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Abstract
Suppose that f and g are two elliptic quaternionic Mobius transformations of orders m and n
respectively. If the hyperbolic distance 6(f, g) between fix(f) and fix(g) satisfies

cos & cos & + 1
COShé(f, g) > 1 . x
sin s Sin P

then the group (f, g) is discrete non-elementary and isomorphic to the free product (f) * (g).

1. Introduction

Elements of the quaternions H have the form g = go + g1 + g2j + g3k € H, where ¢; € R

and i = ? = k? = ijk = 1. Let§ = qo—q1i—2j—gsk and |g| = \/gq = \/qé + ¢ + 43 + ¢
be the conjugate and modulus of ¢, respectively. We define R(q) = (¢ + ¢)/2 and J(g) =

(-2
Let H? = {x+yi+1j : x,y,t € R,z > 0} and JH?> = C. We associate with each Mdbius

transformation

az+b
cz

—be=1
+d,ad be ,

f@) =

the matrix
f:( a b )eSL(Z,C).
c d

The Poincaré extension of f is given by
Fx+yi+ 1) = (alx+yi+1j) + b)c(x +yi+ 1) + d) .
For f € PSL(2,C) = SL(2, C)/{x1,}, we define
fix(f) ={ze H3 : f(z) = z.

It is well known that

PSL(2, C) = Isom(H?).
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A Kleinian group is a discrete nonelementary subgroup of isometries of Isom(H?). Equiv-
alently such groups are identified with discrete groups of Mobius transformations of the
Riemann sphere C = dH?.

We recall the following normalization of two elliptic elements of PSL(2, C) [6].

Proposition 1.1. Suppose that f and g are elliptic elements of PSL(2, C) of order m and
n respectively. Let 6 = 0(f,g) be the hyperbolic distance between fix(f) and fix(g) and
¢ = ¢(f, g) the angle between the spheres or hyperplanes which contain fix(f) or fix(g) and
the common perpendicular of ix(f) and fix(g). Then there is an h € PSL(2, C) such that

s . : s
_ cosZ  iwsinZ
= <
isinZ/w cosZ
m m
and
s L T
_ cosZ isinZ/w
hgh™' = .~ o
iwsinZ  cos?

where w?* = 9119,

Based on the above observation, Gehring, Maclachlan and Martin [6] proved the follow-
ing theorem.

Theorem GMM Suppose that f and g are elliptic elements of PSL(2, C) of order m and
n respectively. If

cos % cos % +1
coshdo(f,g) >

sinZsin% ’
m n

then (f, g) is discrete non-elementary and isomorphic to the free product (f) * {g).

In this paper we regard J(H) x R* as the model of H* and identify Isom(H*) with the
group PSp(1, 1). The main aim of this paper is to establish an analog of Theorem GMM in
PSp(1, 1). Our main result is the following theorem.

Theorem 1.1. Suppose that f and g are elliptic elements of PSp(1, 1) of orders m and n
respectively. If the hyperbolic distance 6(f, g) between fix(f) and fix(g) satisfies

cosZcosZ+1
m n

coshd(f,g) >

’

sin Z sin 2
m n
then (f, g) is discrete non-elementary and isomorphic to the free product {f) * {(g).

The paper is organized as follows. In Section 2 we shall collect some basic facts in
quaternionic hyperbolic geometry. Section 3 is devoted to obtaining some properties of
elliptic elements. Section 4 contains the proof of Theorem 1.1.

2. Background

We briefly recall some necessary material on quaternionic hyperbolic geometry here and
we refer to [1, 3, 5, 7] for further details.
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2.1. Quaternionic Mébius transformations. Let H!"! be the vector space with the Her-
mitian form of signature (1, 1) given by

(z, W) = W'J1Z = W2y + W12y

01
-(00)

Sp(1,1) ={f € GL2,H) : f*J,f = J1}.

with the matrix

We define

From this we find f~' = J;' f*J;. That is:

(2 2)r-(2 )

Use of the identities ff~! = f~! f = I, proves the following lemma.

a b

Lemma 2.1. f = ( e d ) € Sp(1, 1) if and only if

ad+bc=1, da+bc =1,
R(ab) = R(cd) = R(db) = R(Za) = 0.
Following the terminology in [5], we let
Vo = {z eH" —{0}: (z, z) = 0}, Vo=fzeH" 1 (z.2) < 0}.

It is obvious that V;, and V_ are invariant under Sp(1,1). Let P : HY! — {0} — HP! be the
right projection map given by

P(z1,22)" = z125" provided z, # 0
and
2 P(z1,0)" = o, P(0,22)" = 0.
The Siegel domain model of quaternionic hyperbolic 1-space is defined to be
H), = P(V.), H} = P(V).
The Bergman metric on HIIHI is given by the distance formula

2 p(Z’ w) _ <Z’ W><W, Z>
cosh = = W W)’

3)

where z, w € Hllﬁr zePl(z),weP (w).
The elements f in Sp(1, 1) act on H; U H}; according to the following formula:

f(2) =PfP Y (2) = (az + b)(cz + d)~".

We define PSp(1, 1) = Sp(1, 1)/{x1,}, which is the group of holomorphic isometries of HH'{.
Letz=v—u=Xi+Yj+ZKk — u, where u, X, Y,Z € R. We denote
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z=(v,u) € I(H) xR.

Then z € H}, if and only if u > 0, and z € JH}, if and only if u = 0. Thus we have the
following identification:

H}, = J(H) x R,

where R* = {# € R : u > 0}. Hence we can regard H]Il{ as the upper half-space model of H*
with the isometric group PSp(1, 1).

In [1], Cao, Parker and Wang considered the classification of quaternionic Mobius trans-
formations in the ball model. The Hermitian form of the ball model is given by

- 10
<z, w> = W*J2Z = w71 — W22, Where J; = ( 0 -1 )

The cayley transformation C between the ball model and the Siegel domain model is

11 1
4) C:\_Fz(l _1).

That is, C*J,C = C~'J,C = J;.
For f € PSp(1, 1), we define

fix(f) = {ze Hy, : f(2) = 2}
Following Chen and Greenberg [5], we say that a non-trivial element f € PSp(1, 1) is:
(i) elliptic if it has a fixed point in H,;

(if) parabolic if it has exactly one fixed point which lies in JH!;
(iii) loxodromic if it has exactly two fixed points which lie in 8HI'HI.

2.2. Isometric sphere. Let f = ( Z Z ) € PSp(1, 1) with f(c0) # co. We know that
¢ # 0 and set
1
rp=—.
T el

As in [3, 7], we define the isometric sphere I(f) of f € PSp(1, 1) not fixing co as
I(f) = {ZEH_]%{: lcz +d| = 1} = {zeH—ﬁ:|z+c’1dl = rf}.
By (1) we have
I(fYH = {ZGH_]%{ tlez+al = 1} = {zeH_ﬁ Slz+¢lal = rf}.
We define
Ext I(f) = {zeH_ﬁ: lez +d| > 1},Intl(f) = {zeﬂ_ﬁ: ez +d| < 1}.
The following proposition will be used later on.

Proposition 2.1. Let f € PSp(1, 1) of the form (1) with f(co) # co. Then

(i) fFA) =1(f");
(ii) fExtI(f)) c Int I(f~1);
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(iii) f(Int I(f)) c Ext I(f~").
Proof. Let z € I(f). Then |cz + d| = 1. By Lemma 2.1, we have

|c(az + b) + alcz + d)|
lcz + d| B

lcf(z) +al = 1.
This implies that f(z) € I(f~!), which proves (i). The proofs of (ii) and (iii) follow from
similar reasoning. o

3. Some properties of elliptic elements

Let f be an elliptic element in PSp(1, 1) with A its negative class of eigenvalues and
A its positive class. According to [5], there are two types of elliptic elements in PSp(1, 1).
If Ap = Ay, then f is a boundary elliptic element; if Ay # Aj, then f is a regular elliptic
element. As in [2], we have the following conjugacy classification of elliptic elements in
PSp(1, 1).

b
d

(i) f is a boundary elliptic element if f is conjugate to

Lemma 3.1. Let f = (i ) e PSp(1, 1) and a, 3, € [0, 7.

i0

0
) E@©) = ( eO o0 ), where 6 # 0, r;
(ii) f is a regular elliptic element if f is conjugate to
el o_elf
(6) E(a,p) = ( ol B s ), where a # B.
2 2

Proof. By conjugation, if necessary, we may assume that f fixes o and co. That is f =

0 . . i
( g 4 ) Then there is a u € H of unit modulus such that uau™' = ¢, where 0 < 6 < 7.

u
0

In the ball model, if f is a regular elliptic element, then f is conjugate to the form

This implies that hfh~! = E(#), where h = ( 2 ) € PSp(1, 1). This proves (i).

4”0
( 0 eiﬁ),where a #p.
By the connection of the ball model and the Siegel domain model, we have E(a,B) =

e 0
C( 0 o )Cl. This proves (ii). o

By direct computation, we have
fix(E@)) ={z=Xi—u:u>0}={(@,u) €RixR>}
and
fix(E(,B) = {1} = {(0,1) € Ri x R*},

where RZ = {u € R : u > 0}.
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Lemma 3.2. Let g be a regular elliptic element of the form

eizy + ei/j eiar_ ei/f
(7N g= ( gelos g ) € PSp(1, 1),
2 2

where a = %,,B = g,p # q and ord(g) = n. Then

Proof. Let C be the cayley transformation given by (4). Then

1 ~ eia 0
h=C gC—( 0 eiﬁ)

is a regular elliptic element in the ball model. Let the least common multiple of p and g be
lem(p, q) = L.

Without loss of generality, we assume that p > g. We only need to consider the following
three cases.

Case (1): Both é and é are odd. In this case, ord(g) = =n. Lett = % and s = g. Then ¢
and s are odd and s > ¢. This implies that

n(p—q) = pq(s—1) =2pq.

Case (2): Both % and é are even. In this case, ord(g) =1 =n. Lett = % and s = g. Then
t and s are even and s > ¢. This implies that

n(p—q) = pq(s—1) =2pq.

Case (3): Only one of é and é is even. In this case, ord(g) = 2]l = n. Lett = é and s =
Then s > ¢. This implies that

L
7

n(p—q) =2pq(s —1) > 2pq.

O

The span of M C H?, denoted by span(M), is the smallest hyperbolic surface containing
M. For two elliptic elements of PSp(1, 1), we define 6 = 6(f, g) to be the hyperbolic distance
between fix(f) and fix(g).

Dermntrion 3.1. Let f and g be two boundary elliptic elements of PSp(1, 1) with fix(f) N
fix(g) = 0. Then there is a unique geodesic y such that

fix(f) Ny = v, fix(9) Ny = vy P(f.79) = 6(f.9).
We define ¢ = ¢(f, g) to be the angle between span(fix(f) U y) and span(fix(g) U y).

For each pair of boundary elliptic elements f and g of PSp(1, 1) such that fix(f)Nfix(g) =
0, we call the four numbers

ord(f), ord(g), ¢(f. 9),6(f.9)
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the parameters of the 2-generator group (f, g) and write

par((f,9)) = (ord(f), ord(g), (/. 9),6(f. 9))-

Lemma 3.3. If fix(f) N fix(g) = 0, then the group {f,g) generated by two bound-
ary elliptic elements f and g is uniquely determined (up to conjugacy) by par({f,g)) =
(ord(f), ord(g), (1. 9), 6(f. 9)).

Proof. Suppose that f and g are two boundary elliptic elements of PSp(1, 1) of order m
and n respectively, with fix(f) N fix(g) = 0. Let ¢ = ¢(f, g) and 6§ = 5(f, g). Then there is a
unique geodesic y such that

fix(f) Ny =vyy, fix(g) Ny = vy pyr,79) = 6.
Note that par({f, g)) = (m,n, ¢,5) is invariant under conjugation. We may assume that 7y is
the u-axis. Then fix(f) and fix(¢g) are two semi-2-spheres. Let
Fy = fix(f) N I(H), F, = fix(g) N I(ED).

Then F s and F, are two circles on J(H). Let A( X +B;Y+C;Z = 0and A;X+B,Y +C,Z = 0

be the planes in J(H) containing F; and F,, respectively. Note that the angle between

the two vectors (Ay, By, Cy) and (Ay, By, Cy) is just the angle ¢(f,g). Due to the action

of Sp(1) by conjugation in H coincides with the action of SO(3), therefore we can find an
0

h = ( /(; 4 ) € PSp(1, 1) which maps any two vectors with angle ¢ to two fixed vectors

with angle ¢. This implies that the group (f, g) generated by two boundary elliptic elements

f and g is uniquely determined (up to conjugacy) by par({f, g)) = (m, n, ¢, ). m|

Proposition 3.1. We have that

par((f,g)) = (m,n, ¢,06)

for the following two elliptic elements:

cos X ke? sin £
f = -0 M n n " ’
ke™%sin % cos &
m m

B cos - (kcos¢ —ising)sin 7
9= (kcos ¢ —isin¢)sin 2 cos X '
Proof. Let

en 0

F = z
[ o)
and
G = cos 2 + (icos ¢ + ksing) sin 7 0
0 cos 7 + (icos ¢ + ksin¢) sin 7

Then F, G € PSp(1, 1) with ord(F) = m and ord(G) = n. By direct computation, we get
fix(F) = {(v,u) € Ri x R*}
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and
fix(G) = {z € R(icos ¢ + ksing) : R(z) < 0} = {(v,u) € (icos¢ + ksinp)R x R},

where R(i cos ¢ + k sin ¢) is the smallest subfield containing R and i cos ¢ + k sin ¢ [S]. Note
that fix(F) N J(H) is the X-axis and fix(G) N J(H) is the line Z = tan ¢X. The angle between
these two lines is ¢.

Let
1 (j 1 e? 0
Ki = %( i ; ),D(;:( S )ePSp(l,l).
Set
3 1 o cosZ  Kke’sinZ
f=DsKy FK\D; = ( kesinZ  cosZ )’
R B cos & (kcos¢ —ising)sin 7
g =K Gk _( (kcos¢ —ising)sin % cos & '

We note that fix(f) is a semi-2-sphere in the XYu space and fix(f) N IJ(H) = {(X,Y) :
X? +Y? = ¢°}. We also note that fix(¢g) N J(H) is a circle represented by the parameter
equations:

—2tcos ¢ 1-7 —2tsin¢
= — = y = — -0 << o0,
14172 14172 1+

Hence fix(g) N J(H) lies in the plane given by
Xsing —Zcos¢ = 0.

It is obvious that the u-axis is orthogonal to fix(f) and fix(¢g) and intersects with them in the
points ¢° and 1, respectively. By (3) and Lemma 3.3, we have 6(f,g) = ¢ and ¢(f,g) = ¢.
|

Lemma 3.4. Suppose that F is a boundary elliptic element of order m and G is a regular
elliptic element of order n with fix(f) N fix(g) = 0. Then there is an h € PSp(1, 1) such that

o [ cosEZ  Kke’sinZ
®) f=hER" = ( ke?sinZ  cosZ )’
i i —1 eia_eiﬁ -1
- I
9) g = hGh 1:( dolgs | e )
pESEpT p S

where @ = %’IB = s,p * qand ord(g) = n.

Proof. In the ball model, we assume that ¢’ is of the form

i
( eo e?ﬁ ), where a # 8

and f’ is a boundary elliptic element of order n. Without loss of generality, we may assume
that G = E(a,8) and the u-axis is orthogonal to fix(F). Similarly as in the proof of Lemma
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0
(8) and (9). O

3.3, we can find an & = ( H# ’2 ) € PSp(1, 1) such that AFh~! and hGh™! are of the forms

Similarly we can prove the following lemma.

Lemma 3.5. Suppose that F and G are two regular elliptic elements of order m and n
respectively, with ix(f) N fix(g) = 0. Then there is an h € PSp(1, 1) such that

i0 , in i0 _in
f B ( e ;e eé e 2e
- -5 eiﬁ_eiq ei9+ei1] )
e V— - c

2 2
where 0 = ﬁ,n = %,p’ # ¢ and ord(f) = m;

Ayl P |
- e R Lo
g = hGh L= ( ein%eiﬁ -1 eiaieiﬁ —1 ),
H—FH H——H

where @ = %,ﬁ = g’p * qal’ld ord(g) =n.

4. The proof of the main theorem

In this section we will prove our main theorem. We divide the proof into three cases.
Case (1): Both f and g are boundary elliptic elements. By Lemma 3.3 and Proposition
3.1, we may assume that

cos L ke’ sin =
f — s m mo.
ke sin Z cos =
m m

g = cos & (kcos¢ —ising)sin 2
(kcos ¢ —ising)sinZ cos % '

Obviously, the isometric spheres of f and f~! are

_ 5
I(f)={Z€HH1{[:’z—ke‘scot%’= ¢ }

sin £
m

1 al oot ¢
1) =4zl : o+ kefcot 2 = < b,
m Slng

and the isometric spheres of g and g~! are

— 1
I(g):{zeHHI{:’z—(kcos¢—isin¢)cotz|= - n},
nl  sin?

1
1(9_1)={ZEH]LI:|z+(kcos¢—isin¢)cotz|: : n}‘
nl sinZ

The fundamental domain for the action of f on HIIHI is the union set of

Ext I(f) NExt I(f™1)
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and
Int I(f) N Int I(f71).

It is obvious that /(g) and I(g~") lie in the semi-Euclidean ball B(0, ) N F, where

1+cos§
r=———m-
sin 2

n

and B(0,r) = {x € H : |x| < r}. Additionally, the two isometric sphere I(f) and I(f~') also

contain the semi-ball B(0, s) " H., where

e°(1 — cos )
§= —
sin Z
m
Since
cos % cos % + 1
cosh 6(f, g) = coshd > a1 x>
sin Zsin Z
m n
we have

Ve . T
o (1 + cos ;) sin 2

> s
(I —cosZ)sinZ
m n

which implies » < 5. We have therefore seen that the exterior of a fundamental domain
for (g) lies inside a fundamental domain for (f). It follows from Proposition 2.1 and the
simplest version of the Klein-Maskit combination theorem that the group (f, g) is discrete

and isomorphic to the free product of cyclic groups:

(frg) =) *{g) = Zy x Zy,.

Case (2): f is a boundary elliptic element and g is a regular elliptic element. By Lemma
3.4, we may assume that f has the same representation as in Case (1) and g is of the form
given by (9). Then the isometric spheres of g and g~' are

— - 1
I(g) = ZEHﬁ:‘Z+,uiM_ICOt'B a’: —
2 |sin 22|
and
_ — . p—a 1
I(g™") ={zeH :|z — pig" cot = .
" ’ 2 | |sin’%

It is obvious that the isometric spheres /(g) and I(g™") lie in the semi-ball B(0, r)mH—l, where

1 + cos l=dx
2pq

sin Ipz—qln
27}

r =

It follows from Lemma 3.2 that
lp —qlr
2pq

n
= —.
n
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Hence
1 +cos?
r< a1
sin a
As in Case (1), the result follows from the above inequality.

Case (3): Both f and g are regular elliptic elements. By Lemma 3.5, we may assume that
g has the same representation as in Case (2) and f is of the form

ei9+ei7] s eiﬁ_ein
f = -5 e,2iﬂ_ei1] €i9+zi'] € Psp(l s 1)7
) p

where 6 = 1%’ n= 5, p’ # ¢ and ord(f) = m. Note that fix(f) = {¢°}. The isometric spheres
of fand f~! are

N -0 "
1) =1zeHE: [o+ied cot 12| = ——
2 | sin 15
and
-1 ol s 5 n—=06 e
I(f) = zeHH:’z—le cot ’: (-
2 | sin Z°|

The two isometric spheres I(f) and I(f~!) contain the semi-ball B(0, s) N i, where

5 1P’ =q'In
3 e (1 — COS W)
SR P2
SN g
It follows from Lemma 3.2 that
m—qng'
2p'q’ m
Hence
(1 —cos X)
§ > —.
sin 2
As in Cases (1) and (2), the result easily follows from the above inequality. ]

RemMark 4.1. As in [4], SL(2, C) can be embedded as a subgroup of Sp(1, 1) as follows:
feSLQ2,C) — TfT™" eSpl, 1),

R
—_ 2 2
T‘(ﬂ 4%}

2 2

where

Hence Theorem 1.1 is a natural generalization of the result for real hyperbolic spaces of
dimension 2 and 3 [6, 8].
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