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Abstract
In this paper, we give characterizations of usual wave front set and wave front setin H* in terms
of wave packet transform without any restriction on basic wave packet, which give complete
answers of the question raised by G. B. Folland.

1. Introduction

In this paper, we discuss on characterization of wave front sets in terms of the wave
packet transform. The wave front set is introduced by L. Hormander [6], which is one of
the main tools of microlocal analysis in C* category. The wave front set of a distribution
is a set of singular points of the distribution in phase space. Such an idea to classify the
singularities of generalized functions “microlocally’ has been introduced by M. Sato, J. Bros
and D. Iagolnitzer and L. Hormander independently in the 1970s (see M. Sato-T. Kawai-M.
Kashiwara [15], L. Hormander [7], [8], F. Treves [16]).

The wave packet transform has been introduced by A. Cérdoba-C. Fefferman [1]. Let
f e SR and ¢ € S(R")\{0}. Then the wave packet transform W, f(x,&) of f with the
wave packet generated by a function ¢ is defined by

Wyf(x, &) = N Py — ) fy)e ¥ dy.

We call the above ¢ basic wave packet in this paper. Wave packet transform is called short
time Fourier transform or windowed Fourier transform in several literatures. We refer to [5]
for more details.

G. B. Folland introduced the characterization of C* wave front set in terms of wave
packet transform with a positive symmetric Schwartz’s function as basic wave packet ([3,
Theorem 3.22]). He proposed a question whether the same conclusion is still valid without
the restriction of basic wave packet. T. Okaji [12, Theorem 2.2] has given a partial answer
with a Schwartz’s function ¢ satisfying f x%¢dx # 0 for some multi-indices @ as basic
wave packet. Using such basic wave packet, he has also given a sufficient condition and a
necessary condition which imply that a point in R” x (R” \ {0}) belongs in H* wave front
set. But he does not give a characterization of H* wave front set in terms of wave packet
transform. In this paper, using wave packet transform, we give characterizations for C*
wave front set and H* wave front set without any restriction on basic wave packets. The
definitions of the C* wave front set WF(-) and H® wave front set WFy.(-) are given in
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Definitions 1.1 and 1.2. Our main results are the following theorems.

Theorem 1.1. Let (xg,&0) € R" X (R"\{0}) and u € S’ (R"). The following conditions are
equivalent.

(i) (x0,%0) ¢ WE(u).
(ii) There exist p € S(R™) \ {0}, a neighborhood K of x¢ and a conic neighborhood I of
&o such that for all N € N and a > 1 there exists a constant Cy , satisfying

(Wi, u(x, A)| < Crgd™

forallA>1, x€ K and £ e T witha™' < |£| < a, where ¢ (x) = /l%go(/l%x).
(iii) There exist a neighborhood K of xy and a conic neighborhood I of &y such that for
allN €N, a > 1 and ¢ € S(R") \ {0} there exists a constant Cy 4 satisfying

W, u(x, A€)] < Cyapd™
forallA>1,xe Kand ¢ €T with a’l < |€] < a, where ¢, (x) = /1%90(/1%)6)-

Theorem 1.2. Let s € R, (x,&) € R X (R" \ {0}) and u € S'(R"). The following
conditions are equivalent.
(i) (x0,60) &€ WFus(u).
(ii) There exist ¢ € S(R")\ {0}, a neighborhood K of xy and a neighborhood V of &
such that

(1.1) fl Al fv fK |W,u(x, A&)PdxdédA < oo,

where ¢ (x) = /lﬁcp(/l%x).
(iii) There exist a neighborhood K of xy and a neighborhood V of &, such that

(1.2) f A f f |W,, u(x, A€)*dxdéd A < oo
1 V JK

forall p € SR\ {0}, where ¢, (x) = /lf"tgo(/l%x).

Remark 1.3. We would like to emphasize the fact that basic wave packets in above theo-
rems have no restriction. For the proof of Theorem 1.1, in [3] it has been assumed that ¢ is
positive and symmetric and in [12] it has been assumed that ¢ satisfies j]én x¥¢(x)dx # 0 for

some a (see Theorem A below). For the proof of Theorem 1.2, P. Gérard [4, Proposition 1.1]

\:2
has shown it only when ¢(x) is a Gaussian function e (see also J. M. Delort [2, Theorem

1.2]) and in [12] it has been assumed that ¢ satisfies fRn ¢(x)dx # 0 and they make a loss
with respect to the order of A when they show (i) implies (iii) (see Theorem B below).

RemMark 1.4. In Theorem 1.1 and 1.2, we can replace 1% ¢(/l”x) (0<b<1)forgx) =
ﬂ%go(ﬂ%x) without any change of our proof. This fact plays an important role in our applica-
tion given in Section 1.5.

Let us begin with a brief review of the history of characterizations of wave front sets by
the wave packet transform. The C* wave front set is defined as follows.

DerntTioN 1.1. (C* wave front set) Let (xg, &) € R” X (R"\ {0}) and u € S’ (R"). We say
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that (xg, &p) 1s not in the C* wave front set of u, denoted by (xo, &y) € WF(u), if and only if
there exist a function y € C'(R") with y = 1 near x( and a conic neighborhood I' of &, such
that for all N € N there exists Cy > 0 satisfying

(1.3) IFIxf1€)] < Cy(1 + 1D~
foré eT.
Concerning the C* wave front set, following characterization is known.

Theorem A. (G. B. Folland [3, Theorem 3.22] and T. Okaji [12, Theorem 2.2]). Let
(x0,&0) € R" X R"\ {0}) and u € S’ (R"). Suppose that ¢ € S(R") satisfies fR" x¥¢(x)dx # 0
for some multi-indices a and put ¢ (x) = /lﬁgb(/l%x). Then, (xy,&0) ¢ WF(u) if and only if
there exist a neighborhood K of xo and a conic neighborhood I of &y such that for all N € N
and for all a > 1 there exists a constant Cy, satisfying

W, u(x, A€)| < Cyad™
ford>1,xeKand ¢ €T witha™ < |¢] < a.

T. Okaji [12] also discuss the H® wave front set. The H® wave front set is defined as
follows.

DerniTioN 1.2, (H® wave front set) Let s € R, (xp,&) € R” X (R" \ {0}) and u € S’(R").
We say that (xp, &) is not in the H® wave front set of u, denoted by (xg, &y) ¢ WFpys(u), if
and only if there exist a conic neighborhood I" of &, and a function y € CF'(R") with y = 1
near xg such that

(1.4) [IKEY' F Dxul (@)l 2y < o0,
where (£) = (1 + ).
Concerning the H® wave front set, following characterization is known.

Theorem B. (7. Okaji [12, Theorem 2.4]) Let s € R, (xp,&) € R" x (R" \ {0}) and
u € S’'(R"). Suppose that ¢ € S(R") satisfies fR" d(x)dx # 0 and put ¢,(x) = /l:t‘lgb(/l%x). If
there exist a neighborhood K of xy and a neighborhood V of &y such that

(1.5) j: An1ezs fv L |W,, u(x, A€)|*dxdéd A < oo

then (xg,&9) € WFps(u). Conversely, if (xg,&0) € WEFys(u) then there exist a neighborhood
K of xo and a neighborhood V of &y such that

(1.6) f /l”_st_gfle@u(x, A6)PdxdédA < oo
1 v JK
forall € > 0.

RemMark 1.5. There is a gap between (1.5) and (1.6). In Theorem 1.2, we remove this gap
and weaken the condition of ¢.

Remark 1.6. S. Pilipovié, N. Teofanov and J. Toft [13], [14] treat wave front set in
Fourier-Lebesgue space in terms of short time Fourier transform, which is called wave
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packet transform in this paper.

This paper is organized as follows. In Section 2, we prepare several propositions and
lemmas. In Section 3, we prove Theorem 1.2. In Section 4, we prove Theorem 1.1. In
Section 5, we give an application of our characterization of wave front set.

2. Preliminary

2.1. Notations. For x € R" and r > 0, B(x,r) stands {y € R"||ly — x| < r}. F[f](&) =
j;&" f(x)e~*¢dx is the Fourier transform of f. For a subset A of R”, we denote the comple-
ment of A by A°, the set of all interior points of A by A° and the closure of A by A. 1, is
the characteristic function of A, that is, 14(x) = 1 for x € A and 14(x) = O for x € A°.
Throughout this paper, C, C;, C" and C} (i = 1,2,3,...) serve as positive constants, if the
precise value of which is not needed and Cy denote positive constants depending on ¢.

2.2. Key Proposition and Lemmas. First, we prepare the following proposition and
lemma. Proposition 2.1 and Lemma 2.3 are used in Section 4. Proposition 2.2, Lemma
2.4, 2.5 and 2.6 are used in Section 3. Although Propositions 2.1, 2.2 and Lemma 2.3 are
easy to prove by the standard method, we give the proof for reader’s convenience in Appen-
dix.

Proposition 2.1. Let (xp, &) € R" x (R" \ {0}) and u € S'(R"). Assume that y € C;(R")
satisfies y = 1 near xy. Then, the following conditions are equivalent.

(i) There exists a conic neighborhood T of &y such that for all N € N there exists Cy > 0

satisfying
FLeul(@)] < Cn(1 + €)™
foré el
(ii) There exists a neighborhood V of &y such that for all N € N there exists Cy > 0
satisfying

[P xul(A6)] < Cy(1 + U™
foréeVand A > 1.

Proposition 2.2. Let s € R, (x9,&) € R* X (R" \ {0}) and u € S'(R"). Assume that
x € Cy(R") satisfies x = 1 near xo. Then, the following conditions are equivalent.

(i) There exists a conic neighborhood I of &y such that
2.1 IKEY F Deul @)l 2y < oo.

(ii) There exists a neighborhood V of & such that
22) | A, e < .

Lemma 2.3. Let u € S'(R"), (xp,é0) € R" X (R" \ {0}) and x € C7(R") with y = 1 near
xo. Suppose that neighborhoods V and V' of & satisfy V! C V and ||F [yul(A)|| [2v) <
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for A > 1. Then, for all { € S(R") and N € N there exist Cn, > 0 satisfying

23 [} rtevauetae < cu( [ e s )

Lemma 24. Letu € S'(R"), ¢ € S(R")\{0}, (x0,%0) € R"XR"\ {0} and x € C3’(R") with
v = 1 near xy. Suppose that K is a neighborhood of xo and satisfies K  {x € R"|y(x) = 1}°.
Then, there exists m € N (which depends on only u) such that for all u € R there exists
Cu > 0 satisfying

(2.4) 1k () W, [(1 = Y)ul(x, 26)| < Cd (&Y™,
where ¢, (x) = /lf‘tgb(/l%x).

Proof. Since u € S’(R"), the structure theorem of S’ (see, for example [11, Theorem
2.14]) yields that there exist /, m € N and functions f, € L*>(R") such that

uy) = @) Y 9 faly),

lal<m

where « denotes multi-indices. Put g(x, y) = ¢1(y — x){1 — x(y)y)" and take N € N satisfy-
ing 4N > 2m + n + 1. Since (1 — Ay)Ne"’”'(’lf"’) = (A& — n)?Ne™ & for N € N, we have,
by Schwarz’s inequality and integration by parts,

2.5) W, 101 = s, 26)| < 3 fR g(x,y)a“fa(y)e‘“”'fdy‘
|a|l<m !
< 3 [ Flot g - nw Py
la|l<m !
ZIIT’[fa]IILz( ] [ ammerecra dn)
la|l<m !
a-a)Veml V|
2m)} Al 2iel ( f / d ) d
< (2n)? mzmuf“L {f N | ey ) dn
: e .
< ) |azsmufanp( ) fR 101 - &) g5, )ldy.

From the fact that

Il < 227y = AEP" + 1P < 2277 (= A" + ()™,

it follows that

(2 6) f |77|2|a| f </1é:>2m |77|2m d < C /12m<§>2m
‘ o -y gy (AE =y 1= '

On the other hand,

2.7 (1 =AY g(x, y)ldy

R~
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< C 10y Gty — x) - 371 = x ()} - 3 ()'ld
< P12, Yy Paly — x) - 9, xW)} - 0, (y)ldy
1B11+1Ba|+|B3|<2N R

holds. If x € K and y € supp{ﬁgz(l — x())} then there exist C; > 0 and C/, > 0 such that
ly — x| > C> and thus |y — x| > C/(y — x), which shows that

10, )| < Caty) < Cily = M) = Cialy = 1M ('

for M > [. Thus we have

(2.8) 1x(x) ) 100 paly — x) - 1 = x ()} - 3y |dy
< Oy (it % i 1P )2 (y — )| (A2 ]y — X)) dy
<AV

From (2.5), (2.6), (2.7) and (2.8) we obtain
2.9) 1) [ Wy, [(1 = y)ul(x, A8)| < Cyam V=5 =i¢gym,

Thus, if we take M sufficiently large, we obtain (2.4). m|

Lemma 2.5. Let ¢ € SR"), A > 1 and 6,k > 0. Set A ={n € R"||n| > (5/1%}. Then, for
all g > 0 there exists C > 0 such that

2
(2.10) [ Jamtrioratf dn < ca
A
forall A > 1.
Proof. If € A, then |42 > 647 and thus

2P P14 )|
oPAS

IFI$1(A )] <

for all p > 0. Since A > 1, simple calculation yields that (An)? < 13(1"2n)2. Thus, we have

N L TR IS )2
A A 6217/12

= P PFIG1IG

by the change of variables. Therefore, if we take p sufficiently large then we obtain the
desired result. |

Lemma 2.6. Letk € N, y € C7(R"), y € SR\ {0}, f € C*(R?") and all derivatives of
f be bounded. Put

2.11) Fop(,&) = f fR XIS (x, N Waly — ))e” ™" dxdy

for multi-indices a, 3, where Y )(x) = /lggb(/l%x). Then,

(2.12) K'Y Fa g1, A€ = EN gy < CAHHUEH
2
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Proof. Let N = [21‘4&] + 1. Since (1 — Ay)Ne‘i”'(/lf‘f') = (A€ - §’)2Ne‘iy'(’l§‘§’), we have, by
integration by parts,

|Fap(, 46 = &)

1
= Q- ffR (1= A" (@) £ e, ity - )}y

SV |8

[y1l+ly2l+lysl<2N

' x () - 3 f(x,y) - O dialy — x))|dxdy

C’ 0y 3l A |
< ————— AZ"’T"’T ff |671 ()‘(ay3+ﬁ )(/li( _x))ldxd
(A& — &N 71|+%§2N o y XY v y y
CI n, 3l 1Bl
= — /1_Z+T+7f (93’1 d 9By (0)dx
TE— W%QN X @idy | 10
< O e
RO

Thus, it follows that

K€" o, A& = €)M, s = fR (EVHFap(n, A& = €)Pd€
@yt
w (A = )N AEH
From the fact that (¢/)?F < 2%1((A& = &Y% + (1£)*%), we have
<§/>2k 22k
< .
(A€ =&YK ™ (A - &)=

< C/l—%+2N+|,8|</~ié':>2k dé:,«

Thus, we obtain

2k+n

||<é‘:,>kF(zﬁ(7],/1§ _ é\_‘l)”ig/(Rn) < C/l—§+2[ 7 ]+2+|ﬁ‘+2k<é_‘>2k < C/l3k+2+|'8|<§>2k

3. Proof of Theorem 1.2

Trivially, (iii) yields (ii). So, in order to prove Theorem 1.2, we show that (i) implies (iii)
in Proposition 3.1 and (ii) implies (i) in Proposition 3.2.

Proposition 3.1. Under the same assumption as in Theorem 1.2, (i) implies (iii).

Proof. By (i) and Proposition 2.2, there exist a neighborhood V; of & and y € C7(R")
with y = 1 near xj such that

f Bl (A€, dA < oo,
1

Take d > 0 satisfying B(&p,2d) C V) and let ¢ € S(R") \ {0}, V = B(&,d) and K be a
neighborhood of x, satisfying K c {x € R"|y(x) = 1}°. In order to prove (3.10), we divide
Wy, u(x, A€) into two parts:

We,u(x, A&) = W, xul(x, 48) + Wy, [(1 = x)ul(x, A8).
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From Lemma 2.4, it follows that for all N € N there exists Cy > 0 such that
(3.1 f f Wy, [(1 = Y)ul(x, 4&)Pdxdé < Cya™.

v JK

Let y € Cy’(R") satisfy y = 1 on supp y. Applying Taylor’s theorem to (x), we have

X(y)

(3.2) X=X+ ) =)+ > (= 1y Ralx,y),

1<le|<L lo|=L+1

where

L+1 ('
R.(x,y) = % fo Ix(y + 6(x — y)(1 — 6)*do.

By Plancherel’s theorem and (3.2), we have

f f Wy, Ll (r, &) P xdé < f f FCOWs, Ll G, A& P xdé
VJK V JR?

= n [ [ PR, bl a6 o dnde

<C f f (L P + |LP)dnde,
V JR?

where

(33 h= [[ B g

and

6o =Y [ R EG D@ s

lal=L+1

Here, we use yy = y and (0%x)y = 0 for |a| > 1.
First, we consider /;. By Fubini’s theorem and the change of variables, we have

Iy = TSP @I Flyul(n + 28).
Let B = B(0,dA%). If n € B, £ € V and n + A& = A€’ then & € B(&,2d). So, we have

(3.5) fv fB 1 Pdndé = fB fv A FIBIA P IF Lyl + A8)Pdédn

< f S FISI )P f P Leul (A€ 2de
B(éy,2d)

< QO IGIR o [F A)IEs y,

If n € B¢ and &€ € V then (n + A¢) < C{An) holds. Since u € S’(R"), there exists k € N such
that (&) *Fyu](&) € L*(R") for all ¢ € Cy(R"). Thus, the change of variables and Lemma
2.5 yield that for all N € N there exists Cy > 0 such that

>2k -z _1 2
2 4 2
(3.6) f N I ["dndé < C f fv ) §>2k|/l FlI(A 2 mF yul(n + A8)| dédn
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2

Flyxul©) i

"

<cx’? f KARY F 1A~ m)Pdn f
B¢ R"

<CyA ™V,

Next, we consider /,. Let M € N and 4M > n + 1. Since (1 — A)Me ™1 = (n)*Me=ix11,
we have, by integration by parts and Schwarz’s inequality,

— M NCE
37 Ihl< )] f N (1 = ADM{Ra(x, y)(x = )" Paly — %))

2M
|a|=L+1 <77>

1
= Z f G, A6 = EHF yul(@)ld€’

lal=L+1
Flyul
()

X@uy)e ™ T Edydx

D IKEYGaln A8 = iz, o

1
<
m LXR") |gi=L+1

where
G, &) = f fR T~ AV R )0k~ ) By — e Ty

Put g(x) = (—x)aﬁ and g,(x) = /ﬁg(/l%x). Since

Ga(n. &) = A% f fR _Xpd - ADM{Ra(x, )9y — X)}e_"’“‘”_i”fdxdy‘

<17 Z Cs,y

Bl+lyl<2M

f fR . YF R (x, gty — x))e_ix'”_iy"fdxdy‘,

we have, by Lemma 2.6,
(3.8) K€Y G, A = €7, ) < CCE)HATEHDIIE2EM,
:

Since we can take L arbitrarily, (3.7) and (3.8) yield that for all N € N there exists Cy > 0
such that

(3.9) f f \L|*dndé < Cya™".
V n
Combining (3.1), (3.5), (3.6) and (3.9), we have

(3.10) fv fK W, u(x, 1)Pdxdé < Cy (IFul(A€)]7.,y,, + 27)

forall N e Nand all A > 1. Taking N = n + [2s] + 2, we obtain

f Al f f |W,,u(x, A&)*dxdédA
1 V JK

<C f B (P Dl ()G, + A P12)dA < oo,
1

O
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Proposition 3.2. Under the same assumption as in Theorem 1.2, (ii) implies (i).

Proof. From the assumption (ii), there exist ¢ € S(R") \ {0}, a neighborhood K of xy and
a neighborhood V; of & such that

(3.11) fl A fv fK |W,u(x, A&)PdxdédA < o.
1

Since u € S’(R"), there exists k € N such that ||<§>*kF[wu](§)||Lz(Rn) < oo forally € C3°(R").
So, simple calculation yields that there exists a neighborhood V; of &, such that

(3.12) 7| [Flyul(Aé)Pdé < Cy < 0.
Vs

Let y € C7(R") with y = 1 near xo, suppy C K°and 0 < y < I and y € Cy’(R") with
Kc{xeR" | x(x) = 1}° and take d > 0 satisfying B(&y, d) € Vi N V,. From Proposition 2.2
and (3.11), it is enough to show that there exist Ao > 1 and a neighborhood V of & such that

(3.13) f [P Dpul(Aé)Pdé < C f f |W,y, u(x, A&)[*dxdé + C' ™M
Vv B(&y,d) JK

for 1 > g and M > n+2s. Put V' = B(&), 2). Since (A|+A>+A3+A4)* < 4(A2+AI+A2+A3)
for A}, Ay, A3, A4 € R, we have, by (3.2) and Plancherel’s theorem,

f f |W,y, u(x, A&)[*dxdé
V' JK

zf RO Wi (x, A6l xdé
e

] |
v Jrn

= Q2n)™" f I + I, + Iy + I,)>dndé
’ RVI

i 1
> (2m) f f (sz—|12|2—|13|2—|14|2)dnd§,
V/ n

2
P [T Wy, Dyl (3, 28) + FCOWy, [(1 = xuelx, A6) ||| e

where
I = f f Xy ~ Xu(y)e WEdydy,
% (y) ——— v
b= Z f f X,y (x = ) ¢aly — Vu(y)e " dydx,
| peL VYR @
I = Z ff Ro(x, y)(x — )Gy — X)xWu(y)e = dydx
lel=L+1 Y VR
and

Ly = Frooy X)W, [(1 = x)ul(x, )] ().
Here, we use (07x)x = 0%y for any a. Thus, we have

G.14) f 1\ Pdndé < 2n)" f f (W, u(x, A& dxd + f f I dnde
4 Jv Jge v Jk v Jre
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, f f IyPdnde + f f \Ly2dnde.
v Jre v Jre

Let N e Nwith N > 4s+4k, 6 = 2(#—1)' Since I) = Fp 1) F [yul(n + A€), we have, by
the change of variables and Fubini’s theorem,

f 1 Pednde > f f I Pdnde
V' JR” V' JB(0,61%)

= [ P | e Pdedn

(0,044)

:fB ; |7’[¢z](77)|2fQ |F Deul(A&)Pdédn

(0,61%)

(0,61%)

> [ ok [ rRePd
B B(£0,4-0)

where Q. = {£ + %If e V’'}. We note that if £ € V', n € B(0, 6/1%) and A4 > 1 then
B(&),4 - 6) € Q¢ Since

f PRy — 6. (- oo,
B

(0,61%)
there exists Ayp > 1 such that
2 Lo o
, [Flgal(mpl-dn = §||¢||L2 >0
B(0,61%)

for A > Ay. Therefore we obtain

1
(3.15) §|I¢II§2 f |FDyul(A&))Pd¢ < f f |1, Pdndé
B(¢0.4-6) V' IR

for A > Ay.
Let M > n + 2s. By Fubini’s theorem and the change of variables, we have

]

A2 i 1
L= ) ——Fl=y ¢ FI@ulon + &),
.’

1<]e|<L

Thus, in the similar calculation as (3.5) and (3.6), it follows that

2 —lal @ 2 -M
(3.16) fv | rande<c 3, IPIGDMOONE e, g, + -

1<|e|<L

Taking L sufficiently large, then in the same way as (3.9) we have

(3.17) f |32 dndé < CA™.
V' JR

From Lemma 2.4, we have

(3.18) f f |2 dndé < CA™.
V/ n
By (3.14), (3.15), (3.16), (3.17) and (3.18), we obtain
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Gy [ rmaaetae<c( [ [ W aspae
B(%.4-6) B(¢0.4) VK

AT f Fl(6” 2dg+ A7),
£ A | FeDaae e )

I<le|<L

If we replace fB( c0dod) |F Dyul(A€)*dé with fB( e d4a) [FLOY ul(A¢)|2dé in the left hand side
0.3 S5U>2
of (3.19), then similar calculation yields that

(3.20) f IPLO"ul(A8)dé < C( f
B(£,5+6)

B(&).4+20)

f |W,u(x, A&)|*dxdé
K

v, A f |F[(3Q+B:Y_)“](/1§)|2d§+/l*M)'
1<|BI<L B(&).4+30)

Applying (3.20) to the second term of the right hand side of (3.19), we have

(3.21) f |F|j\?u](/l§)|2d§sc( f f |W,, u(x, A€)|*dxdé
B(%.4-6) B(éo,4+26) JK

+ Z Q711 f |F[(3"+ﬁ}7u](ﬂf)|2d§ + /l_M)'
1<lel<L B(&.4+30)
I<|BI<L

Continuing in this fashion, we obtain

f Pl Pdé
B(£,5-6)

sc( f f |Wy, u(x, &) dxdé
B(&0,4+No) JK

+ AN f [FLO™ v )u)(A€)|*dé + A‘M).
1<laj<L ¥ B0, 5 +2N=1)9)
1<j<N
Since B(&, 4 + N6) € B(é, 4 + (2N — 1)) € B(&,d), M > n+2s and N > 2k + 25, we
obtain (3.13) by (3.12) as V = B(&, ‘2—1 —0). ]
4. Proof of Theorem 1.1

Trivially, (iii) yields (ii). So, in order to prove Theorem 1.1, we show that (i) implies (iii)
in Proposition 4.1 and (ii) implies (i) in Proposition 4.2.

Proposition 4.1. Under the same assumption as in Theorem 1.1, (i) implies (iii).

Proof. By (i), there exist y € C;’(R") with y = 1 near x( and a conic neighborhood I" of
&o such that for all N € N there exists Cy > 0 such that

(4.1) Flxul@l < Cn(1+ D~
for £ e I'. Thus, it follows that for all N € N and a > 1 there exists Cy, > 0 such that

(4.2) Flxul(26)] < Cy(1 + AED™ < Cyed™
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forA>landéeV={eTl|(Ba)" <|¢ < 3al.

Let K| and K, be a neighborhood of x, satisfying K, cixe R’y(x) = 1}° and K, c K,
and let I} and I'; be a conic neighborhood of & satisfying F_1 c I and F_2 c I'y. Put
Vi={el|QRa)™" <lél <2a}and V, = {£ €T la™! <|¢] < a}. Let x; € C(K)) satisfy
x1 = 1on K and let x> € C5°(Vy) satisfy x> = 1 on V5. Then, by the fundamental theorem
of calculus, we have

Lk, () 1y, ()W, u(x, A£)]

f fff f (?;(9;{)(1(Z))(2(7])W¢4u(z,M)}dm"'dzndm"'dfln

< f fR |0n0: @2 ()W, u(z, ﬂn)}’dzdn

<3 Cos | oWt amzn,

0<a<t 0<B<t

<

Where T= (17 17 ey 1) € (N U {O})n Since
0z (W, u(z, ) = =A% Wi, ), 1z, A1),
an,i(W% u(z, An)) = —idWy, [y ul(z, An)

and Schwarz’s inequality, we have

(4.3) Mk, (O)1y, (W, u(x, )|

ol 3
< DD Captt ( fv | fK | IW(ag'@A[yBM](Z,/ln)lzdzdn) .

0<a<t 0<pB<t

In the same way to obtain (3.10), we have, by Lemma 2.3, for all N € N there exists Cy > 0
such that

ad [ [ WaslPue g < cy ( | e + A‘N)-

From (4.2), (4.3) and (4.4), we obtain the desired result. O

Proposition 4.2. Under the same assumption as in Theorem 1.1, (ii) implies (i).

Proof. From the assumption (ii), there exist ¢ € S(R")\ {0}, a neighborhood K of x; and a
conic neighborhood I' of &y such that for all N € N and a > 1 there exists Cy, > 0 satisfying

(4.5) Wy, u(x, AE)| < Cyqd™

forallA > 1, x € K and £ € T with a™' < |¢| < a. Take b > 1 satisfying that & € {¢ €
C|b™! < ¢ <b). PutVy = {¢ € T'|b™! < |&| < b). In the same way to obtain (3.13), there
exist a neighborhood V; of § and y € CJ(R") with y = 1 near x( and suppy C K° such that
forall N e N

(4.6) f |F [yul(A€)dé < Cy (f f |Wo,u(x, A8)Pdxdé + /l_N).
1 v, JK

So, we have, by (4.5),
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4.7) [Fyul(A)Pdé < Cya™,
Va

Let V3 and V,4 be a neighborhood of & satisfying Vs c V,and V4 C V5 and let X1 €
Cy (V3) satisty y1 = 1 on V4. Then, by the fundamental theorem of calculus and Schwarz’s

inequality, we have
Ly, OF 1)) < f f T DF D Pul(Am) ey -+~ i

< f n a;m(n)rl;yzu](/ln)}|dn
Z |a“ {FIx*ul(Am)}dn
0<a<t

<Y ( f 6P [ ul ()} 2dn),

0<a<T

where 7 = (1,1,...,1) € (NU {0})". Since Gn_f{F’[/\(zu](/ln)} = —iAF [y} ul(An), we have,
by Lemma 2.3 and (4.7), forall N ¢ N

L OF Pulé)l < ) caa'“'( ; |F[y“x2u]un)|2dn)

O<e<rt
1

< D Copd" ( | + A‘N)E
\%3

O<a<t

< Oy 2.
If ¢ € V4 and A > 1 then simple calculation yields that A=V < Cy(1 + A|¢])™. Thus, we have
IFICul(A8)] < Cy(1 + AE)™  for &€ V.

From Proposition 2.1, we obtain the desired result. O

5. Application

In this section, we give an application of Theorem 1.1 (See K. Kato and S. Ito [10] for
more details). We consider the Schrodinger equation with the potential V (¢, x):

5.1) i0u+ 30u—V(t,xu=0, (t,x) e RXR",
' u(0, x) = uo(x), xeR”,
where i = V=1, u : RXxR" - Cand A = ;’ | (;922 We assume that V(z, x) is a real

valued function in C*(R X R") and there exists a constant p such that 0 < p < 2 and for all
multi-indices «,

|03V, x)| < C(1 + [xfy !
holds for some C > 0 and for all (#,x) € R X R". Let ¢p(x) € S(R") \ {0} and ¢(¢,x) =
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it

U(t)po(x) = FL [e2 Fpo(€)1(x). The initial value problem (5.1) is transformed by the

E—x
wave packet transform with the basic wave packet ¢(¢, x) to

(i6; + i& - V. = iV, V(t,x) - Ve = 31l = Vi1, x))
(5.2) X W lu(t, )1(x, &) = Rlg, ul(t, x,£),
W0.9[u(0, )](x, &) = Wy uo(x, £),

where V(t, x) = V(t, x) — V, V(t, x) - x and

2 -
Rig.ult, %)= Y = | #ty=x

=2 - JR2
1
x ( f GV (e, x + 0y = 0)(1 - e)de) (y - 0)"u(t, ype "< dy
0

(for the deduction of (5.2), see [9]). By the method of characteristics, we have the integral
equation

(5.3) Wygolu(t, )(x, &) = e OWy uo(x(0; 1, x, ), £0; 1, x, €))
!
—i f e BEORIB, ul(s, x(s31, x, £), E(s3 1, x, €))lds,
0
where

! 1 .
Alt,x.6) = fo (310531, £0F + Vs, x(551, 3, E)Nls,

Blsit.x§) = [ 5lEritx OF + Vina(rir, x )lde
and x(s;t, x, &), £(s; t, x, &) are the solutions of

{xm = &(s), x(1) = x,

§(s) = =ViV(s,x(s)), &) =¢.

Fix fp € R and put ¢,(t,x) = U(t)(/l%qﬁo(/lbx)) for 0 < b < 1. In (5.3), substituting
x(t; to, x, AE), &(t; to, x, AE) and ¢ (—1y, x) for x, € and ¢o(x) respectively, we have

(5.4) Wy, (1—1pyu(t, x(t; 19, X, AE), £(1; 19, X, AE))|
< AW (-1 0 (X(0; 1o, X, AE), £(0; 19, X, AE))

+

fIR[%u](s,x(s;to,x,/lf)f(s;to,x,/lf))lds-
0
Here, we use the fact that
X(S; t, X([; tO’ X, /L’;:)’ f(ta tO’ X, /lf)) = X(S; th X, /15),
E(sst, x(t; 1o, x, AE), E(8; 1o, X, AE)) = &(55 1o, X, AE)
and U(t)p(—to, x) = d(t — 19, x). Let a > 0, (x0, &) € R" x (R"\ {0}), K be a neighborhood

of xp and I' be a conic neighborhood of &. If we assume that b = min(%, i) and
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Wiyt 0(x(0; 10, X, A), £(0; 19, X, A))| < Cy g gy A"

forallA>1,xe Kandé eI n{éla! < ¢ < a) then we can show that
(55) |W¢A(t—t0,')u(t7 x(t’ th X, ﬂf)v g(tv tOv X, /lé:))l S C;V’a’¢0/l_N

foralld > 1,x € Kand ¢ e T N{&la™! < || < a} (see [10] for details). In (5.5), taking
t = 1y, we have

[ Wy, 0.y u(to, x, A€)| < C'A7N

forallA>1,xe€ Kand & e TN {&|a™" < |¢] < a}. Thus, we obtain (xo, &) ¢ WF(u(ty, X))
by Theorem 1.1. From the equivalency of Theorem 1.1, we can show the converse in the
same way. Owing to the fact, we can prove the following theorem.

Theorem 5.1. (K. Kato and S. Ito [10, Theorem 1.2]) Take b = min(%%p, %). Let ug(x) €

L*(R") and u(t, x) be a solution of (5.1) in C(R; L*(R™)) and fix ty € R. Then, (xo,&)) ¢
WEF(u(ty, x)) if and only if there exist a neighborhood K of xy, a conic neighborhood I of &
such that for all N € N, for all a > 1 and for all ¢o(x) € S(R")\{0}, there exists a constant
Cn.ag, > 0 satisfying

Wty 0 (x(0; fo, X, AE), £(0; 19, X, AE))| < Cagyd"

forA>1,a"' <& < aand (x,€) € K xT, where ,(t, x) = U()(1% ¢o(1°x)).

Appendix A.

Proof of Proposition 2.1. First, under the assumption (i), we show (ii). From the assump-
tion (i), we have

Fxul(26) < Cy(1 + D™

for A > 1 and & € . Let V be a neighborhood of & satisfying V c I. If A > 1 and £ € V
then A¢ € I'. Thus, we have (ii).

Conversely, we assume (ii). PutI'} = {4 € V,A > 0} and I, = {A€|& € V,A4 > 1}. By
the assumption, we have

I, @)IF yul @] < Cy(1 + 1) 7.
Let x1 € Cy(R") satisfy y = 1 on I'y NI Then, we have

Ir,ar OIF ul@l < i (EF Dyul@] < Cy(1 + )77,

where Cy = sup|(1 + [£)Vy1(€)F [xul(&)|. Thus, we obtain the desired result. ]
£eR?

Proof of Proposition 2.2. First, we show (i) implies (ii). Let I be a conic neighborhood
of & satisfying (2.1). Take 0 > 0 with |&y] — 6 > 0. Let V = {£€ € I'| €] — 0 < €] < |éo] + 6},
Sl ={£eR"||¢] = 1} and A = S"! NT. By the change of variables & = ro-, where r > 0
and o € A, we have

— . n—1+2s 2
1= [T IR 4
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00 €ol+0
= f s f f P yul(Aro)Pdodrdd
1 [éol-0  JA

§ol+6

<C f f r(r" B[P yul(Aro)PdodAdr,
[§ol-0 V1 A

where C = max((|&] — 6)72°71, (& + 6)7>71). Again by the change of variables Ar = A" and
r =1, we have

[éol+0 oo
I1<C f f 2 P ul(Ao)Pdod Adr
r A

gol—6

<26C f f B PIyul(Ao)PdodA
[€ol—0 JA

< 256C’ f f 7N+ 2o yul(Ao)PdodA.
0 A

By the change of variables & = Ao, we obtain

1<c fr (&P IPLaul(©)Pdé < oo,

Therefore we obtain (2.2).

Next, we show (ii) implies (i). Let V be a neighborhood of & satisfying (2.2). Take d > 0
such that |£y] — d > 0 and B(&p,d) ¢ V and put I'y = {A¢|€ € B(&y,d),A > 0}. LetI"be a
conic neighborhood of & satisfying rc [y. We divide [(E)* F [xul(E)||z2r into two parts:

=L +D.

Since u € S’(R"), there exists k € N such that (¢)*F[yu](&) € L>(R"). Thus, we have

(A2) I = f (O M P Lyl ©Pde
Infl¢l<1}

< 28R P ] (©)Pdé < C.
Rﬂ
Let A’ = {¢£ e '||¢] = 1} and take d’ > O satistying
V' ={¢ el |kl - d < ¢l < |éol +d'} € B(éo, d).

By the change of variables & = Ao, we have
I = f f 7N+ 2P yul(Ao)Pdoda
1 Ja

<C f A f |F yul(Ao)|*dod A
1 A’
c [l

= — f PE f [P yul(Ao)*dod Ado.
20" Jiggl-a A

Again by the change of variables 4 = 4’8" and 6 = &', we have

gol+d’

L<C f f AT P Lou)(A00) 2 dod Ade
[€ol—a’ i A
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00 [€ol+d’
<C f A f f 0"\ yul(A00)*dodbda,
A/

1

»
e \ol-d

where C’ = C x max((|&| — d’)"*%, (|&| + d’)'*%*). By the change of variables & = Ao, we
have

(A3) L<C | ATURIFLulAO|:y,dA
iol+d”
SC( f AR D (A7 0 dA
1

[ 1] AP E:da])

lEgl+d’

Since (&) *F[yul(¢) € L*(R"), we have

1
@) | [ Iy, a

Egl+d”
1
< C’ 1 /125(1 + /12(|f()| + d/)Z)k”<§>—k7:~[Xu](§)||%2(Rn)d/l <C.

[égl+d”

From (A.1), (A.2), (A.3) and (A.4), we obtain (2.1). m]

Proof of Lemma 2.3. Simple calculation yields that

| rreancera

< C/IZ”( f
VI

= CA¥'(I; + ).

2
/3

fv FLEIAE — A F Ll (An)dn
o

By Young’s inequality and the change of variables, we have

I]Sf

< 2l fv P Ll (6.

2 dg)

| F1a0e - i

2

d¢

f FINAg = Aply(nF Deul(Andn

Since u € S’(R"), there exists k € N such that (£) *F[yu](&) € L'(R"). If ¢ € V' and 5 € V¢
then there exists C > 0 such that |£ — | > C. So, we have
(A 1 ?

L= f
_— b — — _dnl d
X ERAE =y X g ) 4

C,/le_ZN " F[XM](/UY) 2
el KRG el

Fll(A
(A~ ) U DV FIZIE ~ gy x TG
" An)
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< CN/l2k—2n—2N
Therefore, we obtain (2.3). m]
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