;) (j =1,...,n) satisfying (1.1). By the Weierstrass representation tdan
an n-noid is given by

(1.2) 'X(2) = Re/z(l— o, V=11 + ¢?), 29)n,
2
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where g is a meromorphic function oM, and n is a meromorphic 1-form orM,
which is holomorphic onM. We call @, n) the Weierstrass dateof X. Here g is
the composition of the Gauss m&p and the stereographic projectidf: S — C:=
CU{oo} from the north poless :=1(0,0,1). The inverse ofl is given by the following:

1 2Rep
v(p):=T Y p)= ——| 2Imp |.
+1
| p| | p|2 -1
Now, the inverse problem of the flux formula is stated as fedlo

PrROBLEM 1.1. Letps,..., pn be complex numbers oo, and letay, ..., a, be
real numbers satisfying

n
(1.3) > aju(p;) =0.

j=1
Does there exist an-noid X: M = M \ {qy, ..., g,} — R® satisfying the following
condition?

(1.4) g(aj) = pj, w(g)) =aj, ¢(qj) =4rav(p;) (=1,...,n).

In the previous paper [9], we classifiednoids of genus one into two classes
as follows:
Let w1 and w, be complex numbers such that

(1.5) Im2 - o.

w1

SetT? := C/(Zwy + Zwy). We call @1, ) the fundamental periocbf T2. We denote
each point inT?2 by one of its representatives,e C. Let uy, ..., u, be distinct points
in T2, and setM := T2\ {uy, ..., Uy}. Let X: M — R® be ann-noid of genus one,
one of whose complete systems of representatives of theisrgigen by{u,...,un}.
Let (g, n) be its Weierstrass data. Assuru;) # v(co) = (0, 0, 1), that is,

(1.6) pi=gU)#oo (j=1....n)

Since X is ann-noid and we assume (1.6), all of the endls . . ., u, are embedded
ends, and each; is a pole ofp (resp. g?n) whose order is 2 (resp. at most 2). On
the other hand, all of zeroes gf must be poles of), and the order of each zero of
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is exactly a double of its order as a pole @f Hence ¢, n) is of the form
o(U—t)---o(u—ty)
u==C ,

M= o —s)
nz_(c o(u—sl)---o(u—sq))z oU=—Un)

2oU—up)-oU—un)/) o(U—Up—w)

(1.7)

where C; and C, are nonzero constants; is the Weierstrassr-function (cf. [6]),
{s1,...,S} is a complete system of representatives of the poleg, @nd {ty, ..., t,}
is that of the zeroes of, which satisfys; +---+s, =t +---+t, and

(1.8) 20+ +u)+to=25++)

for somew € {0, w1, wz, w1 + wp}. In the case that # 0, by replacing ¢;, wy) if
necessary, we may assume= w, without loss of generality. Now, we can classify
n-noids of genus one into two classes= 0 andw = w,.

Costa’s examples [3], Berglund and Rossman’s examplesaja], almost all ex-
amples are included in the clags= w,. In a weak sense, catenoid fences (cf. [5],
[8]) are also included in the class. We formulated our pnobia the similar way as
in [10], the case of genus zero, and gave an equation withecédp elliptic functions
which describes a necessary and sufficient condition foretkistence ofn-noids of
genus one in the class. By applying our equation, we also gaveexamples.

In this paper, we study the remaining class in whick= 0 holds. The first family of
examples in this class was constructed also by Costa [4]alseeAbi-Khuzam [1]), and
their generalization to arbitrary conformal classes wagrmgiby Kusner—Schmitt [12].
However any ends of these examples are planar ends, ande asttors’ knowledge,
there are no previously known examples with catenoidal émdsis class.

In §82-3, we give a necessary and sufficient condition foretkistence ofh-noids
in this class (cf. Theorem 3.6). In 84, we rewrite the conditgiven in 83 in the case
that n-noids are symmetric with respect to a plane. In 85, we peegame equali-
ties which we use in the calculations in 887—-8. In 86, we okeséine correspondence
betweenn-noids of genus one and their double or quadruple coverings.

In 87, by applying the conditions in 84, we give new obstmuasi for the exist-
ence ofn-noids symmetric with respect to a plane. For instance, indlassw = w,,
Berglund—Rossman [2] constructed a Jorge—Meeks typad catenoid of genus one
for eachn > 3, which is invariant under the action of the direct prodigt x Z, of
the dihedral group and a reflection. On the other hand, by nestractions, we can
see that there are no Jorge—Meeks typend catenoids defined on a rectangular torus
in the classw = 0 (cf. Theorem 7.1).

In 88, by deforming quadruple coverings of Berglund—Rossma-end catenoids,
we give various new examples defined on non-rectangulamtithi catenoidal ends in
the classw = 0 (cf. Theorem 8.3).
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2. Local period problem

In this paper, we discuss the class= 0, in which the sum of a complete sys-
tem of representatives of the ends and that of the polesg adincide with each other.
In this class, the Weierstrass daig ) of any n-noid of genus oneX: M = T2\
{ug, ..., un} — R®, is given by the form

_ PW
- QW)

where P(u) and Q(u) are elliptic functions of fundamental periodvy, w,) of the
following form

(2.1) g(u) n = —Q(u)’ du,

(2.2) P = ceu—u)+co QW)= b(u—uy)+ b,

j=1 j=1
where¢ is the Weierstrasg-function (cf. [6]), by, ..., bn, bo, C1, ..., Cn, Co are com-
plex numbers satisfyindy; # 0, ¢; = p;jb; = g(u;)b; (j =1,...,n), and ZLl bj =
>_]_1¢; = 0 (see [9, Proposition 4.1]).
Conversely, letd,n) be a data of the form (2.1) with (2.2). Then the m¥émiven
by (1.2) is well-defined orM if and only if

(2.3) Rg/a—g%¢?ﬂ1+gﬁ2@n=o
Y
holds for any loopy in M. Set
(2.4 R=R()i=—— [dn (=012
2n/-1J,
Then the condition (2.3) is rewritten as
(2.5) R-ReR, Ry+ R e+v—-1R, Ri€R,
and this is equivalent to
(2.6) Ro+R: =0, R =Ry
Let p be a complex number satisfying

(2.7) p?Ro— 2pRy + Ry = 0.
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Then the condition (2.3) is also rewritten as follows (seeTBeorem 2.1]).

{w =w(y):=-pR+ R €R,
(2.8)

* * 1 _
w* =w'(y) == =5(pl* = )Ry + PR = 0.
In particular, for the loopyy surrounding an end| once from the left, the valuev
coincides with the weight of the engl defined in the introduction.
Since

29) (W) = + o)

the Laurent expansion d®(u)Q(u) at u; is given by

P(u)Q(u)
Cj bj 1 d
= + ' b P — +
(U—uj)?  u-—u; {CJ <k=§# (U = ) bo)
+ b; ( Z Ces (uj — uy) +Co>} + O(2)
K=1; k]

ib; 1 n
= (uc_luj.)z o u { > (b + bja)e(u; —uk)+(c,-bo+bjco)} + O(1).
! I (k=15 k]

In the same way, we also have

2 n
Qu)? = I {Z 2b,—bk{(u,-—uk)—I—ijbo}—i-O(l),

—u )2 —u
u—u) U= Ui ety

c;2 1 4
P(u)? = ' 5+ E 2¢icg(Uj — ue) + 2¢jco ¢ + O(1).
(u—uy) U—uj .
] b \k=1; k]

Now, for each endij, denote the corresponding, Ri, Rz, w, w* by Roj, Ryj, Ryj,

wj, wj respectively, for instancey; := w(yq). Then we have the following lemma.
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Lemma 2.1. The integrals B, R;j and R; are given by the following equalities
n
Roj = — RES,|=UJ. Q(U)2 du= —{ Z ij bké'(Uj —Uy) + ij bo},
k=1: k#]

Rij = — Reg—y, P(u)Q(u) du

=—{ Z (Cjbk+bjCk)§(Uj—Uk)+(Cjbo+bjCO)}

k=1: k]
2.10 .
(2.10) =_{ 3 (pj+pk)bjbkg(uj—uk)+(pjbjbo+bico)}'
k=1: k#]
n
Rej = — Reg—y, P(u)®du = —{ Z 2cicks(uj —u) + 20100}
k=1; k#]j

n
- _{ Z 2p; pkbjbig (Uj — uk) + 2p; bjco}_
K=1: k]

Hence we get the following lemma:

Lemma 2.2. The valuesw; and wj are given by the following equalities

n
wj =—p;Roj + Ry = > (pj — Pbybis (uj — uk) + (p;bjbo — bjco),
K=1; k]

1 _
(2.11) Jwj ==5(IpiI* — DRoj + PRy,

n
=—{ > (mpk+1)b,-bkc(u,-—uk)+(p—,-b,»co+b,-bo)}.
k=1; k#j

The end g is well-defined if and only ifvj € R and wj = 0.

3. Global period problem

In this section, we calculate the global period around theeggors of the first
homology group ofT2. Let p be the Weierstrasg-function. First, by the addition
theorems of elliptic functions, we have the following lemifsze [6, p. 188 (6)]).

Lemma 3.1. For any u U, u” € C such that u+ u + u” = 0, the following
equality holds

p(U) + o) + pU") = (E(u) + £ U) + ¢ (u)%

Now, we represen(u)?, P(u)? and P(u)Q(u) by using g(u) and ¢ (u).
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Lemma 3.2. Let P(u) and Q) be as in(2.2), and let R;, R;j and R; be as
in (2.10) Then the following equalities hold.

QU)* =Y bi%p(u—uj)— > Roj¢(u—uj)

j=1 j=1

1 n n
+3 Z Z bjbk (¢ (uj — ) — p(uj — uK)) + bo?,
=1 k=1; k]

P(u)Q(u) = chbjp(U—uj)—Z Raj¢(u —uj)

j=1 j=1

l n n
+22- 2 @b+ ba)E(u; - u)® = p(uj = uK) + cobo,
j=1k=1; k]

P(u)* = ZCJ‘ZKJ(U _Uj)—z Roj¢(u —uj)
j=1 j=1

1 n n
T3 DY cra@(uy —w)? — p(uj — ) + o’
j=1k=1; k#j

Proof. We prove our assertion fd?(u)Q(u). By (2.9) and¢’(u) = —g(u), the
Laurent expansion oQ(u) at u; is

Q) =bjzu—u)+ > ber(u—u)+bo

k=1: k]
b' n
= u_Ju. + ) befg(uj —u) — (U — u)(U = uj)} + by + O((u — uj)?)
P k=1 ket
by R n
=u_—1uj—2—b;—(u—uj) Z brg(uj — uk) + O((u — uj)?d),

k=1; k#]
and that of P(u) is

o _R_Z.J-_(U—Uj) Z Gk (uj — i) + O((u — uy)?).

P() =
u-uj 2 K=1: k]
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Hence that ofP(u)Q(u) is

P(u)Q(u)
_cbi 1 (ciRo bRy L Ry Ry
(U—uj)?> u—uj;\ 2b; 2¢; 2¢c; 2b;
n n
—ci Y. bpuj—u)—b; > cgo(u; —u) + Ou—u)
k=1; k] k=1; k]
Cib; Rij | RejRy; -
- - + - (cjbx + bjc)p(uj — uk) + O(u —uy).
(U—Uj)2 u—u 4Cjbj k_%;#j ! ! ! !
On the other hand, by using
1 2
(3.1 p(u) = 0z 4+ O(u9)

and (2.9), we have
n n
Y cibjpu—u) =Y Ryjg(u—u))
j=1 j=1

cjbj Ry Zn
= - + Ckbk(g/.)(Uj — Uk)
—11:)2 TP
(u—uj) u-u; | i

— Z le{(Uj—Uk)-i-O(U—Uj).

k=1: k]

Since P(u)Q(u)— Y_7_; ¢jbjp(u—uj) +>-7_; Ryj¢(u—u;j) is an elliptic function with
no poles, it holds that

n n
PU)QU) — Y cibjp(u—uj) + Y Ryg(u—uj)
i=1 j=1
RZ' RO n n
= _401_‘b.] — Z (Cj by + bj Ck)gJ(UJ —Uy) — Z CkkaJ(Uj —u)
[ B, ]

+ Z Ru¢ (Uj — Ug).

k=1: K]
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Note here that this constant does not depend ofince p(—u) = p(u) and ¢(—u) =
—¢(u), it holds that

Z{— > (bt bedpuj —u) — Y cbp(u; — Uk)}

i=1 U k=1: k] k=1: k]

n n
=" Z Z (cjbx + bjok + ckbe)gp(uj — uk)
j=1k=1; k#]
1 n n
=32 D (ciby + b+ 26 + 204y ) (u; — ui),
j=1k=1; k#j

1(4C + Z le;(u,—uk)>

= k=1: k]
n
= ( ckg(uj—uk)+Co>< > blC(Uj—Ul)+bo)
i= k=1; k#j I=1; 1#]
n
Z ¢(u; —uk){ Z (ckby +bkC|)§(Uk—U|)+(Ckb0+bk00)}:|
k=1: k#j I=1; [#k

= Z {ck¢(uj —uRb g (uj —u) — ¢ (uj —u)(ckbr + kG ) (U — )}
=1 k=1: ketj 1=1; 1]k

+ Z {ck¢ (uj —uR)byg (uj —uk) — ¢ (uj — uk)(ekby + bycj)s (U —uj)}

ZZ Z Z (ckby +Cjb|+bjC|)§(Uj—Uk)§(Uj—U|)
j=

k=1: ket ] I=1; I#£].k

+Z Z (cbx + cbj + bicj)z (uj — uk)? + ngobo
j=1k=1; k#j

1 n

=5 Z Z (ckbr + cjbr + bjo + ¢ + ¢jby + bjci) s (uj — U (uj —ur)

=1 k=1; ketj I=1; 1],k
1

+ > Z (cbx + cbj + bicj +¢jbj + ¢jby + bjc) (Uj — uk)? + ncobg

=1 k=1; k#]
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1 n n n
=3 (cjbx +ckbj +ckbr + ¢ be + ¢ibj +¢cjby)
j=1k=1; k] I=1; 1]k

X (S (uj —uR)(uj —up) + ¢ (U —up)g (ug —uy)
+ (U —uj)¢(u —uy))

1 o
2 ng k—gyéj(cj by -+ &bic + 20; +26db;)¢ (U — Uk)? + Ncabo.

Now, by Lemma 3.1, it holds that
Uy —u)s(uj —up) + Uk — U (ug — uj) + (U — u)s (U — ug)
1
= E(C(Uj — U)? + ¢ (U — W)? + ¢ (U —uj)?
— (U — k) — o(ux — u) — o(u — uj)).
Hence we have
1 n n n
éz Z Z (Cjbk+Ckbj+Ckb| +C|bk+C|bj+Cjb|)
j=1k=1; k#j I=1; 1#],k
X (C(uj —u)g(Uj —w) + ¢ (uk — u)¢ (uk — uj)
+ ¢ (U —up) (U — ug))

1 n n n
== > (cjbc + by + by + b + cbj + ¢jby)
j=1k=1; k#j I=1; 1#j,k
X (£ (U — u)? + ¢ (U — W)? + ¢ (U — uj)?
—oUj — uk) — p(uk —u) — e —uj))
1 n n n
:Z (cjbx + ckbj + by + b + b 4 ¢jby)

x (£ (uj — U = p(uj — )

1 n n
=1 {(n—2)(cjbx + cbj) — 2(cj + c)(b; + bi)}
=1 k=1 Ketj
x (¢ (uj — u)? — @(uj — uy))
1 n n
=7 {(n—4)(cjbx + cby) — 2(cibj + cb )} (¢ (uj — uk)? — p(uj — W),

j=1 k=1: k]
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and hence

n{P(u)Q(u)—chbjp(u —uj) + Z leg(u—uj)}

j=1 j=1

1 n n
2 D> neibe+ aby)(E(uj — uk)® — (uj — Uk)) + ncob.
j=1k=1; k]

Now we get our assertion foP(u)Q(u). If we consider the case th&(u) = Q(u),
then we get our assertions f@(u)? and P(u). O]

Henceforth, we choose a complete system of representativibe ends{ug,...,uUn}
and a complex numbeuig to satisfy

(3.2) {ug, ..., Un} C{ug + tiwy + tawy | t1, t2 € (0, 1)}.

Lemma 3.3. Assume(3.2) holds. Let Ru) and Qu) be as in(2.1), and y; a
line segment joining gand w + wj, and set

(3.3) ni=¢U+w)—¢U) (=12).

Then the following equalities hold.

—_ l _ 2
Ro(vi) = 27“/__1/%( Q(u)) du
= _l _— - -2_ . . .
B 271\/—1|: ;(bj Roj uj)ni
" {% 2. D bibls(uj —u)® — plu; —ud) + boz}wi]
j=1k=1; k#]
Ri(%)

1
- / (-P(U)Q() du

-1 n
= =Y (eiby — Ryupm
m[ j:1(] ] 1j j)nl
n

T {% Z (Cjbx + by (¢ (U — u)? — p(uj — w)) + CObO}U)i:|,

j=1 k=1; k]
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Roy) = —— / (—P)?) du

- Vi

= [_ > (€% = Rojuj)y

— =

oy
"D

>
I

+ {% Z Z Cick(;(uj — Uk)2 - (S/J(Uj — Uk)) + Coz}a)i]

=1 k=1: k]
i=12)
Proof. We prove our assertion fd(y;) (i = 1, 2). First, it holds that

/ Pu)Q(u)du

n n
==Y ¢bju—u)) =Y Ryjlogo(u—u))
j=1 j=1
1 n n
+ {Z Z Z _(Cjbk +bjc) (¢ (uj — uk)? — p(uj — ) + Cobo}u-
j=1k=1; k#]
Fori =1 (resp.i = 2), we consider log(u) to be a single-valued continuous function

on the strip{tiwi + tow, | t1 € Rty € (—1,0)} (resp.{tiw; + trwy | t € (-1,0),t; € R}).
Then, by the choice ofi, it holds that

log o (uo + wi —uj) —logo(uo — uj) = ni(Uo + wi /2 —uj) + (2k + Lyrv -1,
wherek; is an integer which only depends on(cf. [6, p. 181, Satz 3)).
On the other hand, by the residue theorem, we hE\ijb&l Ri; = 0. Combining

these equalities, we get our assertion. ]

Let nj be as in (3.3). Set

(3.4) a0 i= (00— 2) - (e - 77”)2 (=12).

We enumerate several properties &u) in 85. Here we note thati(u) has a pe-
riod w;:

(3.5) U+ w)=6U) (=12).

By using & (u), we can describdRy(y1), Ri(y1) and Rx(y1) as follows:
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Lemma 3.4. The integrals Ry ), Ri(yi) and R(y) (i = 1, 2) are given by the
following equalities

n n n X 2
Ro(V)— — {—%Z > bbkél(uj—uk)-l-( _nizbj%> }
=1

V-1 j=1k=1; k]

41 1k=1; k#]

+(eo-n C'—j><b0—?7i b-ﬂ>},
< =1 JCU| ; JCUi

n n N | )
2r J_{ ; Z CJCkél(UJ—uk)+( _”i;Cji—:) }

i=1k=1; k#]

Ri(y) = zﬂ_wi { 1 Z (CJ by + b; Ck)é_l (UJ Uy)

Q’)

Ro(vi) =

Proof. Since}"|_; ¢c; =0 and}_{_; b; =0, it holds that

Zc,b +Z Z cjbx = 0.

j=1k=1; k#j

Hence, by Lemma 3.3, we have

“20 e

n
n
= — ;(Cjbj — leuj)aTli

{ Z Z (Cibx + b (¢ (uj — uk)? —so(uj—uk))+00bo}

j=1k=1; k]

—cobo——< chu, +coZb,uJ)

+ Z Z (chk+b,ck){ £(uj — U — 2n;¢ (U — U }
j =1 k=1; k#]j

SIS (bt ooty —u) - ZCJbJ .

j=1k=1; k#]j



320 S. KaTO AND H. MUROYA

=<Co— i " Cji_i)<b°_nij2i;bjlcjo:) ( ) ZCIUJZb"“k

n
=1
I —u
t3 Y (c bk+bck)(§(UJ—Uk)—flu k)
=1 k=1 k] wi
l }'] 2 n n
- Z(_I_) (cjbx + bjei)(uj — uk)?
V7 =1 k=1; k]
1 21
~ D (Cib+ bjCk)(sO(Uj —Uk) — ﬂ)
j=1k=1; k] wi
I o 1y SNTY
=2 (Cbx + bjc)éi(uj — ux) + (CO_77i > e j) (bo—ni ijj)
i=1k=1; k#] j=1 j=1

1
{ Zbkuk+ Z Z (c,bk—i—bck)(uj—uk)}
=

j=1 k=1; k#]j
Since
chu,Zbkuk+ Z Z (cjbk + bjci)(uj — uk)?
j=1k=1; k#]j
_Zc,uJZbkukJr Z Z ¢jbe(uj — uy)?
j=1k=1; k#]j

_Zc,b,u,+z Z Cbwujuk + > Z Z ¢jbi(u? — 2uju + up)

j=1k=1: k] ]1k1k7éj
—Zc,b,uj+ Z Z (cjbi + bjo)u?

j=1k=1; k#]j

=-;(C,Zbk+b120k)u =0,

we get our assertion foRy(y;). If we consider the case théif = c;, we get our as-
sertions also forRy(y) and Rx(y). ]
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Lemma 3.5. The integrals R(yi), Ri(x) and R(y) satisfy the following
equalities

Ro(y2) = — Ro()/l) -= Z(b2 Roj ),

n

w 1
Ri(y2) = w_iRl(Vl) T > (cibj — Ryjuy),
j=1

w 1 n
Ro(y2) = w_iRZ(Vl) "o Z(Cj2 — Rojuj).
=1

Proof. By using the Legendre relation
(3-6) nNiwo — naw1 = 2w~/ =1

and Lemma 3.3, we have

Ri(y2)

n

-1
= omd 1 |:— Z(CJ bj — R]_j Uj))]z

i=1

{ Z Z (Cj b+ by G)( (U —u)® — (Uj—uk))+cob0}w2:|

j=1k=1;k#]j

-1 & 2m/-1
_ [_ 3 (e — Ryjup) 22N

=1 @1

{ Z Z (cj b+ G (¢ (U —u)?— p(u,—uk))+cobo} }

j=1k=1;k#]

=— Rl()/l)— — Z(CJ bj — Ryjuj). -

The Weierstrass datay(n) of an n-noid of the form (2.1) with (2.2) must satisfy
the period conditions. In the case thst = T2 and w = 0, Problem 1.1 is reduced
to a problem of findingu;j, bj, ¢j (j =1,...,n), w1 and w; satisfying the following
conditions.
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Theorem 3.6. There exists an n-noid XM = T2\ {uy,...Un} — R® of typew =0
satisfying(1.4) if and only if there exist g bj, ¢; = pjb; (j =1,..., n) satisfying

wi =aj,) .

w%zo"} (j=1,...,n),
Ro(y) + Re() =0,1 , _
Ri(n) €R, } (=12

and the degree of g given Kg.1) is n.

4. n-noids symmetric with respect to the coordinate plane

In this section, we rewrite the condition in Theorem 3.6 ie ttase thanh-noids
are symmetric with respect to a plane. Theorem 4.2 is apptedonstruct various
examples in Example 8.2, and Theorem 4.4 is applied to derimew obstruction in
Theorem 7.1. Both theorems treat essentially the same symnBat we present these
theorems separatedly, since the criterions in the theommsiseful in a different situ-
ation from each other.

First we consider the symmetry with respect to the,-plane. We can show the
following fact in the same way as the condition for a minimatface to be a double
covering of a nonorientable minimal surface (cf. [13]).

Proposition 4.1. Let X be a conformal minimal immersion ink?, defined on a
Riemann surface M with the Weierstrass dédan). Then X is symmetric with respect
to the xxo-plane (up to parallel translationkif and only if (g,n) satisfies the condition

(4.1) gol = %, I*n = —g%n

for some antiholomorphic involution: IM — M, which satisfies 4 = idy and 3l = 0.

In the case ofh-noids symmetric with respect to thgx,-plane, the equation for
the global period problem can be rewritten to simpler form.

Without loss of generality, we may assurh@) = U. Then, by changing the fun-
damental period if necessary] = T2 must satisfy either of the following:
(1) w1 € R+ and wy € \/—_].R+.
(2) w1 € R, andwy, — w1/2 € V—1R,.

Here we assume the former condition (1). In this case, it héhéit¢(u) = ¢(T),
m € R andn, € vV—1R.

Let X be ann-noid of genus one whose Weierstrass dajanj is of the form
(2.1) with (2.2). The datag; n) satisfies the condition (4.1) with(u) = U if and only
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if Qol(u)=4+/-1P(u), that is
n n
> bje(@—uj) +bo = iJ-l(Zc—j;(U—u—,-) +a>.
j=1 j=1
Here we choosely, ..., u, and up to satisfy both (3.2) and
(4.2) {Ug, ..., un} C {t{w1 + thwy | 17, t5 € [0, 1)}

Now, to realize such an-noid, we may assume that, p;, b;, c; (j =1,..., n), by,
Co satisfy

UJ'ER, |1pj|=1 (j=1,...,N1),
Uj€R+§a)2, |pj|=l (]=N1+l ..... N1+N2),

U =0y +w PiPr=1 (j=N+Na+1,...,n),
+bj = V-1y (j=1,...,n),
n

(4.3) ibozx/—_l<%+ Z C_j772>
j=Ni+1
where N; + N + 2N3 = n,
j (J=1,..., N1+ Ny,
i’=137+Ns (j=Ni+Na+1,..., N+ No+ Ng),
j—N3 (j=N1+N2+N3+1,...,n).

In this case, our problem is reduced to the following:

Theorem 4.2. Assume thaiw, € R, and w, € vV—1R,. There exists an n-noid
X: M =T2\{uy,...,un — R® of typew = 0 satisfying(1.4), (4.1)with 1(u) =T,
(3.2) and (4.2) if and only if there exist  bj, ¢j = p;jb; (j =1,..., n) satisfying
(4.3) and

wj = aj, .
wi_ol} (j =1,..., N7+ N2+ Ng),
J_ 1

Py i= Ro(y1) + Re() = 2Ro() + 3. Roj =0,
j=Ni+1
P2 := Ri(y2) — Ri(y2) = 2Ri(y2) = 0,

(4.4)

and the degree of g given Kg.1) is n.
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Proof. By the assumption (4.3) and Lemma 2.1, it holds that

n
+co = v—1<b_o+ Z b_jﬂz),

j=Ni+1
m:—bj’bk’, Cjbk:—bj'Ckr (J :1,,”,n; k:]_"”,n),
Ryj=—Ryj, Ry=-Ry (i=1...,n),

from which, and from Lemma 3.4 and (3.5), it also holds that

Ro(y2) = —Ro(y2), Ru(y2) = —Ru(y2).

By using Lemma 3.5 we also have

Ri(y) —Ri) =— Y Ry,

j=N1+1
n
Ro(y1) + Re(y1) = 2Ro(y1) + Y Ry
j=Ni+1
Now, if w; = a; € R and w}‘ =0 hold for j =1,..., N; + N2 + N3, then they also

hold for j = Ny + N2+ N3+ 1,...,n, and henceRyj = Ryj holds forj =1,...,n.
Therefore we have

{R]_J':O (j =1,..., N1+ Np),
Rij + Ry =0 (j =N1+Nx+1,...,n).

Hence we get

n N;
Ri(y1) — Ru(y1) = — Z Rij = Z Ry = 0. 0
=1

j=Ni+1
Now we consider the symmetry with respect to thes-plane.

Proposition 4.3. Let X be a conformal minimal immersion inR?, defined on a
Riemann surface M with the Weierstrass dégan). Then X is symmetric with respect
to the xXxs-plane (up to parallel translationyif and only if (g,n) satisfies the condition

(4.5) gel =g, I'n=7

for some antiholomorphic involution: IM — M, which satisfies 4 = idy and 3l = 0.
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Here, we also assume th&t = T2 satisfiesw; € R, andw, € vV—1R,.

Let X be ann-noid of genus one whose Weierstrass dajanj is of the form
(2.1) with (2.2). The datag( n) satisfies the condition (4.5) with(u) = U if and only
if Qol(u)==+Q(u) andP ol(u) = +P(u), that is

j=1 j=1

2 bic@—u)+bo = i(Zb‘;:(v-u—,—Hb_o),
206U+ o= i(ZCTC(U—u—jHG).

j=1 j=1

Here we assume (3.2) and (4.2) again. Now, to realize suahrasid, we may assume
thatuj, pj, bj, ¢; (j =1,...,n), by, ¢y satisfy

ujeR, pjeR (j=1,..., Ny,

1 .
u; eR+§wz, pjeR (j=Ni+1,..., N+ Ny,

Uj =Ty + w2, Pj=7j (j=N1+No+1,...,n),

+b; = by, (j=1,...,n)
:i:CJ:C_]/' H H 1

(4.6) +bo = by + Z bjn2,

j=Ni+1

n
o=+ ) T
j=Ng+1
where N; + Ny + 2Nz =n,
j (j=1,...,N1+N2),
J’=97+Ns (j=Ni+N2+1,..., N+ Np+ Ny),
j=N3 (j=Ni+Na+Nz+1,...,n).

In this case, our problem is reduced to the following:

Theorem 4.4. Assume thatn; € R, and w, € +/—1R,. There exists an n-noid
X: M = T2\{uy,...,us} — R® of typew = 0 satisfying(1.4), (4.5)with |(u) =T, (3.2)
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and (4.2) if and only if there exist i bj, cj = pjb; (j =1,...,n) satisfying(4.6) and

i:zgl} (=1,..., Ny + Np + Ng),

w P/ = Ro(11) + Re(y1) = Ro(y1) — Re(y1) — j=%nl:+1 Ryj =0,
P; := Ri(y1) — Ri(y1) = 2Ri(31) + Xn: Ryj =0,
Py 1= Ro(y2) + Rl = Roly) + Rolys) =

and the degree of g given [g.1) is n.
Proof. By the assumption (4.6) and Lemma 2.1, it holds that

bjkabj/bk/, mZerbkr, CjCk = CjrCr (j=1,...,nk=1,...,n),
Roj = Roj, Rij=Riy, Ry=Ry (j=1,...,n),

from which, and from Lemma 3.4 and (3.5), it also holds that
Ro(y2) = Ro(y2), Ru(r2) = Ru(y2), Ra(y2) = Re(r2).

By using Lemma 3.5 we also have

n
Ro(r1) = —Ro(r) — ) Roj,
j=Ni+1
n
Ri(y) = —Ri(r) — Y Ryj,
j=N1+1
n
Ro(y1) = —Re(y1) — Z Rej.
j=N1+1
Now, if w; = a; € R and w}‘ =0 hold for j =1,..., N; + N2 + N3, then they also

hold for j = Ny + Nz + N3+ 1,...,n, and henceRo; + Ryj = 0, Ry; = Ry; holds for
j =1,...,n. Therefore we have

{ROJ+R21’=0 (j=1,...,n), ]
Rij = Ryjr (i=Ni+N+1,...,n).

5. The functions & (u) and x;(u)

In this section, we describe some properties of ellipticcfioms for later use. Let
T2 := C/(Zw1 + Zwy) with (1.5). In §3, we introduce the functioh(u) (i = 1, 2) to
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write down the global periods of the given Weierstrass datay) (see (3.4)). Here,
we also introduce the functiog;(u) (i = 1, 2) by which we write down the weights
of the given data in 88. We enumerate several propertieg(aj and x;(u) in Lem-
mas 5.1-5.6, which we use repeatedly in the calculations8if+-8.

First, we cite some equalities of elliptic functions. Set= w,/w; and h :=
exp(r+/—17) (see [6, p.190]). The Jacobi-function %, is given as follows:

(v, h)
= 2Ch"*sinzv [ [(1—2n?" cos 2rv + h*™)
(5-1) m=1
— —\/—_].C h1/4(e7[«/j1v —_eT —1v) l_[(l _ eZn\/jlvh2m)(1 _ e—2n«/jlv h2m),
m=1
where
c=JJa-nrm

m=1
(cf. [6, p.204]). Set¥;(v, h) := dv¥1(v, h)/dv. Then it holds that

_mu 1 9(u/eyh)
(5.2) CW) =t UL )

and
721 . mpm
== (z-8Y —|.
n w1(3 mgll—hm)

(cf. [6, p.207, p.210]). We also note thai satisfies the heat equation:
219( h) = 4n v —-1—%1(v, h) = 4712h819( h)
— v — -1— v = — JR— v
PAREC 97 VL TREAE

(cf. [6, pp.197-198]). Combining these equalities wgilu) = —¢’(u), we have

(5.3)
_ 2m niu 2 _ 3m 1 9{(u/w1, h)
a0 = (o0 - 32) - (c0- ) =22 Gy
37]1 47'[2 h ad

Mm%y e h
or T ? aujen, by ant H/en D)

B 8(1)2i< ) mHhm mex vV—1u/wip2m me27V—1u/wpy2m )

- w1 - “1_h2m + 1 — @27vV=1u/w p2m + 1 — g27v/=1u/w h2m

m=1
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We can expresg;(u) in terms of another expansion. Henceforth, we use our no-
tationr := h=2 as in the previous paper ([9, §3]).

Lemma 5.1. Let Zu) := exp(2r~/—1u/w1) and r := exp2r7 v/ —lwy/w;). For
any u such thatlm(u/w1)| < Im(wz/w;), the function;(u) satisfies the followirg

2
mm=@w—%ﬂ—@@—%ﬂ

2 oo
_ —8(%1) l; (rlr_—l)z(—z +2(u) + Z(u)™)
7\?> & r! ., lmu
={5) Zetwern

Proof. First, we note that for any such that/x| > 1, we have

1 — 1 X — k
54 ATl i

By (1.5), it holds that|r| > 1 and|r|™ < |z(u)| < |r|. Combining (5.4) with (5.3),
we have

T \° & m m m
§1(u) = _8(;1) Z (_Zrm 17 zZ(u)~trm—1 * Z(urm — 1)

m=1
TV &K S m m m
Z‘SQE)2;%}(255+4wwm+zwwm)
2 00 o0
= —8(1) Y 24 2u) +z(u))
©1) St

2 oo
_ i - [ -
__S(wl) I;(r'—l)Z( 2+ z(u) + z(u)™)

_p(Z) i T sip 7Y O
N w1 — (r' — 1)2 w1 '
Here, we define the functiog; (i = 1, 2) as follows:

w() = () - 1.
[0
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By using (5.1) and (5.2), we have
1 9;(u/w1, h)

U= ——"—-"-
Xl( ) w1 191([]/0)1, h)
7.[\/__1 e;r«/ﬁu/an + e—n«/jlu/wl
(5.5) T o1 | eV luen _ g nv Aujer
) i eZn\/jlu/wl h2m efzn«/jlu/wl h2m
—=\1- e2tV/—1lu/mp2m 1 _ @-2rv/—1u/mp2m
(cf. [6, p.208]).

Lemma 5.2. Let Zu) and r as inLemma 5.1 For any u such thatim(u/w1)| <
Im(w,/w1), the functiony(u) satisfies the following

() = ¢(u) — 22

w1
_ n\/—_l{z(u)+l zi

2W)-1 T

e - z(u)-')}.

w1

Proof. By (1.5), it holds thatr| > 1 and|r|™* < |z(u)| < |r|. Combining (5.4)
with (5.5), we have

_n\/—_l z(u) + 1 > 1
1) = w1 {z(u)—l zmi_:l(z(u) lpm _ 1_z(u)rm—1)}

/-1 zZu)+1 > - 1

o {z(u)—l zmz_:lg(z(u) 'r'm_z(u)'r'm)}

AVl Zu)+1l e L

= { )= ;n: o (W) = 2() )}

a1 z(u)+1 > | .

= {Z(u)_ XI‘ (W) — 2z )}. O

Replacing the fundamental perio@(w,) with (w2, —w1), we also have the follow-
ing lemmas:
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Lemma 5.3. LetZ(u) :=exp(2rv—1u/w,) andf = exp(2r ~/—1lw;/w,). For any
u such that|Im(u/wy)| < — Im(w1/w>), the function&,(u) satisfies the following

Eou) = (@(U) - 2—’22) (c( ) - ’i“)

( ) Z o 1)2( 2+ 2u) + 2™
=

232(6:2) i ;1)2 o

= w2
Lemma 5.4. LetZ(u) andf as in Lemma 5.3 For any u such thatim(u/w1)| <
Im(w,/w1), the functiony,(u) satisfies the following

[e¢]

Xo(U) = £(U) % - ’“/__1{2(”) 1oy 2t -2 — z(u)')}.

Wy Z(u)—1 =T

By straightforward calculations, we see thgtu) and xi(u) (i = 1, 2) have the
following properties.

Lemma 5.5. The functioné;(u) (i = 1, 2) satisfies the following
() &)=
(i) & (—u) =& (u).

Lemma 5.6. The functiony;(u) (i = 1, 2) satisfies the following
M x(u)=-x().
(i) xi(u+ )= xiu).
(i) x2(U + w2) = xa(U) — 27 vV=1/.
(V) xa(u) = —xa(w1 — u).
(V) x1(U =+ w2/2) = —x1((w1 — U) + @2/2) F 27/ —1/w1.
(Vi) xa(U) = x2(u) — {27 v=1/(@12)} u.

6. Covering spaces oh-noids

In this section, we observe the correspondence betweerypleeof «» of an n-noid
of genus one and that of a double or quadruple covering sphteem-noid. Since
the covering space depends on the choice of the fundameetaldp(:, w,) of the
n-noid, we fix the fundamental period and distinguish the ftyoes of w.

First, we consider the double covering of amoid of each type.

Lemma 6.1. Assume that X is an n-noid of type= miwi + Mew, (M, My €
{0,1)). Letdy := 2wy, T2:=C/(Zdn+Zwy) and tyyj :=Uj+ w1 (j =1,...,n). Then
the double covering of XX: T2\ {uy, ..., U} — R®, is a 2n-noid of typed = m@;.
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Proof. SinceX is ann-noid of typew = myw; + Mywy, it follows that
2(Ug + -+ + Un) + Mo + Mawp = 2(S1 + - -+ + &)
(see (1.8)). Lebyyj i=sj+w1, thyj i=tj4+w1 (j =1,...,n=1), Sy 1= S+ w1 —Mowo
andty, ;= ty + w1 —Mewy. Then,{s,..., S} (resp.{ti,...,ton}) is a complete system

of representatives of the poles (resp. zeroes}j,ofhe Gauss map oK, and it holds
thats; +---+ S0 =t1+--- 4tz and

2Uny1 + -+ + Uzn) + Miwp — Mawz = 2(Shy1 + -+ - + Sn).
Combining these equations we have
2(up + -+ -+ Uz) + Muddy = 2(S1 + -+ - + Sn).
Hence X is an h-noid of type® = myw;. O

In the same way, we have the following lemma:

Lemma 6.2. Assume that X is an n-noid of type= mywi + Myw, (Mg, My €
{0,1}). Let @y := 2wy, T2:= C/(Zwy1+ Zawy) and bh+j (= Ujtw2 (j=1,...,n). Then
the double covering of XX: T2\ {uy,..., U} — R, is a 2n-noid of typed = my,.

By Lemmas 6.1 and 6.2, we also have the following corollary:

Corollary 6.3. Assume that X is an n-noid of type= w1 + w,. Let @; := 2w1,
Wy = 2w, T2:= C/(Zw1+Zwy) and h+j = Uj+o1, Uonyj = Uj+ @2, Ugnyj = Uj+
w1+ s (j =1,...,n). Then the quadruple covering of, X: T2\ {uy,..., Us} — RS,

is a 4n-noid of typew = 0.

Conversely, for a given 12-noid (resp. & -noid) X of type w, we can denote the
necessary and sufficient condition for the existence oNanoid X of type &, whose
double covering (resp. quadruple covering)Xs

Here, by choosing a branch, we consider elliptic functions

— ou—-t)---ou—t) [ o(u—up)
P(u).—C1C20(u_ul)‘na(u_un) o(U—Un—w)
<o~ ou=—g)ou—s) o(u—un)
Q) == C2a(u —Up)---oU—up) | oU—Uy—w)’

(6.1)
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both of which have a fundamental period«2 2w,). By (1.7), the Weierstrass data of
X is given by

_ P

— A 2
(6.2) g(u) = 3w n=-Q(u)du.

Now, we describe the properties & and Q for n-noids of each type.
In the case thaib = 0, we haveP(u) = P(u), Q(u) = Q(u), where P(u) and Q(u)
are of the form (2.2) (cf. [9, Proposition 4.1]). Hence it d®lthat

P(U+w)=PU), Qu+w)=0Qu) (=1,2).

In the case thab = myw; + Maw, (M1, Mz) = (1, 0) or (0, 1) or (1, 1)), we have

miw1 + Myw
o(U+ M1 + Mwy) = — exp{(mlm + mayny) (U + %)}G(U)

(cf. [6, p. 181, Satz 3]). Therefore, it holds that

o(u—up)
o (U —Up — (M1 + Mpay))

m m m m
=x/—_lexp{ 1,71; an(u—un— 160142- zwz)}_

Combining this equality with the Legendre relation (3.6 Wwave

a((U+ w1) — Up)
o((U+ 1) — Up — (M1 + Mawy))
= +/—1 ex Mans + Maz u—u, — My + Mpw; ex (M1ny + Manz)wy
— (_1)m2ﬂ eXp{ myny ‘; man2 (U Uy — miw1 —|2- mza)z)}

ni(miwy + mzwz)}

X exp{ 5

and

J (U + w2) — Up)

o ((U+ w2) — Up — (M1 + Mewy))

NV il m m m m m
= _1eXp{M(U—Un—w)}exp{( 17)1+2 2772)a)1}
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m +m Miwi + Mow:
= (—1)™ VT exp{ 171 s 212 (u g, Mot M 2)}

2
% exp{ 772(m1w12+ Mowy) }

Hence it holds that

{'5(u + 1) = (-1)™PU), QU+ 1) = (~1)™Q(u),
P(U+w2) = (-1)™P(U), QU+ w2) = (~1)™Q(u).

Combining these results, we get the following lemma.

Lemma 6.4. Let X: T2\{uy,...,u,} — R® be an n-noid of type = miwi+Mmow,
(mg, my € {0, 1}), whose Weierstrass data is of the for({®.2) with (6.1). Then the
following equalities hold.

{ﬁ(u + 1) = (-1)™PU), QU+ w1) = (-1)™Q(u),
PU+ @) = (-1)™P(u), QU+ w2) = (-1)™Q(u).

Applying this lemma, we can show the following.

Lemma 6.5. Let X be a2N-noid of typew = myw, (M, € {0, 1}), (w1, ®2) a
fundamental period(g, n) the Weierstrass data given i$.1) and (6.2). Then X is
a double covering of an N-noick of type® = mpap, whose fundamental period is
(01, @) := (w1, w2/2), if and only if

ﬁ(u + %) = P(u), Q(u + %) = Q(u).

In particular, in the casew = 0, this condition is rewritten as

w2
UN+j = Uj + >
CNn+j = Cj, (J=1!!N)
bN+j :b]

by changing indices.

Proof. We only have to prove the sufficiency. Assuf@ + w,/2) = P(u) and
Q(u 4 w2/2) = Q(u). Then, the Weierstrass datag, () given by (6.2) has a period
(w1, w2/2), and it holds thaRy(y2) = 2R«(32) (k =0, 1, 2), wherey, is a line segment
joining ug and ugp 4+ w2/2. Combining with Ry(y2) + Ra(y2) = 0 and Ri(y2) = Ri(y2),
we have

Ro(72) + Ro(32) = 0, Ru(32) = Ru(72).
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Therefore, ¢, 1) realizes anN-noid X of type & = my@,, whose fundamental period
is (01, @2) = (w1, w2/2). 0

In the same way, we also have following lemmas.
Lemma 6.6. Let X be a2N-noid of typew = miw; (M € {0, 1}), (w1, w2) a
fundamental period(g, n) the Weierstrass data given [$.1) and (6.2). Then X is

a double covering of an N-noiX of typew = my;, whose fundamental period is
(5)1, 6\{)2) = (w1/2, wp), if and only if

ﬁ(u + %) = P(u), Q(u + %) = Q).

In particular, in the casew = 0, this condition is rewritten as

w1
Un+j = Uj +7,
CN+j = C], (J = 17' 1N)
bN+j _bj

by changing indices.
Lemma 6.7. Let X be a2N-noid of typew = myw, (M € {0, 1), (w1, @) a
fundamental period(g, n) the Weierstrass data given [{§.1) and (6.2). Then X is a

double covering of an N-noiK of type® = @1 + mya,, whose fundamental period
is (01, @2) := (w1, w2/2), if and only if

pu+ Z) =P, Q(u+%2)=-au.

In particular, in the casew = 0, this condition is rewritten as

w2
Untj = Uj + o
CN+j = —Cj, (J =1,..., N),
bN+j = _le
1 N
Co = 5 Z Cjna2,
j=1
1 N
bo = —E Z bj n2
j=1

by changing indices.
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Lemma 6.8. Let X be a2N-noid of typew = mw; (M € {0, 1), (w1, wp) &
fundamental period(g, n) the Weierstrass data given [f§.1) and (6.2). Then X is a
double covering of an N-noi of type® = mi; + @2, whose fundamental period
is (w1, @) := (w1/2, wy), if and only if

ﬁ(u . %) _ _h), Q(u ; %) — —3().

In particular, in the casew = 0, this condition is rewritten as

w1
Un+j = Uj+ =
CN+]=_le (J :11' 1N)1
bnij = —byj,
1 N
CO:_EZCjnl,
j=1
1 N
bo=—ézbj771
j=1

by changing indices.

Lemma 6.9. Let X be a4N-noid of typew = 0, (w1, w2) a fundamental period
(9, n) the Weierstrass data given H.1) and (2.2). Then X is a quadruple cover-
ing of an N-noidX of typed = &; + &, whose fundamental period &1, @) :=
(w1/2, wp/2), if and only if

w1
UNtj = Uj+ =
w2
Uanj = Uj + =7
w1 + wy (i=1,....,N),
Usn4j = Uj + > )
Cj = —Cn+j = —Con+j = CaN+j,
bj = —bnyj = —bontj = banyj,s
COZO!
bo =0

by changing indices.

7. Nonexistence

By Lemmas 6.1, 6.2 and Corollary 6.3, a double or quadrupkerag of an
n-noid of each type is of type = 0. However, without such examples, almost all pre-
viously known examples are not included in the class- 0. In this section, we give
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obstructions for the existence afnoids symmetric with respect to a plane. As in the
previous section, we distinguish the four types«of= miw; + myw, (Mg, my € {0, 1}).

Theorem 7.1. Assume thatv; € Ry, wp e v—=1R; and yy e R (j =1,...,n).
Then there does not exist an n-noid: X2\ {uy, ..., u,} = R® of typew = 0 which
has plane symmetry with respect to the antiholomorphiclirtian |(u) = U.

Proof. By suitable motion and point reflection R, we may assume thaX is
symmetric with respect to thg;xs-plane and thaiX satisfies the condition (4.6) with
all double signs plus. We assumg € R andw] =0 (j =1,...,n). Then, by the
proof of Theorem 4.4, we havBy; + Ryj =0 (j =1,..., n). Now, we estimate the
signature ofP;. By using Lemma 3.5, we have

P; = Ro(y2) + Ra(y2)

@2 0 — 302 — Ry b+ L 2Rty — L 3@ = Ry,
{wlRo(J/l) wlj;(b, ROIUJ)}+{w1R2(Vl) wlé(cj RZJUJ)}

1) 1
a)_i(RO(Vl) + Re(11)) — o ;(bjz + ).

First, we estimate the signature e@f,(w1)Ro(y1). By using Lemma 5.5 anE'j‘:lbj =
0, we have

> ) bibeau) —w)

=1 k=1; k]
n1 n1 n-1
= Z Z bj &1 (uj —uk) + Z bjbn&1(un — uj) + Z brnbk&1(un — k)
j=1k=1; k# j=1
n1 ni1 nil ni1 nil ni1
= Z bibega(u; —u) — > by Y biga(un —uj) — Y by > bia(Un — i)
=1 k=1; k] j=1 k=1 j=1 k=1
n-1 n-1
bj bk (§1(Un — Uk) + &1(un — Uj) — E2((Un — k) — (Un — Uj))).
j=1k=1

Combining Lemma 5.1 with

Sir o + sir? B — sirf(a — B) = 2(sirf « Sir? B + sina cosa sin B cosp),
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we have
n
-3 Z >~ bjbeg(uj —w)
, 1k=1; k]
1 n-1 n-1
=5 D> byb(&(un — uk) + £2(Un — uj) — E2((Un — Uk) — (Un — Uj)))
j=1 k=1
2 oo | n-1 n-1 _ .
= 16(1) Z ' bj by (Slﬂ2 |7T(L|n Uk) + Sil’l2 |7T(Un U])
w1) (r' — 1) 21 k=1 w1 w1

gz U — U — (U —Ui)})

w1

7\ o it I7@Un —U;) ., 17 (Un — Ug)
=32(—) > bjbk(sinz L sir?
n w1 w1
|7z (un — uj) COSIyr(un—u,-)
w1 w1
| - | -
 sin 7 (Un — U) cos 7 (Un Uk))
w1 w1

+ sin

L run—u)  drun—up)
+<Zb,— sin 2)1 I” cos 2)1 J)}

Hence, by Lemma 3.4, we have

n ) 2
22 Ro) = 5 {——Z > bbk“'fl(“"“k”( _mgbj%)}

J=1k=1; k#]j

Similarly, we also haved,/w1)Rx(y1) < 0.
On the other hand, sindg;, c; € R andb; #0 (j =1,...,n), we have

1 n
Y+ <o
w1 =1

and henceP; < 0. Therefore there do not exis§,bj,c; (j =1,...,n) satisfying (4.7).
O
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REMARK. There existn-end catenoids of type = 0 if we assumew; € R,
wy —w1/2 € /=1R; anduj e R (j =1,...,n) (cf. Theorem 8.3).

By using Lemma 6.1, we also have the following:

Corollary 7.2. Assume thatr; e Ry, o € v=1R, and y; e R (j =1,...,n).
Then there does not exist an n-noid: X2\ {uy, ..., un} — R® of typew = w, which
has plane symmetry with respect to the antiholomorphiclirtian |(u) = U.

REMARK. There existn-end catenoids of type = w, if we assumew; € R,
wr—w1 € v=1R; anduj e R (j =1,...,n) (cf. [2], [9]).

8. Examples

Throughout this section, we assumg € R, and w, € v—1R,, and sety :=
w2/(v—1w1). As in §5, we denote = exp(2ry) andf = exp(2r/y).

First, we describe the data of Costa’s family of 4-noids (df) by using our
notation.

ExamMPLE 8.1. Consider the following flux data:

N=4, pp=p3:=0, pp=Ps, a=a=az=a4:=0.

Assumew; = 1 and set
V=1 1 -1 3v-1 1 3J/-1
=—y, U= 5 + y, Us = — y, Ug:= = + y

W= ] 2 4
by = B(1+ prv/=1), bp:i=B(=1—Pov/~1), bs:=p(1—p1v-1),

by := B(—1+ pov/-1),
c1:=0, C:=ppv—1, c3:=0, Csi:=—Phsv—1,
by := —,3(771 + A ; i \/—_1?72), Co 1= —%\/—_1172,

B, B1, B2, B3 > 0.

N

Then the surface given by these data is symmetric with rédpethe x;x3-plane, and
we can apply Theorem 4.4. By the straightforward calcutative see thatv; = 0 and
w; =0 (j =1,2,3,4) are satisfied, and the nontrivial condition is item as follows:

—27/—1P]
B2

— /1P,
B?Bs

= (211 — &3)(B2 + B2) + 2(e2 — €1)B1B2 — (21 — €3)B2 — 4(n1 + €3),

= (e1 — &)p1 — (2n1 — €3)B2,
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Side view Top view

Fig. 8.1.

7(Py -~ yV/=IP)

5 = 27 (8% + B3) — {(2n — ex)y — 27} 5 — 4,

wheree; ;= 0(1/2), & := p(1/2+ yv—1/2), e3:= p(y+v—1/2) ande; + e, +e3 = 0.
For anyy > 1, there exists af, B2, B3) € (0, +00) x (0, +00) x (0, +00) satisfying
the equations above (cf. [4]). Fig. 8.1 shows the case yhat1l.

For each integeN > 3, Berglund—Rossman [2] constructed a Jorge—Meeks type
N-end catenoid of genus one, which is of type= w; + w, with w; €e R, andw; €
v—=1R,, and invariant under the action of the direct prodiy x Z» of the dihe-
dral group and a reflection. By Corollary 6.3, the quadrupdeecing of Berglund—
Rossman’sN-end catenoid is a M-end catenoid of types = 0. In Example 8.2 be-
low, we consider a deformation family of suciN4end catenoid and construct a fam-
ily of double coverings of Rl-end catenoids of type& = 0 with &; € R, and @, —
w1/2 € v/—1R,, whose ends have alternating weights, for each odd intéger 3.
As a special case of this family, we get double coveringdNeénd catenoids of type
o = 0, which has the same flux as that of Jorge—Med¥s2nd catenoid (cf. [7]) and
Berglund—Rossman'®\-end catenoid, for each odd integr > 5. We also construct
a double covering oN-end catenoid of typ@ = @1 with &, € R, anda, € v/—1R,,
with the same flux above for each odd intedgér> 5. These results are concluded in
Theorem 8.3.

EXAMPLE 8.2. Let N > 3, and setn := 4N, ¢y := eV-"UN and ooy :=

ezm/jl/(ZN). Here, we denotep4(3_1)+L (resp.u4(J_1)+L, b4(3_1)+L, Ca(3-1)+L> U)4(J_1)+L)
by Pa,L (resp.uJ,L, bJ’L, CiL, w‘]'L) fordJ=1,...,N;L=1,2,3,4. For any_ =1,2,3,4,
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let Ly, L, be the unique numbers satisfyihg= 1+ L;+2L, andL,, L, € {0,1}, that is

0,0) if L=1,
(1,0) if L=2,
0,1) if L=3,
1,1) if L=4

(L1, L) :=

We define permutations,, t3 andty € S by 12 := (1, 2)(3, 4), 13 := (1, 3)(2, 4) and
4:=(1,4)(2,3). Forany =1,..., N andL =1, 2, 3, 4, set

(8.1) P = 0TI,
20-1)+L L
(8.2) UL := %wl + ?2602,
by = (—1)L2§{|\12(371)7L19”H/4/35L,
(8.3) CiL = PaLbyL = (—1)L2§22;£|J71)+Lle”‘ﬁ/45ﬂ|_,
B>0, BLeR.

By the assumption, we have

(8.4) byL = CQ(J_l)bl,L, CyL = §,£1J_1)01,L (J=1,...,N; L=1,2234),
N N

®85) > by =0 Y c=0 (L=1,234),
J=1 J=1

(8.6) ¢ =+-1b; (j=1,...,n),
8.7) D cibj=v-1) b3
j=1 =1

n 4
®.8) > lbj>=Np>> B
j=1 L=1

For the symmetry of the dihedral groupy, it is natural to set

by = = S,
(8.9) ot i
N
Co:=m — CL.
1-¢y L=1
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By a straightforward calculation, we have

N 4

1 ¢ 20-1)+ L1 Ly o
- biu: — —(J- 1)b ey Ze 22
o1 g =2 f 2N T2 o

J=1L=

iC (- 1)b 2 thz SO-1)

1L=1 L=1 J= 1

Il
M=

(8.10)

(&
Il
IN

e”r IAB{(B1— B3) + Lort(Ba — Ba)}-

In the same way, we also have

n n n
(8.11) ZC]UJ Z\/—_].Zb_juj' Z\/—_].ijl.lj.
j=1

j=1 j=1

Hence we get

n
n
o wE kUi E k(Uj — Uk),

(8.12) e 1n k]

Co=— Z Gl =—— > Geluj — ).

1 ko1 ket
By (8.2), we have

2(J — K) + (L1 —My) Lo — My
w1 +

A — =
(8.13) UgL —Uk,m 5N 1 5

w21

and, by (8.4) and (8.3), we have

(8.14) by bk m = blLblM{N(J+K D — (—1)etMe /71628 By, % ~2(0+K=2)(La+My)
(8.15) ¢y bx.m = (— 1)-2+M /21828, By gz(a K)+(Li=My).
bLby = by, b1 m
V=16 %87 if L =M,
= V1M gy i Ly # My, Ly = My, ie. M = (L),
VAL MIB2B By i Ly # My, ie. M = 15(L) or T4(L).

(8.16)
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We note here that, for any K, M, € Z, it holds that

Ax+/-1( K M, ~
(8.17) eXp{a)—l(ﬁwl + ?wz)} = M2
An/-1/( K M
(8.18) exp ANV L+ 22, = FRI/@N) ()Ml
w2 2N 2

For these data, we first calculate local and global perioditoms for the existence
of 4N-end catenoids, and prove thRi(y,) = 0 is the only nontrivial condition. Here
we note that we calculatey; and Ry(y2) with respect tor andf, since both of them
are necessary in the concrete estimates.

Calculation of Ry and w*. Combining Lemma 2.1 with (8.12), we have

Ry = _{ Z (pj + P)bjbs(u; —Uk)+(pjbib0+bj00)}

k=1: K]

- (pi+pk)bibk(i(uj—uk)—(u;—uk)l—i)

k=1: k]

n
- Z (Pj + P)bjbicxa(Uj — Ui).
k=1; k|

Now, we considerRy; with j =4(J —1)+ L.

N
Rij = —{ D (Par + Pr,Lbs b Lxa(Us — Uk L)

K=1; K#J

4 N
+ >0 D (PaL + Prom)baLbimxa(usL — UK,M)}-

M=1; M#£L K=1

By using (8.1), (8.13), (8.14) and Lemma 5.6, we have

N
Z (Pa,L + Px.L)by bk Lxa(UaL — Uk L)
K=1; K#J
N J-K
- et o (L)
K=1: K#J

N J—K
=bfeyt Y (cd‘K+c§”‘K))xl( . wl)

K=1: K#£J
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N-1 K’
=blog D@ + " )xl(ﬁwl)

K'=1

~ b2k {zzN o(Kon) - zw n (M K’wl)}zo,

K’=1 =1

and, forM # L,

N
Z(pJ,L + P, m)by,L bk, M xa(Us L — Uk,m)

N
Z 23— l)+L1+§2(K l)+M1)b b g_N(J+K 2)

2(J —K)+(L1—My) Lo—M;
X X1 5N w1 + 5 w2

N
— bLbMCLlJer Z(é.ZZ'SIJ—K)+(L1—M1) + KZ—I\EZ(J—K)-F(LJ__Ml)])
K=1
(P9 L
X1 5N 1 > 2

N
= bLbMCL1+M1 Z(g-zzNK’-*-(Ll—Ml) + {{’\EZK’+(L1—M1)])
K'=1
y 2K"+(L1—My) n Lo— M2
X1 2N w1 2 w2

2K’ Li—M L,—M
_ bLbMé_L1+M1{ Z §2K +(L1=My) ( +(2Nl 1)wl+ 2 . sz)
K=1

2(N—-K)—(L;—M L,—M
_Z (2= K/)—(Li— Ml)X( ( )ZN( 1 1)wl+ 2 . 2a)2)

. 2w /-1
- Z gghEZK +(L1*|V|1)](L2 —My) }

K'=1 w1
=0.

Hence we getRy; = 0. Combining this equality with (2.11) ang;| = 1, we also get
w}‘ Zp_lej =0 andw,— Z—ijoj (j :1,...,n).
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Calculation of Rg; and w; with respect tor. Combining Lemma 2.1 with (8.12),
we have

Roj =—{ Z ijbké“(uj—uk)—l-ijbo}

k=1; K]

(8.19) Z 2b; bk{é(uj —u) — (uj — Uk)_}

klk;éj

Z 2bj bk)(l(Uj — Uk).
k=1; k#]j

Now, we computeRy; with j =4(J —-1)+ L.

N
Roj = —{ Z 2b;, bk, L xa(ugL — uk,L)

K=1; K#J

4 N
+ > ZZbJ,LbK,MXl(UJ,L_UK,M)}-

M=1: M#L K=1

By using (8.13), (8.14) and Lemma 5.6, we have

N
> 20 b Lxa(usL — Uk L)
K=1; K#J
. J-K
= Z be,_é_(HK 2))(1( N wl)
K=1: K#J
. J—K
= 22 P07 Z CdK)ﬂ( N a)l) = 202,20 Z N Xl(—a)l)
K=1; K#J
and, forM # L,

N
> 2by bk wmxa(UsL—Uk )

K=1

N

_ 2(J—K)+(L1—M L,—M

=22b1Lb1M{ (3+K-2) 1( ( )2'\5 1 1)w1+ 22 2w2)

K=1

N
2(J—K Li—M L,—M

=2bLbMC2_,\‘,1(J_l)_(Ll_M1)Zfzzlslj_KH(Ll_Ml)Xl( ( );\f ! l)wl-i- 22 20)2)

K=1

N
A1) (L1 (L 2K’ +(L1—M L,—M
=2bLbM§2[\‘|1(J RA E CZZNK b Ml)Xl( (2Nl 1)a)1+ 22 Za)z).
K'=1
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We note here that, for anly L, € Z, it holds that

0 if 1#£0modN,
(8.20) Z (2 — J(—1)hN if | = N mod N,
N if | =0modN,
and
Ni:l 1 N-1
—1- o 2
N
1 NxN-1 N L
Z X—;ZK [ = XN _(_1)|_1 (X 7é (_1) 1)'
K=1

By Lemma 5.2, (8.17) and the equality above, we have

()

[ee]

=Z;N{§Nf1 ZZr. (:N—:NK')}
> (6t 1) 22

=1

Z@K(Hl) —K(I—l))

N-1 22:{( 1)- (N—1)+(N—1)—(—1)}
|/

'N—-(N-1) _ 1 r’N-1_1

B - 1 1
=N-2+2N ; N1 NI )

In the same way, we also have, ft # L,

2K + (L1 — My) Lo — My
2K +(L1—My)
Zf o ( 2N ot e

2K +(L;—M
- Z 2K+ Sou MM/ 4 g
§2K+(L1 M)y —(Lo-Mg)/2 _

(o]

2K+(L1—M I —
_ 22 T (C[ H(La=M)Il L —(Lo— M)l /2
=1

_ fz_r\EZK +(L1—M1)]|r(L2M2)I/2)}
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N

Z 2K+(L1 M) 2
— r—(Lz—Mz)/Z _ C;I\[IZKJ"(Ll*Ml)]

_22 rl Z(§[2K+(L1 MI(+1) ) —(Lo—M2)l /2 4.27'\[‘2K+(L17M1)](|*1)r(Lz—Mz)l/Z)

2N r—(Lz—’V|2)(N—1)/2
r—(La—Mz)N/2 _ (_1)L1*M1

(= 1)1~ D= M) N (L= M) ~DN+1/2

o0 O—
_2;{ r-DN+1 _ 1

( 1) (b=My) N~ (La=M)('N-1)/2 _ o}

=0+

('N-1_1
_(_1)L1—M1r(L2—M2)/2
r(Le=Mz)N/2 _ (_1)Li-M
(=)0~ DM (L= M)I'N=(N-D)/2 (1) (La=Ma)p ~(Lz-M)('N-1)/2
+2N 4 1{ rN=(N-1) _ 1 + r/N-1_1 }

= 2N

A direct computation with (5.4) yields

_(_1)|-1*M1|r (L2—My)/2

2N r(Le=M2)N/2 _ (_1)Li-My
N if Li# My, L= My,
(—1)0~DL=M) ( ['N=(N-D/2 _ ~['N=(N-D)/2)
2N Y [PN-(N-1) _ 1 if L=0 M;=1,
= I'=1
— 1)L Mo ('N-1)/2 _  —('N-1)/2 _
—ZNZ( ) (r"N—l—l ) if L,=1,M,=0.

I'=1
Combining these equalities with (8.16), we have

(8.21)

Ro:—ﬂ pLEyBOHH [ﬁL{(N—ZHZN Z(rlN(Nl)—l_rlNl—l)}

1 1
-1
+/312(L){N+2N Z( 1) ( IN—(N— 1)_1+rIN—1_1)}

=1

[IN-(N-1)/2  ((N-1)/2
r r
_ZNﬂrg(L)Z(rm “(N-D_1 rIN—l_l)

- pIN=(N=D)}/2  p(N-1)/2
_2N,37.’4(L) Z( 1) (I"N (N l) 1+r|N71_1
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Now, sincew; = —p;Ry; and pj = py, = ¢20 "D
in particular,w; e R (j =1,...,n).
Now, we calculatew_ in a certain special case for later use. Assume that
By @nd B,y = Bry). Then we have

, we getw; L = wy . = w, and,

(8.22)
wL=—pL RoL

1—(—1) I ON-(-D02 (1)L ON-D)2
:——/3 .3L|:/3L{(N 2)+2N |Z( NN T i )}
1

o (_1)I—1_r[IN—(N—1)]/2 (_1)I—1+r(IN—1)/2
+/3rz(L){N+2N Z( [IN-(N-D)_1 + rIN-1_1
=1
2
=—w—1,325L |:(N —2)BL+ NP,

( l)l 1:B _ﬂ‘rz _(_1)|7113 +:BT2
+2N Z{ [IN=(N— 1)]/2:_( 1()I|_)1+ r(|N—l)/2_L(_1)|—(JIj)} '

Calculation of Rgj and w; with respect tof. Combining (8.19) with Lemma 5.6,
we have

n
Roj=— > 2bjbyxa(uj — uy)
K=1; ks ]
(8.23)
27 /=
Z 2b; bk{XZ(uJ ST (uJ _Uk)}
K=1; Ks]

Now, we computeRy; with j =1 =4(1—-1)+ 1 by usingr.

N 4 N
Ro1 = —{Z 20y 1bk 1 x2(Ur1 — Uk, 1) + Y Y 2y abi mxa(Us — UK,M)}
M=2K=1

K=2

2m V=1 ¢
+ T2y 2byy

w1

By using (8.14), (8.13) and Lemma 5.6, we have

- 1-K
Z 201,10k, 1x2(U1,1 — Uk 1) = Z 20 Z)Xz( wl)

K=2 K=2 N

N
1
=20 > CﬁfKXz( ) E §N Xz(—wl)
K=2
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and, forM # 1,

N

> 2by abi mx2(Ur,1 — Uk, m)

K=1

N
2(1-K 0-—M 0-M
= Z 2b1b1,M§N(l+K2)X2( ( )ZT\I( 1)601 + 5 zwz)
K=1

N
e (20— K)— My M
_ 1-K
= 2y by KX=:1§N XZ(T(Dl - 7602)
= 2K’ + M M,
= —2biby Z é',qK Xz(TCl)]_ + 7602)
K’=0
By Lemma 5.4, (5.4), (8.18) and (8.20), we have
N-1
w2 K K )
—w
— 1 KleN Xz(N 1

=K /N
S Sl
FR/N—1

=1 m=1

I=1 m=1
N-1

N-1 oo 1
=-1+2) ) am - Z o
K=1 =1 K=1
00 ) 00 1

K'=1; K’£0 modN I=1

~1+2 Z(CNK”—:S’)Z rK,.,N

K”7=1

o K//
—1—4y/— Zsm

K”=1 =1

In the same way, we also have, ff # 1,

M2

2K + M,
NXZ—

(_1)Mzr(2K+M1)/(2N) +1
(—1)M2f @K+M)/@N) — 1

[e°]
1
Z FK/N

Zi i r~|1m KI/N KI/N)}

1 1
FINM=K)I/N — F(Nm+K)I/N

[e¢] [e¢] 1

Z Z(r(NWK)I/N B

)

FINMEK)I/N

oo: N-—1 [ee)
-2 Z Z N Z [N(m— 1)+(N K)II/N
m=1K=1 =1

+ 76{)2)

_222 ( 1)M2| (2K +M1)I/(2N) ( 1)—M2|~—(2K+M1)I/(2N)}:|
flm

I1=1 m=1
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N-1 2
_ —K
= ~ qN {(1 + (_1)M2r~(2K+M1)/(2N) — 1)

(—1)™ (=)™
o 22 Z( [2Nm—(2K +My)]I /(2N) r[2Nm+(2K+M1)]I/(2N))

Ilml

~ K ( 1)M2|
=0-(1-Mp)+2 Z N Z FEKTMDI/2N)
K=1-M;

23" ¢k (1" (S
- ZC ZZ F2INM=K)=MI/2N) ~ FR2(Nm+K+M1)—M4]l/(2N)

=1 m=1

o) [es] Mol
_ —K' (_1) 2
=—(1-M)+2 Y ) 20K+ M1)— Myl /(2N)
K'=1-M,; =1
N-1 e8]

- N-K (_1)M2|
—2) > Z FRIN(m— 1)+ (N—K)]— Ml /(2N)
=1

m=1K=0

~ , 1 Mol
=—1-M)+2 Z e = )Z (ZK(” N?l)l/(ZN)

Kr=1

(2K —Ml)n ()™
=—(1—Mp) —4v— { K/lem N IZr(zK"—Ml)l/(ZN)'

By usingu; = 0, by = e*V=1488, and (8.10), we also have

n n n

_ 2b 2b
> 2yt = 2 > bty = = E :bkuk
k=2 @1 @115 ©1

= —N—_lﬂzﬁl oo (B = )+ Lo (B2 = )
- —2\/—_1/32,31{ (B B+ (B ﬂ4)}
_ cosQr/N) 1
= B%A1 {(\/_‘i‘ sintr /N))(ﬁl B3) + sintr /N)( .34)}-
Combining these equalities with (8.16), we have
—w1 = Ry
_2nV-1, 1
-, ﬂl[sm(n 5 gy cos T + (62

i = 1 2K
+ 42{/31 + (1) B3} Z Fxin S Tﬂ

1 (2K — 1)1

—I—4Z{,32+( 1) B4} Z FEK-TI/@N) sin N

=1
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Changing the coordinate by := u — u;, ., we have a similar equality for eadbp; |,
and we get

(8.24)
Wy =wi =wL
_ 27T;/—_1’32’3L [ _ Wl/l\l){(m — Br) cos% + (Buw) — :3r4(|-))}
4 i{m + (=1 By i rK% sin ZKTN
— 4;{/912@) + (1) B} Z K= :1L)|/(2N) = Ig Dﬂ]

Now, we note some estimates of which we use later. For ang such that|C| > 1,
we have

iisinKx— C sinx
£~ CK ~ 1-2Ccosx +C?’

Assume thatB. = Br,) and B,) = Pww). Then we have

_ 27T\/_ cosfr/N) —1
W=—" w |: (.BL ﬂrz(L))W
1 i
—4 Z(:BL + IBTZ(L)) Z m SIn(K N)
1 ’
_4Z(ﬂL Bo(v)) Z e e sm(K ):|
(8.25) J_
2 sin(z/N)
= BB |:1+TSQT/N)('BL — Br))
> F(2-1)/(2N) g; N
—4 Z(ﬂL + Bo) ' sin(r/N)

1— 2r@-1/@N) cosr/N) + F@-D/N

/N sin@z/N)
1+ 27'/N cosfr/N) + F2/N |

=1

+4> (Bl = Brv)

=1

Hence we see that, if & B < Br,w) OF By < BL < 0 (resp. 0< B < —B,) Or
—Br) = BL < 0), thenw, < 0 (resp.w. > 0).

Calculation of Ry(y1). First, we note here thaZJN=1 Rosg-1+L =0 (L =3, 4).
For the loopy;, by using (4.4), Lemma 3.4, Lemma 5.5, (8.12), (8.14), (B.13
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Lemma 5.1 and (8.17), we have

—7'[\/—_1P1=—27T\/—_1R0(V1)
2
:——Z Z bjbkél(UJ—Uk)‘i‘(bO nlzbl )

j=1k=1;k#]j

=—3 Z Z bjbga(u;j —ux)

jlkl

1N 4 N4
2 Y22 D batbeméa(UsL —Ukm)

J=1L=1K=1M=1

4 4
=>"> byibiu (—
N N
_ _ 2(J—K)+(L;—M L,—M
XZZ%‘(HK 2)51( ( )+ (L1 1)0) L LMo

NI =

L=1M=1
2N ! 2

and

1o & e [20—=K)+(Li—M L,—M
_EZZQ\J(HK 2)51(( )2N( ! l)a)1+ 22 20)2)

[
Il
-
~
Il
=

N N
—(J+K=2 2J—K Li—MD]l . —(Lo—
Z Z {N( + )Z (r' 1)2 ( )+(L1 1)]r (La=M)l/2

J=1K=1

I
N
/N
Sl=

N

+ ;—[2(3—K)+(L1—M1)]| r (Lz*M2)|/2)

— ! [2K'+ (LMol ~(Lo— M
( )25 2342 Z % Z(rl 1)2§ + (Lo—My)l /2

K'=J—N
+ éVZfI\EZK’Jr(Ler)]lr(szMz)uz)

77: ’
4 —2J+2 [2K'+(Li-M)]l  —(La—M2)1/2
(5) Lo £ L et

J=1 K’=1

+ ;2_'\[‘2K,+(L1_M1)]| r (L27M2)|/2)
=0.

Hence we getRy(y1) = 0.

351

).
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Calculation of Ry(y2) with respect to r. First, recall here thaR;; =0 (j =
1,...,n). For the loopy,, by using Lemmas 3.5, 3.4 and (8.12), we have

Ri(y2) = — Rl()/l) -— Z Cjb;

- 27“/_{_- > Z (cjbx + bjc)éu(u; —uk)} - ZCJ b;.

j=1k=1; k#]j

By Lemma 5.5, (8.17), (8.15), (8.13), Lemma 5.1 and (8.2, have

8.26)
1 n n
——Z Z (€5 +bj g2 (Uj —u) =~ Cjbi&1(uj —uk)
j=1k=1;k#]j j=1 k=1
1N 4 N4
=3 D330 canbiméa(us —uk.m)
J=1L=1K=1M=1
4 4
=YY (-1 tMV—18%B B
L=1M=1
N
20-K)+(L1—M L,—M
( ) Z 2(=K)+(L1— Ml)%_l( ( )2N( 1 1)a)1+ 22 ng),
J=1K=1
and

N N
1 _ 2(J—K)+(L:—M L,—M
_ézzgzﬁ K)+(Ls Ml)%_l( ( )2N( 1 1)w1+ 22 sz)
=

K

2 N N
Y 2(3-K)+(L1—My) [Z(J K)+H(Li= MOl ~(Lo—M2)I /2
—(Z) X > g o

J=1K=1
i {—[2(J K)+(Li—My)]l p(LzM2)/2)
2 N J-1
4 = Z Z §2K +(La- MnZ [2K’+<L1 MOl (Lo~ M)l /2
"\ (r' 1)2
J=1K'=J-N

+§_—[2K +(L1=My)]l (Lz—M2)|/2)

2 o0 |
T r 2K/ +(L1=M)](1+1). —(Lo—Mp)l /2
YINY [ 1—My r 2—M2
(Z) > 1)2(&

K’=1

N
+ Z gzN[ZK’HLlMl)](I1)r(L2—M2)I/2>

K’'=1
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—4N2( T )2 ° {(_1)(|’—1)(L1—M1)r[|'N—(N—1)][1+(L2—Mz)/2]

w1 (r"N-(N-1) _1)2

I'=1

(—1) (LMD ('N-D[1 (Lo Mz)/2]
(r"N-1_1)2 }

We also note that log = 27 w,/(v/—1w;). Applying this equality, (8.7) and (8.8) to
the above, we get

(8.27)
Ri(y2)
2N./—1
= —&[(ﬂf+ﬂ§+ﬂ§+ﬂf)

w1
1
+N |09f{§(ﬂf+ﬁ22+ﬂ§+ﬁf)k1

+ (B1B2+ BaBa)ka — (B1Bz + B2Ba)ks — (BLBa+ ﬂzﬂs)h}] ,

where we set

pIN=(N-1) pIN-1
{(rIN(Nl) —12 T (rN-1_ 1)2}'

ES
I
N
NE

=1

2

(_l)lflrINf(Nfl) (_1)IrIN71
k2 =2 { },
rIN-(N-1) _1)2 (IN-1_1)2
(8.28) o=t ( rol )
. Z{r[IN—(N—l)]/Z(rIN—(N—l) +1) r(IN—l)/Z(rIN—l + 1)}
3= IN-(N-1) _ 1) IN-1_ 1) '
— (r'™N-(N-1) — 1) (r 1)
. o (_1)Iflr[INf(Nfl)]/Z(rle(Nfl) + 1) (_1)Ir(IN71)/2(rIN71 + 1)
ke := Z (rIN—(N—l)_]_)z (rIN—1_1)2
=1

Now, we note some estimates kf which we use later. Since

PIN-(N-D)/2(p [IN-(N-D)/2 4 (_1Y))2
(rN=(N-1) — 1)2

kz—kgz—z[
=1

(6.29) pUN-1)/2(p(IN-1)/2 | (_1)|1}2}

(r"N-1_ 1y

00 p[IN=(N-1)]/2 p(IN=1)/2
=" ;[{r[IN—(N—l)]/Z T+ (—1)-12 + (rN=D/2 (_1)|}2} <0,
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and

[ (=) L IN-(N-D)/2(p IN-(N-DI/2 | (_1Y2

ki—ks = — Z|: IN—(N— 2
- (rIN-(N-1) _ 1)
(—1)Ir(IN71)/2{r(IN71)/2 + (_1)|71}2
(8.30) "
° | r IN=(N-1)]/2 1 r(IN-1)12
= Z[( 1) (rIN=(N-1)1/2  (_1)-1)2 +(=1) (N—1)/2 i 2}

we have

r[2IN—(@N-1))/2 (2IN=1)/2
(8.31) Ky + ko — ks — kg = 22{ ' } 0

(r2N-CGN-D)/2 1 1)2 + (r@N-D/2 1)

We also use

FIN=(N-DI2( IN-(N-D)/2 _ 12 pAN=1)/2(p (N-1)/2 _ 1y2
Ky — ks = — (rIN=(N-D _ 12 + (rN-1_ 1y
=1

(8.32) 00 pIN=(N-1)}/2 p (IN=1)/2
=— Z{ } < 0.
=1

(rIN=(N=DJ/2  1y2 + (r(N=D/2 1 1y2

Calculation of Ry(y,) with respect to . By Lemma 3.4, we have

1A n
Rl(VZ) = w2 { (C‘ b + b'Ck)r‘Ez(U‘ - Uk)
o F 2 ; k_;(:#j i j i

n Ui n Ui
+ <CO_UZZCJQ)_J>(bO—UZijaTj>}-
j=1 2 i=1 2

As (8.26), by Lemma 5.5, (8.18), (8.15), (8.13), Lemma 5.8 é&m4), we have

- Z Z (Cj bk +bjce)é2(u; _Uk)__% Z > cibga(u;j — )

J =1 k=1Lk#]j j=1 k=1

N 4 N 4
ZZZZ 3,Lbk m&E2(Uy,L — Uk M)

J=

a8
II
H

1

~ 2

4 4
=Y Y (-1)=MV18% B

L=1M=1
N
( ) Z 20—K)+(L1— Ml)&z(z(J_K)+(Ll_Ml)a)1+ Lz—Mzwz)’

2N 2



MINIMAL SURFACES OF GENUS ONE Il 355

and

N N

1 _ _ 20-K)+(L;—M L,—M

_522;22&3 K)+(L1 Ml)sz( ( )ZN( 1 1)w1+ 2 . sz)
I—1K=1

2 N N
T 2(J—K)+(L1—M
:4(w_2 ZZ;Z( )+(L1—My)

o o
XZZ flm{ Fl2Q-K)+(L1— Ml)]l/(ZN)( 1)(Lz Ma)l

PO HL=MI/EN) (_1)~(La M) )

L) e S0

m1

N N
2(3—K)+(L1—M1) (#[2(—K)+(L1—M)]I /(2N
XZZQN 1 1(r[( )+ (L1i—M)]I/(2N)

J=1K=1 + r~—[2(\]7K)+(LrM1)]|/(ZN))

( )Z( 1)te- Mz)li Z m(N — |K/|)§.22NK’+(L1—M1)

m=1K'=—(N-1)
% (r—[ZmN—(2K’+L1—M1)]|/(2N)

+ f—l2m N+(2K’+L1*M1)]|/(2N)).

SetK” := —K’ + M; (K'=—(N—-1),...,M; —1), and setK” := N — K’ + M,
(K" = My, ..., N—1). Then we get

00 N-—-1

Z Z m(N — |K’ |)§2K +Li=Miz—[2mN—(2K'+L1—My)]l/(2N)

m=1 K’=—(N-1)
oo N—-1+M;

_ Z Z m(N — K" + Ml)ngl\(IZK”lefMl)ff[ZmN+(2K”—L1—M1)]I/(2N)
m=1 Kr=1

+Z Z MK — My)g2N=@K " ~LimMp 2 DN+@K LMyl /2N)
m=1K"”=1+M;
oo N+M;

= Z Z M(N — K" + M)z L Mp-2m+ (2K —La-Myll/(2N)
m=0 K"=1

00 N
+ )0 YT (M + 1)K — My, T MmN @KL Mall/N)
m=0 K"”=M;

oo N
= Z Z(mN + K — My 36t MOp—[2mN+@K—La=Mi)ll/@N)
m=0 K=1
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We note here that, it + M; = 2, thenL; = My =1, and hencenN+ K —M; =0
form=0andK =1. SetK”:=N+K’'+L; (K'=—(N-1),...,M; —1), and set
K”:=K'+ Ly (K'=My,...,N=1). Then we get

o0
DT m(N —Kgg e My N EK LML @N)
m=1 K’'=—(N-1)
oo N-1+Li+M;
=> > mK'-L 1) 2N HEK LMD p—(2(m-1)N+-@K~L1= M)l /2N)
m=1 K’=1+L1
oo N-I1+L,
+3 0 Y MmN =K Ly)gfl M EmNEeK LMl @N)
m=1K"”=L1+M,
oo N-1+Li+M;

= Z Z (M + 1)(K” — Ly)g2K" ~bi-Map—{2m N (2K Ly Myl /(2N)
m=0 K’=L,

[e%s) N+Ly
' 2K"”—L1—M [2mN+(2K"”"—L1—M3)]l /(2N)
3 S g
m=0 K"”=L1+M;
oo N—-1+L1+M;

=3 3 (MN K = Ly b MmN KLl 2N,
m=0 K=Li+M;

We note here that, if.{ + M; =0, thenL; = M; =0, and hencenN+ K —L; =0
for m =0 andK = 0. Combining these equalities, we have

1
-5 Z Cjbiga(uj — )
j=1 k=1
4 4
=D 2 (D)= =16%6 u
L=1M=1

00 N+e
( ) Z( 1)(L2 Ma)l Z Z {(mN+K Ll)g_ZK Li—
m=0 K=1+¢; +(MN+K—M )é——(ZK Li— Ml)}
<F —[2mN+(2K—-L1—M3)]l/(2N)

2

=4¢_1(£ B2
2
4 o9
Z Z(—l)(LZ’MZ)("l)
L=1M=1 =1
oo N+e 1
xy Ny S@MN+2K L1 —My)
m=0 K=1+61 2K —Ly—

M1+§2 (2K—L1— Ml))

(§

—[2mN+(2K —L1—My)]1 /(2N)
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_2nV—1 —2np?
=
4 4 00
XD 3T BLBu Y (~1)te Mt
L=iM=t =1 o i (2K — Ly — My) cos (2K — L2?\|_ Ml)ﬂ ~[2K-Li-Md]l/@2N)
K=1+4¢;

where we sek; := max{L; + M; — 1, 0}. By using (8.12) and the Legendre relation

(3.6), we have

Uj _ mwz —nawy 2/ -
bo — bj = = =——==) bju; = bjuj,
o 7722 w107 Z iuj w17 Z ]
n
uj niw2 — Na2w1 271
Co—n2 Ci—=—"""-"""" =
z o= Py oy = TR

Therefore, by using (8.10) and (8.11), we have

(33 oo
= a)iljz_;bjuj 1_ §N<Zb|—>

1
= mﬂz{(ﬂl — B3) + Son (B2 = Ba)H(B1 — Bs) + an(B2 — Ba))
2N

=12 sirFin/_N)’Bz{(’Bl — Ba)? + 2(B1 — B3)(B2 — Ba) COS% + (B2— /34)2}.

Combining these equalities, we have

(8.33)

Ri(y2) =

2np? 1 , n 2
w2 [4 sirf(r/N) {(ﬁl — B3)" + 2(B1 — B3)(B2 — Ba) cos - + (B2 — Ba) }
— (B2 + B3+ B3 + BDka — 2(B12 + Baa)ke

— 2(B1B3 + B2Ba)ks — 2(B1Ba + ,32/33)&4}.



358 S. KaTO AND H. MUROYA

where we set

2K

ES
i

1
i

gnMg nMg

~oK DNy COS N '

>3 s

i -1 (2K — )7
(8.34) =t » oK

ks 1= Z( 1" lZ FKI/N OSTW’

[o.¢]

3 2K -1 (2K — 1)
_ -1
kg := E SURDY Fek e ST N
I=1 K=1

Now, we note some estimates kf which we use later. For ang such that/C| > 1,
we have

> K C(cosx — 2C + C? cosx)
E — CosKX =
— C (1—2C cosx + C2)2
Hence we have
— Rl + Rg + R3 — R4

o0 -1 2K — )
Z{l—( 1 Z r(2K n/eNy 05T

_Z{l (= 1)| 1} Z NKI/N K7T

o] o0 o0 o0

(2K—l)7r 2K

T P p T SF) D) RS
(8.35) I=1 K= 11 K=1'

K

ZZZ ~I/N)K SN
=7 k= (

» >, (—F"/N){cosfr/N) — 2(—'/N) + F2/N cosgr/N)}
Z {1—2(—f"/N) cosr/N) + F2/N}2

>, /N{cosfr/N) + 2f'/N 4 F2/N cosfr/N)}

2 01
|Z {1+ 20/N cosr/N) + a2
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ki + ko + ks + ks

i s 2K 2K 7
- § 1+ 1Y § KN COS T
1=1 K=1

%0 1 (2K — )
-1
+ Z{1+( 1)~} Z r(2K DN 05T

K
= 22 Z FK@- 1)/(2N) SW
=1 K=1

i (2 'fl)/(ZN){COSQT/N) — 2F@-1)/@N) 4 F@-1)/N costr/N)}
{1—27r@-1)/@2N) cosfr/N) + F@-1)/Ny2

(8.36)

=2

& (r~(2lfl)/(2N) + I77(2I71)/(2N)) COSQT/N) )
— {(f(ZI—l)/(ZN) + f—(ZI—l)/(ZN)) _2 COSQT/N)}Z’

and

o ~ 1. ~ ~ ~ 1 - ~ O
Kitks=Z(kitke+kstki)— (ki tke+ks—ka)

_ i I7(2I71)/(2N){COSQ.[/N) _ 2r~(2|71)/(2N) + r~(2lfl)/N COSQT/N)}

(8.37) {1 — 2r@-1/(2N) cosfr /N) + F@-1D/N}2

=1

> F/N{cosgr/N) + 2f'/N 4 F2/N cosfr/N)}
“E: {1+ 2f/N cosgr/N) + F2/N}2

=1

Now we have shown thaR;(y2) = 0 is the only nontrivial condition for our data
to realize a well-definedh-noid, since the data satisfies the condition (4.3), and, by
Theorem 4.2, the other global period conditions are autalft satisfied.

Moreover, if we assume thd®;(y,) = 0 holds, then we see the following facts by
applying Lemma 6.8 withm; = 0, Lemma 6.7 withm, = 0, Lemma 6.9, Lemma 6.7
with m; = 0 and replacingv, by w1 + w,, Lemma 6.8 withm; = 0, and Lemma 6.9
respectively:

Q) If By =82 #0 and B3 = B4 # 0 (resp.= 0), then the data realizes a double
covering of a N-noid (resp. anN-noid) of type® = @, whose fundamental period is
(91, @) = (@1/2, wp).

(2a) Let N be an odd integer. IB; = 83 # 0 and B, = B4 # 0 (resp.= 0), then the
data realizes a double covering of &l-oid (resp. anN-noid) of type® = @; whose
fundamental period iscf, w;) := (w1, w2/2).

(2b) Let N be an even integer. 18, = B3 # 0 and 8, = B4 # 0 (resp.= 0), then
the data realizes a quadruple covering of moid (resp. an{l/2)-noid) of typew =

w1 + @ whose fundamental period i®f, @7) := (w1/2, w2/2).
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(3a) Let N be an odd integer. 181 = B4 # 0 and 82 = B3 # 0 (resp.= 0), then the
data realizes a double covering of &lwid (resp. anN-noid) of type® = 0 whose
fundamental period isa(;, @7) := (w1, (w1 + @2)/2).
(3b) Let N be an even integer. |81 = B84 # 0 and 8, = B3 # 0 (resp.= 0), then the
data realizes a double covering of &loid (resp. anN-noid) of type® = @, whose
fundamental period isa(i, @) := (w1/2, wy).
(4) If By = B2 = B3 = B4 # 0, then the data realizes a quadruple covering oNanoid
of type w = @1 + @, whose fundamental period i®{, @7) := (w1/2, w2/2).

We may assume thad; = 1 without loss of generality. From this assumption and
the assumption in the top of this section, it follows that= y+~/—1 for somey € R,.
Recall here that = €Y, F = e*/¥, It holds that log - logf = 472. Set

P (B, Bz, B i 1) 1=~ —Ru(y2)
N 1, 25 3y 4, L ﬂZN\/—_l 13/2,

Pn(B1, Ba, B3, Ba; T) 1= Ri(y2)

Y2
47t B2
(cf. (8.27) and (8.33)).

Since we treat mainly the type @ = 0 in this paper, we assume here thstis
an odd integer and tha$; = 84 = 1 and 8, = B3, so that our data gives aN4noid

which is a double covering of someN2noid or N-noid of typew = 0.
Set

Pn(B2, 1) := Pn(1, B2, B2, 15 1)

= 2(85 + 1)+ Nlogr{(ki — Ka)(BZ + 1) + (ko — ks) - 282},
Pn(B2, F) := Pn(1, B2, B2, 1; )

[+ -

2
A1+ CosQr/N)}](’BZ +1)

‘[“*“*arﬁﬁﬁmﬁlmz

Then, by the definitions, it holds that

Ri(¥2) | pi—pamt prmps = —B*NV=1Pn(B2, 1) =

2
4’”: Bu(Ba 1),

:

and hence the conditioRy(y2) = 0 is also rewritten a®y(B2,r) = 0 or Pn(B2,F) = 0.
Note here that

- N
Pn(B2, ) = 4—nyPN(,32, r),

and hencePy (B2, r) and Py (B, ) have the same signature.
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Claim 1 (Uniqueness of the Berglund—RossmaN'send catenoid) For each N>
3, there exists a uniquegk N € (1, +00) satisfying R(1,rgrn) = 0.

Proof. SetTy(x) := (x log x)/(x + 1)%. Then, by (8.31), we have

(8.38)
Pn(d,r) =44+ 2N(ky + ko — ks — kg) logr

o 2 2
=4 — 4N _ C  T(r@N-(N-1)/2 % T (r@N-Dp2 ,
I;{2|N—(2N—1) i A T RE )

from which we get lim_ 1o Pn(1,r) = 4 > 0. Now, since

d _ (1-x)logx + (x + 1)
ax 0 = (x + 1)
21— 3
_2a (§)++1()>3< +1) _ o :)3 <0 (xe[& +00)),

T1(x) is monotone decreasing on € [€?, +0c0). We note thatr[PIN-CN-DI/2 > 1/2
andr@N-1/2 > /2 polds for anyl € N. Hence Py(1,r) is monotone increasing on
r € [e*, +00).

On the other hand, by (8.36), we have

Pn(L,F) = —2(ky + ko + ks + ka)

(8.39) _ 4 X (F@-D/EN) 4 -@-1/(N)y cosfr/N) — 2
= ; ((F@-D/@N) + F-@-1/@N)) — 2 cosr/N)}2

Set

To(x) = ; log(2+ v/3)- X — |og(ﬂ)_

cosx
Since T,(0) = Ty(x/3) = 0, and

d? sinx
T —
dx? 2(x) coZ X

<0 (x€(0,7/3)),

it holds thatT,(x) > 0 for x € (0, 7/3). In particular, for anyN > 3, To(z/N) > 0
which vyields that

f 2N
(L) <o

Hence, for any’ € ((2+ +/3)%, +00), we havef/@N) > {1+ sin@r/N)}/cosfr/N), and
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each numerator of (8.39) satisfies

F@-D/@N)  F-@-1/@N)) cos T _ o
N

> (FH@N) 4 FY@N) cos = — 2
- N

- (1+sin(n/N)+ cosfr/N) )

T
cosfr/N) 1+sin@/N) ) N 2=0.

N

Therefore we gePy(1,f) <0 onf € ((2+ +/3), +00). Since expt?) = 19333.6-- >
2701.9 .- = (2++/3)%, Pn(1,F) < 0 onf € [exp(r?), +00), from which it also follows
that Py(1,r) <0 onr € (1, €.

Now, by the intermediate value theorem, there exist a unigrg € (€%, +oo) sat-
isfying Pn(1,rgr,n) = 0. This solution gives us the data realizing a quadruple rioge
of Jorge—Meeks typdN-end catenoid constructed by Berglund—Rossman. ]

We note here that Claim 1 holds also in the case tlat even.

Claim 2 (One parameter family of 12-end catenoid of type = 0). Let N> 3
be an odd integer. For each & (1,rgr n], there exist a8, = Ba(r) € (—1, 1] satisfying
Pn(B2(r), r) = 0. In particular, B2(r) # 1 for each re (1, rgr n).

Proof. For anyr e (1, rgrn] such thatky + ks — 1/[4{1 + cosfr/N)}] # O,
Pn(B2, 1) = 0 is a reciprocal quadratic equation g5. Let D be the discriminant of
this equation. Then

b_ ko + ks + L i ki + ks L 2
4~ |72 a1+ cosr/N)) ! 4(1 + cosfr/N)}

~ ~ ~ ~ ~ ~ ~ ~ 1
= (k; + k> + k: —ky + ko + ks — —_—|.

(k1 + ko + 3+|<4)[( 1+ ko + k3 —Kkg) + 2{1+COSQT/N)}i|
By using (8.35) and Claim 1, we havek; +k; +ks—ks > 0 for anyr e (1,+00), and
ki + ka2 + ks + ks > 0 (resp.= 0) for anyr € (1,rgrn) (resp.r = rgrn). Hence we
get D>0forr e (1, rgr.N), and D=0 forr = rern- Therefore we have a solution

—[ko + ks + 1/[4{1 + cosfr/N)}]] + /D/4
ki + ks — 1/[4{1 + cosr/N)}]

(8.40) o= pofr) = € (-1, 1]\ {0}.

On the other hand, for € (1,rgr ) such thatk; + ks — 1/[4{1 + cos¢r/N)}] = O, by
using (8.35), we havé&, + ks +1/[4{1+ cosfr/N)}] > ki + ks + 1/[4{1+cosfr/N)}] =
1/[2{1 + cosfr/N)}] > 0, and hence we have a solutigh = B,(r) = 0. Since the
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wy/w; &~ 0.85 wy/wy ~ 7.3 wr/wy &~ —2
Fig. 8.2.
solution B,(r) in (8.40) is rewritten as

ki + ks — 1/[4{1 + cosfr/N)}]

Bao(t) = —— —,
—[k2 + ks — 1/[4{1 + cos@z/N)}]] — / D/4

B2 = B2(r) is continuous with respect to the paramatez (1,rgr n], and it gives us a
1-parameter family of double coverings Bfy x Z,-invariant 2N-noids of typeo = 0.
O

The surfaces given by the other family of solutiofgr)~ of (8.40) are realized
also by changing the indices by the permutatign Therefore we omit calculations for
such solutions.

Fig. 8.2 shows some samples of the examples given by the ataigein the case
that N = 3.

Claim 3 (N-end catenoid of typ@ = 0). For each odd integer N> 5, there exist
rin € (€¥N, 2%) and .y € (2% rern) satisfying R(0,rin) = Pn(0,r2n) = 0.

Proof. First, note here tha®y(0,r) = 2+ N(k; — kg) logr. Set

r(IN+1)/2 r[(I+1)N+1]/2
Ta(l,r) = |:{r(IN+l)/2 + (-1)}2 - (rl0+DN+I1/2 (_1)|+1}2]

r(IN-1)/2 r[(+1N-1]/2
+ |:{r(IN—1)/2 +(-1))2 - (rl0+DN-1/2 4 (_1)|+1}2}'
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Then, by (8.30), we have

r1/2
ki — kg = — Ty +ZT3(2I
12 r (N-1)/2 r (N+1)/2

_ I n > T2, ).
1/2 2 N-1)/2 _1)2 N+1)/2 _ 1)2
(rt/2 +1) (r(N-1/2 — 1) (r(N+1)/2 — 1) —

Since

X Cx  x{4Cx+(C—1)(Cx*—1)}
(x—12 (Cx+12 (X — 12(Cx + 1)2

>0 (x>1,C=>1),

T3(2l — 1,r) > 0 holds for anyr € (1, +00) and| € N. By using this inequality, we
see that
r1/2

ki — ks > N

+0>-1 (r e(1,+00)).
Hence, for anyr € (1, eYN], we get
1
Pn(O,r) > 24+ N-(=1)-logr > 2 + N-(—l)-ﬁ =1>0.

On the other hand, since

X Cx
(x+12 (Cx—1y
_ x{(C?—6C + 1)x + (C — 1)(x — 1)(Cx + 1)}
N (X + 1)2(Cx — 1)

>0 (x>1,C>3+2V2),

Ts(2, 1) > 0 holds for anyr € ((3+ 2v2)¥N, +00) and| € N. As (2)N/2 = 22N
(3 + 24/2) holds forN > 2, we can apply this inequality far = 2*. Since N > 5,
we have

r1/2 r(N-1)/2 r (N+1)/2
[_ 12 4+ 1y + (r(N-1/2 _ 1y + (r(N+1/2 — 1)2:|

r1/2 r2 '3
< | —
et et e
4 n 28 n 212 3
- < ——.
25 T (12 " (22—12 ~ 20

We also have
8 8
log2* = = log 2°/? > —.
9o =399" >3
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>

r~749,y ~ 0.69 r ~ 105, y ~ 037
type o =0

Fig. 8.3.

Combining these estimates we have
3
Pn(0, 2 <2— X)N log 2* < 0.

On the other hand, by (8.29%; — k3 < 0, and hence we have
Pn(0,r) = 2+ N(ky + ko — ks — kg) logr — N(ko — ks) logr

> 2+ N(ky + ko — ks —kg) logr = %PN(l,r) (r € (1, +00)).

As we have already shown, it holds th(1,r) > O for anyr € [rgr n, +00). There-
fore we getPy(0,r) > O for anyr € [rgr.n,+00). Combining this fact withPy (0,2%) <
0, we have 2 < rgr .

Now, by the intermediate value theorem, there exis§ € (€N, 2*) andr,y €
(2% rgr.n) satisfying Py(0,r1n) = Pn(0,r2n) = 0. For the later use, we choose here
them so thatr;y = min{r € (1, 2*) | Py(0,r) = 0} andray = max{r € (24, +o0) |
Pn(O,r) = 0}. ryn andryn give us two Dy x Zp-invariant N-end catenoids of type
w=0. ]

Fig. 8.3 shows two examples in the case that= 5.

From the viewpoint of an inverse problem of the flux formulag wiso have
Berglund—Rossman’sl-end catenoid as a solution of tyge= w; + w,, which enjoys
the same flux data as thé-end catenoids above.

We can also construct aN-end catenoid of typ@ = w; with the same flux data,
by setting; = B3 = 1 and 8, = B4 = 0. Indeed, in this casePy(1,0,1,Qr) =
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type @ = w1 +
(Berglund—Rossman)

Fig. 8.4.

2+ N(k; — k) logr, and, by (8.32), we have

F(N-1/2 4 172 00 1 1 .1 r1/2
T N2Z_1 ——E [Nz T oranemz ) <K 3<_(r1/2+1)2’

from which we getPy(1,0,1,Q 2*) < 2—(32/75)N < 0 and lim_ 1. Pn(1,0,1,Q 1) =
2> 0. Now, by the intermediate value theorem, there exigts € (2*, +o0) satisfying
Pn(1,0,1,Qron) = 0. ron gives us aDy x Zj-invariant N-end catenoid of type
= w1.

Fig. 8.4 shows these examples in the case that 5.

This N-end catenoid of types = @; quite resembles one of the abow-end
catenoids of typeo = 0, and they seem to be the same surface at first glance. The dif-
ference between them appears in the holes. Indeed theitdsaod the plane of sym-
metry are attached to different positions. Fig. 8.5 shovessibctional views of them in
the case thall = 5.

Claim 4 (Nonexistence of branch points)2N-end catenoids given t§laim 2and
N-end catenoids given b@laim 3 have no branch points.

Proof. Here, any orbit of the action ddy x Z, to each N-end (resp.N-end)
catenoid consists of R or 4N (resp. N, 2N or 4N) points. On the other hand, the
surface has no branch points if and only if the degree of itasGanap is exactly iR
(resp.N). Since the Gauss map of each surface is not a constant metp,2Blaend
(resp. N-end) catenoid cannot be branched. ]

Claim 5 (Estimates of the weights) Let N > 5 be an odd integer and sef(r) :=
wz/wy. Then for any o € (0, 1), there exist N, ran, 's,n, Fe.n € (1,11 n) Satisfying
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Fig. 8.5.

ran <Tan <Tsn < Ten, —a(fan)t = a(rsn) ! = a(ren) = ao, a(ran) = oo, and
there exists ¥y € (r2n, I'er,n) Satisfyinga(rzn) = ao.

Proof. First, we observe the signature wf. By (8.34), we have
U 27 2 1

b4 1 o 1
N FreN + F3/eN) )

1
4{1+ cost/N)} 41+ COSQt/N)} O(rl/(ZN))

ko, k4= cos

R1+|24—

S 1
ko + k
2t 3+4{1+coser/N)} 4{1+COSQT/N)} ( /(2N>)
1
N freny T O(rl/N)
1
_k1+k2+k3—k4 O(rl/N)

D cosr/N) 1 Lo L
4 1+cosér/N)r1/(2N) FyN J°

R1+|~(2+|~(3+R4=2COS

Hence we have

~ T T 1 1
Bar (7)) = 1— 4\/C°5ﬁ (1 + cosﬁ) T Frany T O(rl/(ZN))’

and, in particular, lim,1,0 82(r) = 1 > 0. By our choice ofryy, there are na e
(2,ryN) satisfying Py(0,r) = 0. HencepB,(r) > 0 holds forr € (1, ry ).
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On the other hand, by the assumptigh(rgr n) = B1 = 1. By our choice ofr, n,
there are na e (rpn, +o0) satisfying Py(0,r) = 0. Hencepy(r) > 0 also holds for
re(ran, rer,NJ-

Now, by (8.25) andgB.(r) <1 = g1 (r € (1,rgrnN]), Wwe havew, < O forr €
(L, ryn) U (r2n, rernd-

Secondly, we observe the asymptotic behaviowefasr — 1+ 0. Also by using
(8.25), we have

wow1 —w2W2 g T cosfr/N) 40 1
om/—1p2" 2m/—1p2 N\ 1+ cosfr/N) FUEN) )

and hencew; > 0 holds ifr is sufficiently close to 1, and(r)™* = wy/w, tends to
—1 asf — +oo, that isr - 1+ 0.
Thirdly, we observe the signature af; in a neighborhood of =rj . Set

w2

Ta(r) == Pn(B2Ar (7)), F) — 81 p2+/—1 sin@t/N)wl.

Suppose thaf satisfiesp,(r (F)) = 0. Then, combining with (8.33) and (8.37), we have

f(2|—1)/(2N){1 _ of@-1)/(2N) cosfr/N) + |7(2I—1)/N}
{1 — 2r@-1/CN) cosfr/N) + F@-1/N)2

F@-1/(2N){(cosfr /N) — 2F@-1)/(2N) | p(@-1)N cosQT/N)}]

Tu(F) = 2[

{1— 2F (2-1)/(2N) cosfr/N) + I.~(2|,1)/N}2
{14 27N cosfr/N) + F2/N)2
I‘:I/N{COSQT/N) + 2|7|/N + FZl/N COSQT/N)}
{14+ 27N cosfr/N) + F2/N)2
_ (1_0051) oo |:|7(2I—1)/(2N)(1_|_ 2f(2-1)/(2N) +r~(2|—1)/N)
=1

I=1

N {1— 2F@-1/@N) cosfr/N) + F@-1/N)2

r~I/N(1 —FIN 4 r~2|/N)
{1+ 2f/N cosfr/N) + FZ'/N}z}
(r~(2I71)/(4N) + r~7(2I71)/(4N))2
|:{(r~(2ll)/(2N) + F-@-1/@N)) — 2 cosfr/N)}2
(r~l/(2N) _ r~7l/(2N))2
N 4 FINY 42 cos(r/N)}Z]

= (1 - cos%) i

=1
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Since

X 4 x71 _ 1
x2 +x2—-2cosfr/N) (x4 x~1) — 2{cosfr/N) + 1}(x + x~1)-1

is monotone decreasing one (1, +o¢), it holds that

FR-1/GN) 4 p—@-1)/(4N)
F@-D/@N) 1 7—@-1/@N) — 2 cosfr/N)
FI/@N) 4 F—1/@N) Fl/@N) 4 F-1/@N)

>
FI/N 4 F=/N — 2 cosr/N) =~ /N +F=I/N 4+ 2 cosfr/N)
F1/@N) _ F—1/(2N)

FI/N 4+ F=/N 4 2 cosgr/N)’

>

from which it follows thatT,(F) > 0. Therefore, ifPy(Bo(r (F)), ) = O, then it holds
that wi < 0. SincepB,(rin) = 0, we can apply this inequality to=r4 n, and we get
Wilr=r,y < 0. By combiningwy|r—,, = 0, we see thate(r)™ = wi/w, - +oo as
r—-riNn— 0.

Since the ratio of the weights(r)~! = w;/w> is a continuous function on (f, ),
by applying the intermediate value theoremat)~1, we see that, for anyo € (0, 1),
there existran, rfan, sy andrgn € (1,r1N) satisfyingran < ran < rsn < fen,
a(ran) ™t = —ao, a(fan) ™t =0, alrsn) ™' = o anda(ren) ™ = ag™.

Fourthly, we observe the signature of for r € [2%, rgr.n]. Set

1 1
r@N-1/2 11 p@N+1)/2 11’
1 1
FRIN-(N-D))/2 _ 1 (RIN+(N-D)/2 _ 1"

T5(|, I') =

Te(l,r) :=

Then, by (8.22), we have
1
P —(N — 2)—N,62+2N(1+ﬁz)< ZT5(I r))

+2N(1—ﬂz)< D ZTG(I r))

Since both I(x + 1) and ¥(x — 1) are monotone decreasing on {#o0), Ts(l, r),
Te(l, r) > 0 holds for anyr € (1, +o0) and| € N. By using these inequalities, we
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see that
ot N —2)— NBz + 2N(1 S NS R S -
27-[_ﬂ2 <_( - )_ ﬂ2+ ( +132)r1/2+1+ ( _’Bz)r(N—l)/z_l
1 1
<—-(N=2)—N 2N(1 — 4+ 2N(1—Bo)——
< —( )— NpB2 + (+ﬂ2)22+1+ ( ﬂ2)28_1
151 31 151
=2—_""N->2N 2-"N<0
2550 51 P2 =27 55N <

for N > 5 andr € [24 rgrn]. By combining 2 < ron < rern, wal—r,, = 0 and
w2|r:rBRvN = w1|r:rBRvN < 0, we see thabz(rzyN) = wg/w1|r:r2vN = 0 and a(rBR,N) =
w2/w1|r:rBR.N =1

Since the ratio of the weight&(r) = w»/w; is a continuous function o n,rer.nJ,
by applying the intermediate value theoremx), we see that, for anyg € (0, 1), there
exists anry n € (r2.n, resr,n) satisfyinge(r7.n) = @o. O

We note here that, if we change the indices By or if we replaceg,(r) by
B2(r)71, then we find that the data far = rsy (resp.rsn, ran) realizes a surface
such thatw,/wi = ag (resp.—ap, 0). Hence, for anyyg € (0, 1), there exist at least
three N-end catenoids whose ratio of the weights are giverwbyw; = ap. The fun-
damental periods of these three surfaces are giverwbya}) = (w1, (w1 + @2)/2) =
(1, {1+ (v/=1logr)/(27)}/2) with r =r5n, fen andry .

In summary of Example 8.2, we get the following theorem:

Theorem 8.3. For each odd integer N> 3, there exists a deformation family of
2N-end catenoids of typ® = 0, which have [ xZ, symmetryand whose fundamen-
tal periods (w1, @) satisfym; € Ry and @, — @1/2 € V—1R,.

In particular, for N > 5, we have the following examples in this family.

(i) There exist two N-end catenoids.

(i) For eacha € (0, 1), there exist three?N-end catenoids whose ratio of alternating
weights of the ends is.

(iii) There exists &N-noid which has N catenoidal ends and N planar ends.

(iv) For eacha € (—1, 0), there exists a2N-end catenoid whose ratio of alternating
weights of the ends is.
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