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Abstract

Let F be a non-Archimedean local field with a finite residue field. We prove that the con-
jecture, presented by Broussous, Sécherre, and Stevens, is verified in the essetially tame case,
that is, that the Jacquet-Langlands correspondence, which was explicitly described by Bushnell
and Henniart, preserves an endo-class for irreducible essentially tame representations of inner
forms of GL,,(F),n > 1, of parametric degree n. Moreover we give explicitly a parameter set for
such representations of an inner form G of GL,(F) which contain simple characters belonging
to an endo-class.

Introduction

Let F be a non-Archimedean local field with a finite residue field kr of characteristic p.
For a positive integer n, let A be a simple central F-algebra of dimension #n?, and let G = A*
be the multiplicative group of A.

In [10], [18], and [2], it was proved that there exists a canonical bijection, referred to as the
Jacquet-Langlands correspondence, between the sets of equivalence classes of irreducible
essentially square-integrable representations of GL,(F) and G = A*. We will denote this
correspondence by j.

In a series of papers by Bushnell and Henniart [13], [5], [6], and Silberger and Zink [22],
[23], an explicit description of the Jacquet-Langlands correspondence was given by using
the structure theory of types, which was begun by Bushnell and Kutzko [9] and developed
by Grabitz, Silberger, and Zink [12] and by Sécherre and Stevens [19], [20], [21].

The notion of an endo-equivalence class (in short, endo-class) over F was introduced
by Bushnell and Henniart [4] for GL,(F), and it was generalized to the inner form A* by
Broussous, Sécherre, and Stevens [3]. In the latter article, associated with any essentially
square-integrable representation of G = A*, an endo-class over F was defined, and it was
conjectured that this endo-class is invariant under the Jacquet-Langlands correspondence.
We will refer to this as the BSS conjecture. Moreover, it was noted that the BSS conjecture is
verified for the Jacquet-Langlands correspondence j, described by [22], [23], for irreducible
essentially square-integrable representations of G which have level zero.

Recently, Imai and Tsushima [15] showed that the BSS conjeture is also verified for
simple epipelagic representations of G which have positive level.

In [8], the notion of essentially tame for irreducible cuspidal representations of G was

2010 Mathematics Subject Classification. Primary 22ES0.



230 K. KArRIYAMA

defined, and the concept of parametric degree for irreducible cuspidal representations of
GL,(F) was generalized to those of G. The Jacquet-Langlands correspondence j, which is
described in Theorem 1.1 below, induces a canonical bijection, denoted by j,, between the
set, denoted by AS'(F), of equivalence classes of irreducible essentially tame representations
of GL,(F), of parametric degree n and the set, denoted by A5(D) of those of G. An explicit
description of this correspondence j, : AS(F) ~ AS(D) was given by using the parameteri-
zation of the latter set in terms of admissible pairs over F of degree n, which was introduced
by Howe [14].

In this paper, by using the results of Sécherre [19] and Bushnell and Henniart [8], we
prove that the BSS conjecture is also verified for the essentially tame Jacquet-Langlands
correspondence j,, that is, an endo-class @ determines the subsets AS'(F, ®) and A5 (D, O)
of AS(F) and ASY(D), respectively, and j, induces a bijection

Jae AL (F,0) = A5(D, ©)

(see Theorem 2.1 and Corollary 2.2). We see that a parameter set for A%(D, ®) associated
with the endo-class @ is given as follows:

.Af,:(D, G) = (X(kg)kgo—reg/<a—0>) X CX,

where for certain unramified extension E/E( associated with @, X (k}f_)kEO_reg /{oo) denotes
the set of Gal(kg/kg,)-orbits in the set of kg -regular characters of k% (see Theorem 2.9 for
the details). Using this result, the parameter set for equivalence classes of irreducible es-
sentially tame cuspidal representations of level zero and the correspondence are explicitly
described (see Propositions 2.10 and Corollary 2.11). Moreover, we prove that the parameter
sets for equivalence classes of irreducible essentially tame and totally ramified representa-
tions of GL,(F) and G associated with a single endo-class become both X(ky) x C*, and
the correspondence is also described by this parameter set (see Proposition 2.12, Corollary
2.13, and Theorem 2.14).

This paper is organized as follows. In Section 1, we recall the definitions of the Jacquet-
Langlands correspondence [10], [18], [2], the simple types in G [9], [20], and the endo-class
[4], [3]. Next, we recall the parameterization of the equivalence classes of irreducible es-
sentially tame cuspidal representations of G of parametric degree n in terms of the admissi-
ble pairs of degree n and the description of the Jacquet-Langlands correspondence through
this parameterization, which was established by [8]. In Section 2, we state the main the-
orem (Theorem 2.1), which states that the Jacquet-Langlands correspondence preserves an
endo-class for the equivalence classes of essentially tame representations of G of parametric
degree n, and we determine explicitly the parameterization of equivalence classes of such
representations associated with an endo-class. Next, we see the examples not only in the
level zero case, but also in the essentially tame and totally ramified case. In Section 3, we
provide a proof of Theorem 2.1.

1. Essentially tame representations

We recall the results of Bushnell and Henniart [7],[8] for the essentially tame Jacquet-
Langlands correspondence for inner forms of GL,,(F).
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1.1. Preliminaries. Let F' be a non-Archimedean local field with a finite residue field of
characteristic p. For a finite, commutative, or non-commutative field extension K of F, we
denote by o its ring of integers, by px the maximal ideal of g, and by kg its residue field.
We write as Ux = o the multiplicative group of og and U}( =1+ pg.

Let A be a simple central F-algebra of dimension n?, n > 1. Then, there exists a central F-
division algebra D of dimension d?,d > 1, such that A ~ M,,,(D), where m is an integer and
n = md. We identify A = M,,,(D) through the isomorphism, and we set G = A* = GL,,(D).

In this paper, all representations of a totally disconnected locally compact group are as-
sumed to be smooth with complex coefficients.

An irreducible representation m of G is referred to as essentially square-integrable if there
exists a character y of G such that 7y(:= 7 ® (y o Nrd)) is unitary and has a nonzero coef-
ficient which is square-integrable on G/Z, where Nrd denotes the reduced norm in A and
Z is the center of G. We denote by AP (D) the set of equivalence classes of essentially
square-integrable representations of G = GL,,(D). In particular, .Aﬁ,z)(F ) denotes the set of
equivalence classes of essentially square-integrable representations of GL,(F).

Theorem 1.1 ([10], [18], [2]). There exists a canonical bijection, referred to as the
Jacquet-Langlands correspondence,

i APF) = AD(D)
which is uniquely characterized by the character relation

tr n(g) = (—=1)"""tr j(m)(g")

for any elliptic regular elements g € GL,(F),g’ € GL,(D) that have the same reduced
characteristic polynomial.

A representation 7 of G is referred to as cuspidal if there exists a nonzero coeflicient
which is compactly supported modulo the center Z of G. Then, the set Af,%)(D) contains the
set, denoted by AV(D), of equivalence classes of irreducible cuspidal representations of G.

Let 7 be an irreducible representation of G. We say that the representation m has level zero
if for a maximal og-order A of A with the Jacobson radical B, 7 has a nonzero U'(20)-fixed
vector, where we set U'(U) = 1 + P, and otherwise, we say that the representation 7 has
positive level.

In [9], [19], [20], [21], it was proved that 7 € .Af,(,))(D) contains a pair (J, A1) in G that is
referred to as a maximal simple type and which consists of a compact open subgroup J of G
and an irreducible representation A of J. The pair (J, 4) can be constructed as follows. If the
representation 7 has level zero, then we have

(1) J=U =U®) = A* for a maximal og-order A of A;
(2) A = o is an irreducible representation of J = U that is trivial on U'(2) and inflated
from a cuspidal representation & of the finite group U()/U"(A) =~ GL,,(kp).

Such a pair (/, 1) = (U, 0) is referred to as a maximal simple type in G of level zero.
Suppose that the representation m € Aﬁ,(,))(D) has positive level. Then, there exists a
quadraple [, ¢, 0, 5] in A, referred to as a simple stratum. Here, U is a hereditary op-order
of A, ( is a positive integer, 3 is an element of A which satisfies 8 € A \A*! and gener-
ates a subfield F[B] over F, and an integer ko(5, N), referred to as the critical exponent of



232 K. KArRIyama

[, £,0,p], is defined and is negative. Let E = F[], and let B = C4(E), the centralizer of E
in A. Then, U satisfies xAx~' = A, for any x € EX, and B = A N B is a maximal og-order
in B. There exists a central E-division algebra Dg such that B ~ M /(Dg) for some integer
f>0.

Attached to the simple stratum [, £, 0, 8] in A, two og-lattices J = J(B, ), H = H(B, N)
of A are defined, and the groups J = J(8,N), H = H(B, ) are defined by

J=JBW)=3NnUAN), H=HB,A)=95NnUX),

respectively. Furthermore, the normal subgroups J!, H' of J, H are defined by
J'=7'6N=3nU'Q),H =H'B,A) =H5nU' ),
respectively. Then, we have J/J' ~ U(B)/U'(B) ~ GLs(kp,).
Let us fix an additive character

Yp: F— C*

which is trivial on pz but not on or. We will fix this character to be . The set of sim-
ple characters of the group H = HI (B, A), denoted by C(U, B, ¥F), is defined through the
character Y. In order to prove the main theorem, we shall recall the definition in detail
in Section 3.1. For a simple character 8 € C(, 5, ¢ F), it can be proved that there exists a
unique irreducible representation of J! = J'(8, ), denoted by 1 = 1(6), which contains 6.

A pair such as (J, 2) above, attached to the simple stratum [, £,0,3] in A, can be con-
structed as follows. There exist a simple character 8 € C(, 3, ¥ ) and a maximal simple
type (U(B), og) in B such that

A=kQ0

where

(1) the representation « is an extension to J of the representation n = n(6) which is
intertwined by all of B*;
(2) the representation o = oy is the inflation to J of a cuspidal representation oy of the
finite group J/J' ~ U(B)/U'(B) ~ GLs(kp,).
Such a pair (J, 4) is said to be a maximal simple type in G of positive level, and attached
to the simple stratum [2, £, 0, 8] in A.
A maximal simple type (U, o) in G of level zero can be regarded as a simple type attached
to a null stratum [2,0,0,0] in A [20, Remarque 4.1]. In this case, from § = 0, we have
E=FB=A,8=Uandoy =0C.

1.2. Essentially tame cuspidal representations. Let 7 € Af,g)(D), and let (J, 1) be a
maximal simple type in G which is contained in 7 and is attached to a simple stratum
[A,£,0,5] in A. Then, by definition, we have 4 = « ® o (resp. 4 = o) when (J, 1) is of
positive level (resp. level zero), where o is the inflation of the representation oy (resp. o)
of the finite group J/J I~ GLf(kp,), as before. Here, we set f = m,E = F, and D = D
in the level zero case. Thus, the Galois group I' = Gal(kp, /kg) of the extension kp, /kg
acts naturally on J/J'. We denote by wy the number of distinct I-conjugates of Ty (resp.
o). Following [8], we define the invariant 6(rr), referred to as the parametric degree of the
representation 7, by
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o(m) = fuplE : F.

More generally, the parametric degree () for 7 € .Afi)(D) is defined by 6(7r) = d(my) for
a representation 7 in the cuspidal support of 7 (see [8, Section 2.8]).

Forrx e .AE,%)(D), we denote by #(rr) the number of unramified characters y of F* such that
mQ (y o Nrd) ~ &. It was proved in [8] that 6(sr)|n and #(7r)|6 (7).

A representation 7 € Ag,?(D) is referred to as essentially tame if the characteristic p of the
residue field kr of F does not divide 6(rr)/#(rr). We denote by A5 (D) the set of 7 € A,(,f)(D)
which are essentially tame with §(r) = n. We note that all the representations of A5 (D) are
cuspidal.

The set ASH(D) is characterized as follows.

Proposition 1.2 ([8, Section 2.8, Lemmal). Let € Af,?)
tame if and only if either

(D). We have that r is essentially

(1) 7 contains a maximal simple type of level zero, or
(2) 7 has positive level and contains a maximal simple type in G attached to a simple
stratum [, €, 0, 8] in A such that the field extension F|B]/F is tamely ramified.

By [8, Section 2.8, Corollary 2], the Jacquet-Langlands correspondence j, described in
Theorem 1.1, induces a canonical bijection

(1.1) Ja T AS(F) = A5(D).

1.3. Endo-classes. Let D be a central F-division algebra of dimension d?,d > 1, and set
A=M,(D),m>1.

Bushnell and Henniart [4] introduced the notion of an endo equivalence class (in short,
endo-class) over F of a simple character for GL,(F') attached to a simple stratum [2[, £, 0, 8]
in M,,(F), where 2 is a hereditary og-order. We denote by £(F') the set of endo-classes over
F of simple characters for GL,(F), where n > 1 varies. This notion was generalized to a
simple character for GL,,(D) attached to a simple stratum [A, £,0,8] in A = M,,,(D), where
A is an op-lattice sequence [19], [21], [3]. We denote by E (F) the set of endo-classes over F
of simple characters for GL,,(D), where n = md > 1 varies. Then, from [3, Corollary 8.2],
it follows that £(F) is a subset of & (F).

For a simple character 8 € C(A, S, ¥r) attached to a simple stratum [A,£,0,5] in A =
M,,(D), we denote by Er(6) the endo-class over F defined by the pair ([A, £, 0,8],6). This
generalizes Ep(0) for GL,(F), which was defined by [7, Notation and background], to one
for GL,,(D).

For a hereditary og-order U of A, we have the null stratum [2[, 0, 0, 0] in A and the attached
compact subgroup H' = H'(,0) = U'(A) of G = A = GL,,(D). Since the trivial character
Ly of the group U () can be regarded as a simple character of H', we adjoin to E(F)a
trivial element @y, which may be regarded as the endo-class Ex(1 1)) for such an arbitrary
hereditary op-order U of A.

Let y be a non-trivial character of the group U }, = 1 + pp. The character y can be also re-
garded as a simple character of C(op, ¢, ) attached to some simple stratum [0z, —vg(c), 0, c]
in F' = Endg(F), where vp(c) denotes the F-valuation of ¢ € F (see [7, Section 1.2]). Thus,
we can form Ep(y) € E(F). From [4, Corollary (9.13)], for a finite, tamely ramified exten-
sion K/F, there exists a canonical surjection
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RK/F . 8(K) — 8(F)
that is transitive in the extension K/F.

1.4. Admissible pairs. By Howe and Moy [14], [17], Bushnell and Henniart [7] proved
that the set AS'(F), defined in Section 1.2, has a canonical one-to-one correspondence with
the set of admissible pairs over F, denoted by (E/F, &), which consist of tamely ramified
extensions E/F of degree n and certain characters of E*. They generalized this result for
GL,,(F) to that for GL,,(D) and described explicitly the Jacquet-Langlands correspondence
J4 of (1.1) through this parameterization [8].

We recall the definition of admissible character [14].

Derinition 1.3 [14], [17], [7], [8]. Let E/F be a finite, tamely ramified extension.
(1) Let y be a character of U }E A pair (E/F, y) is referred to as an admissible 1-pair if y
does not factor through the norm map Ng/k for any field K, where F C K C E.
(i) Let & be a character of E*. A pair (E/F, ¢) is referred to as an admissible pair over F
if
(1) & does not factor through Ng/x for any field K, where F C K C E.
(2) if &lU }E factors through N, for a field K, where FF C K C E, then E/K is unrami-
fied.

The degree of an admissible pair (E/F, &) over F is defined by the extension degree [E :
Flof E/F. Let (E/F,n) and (E’/F,n’) be pairs such as those in Definition 1.3. We say that
(E/F,n) and (E'/F,n’) are F-isomorphic if there exists an F-isomorphism « : E — E’
such that n = 17’ o a. We write PV(F) (resp. P,(F)) for the set of F-isomorphism classes of
admissible 1-pairs (resp. admissible pairs over F' and of degree n).

Hereinafter, 7 € A5(D) means that 6(7r) = n and 7 is an essentially tame representation
of G = GL,,(D). Attached to each 7 € AS\(D), an (F-isomorphism class of) admissible pair
(E/F,¢) in P,(F) can be constructed as follows [7],[8].

Suppose that 7 € AS(D) and that 7 has level zero. Then, there exists a maximal simple
type (U, o) in G of level zero which is contained in 7, and from this maximal simple type,
we obtain an admissible pair (E/F, &) over F and of degree n that satisfies

(1) E/F is an unramified extension of degree n;

(2) the character £ of E* is tamely ramified, that is, £|U}. = 1.
Thus, by [3, Section 9.2], we may set the endo-class @(rr) of the representation 7 to be the
trivial endo-class @ defined as above.

We next assume that 7 € AS(D) has positive level. Then, there exist a simple stratum
[2,¢,0,8] in A and a maximal simple type (J, 4) in G attached to it such that A|H l(,8, A)
contains a simple character 6 € C(U, 8, ¥ r). Again using [3, Section 9.2], we set

O(r) = Er(0).

The maximal simple type (J, 1) above can be extended to a pair (J, A), referred to as an
extended maximal simple type, so that & is compactly induced from A to G as follows [8,
Section 4.3].

(1) J = Jp(og)J!, where J (o) denotes the normalizer of the maximal simple type
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(U(B),o9) in B = C4(B), as in Section 1.1;
(2) A is an extension of A.
Let Ey = F|[f]. Recall that B = C4(Ep) and B = B N A. There exists an admissible 1-pair
(Eo/F,&p) such that

6lU" (B) = & o Nrd,

and E/Ey is an unramified extension in B such that B is E-pure, that is, xBx! = B for
x€ E*, and [E : F] =n.
We now choose a prime element @y in o for the following discussion.

Lemma 1.4 ([8, Section 4.3, Lemmal). There exists a unique character &, of E* that
satisfies
(1) &\UL = & o Ngjg,,
(2) &w(mr) = 1;
(3) &, has finite, p-power order.

The representation A of the extended maximal simple type (J,A) can be decomposed
into a tensor product A = A, ® A, of representations A, and A, that satisfy
(1) A, is a representation of J to which can be extended the unique irreducible repre-
sentation 7(6) of J! containing 6;
(2) A, is trivial on J' and induces a maximal simple type (J N B, A;|J N B) in B* of level
ZEero.
From the representation A, above, as in the level zero case, we obtain an admissible pair
(E/Ey, &) over Ey, where & is tamely ramified. Hence, we can define the character & of E*
by

fZ‘ft'gw

from the above characters &, and &;. Then, it is easy to prove that (E/F, &) is an admissible
pair over F' and of degree n. Thus, we obtain the map 7 +— (E/F,&). This pair (E/F, &) is
said to be attached to .

Theorem 1.5 ([8, Section 6, Parameterization Theorem]). Assume that (E/F,&) is in
P,(F). Then, there exists a unique © € AS(D) such that (E/F,&) is F-isomorphic to an
admissible pair attached to . In such a case, let us write

7 = np(é).
Then, the map (E/F, &) — np(€) induces a bijection
Py(F) = A (D).

We note that 7p(¢) in this theorem is plle in the notation of [8]. This theorem was first
proved for GL,,(F) [5], and then it was generalized to GL,,(D) [8]. The map m — (E/F,§)
above is the inverse of the map (E/F, &) — np(&) of Theorem 1.5.

Theorem 1.6 ([8, Section 6, First Comparison Theorem]). Assume that (E/F,¢) is in
P,(F). Then, there exists a unique tamely ramified character, denoted by v = v(D, §), of E*
with v* = 1 such that (E/F,&v) € P,(F) and
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7p(€) = Ja(rr(Ev)).

We note that the values of the character v = v(D, §) of Theorem 1.6, which is pv¢ in the
notation of [8], are completely determined [8, Sections 6 and 7].

2. Invariance of an endo-class under j,

2.1. Conjecture 9.5 of Broussous, Sécherre and Stevens. Assume that (E/F,&) €
P.(F). If &lU }5 = 1, then the representations 7mx(¢v) and mp(€) in Theorem 1.6 both have
level zero. Thus, we obtain

O (¢v)) = B(np(&)) = B,

which shows that Conjecture 9.5 of [3] is true. This is stated in the Introduction of [3] (cf.
[16]).

We will assume that &|U }E # 1. Then [7, Section 2.3], there exists a simple stratum
[2,¢,0,B] in A = M,,(F) and a simple character § € C(U, 3, Y r) such that

(1) there exists the minimal subextension F C Ey C E such that ¢|U} = & o Ng/g, for
some admissible 1-pair (Ey/F, &);
(2) Eo = FIBI;
(3) Er(0) = Rey/r(Eg (£0)) € E(F).
From this character &, of Ej, through the fixed prime element @, we obtain the character
&, of EX as defined by Lemma 1.4. Set &, = &-1£. Then, (E/Eo, &) is an admissible pair

w

over Ej and &; is tamely ramified. We define the subgroup J of A* = GL,(F) by
J = EXJ(B,).

From (E/E,¢,), we obtain an irreducible representation A, of J that is trivial on J' =
J'(B,2) and an extension A, to J of the irreducible representation 1(6) of J'(8,A) that
contains 6 such that A = A, ® A, forms an extended maximal simple type (J, A) in GL,,(F)
and

np(€) = c-Ind DA,
From [7, Section 2.3, Theorem], we obtain
O(r(§)) = Er(0) = REy r(EE,(&0)).
We will denote the last endo-class of the above equalities as O,. Let
O; = Rg/r(Ee(él U}S))-
Then, from €U}, = & o Ng/g,, we have ©; = @,. Thus, we obtain
2.1 O(rr(§)) = O = O,

Since the character v = v(D, ¢) given by Theorem 1.6 is tamely ramified, (¢v)|U }5 = ¢&U }E
Thus, we obtain

(2.2) O(rr(¢v)) = Oz = Op.

Now we can state the following main result.
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Theorem 2.1. Let (E/F,¢) € P,(F) with & U}E £ 1, and (Ey/F, &) be the corresponding
admissible 1-pair as above. Then, for np(€) € ASN(D), we have

O(rp(é)) = Of = O,

We shall prove this theorem in the next section. In this section, we will assume that this
theorem holds.

Corollary 2.2. Forn € AS(F), we have

O34 (M) = O(n).

Proof. This follows from Equations (2.1) and (2.2) and from Theorems 1.6 and 2.1. O
This implies that the Conjecture 9.5 of [3] is verified for the essentially tame representations
of inner forms of GL,(F). Given ® an endo-class over F, set

AS(D,0) = {1 € AX(D) : O(n) = O).

If AS(D, @) is non-empty, then the Jacquet-Langlands correspondence j, of (1.1) induces a
canonical bijection

(2.3) Jre P AS(F,©) =~ AS(D, ©).

2.2. Parameterization for AS(D, ©®). We give a parameterization for AS(D, ®) and de-
scribe the correspondence j4 g.

Lemma 2.3. Let E/F, E’|F be finite field extensions, and let Ey/F be a subextension of
E/F. If there exists an F-isomorphism a : E — E’, then we have

@ © Ng/g,(x) = N ja(ey) (a(x))
forany x € E.

Proof. This is elementary. |

Let (E/F,¢) € P,(F). Then, from [8, Section 4.1, Lemma], there exists an admissible
1-pair (Ey/F, &) with Ey C E and €| U,l5 = & o Ng/g,, where E/Ey is unramified. For this
pair (E/Ey, &), let &, be the unique character of E* defined by the conditions of Lemma 1.4,
and set & = g;lg. Then, (E/Ey, &) is an admissible pair over Ej and &, is tamely ramified,
as stated in Section 1.4. Hence, we obtain the decomposition & = &,&;.

Proposition 2.4. Let (E/F, &) be an admissible pair over F of degree n such that & can be
decomposed into & = €,&;, as above. Let (E'|F, &) be another pair in P,(F), with & = &, ¢,
where &, = & o Np/ /g, on U}Y, for some (E|/F, &) € PY(F), as above. Suppose that there
exists an F-isomorphism ay : (E(/F, &) = (Eo/F, &). Then, there exists an F-isomorphism
a : E' — E that extends aq such that for some admissible pair (E/Ey, ) with 9 tamely
ramified,

a:(E'JF,&) ~(E/F,&,09)
holds.
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Proof. Through the F-isomorphism a, we see that E’/E;, and E/E, are unramified ex-
tensions of the same degree. Thus, there exists an F-isomorphism « : E* — E that extends
. Define the characters &) and  of E* by

& =¢oal,9=¢oa,

1
E

£0(x) = & o Np g (@' (1)
for any x € UL. By Lemma 2.3, we obtain
E(x) = &) o g’ 0 Nigypy(x) = & 0 Ny, (%) = £4(x)

forany x € U }5 The equality &, (wp) = &,(wr) = 1 follows immediately, and for integers
a > 1, we have

respectively. Since @~ '(U}) = U}, we have

EY' =& oa™yY =1

Hence, we obtain the equlity &) = &, as a character of E*. By definition, & = & o o~
is tamely ramified. Since (E’/E;,&;) is admissible, again from Lemma 2.3, it follows that
(E/Ey, ) is also admissible, through the F-isomorphism «. Consequently, we obtain

goal =(EEnoa = (& 0a)E o) =40,
which implies that « is the F-isomorphism (E’/F, &) ~ (E/F, &,19). m]

1

We denote by X;(E*) the set of tamely ramified (quasi-)characters of E*.

Proposition 2.5 (cf. [8, Section 4.3, Remark]). Let w € AS\(D), and let (E/F,¢) € P,(F)
be attached to m. Let @ = O(m). Let & = &,é and &, = & o Ng/g, on U }E for some
(Eo/F,&y) € PY(F), as in Proposition 2.4. Denote by Z(Eq) the set of 9 € X,(EX) such that
(E/Ey,9) is admissible. Then, the set AS(D, ®) is given by

A5(D, ©) = {p(£,D) : © € E(Eo)}.

Proof. The inclusion D is clear. We prove the converse inclusion C. Assume that 7’ €
A(D, ©), that is, O(1’) = @. Then, from Theorem 1.5, there exists a unique (E’/F,¢’) €
P,(F) such that 7/ ~ mp(&). We may identify 7’ = np(¢’). For the character &, we have
&\Uy, = & o Ngyg, for some (E/F, &) € PD(F), where E)/F is a subextension of E'/F.
From Theorem 2.1, we have

0 =0, =0
and Oy = O(n’). By assumption, we thus obtain
Oy =0(1') =0 =0y,
Hence, from [7, Theorem 1.3], there exists an F-isomorphism
ay : (Ey/F, &) = (Eo/F, &),

and from Proposition 2.4, there exist an F-isomorphism « : E’ ~ E that extends @, and an
admissible pair (E/Ey, ¢ with © tamely ramified such that
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a:(E'|F,&) =~ (E|F,&0).
Consequently, Theorem 1.5 implies that

' =np(&) = npéd).

The Jacquet-Langlands correspondence j, g of (2.3) can be described as follows.

Proposition 2.6. Ler 1 € AS(D), and let (E/F,¢) € P,(F) be attached to n. Let
O = O(n). Let & = &6 and &, = & o Ngyg, on UL, for some (Eo/F,&) € PO(F), as
in Proposition 2.4. Then, there exists a unique tamely ramified character vg of E* which
depends only on the endo-class @ and satisfies V%a = 1, where the Jacquet-Langlands corre-
spondence j, g of (2.3) can be described by

jA,G)(ﬂF(é:wﬁV@)) = np(&,9)
for any ¥ € E(E)).

Proof. For a representation 7p(£,9) € AS(D, 9), let vg = v(D,£,9) be as in Theorem
1.6. Then, from Proposition 2.5 and Corollary 1 to Second Comparison Theorem of [8,
Section 7.1], the character vg does not depend on the choice of &, and depends only on the
endo-class @. The remainder of this proposition was proved in Theorem 1.6. |

In the following discussions, we retain the situation of Proposition 2.5. Set
Go = {a € Aut(E|F) : a(Ey) = Eo and & o @ = o},

where Aut(E|F) denotes the group of F-automorphisms of the field E. Let ¢ € E(E)) and
a € Gy. Then, (E/Ey, ¥ o ) is an admissible pair and © o « is tamely ramified. Thus, by the
definition of E(Ey) in Proposition 2.5, we obtain ¢ o a € Z(E)), which implies that G, acts
on Z(Ey) by (@, ?) — ¥ o . We denote by E(E()/Gy the set of Gyp-orbits in E(E)).

Proposition 2.7. Let 1 € AS(D), and let (E/F, &) € P,(F) be attached to n. Let @ =
On). Leté = &yéand €, = €yoNg g, on U}Efor some (Ey/F, &) € PY(F), as in Proposition
2.5. Then, the map 9 — np(&,0) induces a canonical bijection

E(E0)/Go = A,(D, ©).

Proof. Proposition 2.5 shows that the map 9 — mp(&,1) induces the surjection Z(Ej) —
AS(D,0). Let 9,9 € E(Ey) satisfy np(&,9) ~ np(€,9). Then, from Theorem 2.1, it
follows that

O(mp(éud) = O, = O(p(&ud)).

From Proposition 2.4, we obtain an F-isomorphism ag : (Ey/F, &) = (Eo/F,&) and an
F-isomorphism « : (E/F, &,9) ~ (E/F, &,9) that extends (. Thus, we obtain

& = () oa = (§yoa)(oa).

Through the F-isomorphism g, we see that &, = &, o «, similar to the proof of Proposition
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2.4. Hence, we obtain ¥ = ¢ o @ and « € Gy. m]

We describe the set Z(E()/Gp in Proposition 2.7 explicitly. Denote by p; the set of roots
of unity in E of order relatively prime to p, and let wg be a prime element of £. We may
identify pp = ki and EX = ki X U}E X w%. Thus, the map & +— (g, Nwg)) gives a

canonical bijection
X(E™) = X(ky) x C*.

Lemma 2.8. Let the notation and assumptions be as in Proposition 2.7, and let ¢ €
X,(EX). Then, we have Gy = Gal(E/E,), and (E|Ey, ) is admissible, that is, ¢ € E(Ey) if
and only if 9y is kg,-regular.

Proof. Since (Ey/F,&p) is an admissible 1-pair, by definition, &)|U }'30 does not factor
through Ng, /k, for any field K such that ¥ ¢ K € Ey. Let @ € Gy. Then, by the definition
of Gy above, a(Ey) = Ep and & o @ = &y. Thus, by [7, A.1. Lemma], this implies a|Ej is
trivial, that is, @ € Gal(E/E,). This shows the first assertion.

For the second assertion, since the field extension E/E( is unramified, ¢ € Z(E,) if and
only if ¢ o o are distinct for all o € Gal(E/Ey). Equivalently, d|uy is Gal(kg/kg,)-regular,
referred to as kg,-regular. Hence, the proof is completed. m|

Let o be a generator of Gal(E/Ey). We may identify Gal(kg/kg,) = Gal(E/Ey) = {0).
Denote by X (ké)k@]—reg the set of kg, -regular characters y in X(k}), and by X(kj;)kfo_reg /{o0)
the set of (o )-orbits in the set X (kg)kfo —reg-

Theorem 2.9. Let 7w € AS(D), and let (E/F, &) € P,(F) be attached to n. Let ©® = O(n).
Let & = &yéand &, = & o Ngyg, on U}Efor some (Ey/F, &) € PWO(F), as in Proposition 2.5.
Then, we have a canonical bijection

A5(D, ©) = (X (kp)iy, —reg/(00)) X C*.

Proof. By Lemma 2.8, we have E(E;) = X(kjé)kEO_reg X C* under the map ¢
(Npg, Hwg,)), and for o € Gy = Gal(E/Ey), we have

(@ o alpg, 9 o o(wg,)) = (Fug) o o, Hwg, ),

where we identify o = o in Gal(E/Ey) = Gal(kg/kg,). Thus, there exists a canonical
bijection between the set E(E()/Gp in Proposition 2.7 and (X (k;)kEO_reg /{oo)) x C*. Hence,
the proof is completed. O

We consider the level zero case. Let 7 € AS\(D) have level zero, and let (E/F, &) € P,(F)
be attached to . Then, from [8, Section 4.2] and Theorem 2.1, it follows that ¢ is tamely
ramified and O(r) = @p. By definition, we have Ey = F and & = &, = 1. Thus, we have
E(Ey) = E(F) and Gy = Gal(E/F), where we remark that E is an unramified extension field
of Ey = F. Hence, by Theorem 2.9, we can re-write [8, Section 4.2, Proposition] as follows.

Proposition 2.10. Let 1 € AS(D) have level zero, and let (E/F,§) € P,(F) be attached
to . Then, there exists a canonical bijection

A5(D, ©0) = (X(kp )y -reg/{T0)) X C*.
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We denote by 7p([x], ¢) the image in ASY(D, @) of an element ([x], ¢) in the right-hand
side set under the bijection given in Proposition 2.10, where [y] denotes the (o)-orbit of
the element y € X (K )k,-reg-

We remark that the parameter set in Proposition 2.10 is equal to Gal(F,/F)\X;(F)) con-
tained in the parameter set .7;' for equivalence classes of level zero essentially square-
integrable representations of an inner form of GL,(F) obtained by [23, Theorem 1].

Corollary 2.11. The Jacquet-Langlands correspondence j, o, of (2.3) for the level zero
case is described by

Jae,mr([x]. ©) = 7p(lx], ©)
for any (x,c) € X(kg)i,-reg X C*.

Proof. It follows from the last statement of the proof of [8, Section 6, First Comparison
Theorem] (see [8, Section 6.8]) that the tamely ramified character vg, defined by Proposition
2.6 is trivial. Thus, the corollary follows from Theorem 1.6 and Proposition 2.10. O

We next consider the totally ramified case.

Proposition 2.12. Let 7 € AS(D), and let (E/F, &) € P,(F) be attached to . Let ® =
O(r). Suppose that t(r) = 1, that is, E/F is totally ramified. Then, every representation in
ASN(D, @) is totally ramified, and there exists a canonical bijection

A(D,0) ~ X(ky) x C*.
Proof. Since E/F is totally ramified, we have E = Ej, Gy = (1), and kg = kr. Thus, the
assertion follows immediately from Theorem 2.9. O
We denote by 7p(x, c) the image in A5 (D, ©) of (y, ¢) € X(k¥) x C* under the bijection
given in Proposition 2.12, as above.

Corollary 2.13. Let 1 € AS(D), and let (E/F,&) € P,(F) be attached to n. Let ® =
O(n). Suppose that t(m) = 1. Then, the Jacquet-Langlands correspondence j, g of (2.3) is
described by

Jae@r(y, (=1)""c)) = np(x,c)
for any (y,c) € X(ky) x C*.

Proof. The tamely ramified character v = vg of E* defined by Proposition 2.6 can be
expressed as follows [8, Section 5.2, Theorem]:

v(x) = (=)D |y e X
Thus, the corollary follows directly from Proposition 2.6. m|

Theorem 2.14. Let the notation and assumptions be as in Corollary 2.13. Then, the
Jacquet-Langlands correspondence j, g on the set A5 (D, ) of (2.3) can be re-written by

Jae@ry, (=1)""'0) = mp(y, (=1)" o)
for any (x,c) € X(k7) x C*.
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Proof. For a representation 7p(x, ¢) € A5i(D, O) for (y,c) € X(k}) x C*, we replace this
representation by 7p(y, (—=1)""'¢c). Then, from Corollary 2.13, we obtain

(s (=1)"7'0) = jaemr(x, (1) (= 1" ),

which shows this theorem. O

In Theorem 2.14, we choose the parameterization
(x> ) = mp(y, (1) e) 1 X(kF) x C* =~ A%(D, ®)

as defined by Imai and Tsushima [15].

3. Proof of Theorem 2.1
We recall the definitions and the notation of [19], and using them, we prove Theorem 2.1.

3.1. Simple character. Let A be a simple central F-algebra, and let V be a simple left A-
module. Let D = End4(V)°P be the opposite of the central F-division algebra End, (V) with
dimp(D) = d?,d > 1. Then, V can be regarded as a right D-vector space, and there exists
a canonical isomorphism of F-algebras between A and Endp(V). Hereinafter, we identify
A = Endp(V) through this isomorphism.

Let L/F be an unramified field extension in D with [L : F] = d. Following [19, 2.2.2],
we set

Z=A®FL

and V = V®; L. Then, V is isomorphic to V as L-vector spaces. We have A = End; (V). We
regard V as a left A-module.

Let [2, £,0,8] be a simple stratum in A = Endp(V). Let A = (Ay)rez be a strict op-lattice
sequence in V with A = Po(A), where for a € Z, we define

PB(A) ={xeA:xA; CApya, KEZ}.

SetA = A ®o, 0 = (A ®,, 0 )kez. Then, A can be identified with A as oz -lattice sequences
through the identification V = V. Then, we have EBE(K) = P,(A)®,, 01, a € Z. In particular,
we have U = ‘BO(K) =AR,, 0.

We may identify 8 =® 1 € A=A ®r L. Then, [ﬁ, ¢,0,[] is a stratum in A. This is not
always simple. Set E = F[B] and E = E ®p L. Then, the E-algebra E is decomposed into
the sum of simple components

E=E'® ---®FE*

for the integer s = gcd(f(E|F),d). Here, f(E|F) denotes the residue degree of E/F. Each
E' is an unramified extension of E such that [E’ : E] = [L : F]/s, and it is also a finite field
extension of L.

For the character ¢ as defined in Section 1.1, we fix an additive character

I,bL:L—)CX,

trivial on p; but not on o, that extends ¥ r.
Attached to a simple stratum [, £, 0, 8] in A, the families of og-lattices of A
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I =3B.W. 9 = $"B.W, k=0
are defined, and the families of compact open subgroups of A*
J5 = JKB, ) = 3N UKQ), HF = HY@B, %) = 5N U*), k>0

are defined (see [19, Proposition 3.42]), where we set U¥() = 1 + Pk, Write J = J°
- — —k — —k
and H = H°. Attached to the stratum [2[, £,0,] in A, the o;-lattices J = J¥(8,A), 9 =
5"(,8, A,k > 0, of A are defined similarly. From [19, Section 3.1.3], it follows that these
o, -lattices have the same properties as those of 3*, $¥. The subgroups of G = A
7 = F@), 7 = B@), k>0

are also defined. Set I' = Gal(L/F). Then, I acts naturally on A=A ®r L and so on 7k, ﬁk,
k > 0. For a I'-set X, we denote by X' the set of I'-fixed elements in X. Then, we have

T = Jk, (HY = B k > 0,
With respect to the characters Y, Y, the set of quasi-simple characters of H' (8, )
QLS. 1) = QU 0.5)

is defined by [19, Definition 3.22], and then the set of simple characters C(U, 5,y ) is de-
fined by

CA B, ) = (OlH (B, W) : 6 € QO B, y1)}

(see [19, Definition 3.45]).
Assume that for 8 € A, the F-algebra F[8] is a field, and set E = F[B]. Asin [9, (1.2)],
we write A(E) = Endg(F) and

A(E) = End)) ({p}; : i € Z}) = {x € A(E) : xp}; C pl, forall i € Z}.

Then, [A(E),£,0,5], with £ = —vg(B), is a pure stratum in A(E). We write kp(8) =
ko(B, A(E)) for the critical exponent of [A(E), £, 0, 5]. Moreover, we assume that kz(8) < 0.
Then, [UA(E), £, 0, 8] becomes a simple stratum in A(E). We can then write

CF(Ba le) = C(QI(E)aBa lyl’F)

which is defined by [9, (3.2)].
Let L/F and E = E ® L be as above. Set A(E) = End, (E) and A(E) = EndgL({piE Qe

Z}). Following the decomposition E = E' @---@® E* as before, we have piE =9, @@,

i € Z. Then, [‘EI(E), ¢,0,p] is a stratum in A(E) and is not always simple. As in [19, 3.3.3],
we set

CL(B.¥1) = QQUE), B, y1).

LetB=B'@--- @B cE=E'®---®E*, withg' € E' for | <i < s. Then, [A(E"),(,0,5']
is a simple stratum in A(E’), for 1 < i < 5. Thus, we have

CLB wL) = QQUEN, By = CQUE), B, yp).

From [19, p. 385], there exists a canonical bijection

95 CLPB,YL) = CLB' Y) X -+ X CL(B’ ).
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3.2. Transfer. Assume that [, ¢,0,8] is a simple stratum in A. Let [ﬁ, £,0,] be the
corresponding stratum in A, as above. Let A be the strict o, -lattice sequence in V = V ®; L,
as defined above, such that A = ‘BO(K). From the decomposition E=E'®-- & E°, the left
E-module V is decomposed into the sum of simple components

v=Vie- eV,

where V' is an E'-vector space, for 1 < i < s. Since E'/L is a finite field extension, V' can
be regarded as a left L-vector space. Thus, we can set

A' = End (V),

and

A=AV
Moreover, we set ﬁi = EBO(Ki) in Zi. Then, [ﬁi,t’, 0, ﬁi] is a simple stratum in Zi (cf. [3,
Section 6.2]). From [19, Corollary 3.34], it follows that there exists a bijection

— s J— .
¢p 0 O Bwn) =~ | | AUy,
i=1

We define the transfer

g0 CLB L) ~ QB Y1)
by the following commutative diagram

Tﬁ,ﬁ

CLBy) —— QALBYy)

sﬁél lwqﬂ

L LB ) —— 1L, CAL B ).

iTﬁiﬂi
We now note that each transfer
eq - CLBL ) = CUED. B vr) — CALLB )
is defined by [9, (3.6.1)] for L-split groups.

Theorem 3.1 ([19, Theorem 3.53]). Let the notation and assumptions be as above. Then,
there exists a bijection

Tug : Cr(B, ) — CQ B, YrF)

such that the diagram

CLB.IL) —s QAL AUy

I‘CSJ lres

Cr(B,yrF) Tw) CU B, yr)

is commutative.
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3.3. Proof of Theorem 2.1. We now prove Theorem 2.1.

We assume that 7 € AS(D) has positive level. Let (E/F, &) be an admissible pair over F
that has degree n and is attached to 7. By assumption, we have & U115 # 1. Here, we may
set 1 = mp(€). On the other hand, there exists a pair ([, ¢, 0, 5], 6) such that [, £,0,5] is a
simple stratum in A and 6 € C(, B, ¥ r) is contained in 7|H' (3, A). Thus, we obtain

O(n) = Er(0) € E(F),

as in Section 1.4. Set Ey = F[B]. Then, again from the arguments of Section 1.4, there exists
a character &, of U}EO which satisfies

OlUL = €élUL = & o Ngyg,.

We note that H'(8,%) N E = U}. Moreover, (Ey/F,&) is an admissible 1-pair. From
Theorem 3.1, it follows that there exists a unique simple character 6y € Cr(8, ¥ r) such that

0 = T p(6o).
Thus, from [3, Definitions 1.5 and 1.10], we obtain
O(m) = Ep(0) = Er(6o)
in & (F). Again from Theorem 3.1, there exist 50 € Cr (B, Y1) and fe Q(ﬁ, BB, ¥1) such that
OolH' (B, UE)) = 6o, O1H" (B, W) = 6
and moreover,
6 = 7q,4(60)-
In order to prove Theorem 2.1, it is enough to prove
(3.1 Oo(x) = 0(x), x € U}.
In fact, this implies that
Oo(x) = 6(x) = £(x) = &o(N,(x), x € Up.
We apply the arguments of [7, Section 2.3] to Ep(6y) € E(F), so that
O(n) = Ep(0) = Ep(O) = Og, = O,

which is the desired result of Theorem 2.1.
We will prove Equation (3.1). For the quasi-simple characters 6, 6, set

6h@0) = @) € | | cuB.u),
i=1

50 = @) € | [ CQUA ).
i=1
By the commutative diagram before Theorem 3.1, for each i, 1 <i < s, we have

3.2) 0 = 1q,,@).

For a fixed i, we have
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By = BolH' (B, WED), § = AH' B, ).
Since we have

UL c UL, c H'\@, WEY) 0 H' (@),

from Equation (3.2) and [9, (3.6.1)], we hence obtain Equation (3.1). The proof of Theorem
2.1 is completed.
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