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Abstract
Let H, be a 3-dimensional handlebody of genus g. We determine the twisted first homology
group of the mapping class group of H, with coefficients in the first integral homology group
of the boundary surface H, for g > 2.

1. Introduction

Let H, be a 3-dimensional handlebody of genus g, and X, the boundary surface 0H,. We
denote by H,; and M, the mapping class group of H, and the boundary surface X, respec-
tively. These are the groups of isotopy classes of orientation preserving homeomorphisms
of £, and H,. Let D be a closed 2-disk in the boundary X, of the handlebody, and pick a
point = in Int D. Let us denote by H; and H,, the groups of the isotopy classes of orien-
tation preserving homeomorphisms of H,, fixing * and D pointwise, respectively. We also
denote by M and M, the groups of the isotopy classes of orientation preserving home-
omorphisms of X, fixing x and D pointwise, respectively. We use integral coeflicients for
homology groups unless specified throughout the paper.

In the cases of the mapping class groups M and M, of a surface %, Morita [17, Corol-
lary 5.4] determined the first homology group with coefficients in the first integral homology
group of the surface. Morita [18, Remark 6.3] extended the first Johnson homomorphism
to a crossed homomorphism M; - %A3 (H1(Xy)), and showed that the contraction of this
crossed homomorphism gives isomorphisms H(M; H(X,)) = Z and H{(M,; Hi(X,)) =
Z](2g — 2)Z when g > 2. For twisted first homology groups of the mapping class groups
of nonorientable surfaces, see Stukow [25]. In the cases of the automorphism group Aut F,
and the outer automorphism group Out F,, of a free group F, of rank n, Satoh [23] com-
puted the twisted first homology groups Hi(Aut F,; H'(F,)) and H,(Out F,; H'(F,)) for
n > 2. Kawazumi [12] extended the first Andreadakis-Johnson homomorphism to a crossed
homomorphism Aut F,, — H'(F,) ® H\(F,)®?, and its contraction induces isomorphisms
H\(AutF,; H (F,)) = Z and H,(Out F,;; H'(F,,))) = Z/(n — 1)Z.

In this paper, we compute the twisted first homology groups of H, and H with co-
efficients in the first integral homology group of the boundary surface X,. Note that the
restrictions of homeomorphisms of H, to X, induce an injective homomorphism H, — M,
and we treat the group H,, as a subgroup of M,. The followings are main theorems in this

paper.
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Theorem 1.1.

Z/2g-2Z  ifg=4,
H\(My; Hi(Z) ={Z/AZ®Z/2Z  ifg =3,
z/)2zy ifg=2.

Furthermore, when g > 4, the homomorphism H\(H,; H{(Z,)) — H{(My; H((Z,)) induced
by the inclusion is an isomorphism. When g = 2, 3, this homomorphism is surjective and the
kernel is isomorphic to Z/2Z.

Theorem 1.2.

Hy(Hy 1 (5)) = L I E) = 4 o=

R B D = H e BT T N 20202 ifg = 2,3.
Furthermore, when g > 4, the homomorphism Hi(H ; H((X,)) — H{(M; H\(X,)) induced
by the inclusion is an isomorphism. When g = 2, 3, this homomorphism is surjective and the
kernel is isomorphic to Z/27Z.

In this paper, we also study relationships between the second homology groups of H,,
H,, and H,;. The second homology group of M, is calculated by Harer [4] when g > 5.
It contains some minor mistakes and these are corrected in [5] later. For surfaces with an
arbitrary number of punctures and boundary components, see Korkmaz-Stipsicz [13]. See
also Benson-Cohen [1] for genus 2, and Stein [24], Sakasai [22], and Pitsch [19] for genus 3.
There are some results which imply that the cohomology group of the handlebody mapping
class group H, is similar to that of M. Morita [16, Proposition 3.1] showed that the rational
cohomology group of any subgroup of the mapping class group decomposes into a direct
sum. Later, Kawazumi and Morita [11, Proposition 5.2] generalized it to cohomology groups
with coefficients in A = Z[1/(2g—2)] of fiber products of some groups and M. In particular,
if we apply their proposition to the natural inclusion H, — M, the fiber product HyX rq, M
coincides with the once punctured handlebody mapping class group H;, and its cohomology
group decomposes as .

H'(M}; A) = H'(Hy; A) & H' ' (Hy; H' (24 A) @ H'2(Hy; A).

Hatcher and Wahl [8] showed that the integral cohomology groups of the mapping class
groups of 3-manifolds stabilize in more general settings. Hatcher [7, Corollary in p.8] also
announced that the rational stable cohomology group coincides with the polynomial ring
generated by the even Morita-Mumford classes. However, as far as we know, even the sec-
ond integral homology group of handlebody mapping class groups has not been computed
yet.

Here is the outline of our paper:

In Section 2, we review some classical facts on homological algebra and group homology
which we use in Sections 3, 6, and 7.

In Section 3, we investigate the relationship between the second integral homology group
of the handlebody mapping class group fixing a point or a 2-disk in X, pointwise with that
of H, using Theorem 1.1.
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In Section 4, we compute the twisted first homology group H(H,; Hi(X,)) to prove The-
orem 1.1 in the case when g > 4. We also compute the twisted first homology groups of H,,
with coefficients in Ker(H(Z,) — H(H,)) and H|(H,).

Let £, denote the kernel of the homomorphism H, — Out(m H,). The exact sequence

1 L, H, Out(mH;) —— 1

induces exact sequences between their first homology groups with coefficients in

Ker(H(X,) — Hi(H,)) and H;(H,). We call a nonseparating disk properly embedded in
H, a meridian disk. Luft [14] showed that the group £, coincides with the twist group,
which is generated by Dehn twists along meridian disks. Actually, Dehn twists along sepa-
rating disks are also contained in his generating set, but using the lantern relation, they can
be written as products of Dehn twists along nonseparating disks. Satoh [23] determined the
twisted first homology groups H,(Out F,,;; H{(F,)) and H,(Out F,;; H'(F,)). Applying Luft’s
and Satoh’s results to the exact sequences, we can determine H(H,; Hi(X,)) when g > 4.

In Section 5, we review a finite presentation of the handlebody mapping class group H,
given by Wajnryb [26].

In Section 6, we compute the twisted first homology group H(H,; Hi(%,)), using the
Wajnryb’s presentation of the handlebody mapping class group H,, to prove Theorem 1.1 in
the case when g = 2, 3.

In Section 7, we prove Theorem 1.2 and also compute the twisted first homology groups
of H;‘ with coeflicients in Ker(H(X,) — Hi(H,)) and H{(H,).

2. Review on homology of groups

In Sections 3, 4, and 7, we use some classical facts on homological algebra and group ho-
mology. Although they are well-known and there are many references for them, we arrange
them for the better readability.

2.1. Homology of groups. Let G be a group, and M a left ZG-module. A ZG-module is
also called a G-module in this paper. The module M is also considered as a right G-module
by the action m - g = g~ - m for m € M and for g € G. Choose a projective resolution

o X=X = Xg—>Z -0
of Z over ZG. The chain and cochain complexes of G with coefficients in M are defined by
Cu(G; M) = M ®z6 X,, and C"(G; M) = Homzg(X,, M),

for n > 0. We call the homology and cohomology group of the above chain complexes the
homology and cohomology of the group G with coefficients in M, respectively.

The homology and cohomology groups do not depend on the choice of projective resolu-
tions. In Section 3, we consider the normalized bar resolution as a projective resolution of Z
over ZG which is defined as follows. Let Y, denote a free ZG-module generated by the direct
product G”" for n > 1, and Yy = ZG. We denote the basis of Y, by [g1|g2| - - - |g»] which cor-
responds to the element (g1, g, ...,9,) € G". Let us also denote by D,, the ZG-submodule
of Y, generated by the set

{lgilgal---1gnlllgr,...,9n € G,g; = 1 for some 1 <i < nj,
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forn>1and Dy = 0. Forn > 1, Letd, : Y, — Y, be a ZG-homomorphism defined by
n—1

dn(lg11gal -~ -1gn]) =g11gal -~ - 1gn] + Z(—l)"[gll - 1gi-11gigic1lgival - - 1gn)
i=1

+(=1)"[g1lg2] - - - 1gn-11,

and let dy : ZG — Z denote the augmentation map. Then the map d,, satisfies d,,-; o d,, = 0
for n > 1, and it induces a homomorphism d,:Y,/D, = Y,_1/D,_,.
The free ZG-resolution

d. d d,
- Ya/Dy =5 Y, /Dy = Yo/Dy — Z — 0
of Z is called the normalized bar resolution. For more details, see Brown [2, Section 1.5].

RemaRrk 2.1. The cochain complex of the normalized bar resolution is written as

C"(G; M) = HomgzG(Y,/ Dy, M)
={f:G"—> M|f(g1,...,9,) = 0when g; = 1 for some 1 <i < n}.

For m € M, let us denote by f,, : G — M the crossed homomomorphism defined by
fn(h) = hm—m. Then the set of 1-cocycles coincides with the set of crossed homomorphisms
G — M, and the set of 1-coboundaries is the image of the coboundary map 6 : M —
CY(G; M) defined by 6(m) = f,,. See [3, Section 2.3] for details.

We will use the following basic facts on group homology and homological algebra in
Sections 3, 4, and 7.

Proposition 2.2 (See, for example, Brown [2, Proposition 6.1]). (1) There is a natu-
ral isomorphism

Hy(G; M) = Mg,
where Mg is a coinvariant of the action of G on M, that is,

Mg =M/{gm—m|ge G, me M}.

(2) For any exact sequence 0 — M, 4 M, EN Mz — 0 of left G-modules and any
n > 1, there is a natural map 9, : H,(G; M3) - H,_1(G; M) and §* : H'(G; M3) —
H"'\(G; M) such that the sequence

1. B 0.
oo 5 Hy(G My) 5 Hy(G: My) 55 Hy(G: M3) =5 H, (G My) — -+,
o HYGMy) S H'(G My) 25 H'(Gy Ms) S H™ (G My) — -,
are exact.

As in the case of cohomology groups on spaces, we also have the universal coeflicient
theorem:

Theorem 2.3 (the universal coefficient theorem). Let G be a group and A an abelian
group. Suppose that M is a free Z-module with left G-action. Then we have an exact
sequence
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00— Ext%(Hn_l(G;M),A) — H"(G;M*) —— Homgz(H,(G; M),A) —— 0,
where M* = Homz(M, A).

Proof. This is obtained from a general form of the universal coefficient theorem. Let
{(Kn, dn)}) ) be a complex of free Z-modules. Then there exists an exact sequence

0 — Exty(H,-1(K.),A) = H"(Homz(K.,A)) — Homz(H,(K.),A) = 0

called the universal coefficient theorem. See, for example, [21, Theorem 7.59]. Since M is
a free Z-module, C,(G; M) is also a free Z-module. If we put K,, = C,,(G; M), we have

0— Exté(Hn_l(G; M),A) —» H"(Homz(C,(G; M), A)) —» Homz(H,(G; M),A) — 0.
The homomorphism
® : Homyz(C,,(G; M), A) = Homz(M ®z6 X,,, A) = Homgzs(X,,, Homz(M, A))

defined by O©(f)(x) = f(x,*) for f € Homz(M ®zc X.,A) is clearly an isomorphism, and
commutes with the boundary maps. Thus we obtain H"(Homz(C,(G; M),A)) = H'(G; M™*).
O

2.2. Lyndon-Hochschild-Serre spectral sequences. Let

L Ve

1 K G 0 1

be an exact sequence of groups and M a left G-module. Then we have a Lyndon-Hochschild-
Serre spectral sequence between their homology groups. It is a spectral sequence whose
E*-term is E;,, = H,(Q:H,(K:M)), and converges into H,.,(G; M). For details, see
Brown [2, Section VII.6], Rotman [21, Section 10.7], and Weibel [27, Section 6.8]. See
also Hochschild-Serre [9] for spectral sequences of group cohomology, and McCleary [15,
Theorem 8%.12] for general spectral sequences. Here, we review some facts on this spectral
sequence. In the spectral sequence, the homology group H,(G; M) has a filtration

O0=F,cFyc---cF,,CF,=H,G;M),

00 ~

and there is an isomorphism E,_, = F,/F), | for 0 < p < n. The composition map of
the quotient map H,(G; M) — F,/F,_1 = Effo and the natural inclusion E;‘”O — Eﬁ,o =
H,(Q; Hy(K; M)) is called the edge map, and it is described as follows. See Weibel [27,

Section 6.8.2] for details.

Proposition 2.4 (edge maps). For n > 0, the homomorphism n. : H,(G;M) —
H,(Q; Mg) induced by the projection m : G — Q and the quotient map M — Mg coin-
cides with the composition map

H,(G; M) - EYy — Ey o = H,(Q; My).
RemMark 2.5. From Proposition 2.4, we have

Ker(H,(G; M) — E, ) = Ker(H,(G; M) — H,(Q; M)).

The following exact sequence is called the five-term exact sequence, which is obtained
from a diagram chasing in the E>-term of the spectral sequence. See, for example, Brown [2,
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Corollary 6.4 in Section VII].

Theorem 2.6 (the five term exact sequence). Let 1 — K 565 O — 1 be an exact
sequence between groups and M a left G-module. Then there exists an exact sequence

Hy(G; M) = Hy(Q: My) — Hi(K; M)y = Hy(G: M) = H\(Q; M) — 0,

where H{(K; M)g denotes the coinvariant of the action of Q on H\(K; M) induced by the
conjugacy action of G.

REMARK 2.7. Let X,, = Y,,/D,, be the normalized bar resolution of K in Section 2.1. Then
the action of Q on H,(K; M) appeared in Theorem 2.6 is induced by the conjugacy action of
G on Cy(K; M) = M ®z¢ X, defined by

h(m ® [kilka| - - - lky]) = (hm) & [hkih™ hkah™'| - - - |k, h ']
forh e G.

We will also use a Gysin exact sequence in Section 3. Suppose that the group K has the
same homology group with a m-sphere, and the conjugacy action of G to H,,(K) is trivial.
Then we have:

Theorem 2.8 (the Gysin exact sequence). There is an exact sequence

oo = Hyome1(G) 55 Hyya1(Q) = Hy(Q) 5 Hypon(G) — -+ .

The proof of Theorem 2.8 is obtained from a diagram chasing in the E™*!'-term of the
spectral sequence, and it goes in analogous to the case of Serre spectral sequences of fibra-
tions between topological spaces, which is written in Hatcher [6, Section 4.D] and Weibel
[27, Application 5.3.7]. In Section 3, we will use this exact sequence only in the case when
K=Zandm=1.

Remark 2.9. Consider the case when K = Z and is in the center of G. In the normalized

bar resolution, the map n: Hy(Q) N H,1(G) can be written explicitly. Let X, - Z — 0
be the normalized bar resolution of Q, and o = ¥|_, ailg!lg?|---1q"] € C4(Q) = Z ®z0 X,
be a n-cycle of Q. Then 7'(o) is written as

i n
(o)=Y |a D= 11g! - 1gWig 1131 | € Cria (G),
1 =0

i=

where Z]{ € G is an element of the inverse image of q{ under 7 : G — Q, and k is a generator
of K =7.

In the general case when H.(K) = H.(S™) and G acts on H,,(K) trivially, for oo € H,(Q)
the image 7'(0") € H,,,,(G) is also written as a twisted shuffle product of a lift of o~ and a
m-cycle which represents a generator of H,,(K). We omit the proof of this description, but
we can prove it by introducing a filtration {A’};cz on the chain complex C.(G), and construct-
ing an isomorphism between E},’q = Cp(0Q; Hy(K)) and H,,,,(A? /AP~1) in analogous to the
cohomological case written in Hochschild-Serre [9, Theorems 1 and 2].
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3. On the second homology of the handlebody mapping class groups fixing a point
or a 2-disk pointwise

In this section, we introduce some corollaries of Theorem 1.1 which give relationships
between the second homology groups of H,, H; and H, ;.

2
)

- - -

™
N
)

FiG.1. a2-disk D and simple closed curves ay, ..., ag,B1,...,B84,Y

Let UX, denote the unit tangent bundle of X,. Let ay,...,a4pB1,...,B, be oriented
smooth simple closed curves as in Figure 1, and denote their homology classes in H{(X,)
by x1 = [a1],x2 = [a2],..., x5 = [ayl,y1 = [Bil,y2 = [B2],...,y, = [By]. We also denote
by v a null-homotopic smooth simple closed curve in Figure 1. There are natural liftings
of ay,...,aypB1,...,By v to UX,, and let us denote their homology classes in H{(UZ,) by
X1, %2, ..., Xy, Y1, 92, .., g, 2, rEspectively. For a group G and a left G-module M, let us
denote by M; its coinvariant, that is, the quotient of M by the submodule spanned by the set
{gm—m|me M, g € G}.

Lemma 3.1. Forg > 2,
Hi(UZy)y, = 0.

Proof. For a simple closed curve ¢ in X, we denote by 7. the Dehn twist along c¢. As
in [10, Theorem 1B], we have #,.(7;) = §; + %; fori = 1,...,g. Note that our ¢ is denoted
by ¢ in [10], and is different from what is denoted by ¢ in [10]. Hence we have | = --- =
¥, = 0 € Hi(UL))y,. Let o] and a; be simple closed curves as depicted in Figure 2 for
1 <i<g-1. Letus denote h; = t(;ltﬁitwm € M,. Since hi(a;) = a; when [ # i and
hi(a;) = a;, the mapping class h; is acfually an element of the handlebody mapping class

Fic.2. simple closed curves ¢’ and @

group H,. We obtain

hi(%;) = X; — Xip1 — zand hi(§ip1) = i + Jiv1 — 2
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fori=1,...,g—1. Thus we have z = j; = --- = j;-1 = 0 € H{(UZ,)y,. Since the rotation
r € H, of the surface X, about a vertical line by 180 degrees maps 7, to —jj;, we also obtain
gg =0. m|

Using the mapping classes /; and r, we can also show:
Lemma 3.2. Forg > 2,
Ker(H, (X)) = H{(Hy)n, = 0.
Proposition 3.3. When g > 4,
Hy(Hj) = Hy(H,) & Z.

Proof. Let us denote the Lyndon-Hochschild-Serre spectral sequences of the forgetful
exact sequences

l —— m%, —— M; M, 1,

l —— m%, —— H; H, 1

by (E; } and {E} }, respectively. Recall that E; = H,(Mg;Hy(Z,)) and E;, =
H,(H,; H/(X,)). By Lemma 3.1, we have

Ho(My; Hi(Zy)) = Hi(Z))m, = 0, and Ho(Hy; Hi(Zy)) = Hi(Zy)n, = 0.

Thus the E* terms of both spectral sequences are written as follows.

ES"Z * % ES"Z _* %
0 E‘l’o1 * 0 E‘lx’1 *
Z | Hi(My) | Hy(My) Z | Hi(Hy) | Hx(H,)

Since the filtrations of Hy(Hj) and Hy(M,) are compatible with the homomorphism
HZ(H;) - Hg(M;), we have a morphism between two exact sequences

0 Eg, Ker(Hy(H;) — ES)) —— EP) —— 0
0 EJ, Ker(H>(My) — ET)) —— E7} —— 0.

Note that by Remark 2.5, we have

Ker(Hy(H,;) — E5) = Ker(Hy(H,;) — Hy(H,)),
Ker(Hy(My) — E5) = Ker(Ha(M) — Hy(M,)).

As explained in [13, Propositions 1.4 and 1.5], there exist isomorphisms Ker(Hz(MZ) —
Hy(M,)) = Z and Ey, = Eé,z =~ Z when g > 4. It is also true when g = 3 as in [22,
Corollary 4.9]. Moreover, there exists a surjective homomorphism S @ Hx(My) — Z
defined in [4, Section O] which maps the fundamental class [X,] € H>(Z,) = E(‘;i’z to 2g —2)-
times a generator and whose restriction to Ker(Hg(M;) — H>(M,)) is surjective. These
facts show that E°, is a cyclic group of order 2g — 2. Since Morita [17] showed Eil =
Hi(My; Hi(Zy)) = Z/(2g - 2)Z when g > 2, we obtain Ef | = Ef.

When g > 4, this fact and the isomorphism H(H,; Hi(X,)) = H(My; Hi(Z,)) show that
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in the commutative diagram

[, 00
1,1 E],]

! !

[se]

E%,l > El,l’

(S )

we have an isomorphism E°, =

E‘f,. As a conclusion, we obtain
Ker(Hy(H,) — Hy(H,)) = Ker(Hy(M,) — Hy(My)) = Z.

Consider the commutative diagram

0 Z Hy(H;)) —— Hy(Hy) —— 0
Since the lower exact sequence splits, we obtain HZ(H;) = Hy(H,) © Z. ]

When g > 2, we have H{(UZ,)y, = Hi(X,)3, = 0 by Lemma 3.1. By the five-term exact
sequences (Theorem 2.6) induced by the exact sequences

1 —— mE, —— H; H, 1,

I —— mUL, —— Hy, H, 1,
we have:
Lemma 3.4. When g > 2,
H\(Hy1) = Hi(H,) = Hi(H,).

RemArk 3.5. By the Wajnryb’s presentation which we review in Section 5.1, we can
compute the abelianization as follows:

Z0Z2Z  ifg=1,
H|(H,) ={Z&(Z/22)* ifg=2,
722 ifg>3.

We can also see that it is generated by s1 = 15, tiltﬁl when g > 3. Note that Wajnryb made a
mistake in his calculation of the abelianization in [26, Theorem 20] when g = 2.

In the following, we choose a 2-disk D in the boundary X, so that it is disjoint from the
simple closed curves ay, ..., ay,pB1,...,B, as in Figure 1 and pick a point * in Int D.

Lemma 3.6. When g > 3,
Hz(H;) = Hz(Hg,l) b Z.

Proof. Let 7 : H, 1 — H, denote the forgetful map. The Gysin exact sequence explained
in Theorem 2.8 of the central extension

L Ve

0 z Hy. H, — 1.
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18 written as
* ”! T * * ﬂ!
> Hi(Hy) — Hy(Hy1) — Hy(H,)) - Ho(H,) — Hi(Hg1) — - .

As explained in Remark 2.9, the Gysin homomorphism 7 H (H;) — H>(H, 1) maps [h] to
[Altsp] — [typlh] in the bar resolution for i € H;, where h € H,; is an elenent in the inverse
image of /2 under 7. By Lemma 3.4 and [26, Theorem 20], H,(H;) is the cyclic group of
order 2 generated by s; when g > 3.

We can prove that the Gysin homomorphism 7' : H 1(H;) — H>(H,1) is the zero map as
follows. Let us choose a representing diffeomorphism of s; whose support is in a genus 1
subsurface S of £, —Int D. Then we have a 2-chain which has its support is in (£, —Int D)—S
and bounds [75p] € C1(H,,1) as follows. Let 11, 1, 13, 1], 1, £, be the Dehn twists along simple

closed curves as in Figure 3. By the Lantern relation, we have 7,7 1t§t; ! 1 tl‘1 = typ. In the

\Q/ oo o0

Fi1c.3. the lantern relation

handlebody mapping class group, Dehn twists along two meridian disks are conjugate. Thus
there exists ¢; € H,; such that go,-t,»gol.‘l =t fori = 1,2, 3. Moreover, we can represent ¢; by
a diffeomorphism whose support is in (Z, — Int D) — §. Define a 2-chain o € C,(H,,1) by

3
o == > (il + lpitle; 1 + it 171 = 14171 = [l )
i=1
— 456561 - 1455 6610

Then we obtain do = [ty3p] € C1(H,,). For simplicity, we denote o = Z,-'Zl €l xily;], where
€ = =1 and €[ x;y;] are terms appeared above. Let §; = 1, tﬁltﬁl € H,;. Since §; commutes
with x; and y;, the 3-chain = 7, e([xilyil51] — [xl31lyi] + [§1lxlyi]) bounds [£5p]51] —
[S1ltap] € C2(H, 1), and the Gysin homomorphism is the zero map.

Another Gysin homomorphism 7' : HO(H;) — H (H,,1) maps a generator of HO(H;) =7

to [ty3p]. Since
3 3
ltan] = ) (1= [61) = ) (it ' 1= [6]) = 0 € Hy(Hy0),
i=1 i=1

the homomorphism 7' : HO(H;) — Hi(H,,) is also trivial. Thus we obtain the exact
sequence
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00— HZ(Hg,l) - HQ(H;) — 7Z — 0.

O

Both of the direct sum decompositions of Hy(Hj) in Proposition 3.3 and Lemma 3.6
are induced by the composition of the natural homomorphism HZ(H;) - H2(M;) and
S Hz(M;) — Z defined in [4, Section 4] up to sign. Thus we obtain:

Corollary 3.7. When g > 4,
Hy(Hy,1) = Hy(H,).

4. Proof of Theorem 1.1 for g > 4

In the rest of this paper, we write H for H;(Z,) and denote by L the kernel of the homo-
morphism H;(X,) — H;(H,) induced by the inclusion for simplicity. Note that H,(H,) is
isomorphic to H/L as an H,-module. In this section, we prove Theorem 1.1 when g > 4.
Luft’s result on Ker(H, — OutF,) and Satoh’s result on Out F, make it much easier to
determine the first homology H(H,; H) when g > 4 than when g = 2, 3.

Lemma 4.1. Let g > 2, and G a subgroup of the mapping class group M,. When the
induced map H\(UZ,)c — Hg by the natural projection is injective, there exists a surjective
homomorphism

H((G;H) - Z/(2g — 2)Z.
Proof. Considering the Serre spectral sequence of the bundle map @ : UX, — X,, we
obtain the Gysin exact sequence
O] @' g
Ha(Z,) = Ho(Z,) = H(UZy) — H)(Z,) — 0.

It is a classical fact that ® maps the fundamental class [X,] to the Euler characteristic
e([Z4]) = 2 —2g under the isomorphism H(%,) = Z. For example, the description of the co-
homological Gysin exact sequences of oriented sphere bundles can be found in Hatcher [6,
pp-437-438]. Thus we obtain the exact sequence

0 —— Z/Q2g-2Z —— H(UL,) —— H — 0,
where @ maps 1 € Z/(2g—2)Z to the homology class H;(UZ,) represented by a fiber circle.
Applying Proposition 2.2 to this sequence, we have an exact sequence
H\(G:H) —— (Z/2g - 2)Z)¢ —— H\(UZ,)¢ —— Hg.

Since H{(UX,)¢ — Hg is injective, and G acts on Z/(2g — 2)Z trivially, we obtain the
surjective homomorphism H,(G; H) — Z/(2g — 2)Z. m|

RemARk 4.2. The homomorphism H(G; H) — Z/(2g — 2)Z is written in [17, Section 6]
explicitly. This coincide with the mod (2g — 2)-reduction of the contraction of the twisted
homomorphism called the first Johnson homomorphism. In particular, the homomorphism
H(G;H) — H{(My; H) induced by the inclusion is surjective. Note that the handlebody
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mapping class group H,, satisfies the assumption of Lemma 4.1 because of Lemma 3.1.

By Lemma 3.1, we obtain a lower bound on the order of H(H,; H). For a simple closed
curve ¢ in X, we denote by H,(c) the subgroup of H, which preserves the curve ¢ setwise.

Lemma 4.3. Let M be an H,-module on which L acts trivially. Then there is a surjective
homomorphism

M3, a) = Hi(Ly; M)y,

Proof. Since £, acts on M trivially, we have H{(L,; M)y, = (M ® H,(L,))3,. Here, by
Remark 2.7, the action of H, on M ® H (L) is described as

e(m @ [1]) = ¢(m) ® [plg™"],

where we denote the homology class of [ € L, by [/]. Luft [14, Corollary 2.4] proved that
L, is normally generated by the Dehn twists along the curves « and ¢ in Figure 4. When

FiG.4. the curve ¢ and the Lantern relation

g > 2, the lantern relation implies that the Dehn twist #; can be written as a product of right
and left Dehn twists along the boundary curves of the meridian disks depicted in Figure 4,
each of which is conjugate to #,, or t;ll. Thus L, is normally generated by the Dehn twist
lo,, and H,(Ly; M)y, is generated by {m®[1,,]|m € M}. Therefore, we obtain the surjective
homomorphism M — H,(Ly; M)y, defined by m — m®|1,,], and it factors through M3y (q,).-

O

Lemma 4.4. (1) Hi(Ly; H/L)y, = 0 or Z/2Z when g > 2.
(2) Hi(Ly; L)y, = 0when g > 3, and Hi(L2; L)y, = 0 or Z/2Z when g = 2.

Proof. The Luft group L, is generated by Dehn twists along meridian disks, and it acts
on L and H/L trivially. Thus we have the isomorphism H(L,; M) = M ® H(L,) for
M = H/L, L. By applying Lemma 4.3, we obtain the surjective homomorphism M () —
Hy(Ly; M)y,. We compute the order of the image of this homomorphism for each of the
cases M = H/Land M = L.

(1) There exists a mapping class ry ; € H, for 2 < j < g which preserves a; setwise and
satisfies

—X1 —X2—"'—Xj lflzj,
Xy otherwise,

ryj(x) = {
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Xp+xp+--+x;+y —y; ifl<li<j-1,
) =9 xi+ x4+ xo +2x—y; ifl =,
Yi otherwise.

See Lemma 5.3 for details. Let us denote by y; the image of y; under the natural homomor-
phism H — H,(H,) = H/L induced by the inclusion £, = 0H, — H,. Since r; j; commutes
with 7,,, we have

r1i(0 ® [ta,]) = 1150 @ [r1 jtay 1 5] = (G = §7) @ [ta,] € Hy(Ly; H/L).

Thus we obtain j; ® [1,,] = 0 € H\(Ly; H/ L)y, for j = 2,...,g. Since the mapping class
(tﬁltm)3 preserves each «; setwise fori = 1,2,...,g, it is an element in H,, and it satisfies
(18, tm)3(y1) = —ij;. Thus we have

(tg,10,) (1 ® [10,]) = =1 ® [La, ],

and 2, ® [14,] = 0 € H{(Ly; H/ L)y, Since Im(M34,a,) — (M ® H{(L,)),) is generated by
{7 ® [ta, 1}, we obtain H\(L,; H/L)y, = 0 or Z/2Z.
(2) Since ry,j commutes with #,, for j = 2,3,...,g, we have

r (X ®[tg,]) = —(x1 + x2 + -+ + X)) ® [1o, ],

and (x1 + x2 + -+ 2x;) ® [1,] = 0 € H{(Ly; L)y, For j =1,2,...,g, the mapping class
s;j= tﬁjtijtﬁj € H, also preserves « setwise, and satisfies s;(x;) = —x;. Thus we also have

sj(-xj ® [t(xl]) = —Xj ® [taq]’
and 2x; ® [ta,] = 0 € H (Ly; L)3,. Consequently, we obtain
X ® [ta/l] =x0® [ta/l] == X1 ® [ta/l] = 2xg ® [tm] = 07

and it implies Hy(Ly; L)y, = 0 or Z/27Z.

Now suppose g > 3. Then there exists a mapping class 7,_; (see Lemma 5.3) which
preserves a; setwise and satisfies #,_1(x,) = x4-1. Thus we also obtain (x;, — x4-1)®[t,,] = 0
when g > 3, and it implies H(L,; L)z, = 0. ]

Note that H'! (H,) is naturally isomorphic to the kernel Ker(H(X,) — H(H,)) = L of the
natural surjection. This is shown by using Poincaré duality H'(H,) = H»(H,,%,) and the
cohomology exact sequence between spaces (H,, Z,), which is written as 0 — Hy(H,, Z,;) —
H(X,) — H(H;) — 0. Since m{(H,) is the free group F, of rank g, we identify their
cohomology and homology groups. That is, H'(F,) = H'(H,) = L and H(F,) = H,(H,) =
H/L.

From the five-term exact sequence (Theorem 2.6) induced by the exact sequence 1 —
Ly, — H,; — OutF, — 1, we have

H(Ly; M)y, — Hi(Hy; M) — Hi(Out Fy; M) — 0
for M = H/L, L. Here, since L, acts trivially on M, we have M c, = M. Lemma 4.4 implies:
Lemma 4.5. When g > 2, we have an exact sequence

2/27 —— Hi(Hy,;;H/L) —— H{(OutF,; H(F,) —— 0,
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where Z/2Z — H\(Hy; H/L) denotes the zero map if H\(Ly; H/L)y, = 0. When g > 3, we
also have an isomorphism

Hi(H,; L) = Hi(Out F; H'(F,)).

The twisted first homology groups of Out F,, with coefficients in H(F,) and H'(F,) were
computed by Satoh [23, Theorem 1 (2)] as follows.

Theorem 4.6 (Satoh [23, Theorem 1 (2)]).

Z/(n—1)Z whenn >4,
Hi(Out F,; H'(F,)) = {(2/2Z) when n =3,
7/27 whenn = 2,

H,(Out F,: Hi(F,) 0 when n > 4,
ut £, =
: PR T2z whenn = 2,3,

For a finite set S, let us denote its order by [S|. Recall that |H(H,; H)| is at least 2g — 2
by Lemma 4.1. The homology exact sequence (Proposition 2.2 (2)) induced by the exact se-
quence 0 - L — H — H/L — 0 implies that |[H(H,; H/L)| is at least (2g — 2)/|H(H; L)|.
By Lemma 4.5 and Theorem 4.6, we obtain:

Lemma 4.7.

Zl(g=DZ ifg=4,

H\(MH,;H/L) = 7Z/2Z if g > 4.
@pzy  ifg=3 e HIL=ZRLTg 2

Hi(Hy L) %{

Remark 4.8. Theorem 4.6 and Lemma 4.7 show Ker(H(H,; H/L) — H(OutFy;
H\(Fy))) = Z/2Z when g > 4. Thus Lemma 4.4 (1) implies H,(L,; H/L)y, = Z/2Z when
g=>4.

Remark 4.9. By Lemma 4.5 and Theorem 4.6, we see that the order of H,(H,; H/L) for
g = 2,3 is at most 4. In Propositions 6.9 and 6.19, we will show H|(H;; L) = Z/27Z and
Hi(Hy,; H/L) = (Z/2Z)? for g = 2,3. By Lemma 4.4 (1) and Theorem 4.6, it also follows
that H,(Ly; H/ L)y, = Z/2Z for g = 2,3.

By Lemma 3.2, Hy(H,; L) = Ly, = 0 for g > 2. Thus the homology exact sequence
(Proposition 2.2 (2)) induced by the sequence 0 - L — H — H/L — 0 is written as

(4.1) Hy(H,;L) —— H\(H,; H) —— H (H,; H/L) — 0.

Lemma 4.7 and the exact sequence (4.1) give an upper bound on the order of H(H,; H).
Comparing this with the lower bound obtained in Lemma 4.1, we complete the proof of
Theorem 1.1 for g > 4.

RemARk 4.10. In the proof of Theorem 1.1 above, we also see the sequence
0 —— Hi(Hy L) —— Hi(HgH) —— Hi(Hg H/L) —— 0

is exact when g > 4.
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5. The Wajnryb’s presentation of the handlebody mapping class group

In this section, we review the Wajnryb’s presentation of the handlebody mapping class
group H, and compute the action of the handlebody mapping class group H, to the first
homology H;(X,). This is for preparing to calculate the twisted first homology H(H,; H)
when g = 2,3 in Section 6.

5.1. A presentation of the handlebody mapping class group. Let g > 2. We identify
the surface in Figure 1 with that in Figure 5. Let ¢ be a simple closed curve in Figure 5
fori = 1,...,9 — 1. By cutting the surface X, along the simple closed curves a1, ..., ay,

F16.5. the surface X,

we obtain a (2¢g)-holed sphere with boundary components {J_;, Bi}?zl as in Figure 6, where

a; and B; correspond to the boundary components d_; LI 9; and the path from 9; to d_;,
respectively. For integers i, j satisfying 1 <i < j < g, we denote by 6_;_; and §; ; the simple

FiG.6. the (2¢g)-holed sphere

closed curves in Figure 6. For integers i, j satisfying 1 <i < gand 1 < j < g, we also denote
by 6_; ; the simple closed curve in Figure 6. For simplicity, we denote by a;, b;, e;,d; » the
Dehn twists along the curves a;, §;, €;, 01 », respectively. Let us denote

ly={-9,—-(¢g-1,....-2,-1,1,2...,9 - 1,9},
S =b1a%b1,
t; = eja;ai e, fori=1,...,9 - 1.

Since #; permutes the simple closed curves @; and «@;;; and fixes other @;, we also have
t; € H,. In the following, we denote ¢ = = ™" for ¢,y € H,. For i, j € I, satisfying



602 T. IsaipA AND M. SATO

i < j, we denote

dij = (timitico - -titjoitjoa -+ ) xdypif i > 0,

d,‘,j = (t:i]—lt:il—2 s ll_lsfltj_llj_g ceebp) ® dl,z ifi<Oandi+ j> 0,

dij=@ o st et )« dy if j> 0and i+ j <0,
-1 -1 1,1 1 -1 ~1,-1 -1 o

dij= (2125 50 1 1 syt sy ) dip if <0,
-1 -1 -1 2 4 e

d,',j = (tj_ldj—l,jtj_zdj—lj—l ol dl,z) * (slal), ifi + J= 0.

Here, d;; is actually the Dehn twist along ¢;; in Figure 6 as explained in [26, p. 211].
However, to give a presentation of H, with a small generating set, we treat d; ; as the products
above. We also denote

_ 2-n
dp = (di iy diy iy - diy iy iy ++ di i i iy -+~ diy i )@y - a;,) "
where I = {ij,...,i,} Clyand i} <--- <,

Ci,jzdl, where I ={kely|i <k < jifori< |

Here, d; and c; j are the Dehn twists along simple closed curves which enclose {0;,,...,d;,}
and {9;, ...,0,}, respectively. See [26, p. 211] for details. Let us denote

T={G.peRli=11<jU{i)eR]i<0.-i<j<g+il
and
rij = bjajC,"jbj, for (l,]) (S i,

kj = ajajﬂtdeT’}H fOI'j = 1,...,g— 1,
sj = (kj—lkj—Z"'kl)*sl fOI'j: 2,...,g,

Z=ajay - ag(sitity - ty_1)(s1ty -+ - ty—p) -+ (s1t1)s1d;, where I = {1,...,g},
Zj= kj_lkj_z o 'kg+1_jZ fOI‘j > %

Here, r; ; also lies in H,; as is explained in [26, p. 211]. For ¢,y € H,, let us denote their
commutator by [¢, /] = @ 'y, Note that the elements defined here can be written as a
product of aj, ..., a,, di 2, S1, t,.. . 141, and r; ; for (i, j) € I.

Theorem 5.1 ([26, Theorem 18]). The handlebody mapping class group of genus g
admits the following presentation: The set of generators consists of ai,...,a, dio, S,
t,. .. ty-1, and rij for (i, j) € I. The set of defining relations is:

(PD) [ai,a;] =1, [a;,d;i] =1, forall i, j, k € I,

(P2) Leti, j,r,s € I.

(@) diy wdij=djifr<s<i<jori<r<s<j
(b) d;l.l wdij=d.jxd;;ifr<i<y}

(c) dl‘s1 wdij=(di;dj)*dijifi<s<}

d) dil«dij=1d..djl=d;jifr<i<s<]

(P3) dj, = 1,

(P4) d]k = Ay where Ik = I() - {k}fork € I(),

PS) titit; = tiptitip fori=1,...,9 -2, and [li,tj] =lifl<i<j-1<g-1,

(P6) 17 =d;jrd_ioy—a;?al fori=1,...,g -1,
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P7) [si,aill=1fori=1,...,9 tixa;=ai 1 fori=1,...,9-1,[a;,t;] = 1fori,jel
satisfying j #i,i— 1, and [t;, s;] =1 fori=2,...,9—1,
P8) [s1,da3] =1, [s1,d22] = 1, sitys1ty =ty 511151, and [t;,di 2] = 1 fori=1,3,...,9—
I,
(P9) riz’j = sjci,jsjcz} for @, j) el
(P10) Let (i, j) € L.
@) rijxaj=cijand[rij,ar] = 1ifk # j,
() [rijnl=1ifk#lil,jork=i=1<j-1,
©) [rij> sl =Lifk <lil, j <kork=—i,
) [rij,diml = Vifkomeli,...,j—Vorksmg{—jii+1,...,j}
©) [rijpzl=1ifG D=~ gorj=i+g,
(f) rij*dij=djwhereJ ={k € lp;i <k < j},
(g) rij*d_jij = (tjatj3 1) *c_,
(h) rij* d—j,l—j = (l‘j_zl‘j_3 S f_g) ® Ci-1,j ifi<Oandj+i>1,
(1) F;} *d_j ;= Sj_-ll *Cijr1 1if <9,
(P11) ryjxtjy = tj_._ll w1 if (i, j) € Land =i + 1 # j,

(P12) (a) Lethy = k!t s oo 7 ik .

S PR RS [ S —1p-17-1
rij = SjC1psicy kjmagejotioicy Ly oy Si-thary shy ks

for3<j<ug.
(b) Let hy = slkj—lkj—z ko,

_ —17-1 -1 -1 —1
ro1j = haryyhy sy ety ogc1jm1ansico jsicTy

for2 < j<g-1

(c) Let hs = S—it:}—it:é—i s ll_lkj_lkj_z - ksko.

_ -ly-1, -1 -1
rij = haryhy siriy €1 Civt, j-10-i8Ci S C; ;

fori<—1and(i,j) el

REmARK 5.2. Note that there are some mistakes in the Wajnryb’s presentation in [26]. The
mapping class z; is defined as the conjugation of z by k;_1k; > --- kg 1-; in [26]. However,
as mentioned in [20], it should be defined as the product k;_1k; 5 - - - ky1-jz. In (P11), the
condition —i+1 # jis needed. The relations of type (P11) are obtained in the situation when
the pair of simple closed curves d; and J_ are separated by y; ; for k = j, j— 1 (see CASE 1
in [26, p.223]), and the equation r_gj_y) ; * tj_; = th_ll * r_(j-1,j in fact does not hold for any
2 < j < g. We also erase the relation s% = d_1,1611_4 in (P6) written in [26]. This is because
we already defined d_y ; as siaj.

5.2. Action on the first homology H;(X,). Here, we compute the action of the handle-
body mapping class group H,, on the first homology H;(Z,) of the boundary surface. Recall
that xq,..., Xy, y1,...,y, are the homology classes represented by the simple closed curves
ai,...,agP1,...,B, in Figures 1 and 5.

Lemma5.3. For1 <i<gy,
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Xi+yi ifl=1i,
Yy otherwise,

ai(x) = x, ay) = {

and

_ —X; ifl:i, _ 2x,~—y,~ l'flzl',
six) = { X, otherwise, silyn) = { Y otherwise.

Foreach i, j € Iy such that i < j,

eDxy + &()x ;i + if I =i, | ],
d; j(x)) = xp, di,j(yl):{yl() i+ e+ Y 1=11

otherwise,

where g(i) = 1 ifi > 0, and (i) = -1 ifi < 0.
For1 <i<g-1,

X1 Ifl=1, Xi+yi1 Ifl=1,
tix) =4 x ifl=i+1, ti(y)=3 xim+y fl=i+1,
X otherwise, Y otherwise,
and
Xit+1 l_fl = i’ Yi+1 l.fl = ia
kix) =4 x ifl=i+1, k(y)=qvy ifl=i+],
X otherwise, Y otherwise.
For1< j<yg,
N xy L=
r1,j(x) = { X; otherwise,
Xp+ Xty —y; fl1<i<j-1,
ry) =94 X+t X+ 2x -y ifl =
Y otherwise,

and for (i, j) € I such that i < 0,

R A
71/ () {xz otherwise,

Xeppp HooH X+ Y1 — Y if —i+1<I1<j-1,
rj) =3 xopr o+ xio +2x -y ifl= ],

Yi otherwise.

Proof. The equations for the mapping classes a; and d; ; are obvious because a; and d; ;
are Dehn twists along a; and 0; ; respectively. Similarly we have

Xi —Yi ifl = i,
bi = . bi = >
(x1) { " otherwise, W) =wu
forl <i<gand
Xi—Yi+yi il =1,

ei(x) =3 X1 +yi—yim fl=i+1, ey) =y,
X7 otherwise,
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forl<i<g-1.
Since t; = e;a;a;,1e;, we have
1i(x;) = (€ia;ai1)(Xi = Yi + Yiv1) = €i(Xiv1 — Yi + Yiv1) = Xiv1,
1i(Xiv1) = (€i@;iais1)(Xix1 +Yi — Yir1) = €i(X; + Yi — Yir1) = Xi,
ti(y:) = (eia;ain)(yi) = ei(xi + Yi) = Xi + Yir1,
ti(Wiv1) = (€iaiais1)Wiv1) = €i(Xir1 + Yir1) = Xip1 + Y
and ¢; acts trivially on other x;’s and y;’s.

: _ -1
Since k; = aiamtidl.’m,

we have
ki(x;) = (aiaiv11)(x;) = (@iair1)(Xip1) = Xig1s
ki(xiv1) = (@iaiv11)(xiv1) = (@iai1)(X) = X,
ki(y:) = (aiai1t)(=x; — xiv1 + yi) = (@iair1)(=Xir1 + Yir1) = Yirl,
ki(yiv1) = (@iai1t)(—=x; — Xis1 + Yis1) = (@ais1)(—x; + yi) = yi,
and k; acts trivially on other x;’s and y;’s.
Since s; = bia’b;, we have
s1(x1) = (bia})(x1 — y1) = bi(—x1 —y1) = —x1,
si(1) = (bra))(y1) = b1(2x +y1) = 2x1 — yi,
and s acts trivially on other x;’s and y;’s. The elements s;’s are inductively defined by the
recurrence relation s;.; = k,-s,-kl.‘l. The element k; replaces x; and x;;; with each other and y;
and y,; also. Hence the equation for s; follows by induction.
Lastly, we verify the equations for 7; ;. In the case 0 < i < j, we have
- _ N )Xt x Yy ifi<l<},
Cl,j(xl) = X, Cl,](yl) = { i otherwise.

Since rij = bjajc,-,jbj, we have

ri,j(x)) = (bjajc1 j)(xj — y;)
= (bjaj)(=x1 == Xxj-1—y))
= —X] __xJ’

andfor1 <[<j

i) = (bjajer )1
= (bjap)(xi +---+x;+y1)
_{x1+---+xj+y1—yj if1<I<j-1,
X1 +"'+Xj_1 +2Xj—yj lfl:]
The element ry ; acts trivially on other x;’s and y;’s.
In the case (i, j) € [ and i < 0, we have

X+t xj+y if —i+1<1<
Y otherwise.

ci,j(xp) =x;,  cijly) = {
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Hence we have

ri,j(xj) = (bjajc; ) (x; —y;)
= (bjaj)(=x-is1 =+ = Xj-1 — Yj)

= —X_jp1 == X,
andfor —i+1 <1<

ri.j(y) = (bjajci )y
= (bjaj)(x-is1 + -+ X; + Y1)

f xip et Xty -y if —i+1<l<j—1,
B X_jp1 t ot X +2xj—yj lfl:]

The element r; ; acts trivially on other x;’s and y;’s. ]

6. Proof of Theorem 1.1 for g = 2,3

In this section, we prove Theorem 1.1 for g = 2,3. We denote by A the ring Z or Z/nZ
for an integer n > 2, and Hy = H{(Z,; A). Recall that, for a group G and a left G-module M,
amapd : G — M is called a crossed homomorphism if it satisfies d(hh’) = d(h) + hd(h") for
h,h’ € G. As explained in Remark 2.1, if we consider the normalized bar resolution of G,
the set of 1-cocycles Z!(G; M) is identified with the set of crossed homomorphisms from G
to M, and the set of 1-coboundaries B!(G; M) is identified with the image of the coboundary
map 6 : M — Z'(G; M) defined by 6(m)(h) = hm — m form € M.

As written in [26, Theorem 19], the handlebody mapping class group H, is generated
by ai, s1, ri2, t1, and u = 1t -+ -t,_1. Therefore, crossed homomorphisms d : H, — Hy
are uniquely determined by the values d(a;), d(s1), d(ri2), d(t1), and d(u). Moreover, a
5-tuple of elements in H4 becomes values of a;, s, r12, 1, and u under some crossed
homomorphism d on H, if and only if they are compatible with the relations (P1)-(P12) in

Theorem 5.1. The basis {xi, ..., x4, y1,...,y,} of Hy induces an isomorphism H, = A% For
v € Hy, we denote its projection to the i-th coordinate of A% byv,e Afori=1,2,...,2g.
Lemma 6.1.

H'(Hp; Hy) = {d € Z'(Hos Ha)s d(ri2)1 = d(s1)3 = d(ri )4 = d(w)y = d(w)s = 0,
H'(H3; Hy) = {d € Z'(H3; Hy):;
d(riph = d(s1)a —d(r12)s = du)y = d(u); = d(u)s = d(u)e = 0}.
Proof. Let A, B, and C are modules, and g : A — B and f : B — C are homomorphisms
such that fog : A — C is an isomorphism. Then it is easy to show that the composition map
of the natural inclusion Ker f — B and the projection B — B/ Im g induces an isomorphism
Ker f = B/ Img. We use this fact below.
Let f: Z'(Hy; Hy) — A* and f3: Z'(H3; Hy) — A% be homomorphisms defined by
Jald) = (d(r12)1,d(s1)3 — d(r12)a, d(u)2, d(u)s), and
f(d) = (d(ri2)1,d(s1)a — d(r12)s5, d(W)2, d(u)z, d(u)s, d(u)e),

respectively. Then the composition maps f; o § : Hy — A%/ are written as
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J206(v) = (—v2 + v3 + v4, U3 + 204,01 — V2 + V4,03 — Va),
f300(0) = (—v2 + v4 + vs5, =04 + 205,01 — V2 + Vs, V2 — U3 + Vs, V4 — Us, V5 — V),
for v € Hy. Since these maps are isomorphisms, we have
H'(Hy: Ha) = Z'(Hy: Hy)/B'(Hy: Ha) = Ker f,
forg = 2, 3. O
Lemma 6.2. Suppose d € Zl(Hg;HA) satisfies d(u)y = -+- = du)y = du)gsr = -+ =
d(u)g = 0 as in Lemma 6.1. Then,

(1) d(a)) = u'd(a).
(2) d(t;) = u~d(t)).

Proof. Note that @; = u/~'a;u~"". It can be checked using the relation (P7). Hence we
have

d(@ais1) = d() + ud(a;) — uau™" d(u) = d(u) + ud(a;) — ai1d(u).

Since (a;+1v)1 = vr and (@i 10)g+1 = Vg4 for any v € Hy, we have a;.1d(u) = d(u), and
thus d(a;;1) = ud(a;). By induction on i, we have the equation (1). The equation (2) can be

similarly verified. o
Lemma 6.3. Suppose d € Zl(Hg;HA) satisfies d(u)y = -+ = du)y = du)ger = -+ =
d(u)ry = 0 as in Lemma 6.1. Then
(1) d(ar)gs1 = -+~ =d(ar)ry = 0.
(2) 2d(ay), = ---=2d(a;)y = 0.
(3) d(s1)gs2 =+ =d(s1)29 = 0.

4) d(s1)g+1 = —2d(ar):.
(5) d(ay)2 +d(r12)g+1 = 0.

Proof. For any i and j,
d(a;a;) = d(a;) + a;d(a;) = d(a;) + d(a;) + d(a;)g+ix;.

Since a; and a; commute for any 1 < i < g by the relation (P1), it must be d(a;a;) = d(a;a,),
and thus d(a),+; = 0 forany 2 <i < g.
Since a; and r; ; commute by the relation (P10)(a), it must be

(I =a)d(r12) = (1 = rip)d(ay).
Since ((1 = r12)v)g+2 = Vg1 + 20442 for any v € Hy while ((1 — a1)v)g42 = 0, we have
d(ay)y+1 = 0 and thus the equation (1). Since ((1 = r12)v); = v2 — vg41 — Uys2 fOr any v € Hy
while ((1 — a1)v); = —vy41, we have the equation (5).

Note that a; and s; commute for any 1 < i, j < g. It can be verified using the relations
(P1) and (P7). Hence it must be

(I =spd(a;) = (1 = apd(s)).

Suppose i = 1 and 2 < j < g. Then we have the equation (2) because ((1—s;)v); = 2v;—20,
and ((1—ay)v); = Oforany v € Hy. Suppose 2 < i < gand j = 1. Then we have the equation
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(3) because ((1 —s1)v); = 0 and ((1 — a;)v); = —vy4; for any v € Hy. Suppose i = j = 1. Then
we have the equation (4) because ((1 — s1)v); = 201 — 2vy441 and ((1 — a)v); = —vy41 for any
veE Hy. O

6.1. H'(H,; H,). Here, we assume g = 2 and prove that H'(H,; Hy) = Hom((Z/27Z)?, A)
for A = Z and Z/n. Since Hy = Homz(H, A) as an H>-module, and EXt%(Ho(HQ; Hy),A) =
0, the universal coefficient theorem (Theorem 2.3) implies

Homgy(H (H,; H),A) = H'(H,; Homz(H, A)) = Hom((Z/2Z)%, A).

I3

By the structure theorem for finitely generated abelian groups, we have H(H,;H)
(Z/27)?, and we complete the proof of Theorem 1.1 when g = 2.

Let d € Z'(H,; Hy) be a crossed homomorphism satisfying the condition d(riah
d(s1)s —d(rip)a = d(u), = d(u)s = 0 as in Lemma 6.1. Note that in this case u = #;.
By Lemma 6.3, we can set

d(a)) = wy,1x1 + wy2X2,
d(s1) = wy,1x1 + wapx2 + Wa3Y1,
d(f) = ws,1x1 + w33y,
d(r12) = WarX2 + Wa3Y1 + Wasys.
By the condition on d and Lemma 6.3, we also have
(61) 2w1,2 = 0, Wp3 = W44 = —211)1’1, and Wip +wa3 = 0.
Lemma 6.4.
W12 = W43 = 0.
Moreover, we have
d(d2) = wy1(x1 + x2).

Proof. Since w2 + w3 = 0, it suffices to prove that w43 = 0. Note that by Lemma 6.2,
we have d(ay) = tid(a;) = wy2x1 + wy,1x2. Since dj » = rl’zazrl"lz by the relation (P10)(a),

d(dy2) = d(r12) + r12d(a2) = ripaxr 5d(r2)
= (1 =dip)d(r2) + ripd(ay)

= (-wi1 —wa3 — waa)(x1 + X2) + Wix1.
Since a, = rl,zdl,zrl_,lz by the relation (P10)(f),
d(az) = (1 — a2)d(r12) + ripd(di2) = wizx1 + (W1 + wa3)x2.
Thus we obtain w43 = 0. By the equation w4 = —2w; ; in (6.1), we have d(d;») = w; 1(x; +
x2). mi
Lemma 6.5.

wr3 = w31 = w33 =wsg =0.
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In particular, we have d(t;) = 0 and 2w;; = 0.

Proof. Recall that d_»_| = (sltlsl)‘ldl,z(s]tlsl). In the case g = 2, the Dehn twist
d_,_ coincides with d;,. Hence the elements d;, and s;¢;5; commute and it must be
(1 - dl,z)d(sltlsl) = (1 - S111S1)d(d1,2)- Since

(1 =di)d(sitis)) = (1 = d12)d(s1t151))2 = 2wy 3 + w3 3 while
((1 = s1t150)d(di2)1 = (1 = sitis1)d(d12))2 = 2wy 1,

we have 2w | = —2w, 3 + w3 3. The equation w, 3 = —2w;; in (6.1) shows wy 3 = w3 3.
Since w3 = w33 = W44, it remains to prove that w3 ; = w33 = 0. Note that each of d(a,),
d(ay), and d(d; ») are in Ly = Ker(H(%,; A) — H(H;;A)). By the relation (P6),

2 -2

t% = di2a1_ a,”.
Since each of ay, a, and d, ; acts on Ly trivially, we have
d(d} ,a,%a,%) = 2(d(dy2) — d(ay) — d(az)) = 0.
On the other hand, we have
d(1}) = d(ty) + tid(ty) = w31 (X1 + X2) + w33(x3 + X4) + W33%7.

These equations show w3} = w33 = 0. O

Lemma 6.6.
wap =0.
In particular, we have d(ry,) = 0.
Proof. The relation #,r| 2t = rit1r;2 in (P11) shows
(1 =11+ ript)d(ri2) = (1 = rig + firy 2)d(t).
By Lemma 6.5, the right hand side is equal to zero. Since
(1 =11+ riat)d(r12) = wanxo,

we have wy, = 0. O

Lemma 6.7.
2w2,2 =0.

Proof. The relation rf 5

= szdl’gszdl"lz in (P9) and Lemma 6.6 show
d(s2dy252d75) = d(r7 ) = 0.
Recall that k; = alaztldl‘é and s, = kys1k;'. Hence we have

d(ky) = d(ay) + d(az) — t1d(dy2) = 0, and
d(sy) = d(ky) + kid(s1) — s2d(ky) = kid(s1).

Therefore, we have
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d(s2d1252d75) = (1 + $2d12)d(s52) + (52 — Dd(dy2) = 2wa %y

and thus 2w, = 0. m]

Lemma 6.8.
Wy = W2p.
Proof. Recall that z = ajays,t;51d) > and 75 = k;z. Hence we have

d(z) = d(ay) +d(az) + (1 + s1t1)d(s1) + sit151d(d 2)
= (wz,1 + wp2)(x1 + x2), and
d(z2) = d(ky) + k1d(z) = d(2).

Hence
(1 = r12)d(z2) = (w21 + wa2)(x1 + 2x7).
Since ry ; and z; commute by the relation (P10)(e), it must be (1—r;2)d(z2) = (1-z2)d(r12) =
0. Thus we have wy ;| = wy. ]
Summarizing Lemmas 6.4, 6.5, 6.6, 6.7 and 6.8, we have
d(ay) = wy1x1,d(s1) = w21(x1 + x2) and d(t,) = d(r12) = 0,

where 2w;; = 2w,; = 0. It can be verified that such d is compatible with the relations
(P1)—-(P12). Now we have

(6.2) H'(My; Hy) = Ker fo = {(wy.1, wa1) € A% 2wy 1 = 2wy = 0}
This completes the proof of Theorem 1.1 in the case g = 2.
Proposition 6.9.
Hy(Hy; L) = Z/2Z, H\(Hy; H/L) = Hi(Hy; H),

and the homomorphism Hy(H,; H/L) — H\(H»; L) induced by the exact sequence 0 — L —
H — H/L — 0 is surjective.

Proof. As well as Lemma 6.1, we can verify that
H' (M3 Ha/Ly) = {d' € Z'(Ha; Ha/La);d'(s1)1 = d'(r12)2 = d'(w)2 = O},

Since Hy /Ly = (H/L)®A = Homyz(L, A), the universal coeflicient theorem (Theorem 2.3)
implies that Hom(H;(H>; L), A) = Hom(Z/2Z, A).

Next, we prove that H;(H,; H/L) = H\(H,; H) and the homomorphism H,(H,; H/L) —
Hi(Hy; L) is surjective. Since Ho(Hp; L) = Ly, = 0 as shown in Lemma 3.2, we have the
exact sequence

Hy(Hy;H/L) —— H{(H>;L) —— Hi(Hy; H) —— H(Hy;H/L) —— 0.

Thus it suffices to show that the homomorphism H;(H,; L) — H;(H>; H) is the zero map.
As we saw in Equation (6.2), Ker(f>: Z'(H,y; Hy) — A*) is trivial when A = Z or Z/nZ
for an odd integer n, and is generated by the crossed homomorphisms d;,d, : Hy — Hy
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defined by

di(ay) = x1,di(s1) =di(t1) =di(r12) =0,
da(s1) = X1 + x2,da(ar) = da(s1) = do(t1) = da(r12) = 0,
when A = Z/nZ for an even integer n. Since they are in the image of Z'(Hy;Ly) —

Z'(H,; Hy), the homomorphism H'(Hy; L) — H'(H,; Hy) induced by the inclusion Ly —
H, is surjective. The universal coefficient theorem (Theorem 2.3) implies that

Hom(H(H,; H/L),A) - Hom(H(H,; H),A)

is surjective, and if we put A = H(H,; H), we see that the homomorphism H;(H;; H) —
H\(H,; H/L) is injective. ]

6.2. H'(H3; Hy). Here, we assume g = 3 and prove that H'(H3; Hy) = Hom(Z/4Z &
Z/2Z,A). Then the universal coefficient theorem (Theorem 2.3) implies

Hom(H, (Hs: H), A) = H'(H5; Hom(H, A)) = Hom(Z/4Z & Z/2Z, A).

By the structure theorem for finitely generated abelian groups, we have H,(H3; H) = Z/4Z&®
Z./27, and complete the proof of Theorem 1.1 when g = 3.

Let d € Z'(H3; Hy) be a crossed homomorphism satisfying the condition d(rip) =
d(s1)a —d(r12)s = d(u)y = d(u)z = d(u)s = d(u)s = 0 as in Lemma 6.1. By Lemma 6.3, we
can set

d(a1) = wy1x1 +wi2x2 + w133,
d(s1) = wp1 X1 + w2pX2 + Wa3X3 + Wr4Yi,
d(t)) = w3,1x1 + w32X2 + W33X3 + W34Y1 + W35Y2 + W3 6Y3,
d(r12) = wapXp + wa3X3 + Waay1 + WasY2 + Wa6Y3.
By the condition on d and Lemma 6.3, we also have
(63) 2w1,2 = 211)1’3 = 0, W4 = W45 = —2w1’1, and Wip +Wag = 0.
Lemma 6.10. (1) W12 = W4yg = 0.
(2) w3=0.
(3) 2w3,3 = 0.
4) w3q +wss =0.
(5) w36 = 0.
(6) d(d12) = wi1(x1 + x2).

Proof. Since a; and r; 3 commute by the relation (P10)(a), it must be (1 — a;)d(r;3) =
(1 - rl,g)d(al). Since

((1 = ri3)d(ar)), = wyz, while ((1 —ay)d(ri3)), =0,

we have the equation (2).
Since d(t>) = ud(ty) = t11,d(t;) by Lemma 6.2, we have
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d(tz) = (w33 + w34 +w35)x1 + (W31 + w36)x2 + (W32 + W36)X3
+ W3 eY1 + W34Y2 + W3 5Y3.
Since a; and t, commute by the relation (P7), it must be (1 — a;)d(t;) = (1 — t;)d(a;). Since
(1 = n)d(a1))> = wip while ((1 — a)d(12)), =0,
we have the equation (1). Furthermore, since
(1 = ay)d(t2))1 = —w3 6 while ((1 — r)d(ar)) = 0,

we have the equation (5).
Now we have d(a;) = w; 1x;. Note that by Lemma 6.2, d(a;) = uld(a)) = w1 x; for any
1 <i<3.Sinced, = rlyzazrl‘é by the relation (P10)(a), we have

d(dip) = (1 —dyp)d(r12) + ripd(a2) = (—wi — wa5)(x1 + x2).

Since w45 = —2wy 1, we have the equation (6).

Since d; » and t; commute by the relation (P8), it must be (1 —d;2)d(t;) = (1 -#)d(d2) =
0. Since (1 — d;2)d(t)) = —(w34 + w35)(x] + x2), we have the equation (4).

Since s and t, commute by the relation (P7), it must be (1 — s1)d(t;) = (1 — £,)d(sy).
Since ((1 — s1)d(12))1 = 2ws 3 while ((1 — £,)d(t1)); = 0, we have the equation (3). ]

Since ((1 — 1)d(s1)), = Wwry — W3 while ((1 — s1)d(%,))> = 0, we have
(6-4) Wrys — W3 = 0.

Lemma 6.11.

W32 = W33 and W34 = W35 = 0.
Proof. Since d(u) = d(t;t,) = d(t)) + t1d(t,), a straightforward computation shows
du)y = w3p + w3z + w34, d); = wsp + w33, and d(u)s = du)e = w3 5.
Since d(u),, d(u)3, d(u)s, d(u)g = 0, we have
w3p +wsz = wig =wss = 0.

Lemma 6.10 (3) implies w3, = w3 3. ]

Lemma 6.12.
wrp = w23, 2wyp = 2wz =0.

Proof. The equation w,» = w; 3 follows from Equation (6.4).
Next, we prove 2w, = 2w 3 = 0. Since s; and r_; , commute by the relation (P10)(c), it
must be (1 — s1)d(r-12) = (1 — r_12)d(sy). Since

((1 — r_l,Q)d(Sl))Z = 211)2’2 while ((1 - Sl)d(r—],Z))Z = 0’

we obtain 2w2,2 = 2w2,3 =0. O
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Lemma 6.13.

4wy =2wy4 = 2wz = 2wss = 0.
Proof. By a straightforward calculation,

1 -1
d(ry,d3.-2r12) = 3w 1(x1 + x2 — x3) and d(s3 ¢1353) = —w11(x1 + X2 — X3).

Since rl"lzd,&,zrl,z = S5101’3S3 by the relation (P10)(i), we have 4w; ; = 0. As in (P8), #; and
s1t1s1 commute. Thus it must be (1 — #7)d(s1t151) = (1 — s1¢151)d(t1). Since

d(sitys1) = d(s1) + s1d(ty) + s1t1d(sy)
= (w21 +wrp —wa4 — w3 1)X1 + (Wo1 + wap +w3p)x2 + w33x3 + wrayr + y2),
we have
(I =1)d(s1t151) = —(w3,1 + w32)(x1 — x2) while
(I = sityspd(ty) = (w31 + w3p)(x) + x2).
Hence we have 2w;; = 0. O
Lemma 6.14. (1) d(d;j) = wi1(x; + xj) forany 1 <i< j<3.

) d(k) = d(t;) fori=1,2.
(3) d(siy1) = kid(s;) fori=1,2.

Proof. Since d; 3 = tzdl,ztgl and dy3 = tldl,gtl‘l, we have (1).
Since k; = a,»ai+1t,-dl."iﬂrl fori=1,2, we have
d(k;) = d(aiai+l[idl'_,,'l+1)
= d(a;) + a;d(aiv1) + aiaid(t;) — kid(d; i+1)
=d().
Since s;41 = k;s;ik; ! for i = 1,2, we have

d(siv1) = d(ky) + kid(si) = si1d(k;) = kid(s;).

Lemma 6.15.
Wqp = 2w4,3 =0.

Proof. By the relation riz = s2d1,2s2d1"]2 in (P9), we have d(riz) = d(szdl,zszdl"lz). First,
we have

d(r ) = d(r12) + r12d(r12) = (~wa2 + wa5)X1 + 2wa3X3 + 2W46Y3.
Next, using Lemma 6.14 we obtain

d(s2di252d73) = (1 + s2d12)d(52) + 52(1 = dy252d 3)d(dy 2)
= 2wy 1x2 + waa(x) + x2)

= Wy 4X1.

Comparing d(r%’z) and d(szdl,ZSZdl‘é), we have wys = 2wy3 = 0. ]
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Lemma 6.16.
w3, + w3p = Was, w33 = w43, and wye = 0.
In particular,
2u3; = 2wz = 2w33 =2wa3 = 0.
Proof. The relation ;7| »¢; = rj2t1712 in (P11) shows
(I =t +ript)d(r12) = (1 = rip + tir12)d(t).
A straightforward calculation shows

(I =rip+1r2)d(t) = (w3 + w32)xp + w3 3x3, and

(I =ty + ript)d(r12) = wa5x2 + Wa3X3 + W4 6Y3.

Thus we have w31+ W3y = W45, W33 = W43, and W46 = 0. O

Now we have
d(a) = wi 1 X1,
d(s1) = wy1X1 + WapXy + Wr3X3 + Wr4Y1,
d(t) = w3, 1x1 + wW3px2 + W33x3,

d(r12) = wa3x3 + W4 s5Y>

where
4wy = 2wrp = 2wa4 = 2wz = 2wz = 2wy3 = 0,
Wrp = W3, W3p = W33 = W43, and w3 + w3p = wys.
Lemma 6.17.
Wy = 0.
Proof. As in (P12), ri3 = S3c1,3S3c[’13k2a3a1tzdilztglrl‘észhzrl‘}zhglkgl, where h, =
k;'t;'k,. Since
(65) d(l’lz) = w31 X1 + w3 X2 + w3 3X3, and

.
d(s3c1383¢13) = wra(x) + x2),
we have
d(r13) = (mway; + wr2)x1 + (Wp3 + w3 1)X2 — w1 X3 + Ws5y3, and
>
d(ry3) = d(r13) + r13d(r13) = (w21 + was5)x1 + (W21 + Wa5)X2

by a straightforward calculation. The relation r]2’3 = §3C13 S3c1*,12 in (P9) and Equation (6.5)
show that w,; = 0. O

Lemma 6.18.

w3z = w3z = wy3 = 0.
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In particular,
Wr4 = w31 = W45 = 2wy .

Proof. It is sufficient to prove that w33 = 0. Recall that z = (ajaxa3)s t1t251t151¢13 and
z3 = kyk1z. Hence we have

d(z) = waa(x1 + X3 +y1 + Y2 + y3) + wW32x1 + W31 X2 + W32X3,
and
d(z3) = wa4(x2 + X3 + Y1 + Y2 + Yy3) + W31 X1 + W32X2 + W32X3.

Since rj 3 and zz commute by the relation (P10)(e), it must be (1 —rj3)d(z3) = (1 —z3)d(r 3).
A straightforward calculation shows

(I =r13)d(z3) = w33(x1 + x2)

while (l - Z3)d(l"1,3) = 0. Since ZU)2’4 = 2LU3,2 = 0, we obtain Wrg = W32 = 0. O

Summarizing Lemmas 6.10, 6.11, 6.12, 6.13, 6.15, 6.16, 6.17 and 6.18, we have
d(ay) = wy1x1,d(s1) = wao(x2 + x3) + 2wy 1Y1,
d(ty) = 2wy ,1x1, and d(r12) = 2wy,1y>

where 4w;; = 2w, = 0. It can be verified that such d is compatible with the relations
(P1)—(P12). Now we have

(6.6) H'(H3; Hy) = Ker f3 = {(wy,1, wap) € A% 4wy = 2wy, = 0},
This completes the proof of Theorem 1.1 in the case g = 3.
Proposition 6.19.
Hi(H3; H/L) = (Z/2Z)°,

and the image of the homomorphism Hy(Hs; H/L) — H(H3; L) induced by the exact se-
quence 0 - L - H — H/L — 0 is isomorphic to Z/2Z.

Proof. As we saw in Equation (6.6), Ker f; is in the image Im(Z' (H3; L) — Z'(H3; Hy))
and the homomorphism H'(H3;Ly) — H'(Ms3;Hy) is surjective when A = Z/27Z. The
universal coefficient theorem (Theorem 2.3) implies that the homomorphism

Hom(H(H5; H/L),A) - Hom(H,(H3; H),A).

is also surjective, and the image of the above homomorphism contains (Z/2Z)?. In particular,
the order of H;(H3; H/L) is at least 4. On the other hand, the order of H(H3; H/L) is at
most 4 as explained in Remark 4.9. Thus we obtain H(H3; H/L) = (Z/27)>.

Recall that H,(H3; L) = (Z/27Z)* as shown in Lemma 4.7 and H,(H3; H) = Z/4Z&7Z/27.
Since the coinvariant Hy(H3; L) = Ly, is trivial, the natural homomorphism H,(H3; H) —
H\|(H3; H/L) is surjective. Thus we have the exact sequence

Hy(H3;H/L) —— H{(H3;L) —— H{(H3;H) —— H;(H3;H/L) —— 0,
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and it implies Im(H,(H3; H/L) — H;(H3; L)) = Ker(H(H3;L) — Hi(H3; H)) = Z/27Z.
O

7. Proof of Theorem 1.2
In this section, we prove Theorem 1.2, and calculate H;(H; L) and H,(H}; H/L).
Lemma 7.1.

(H*)y, = (L® H)y, = Z.

Proof. The actions of H, on L and L* factor through GL(g;Z), and L is isomorphic to
V = Z9 endowed with the structure of natural left GL(g; Z)-module. Thus the well-known
facts that

(Ve VierLyz = (V' ® V)sLgz) =0, and (V® V )Gz = Z

imply (L® L)y, = (L*® L"), =0 and (L ® L")y, = Z.
Recall that the intersection form on H induces an isomorphism L* = H/L, and we have
the exact sequences

(L® L)y, —— (L®H)y, —— (L®L")y, —— 0,
(LrreLly, — (L"'®H)yy, —— (L"®L")y, — 0.
Thus we obtain (L ® H)y, = (L® L")y, = Z. Let {x], x},... ,x;} denote the dual basis of
{x1, x2, ..., x4}. Since the image Im((L* ® L)3;, — (L* ® H)y,) is generated by x ® x;, and
ai(x; ®y1) — x; ®y1 = x] ® xi,

we have Im((L* ® L)z, — (L* ® H)y,) = 0. It implies (L* ® H)y, = (L* ® L*)3;, = 0. The
exact sequence

(L®H)y, —— (H®H)y, —> (L' ® H)y, — 0

and the intersection form on H imply (H®2)Hg = 7. m]

Proof of Theorem 1.2. By the five-term exact sequence (Theorem 2.6) induced by the
short exact sequence 1 - Z — H,; — H; — 1, we have

H\(Z;H)y; —— Hi(Hg;H) —— Hi{(H;;H) — 0.

Since H\(Z; H)y; = Hy; = 0, we obtain an isomorphism Hy(H,,1; H) = H\(H; H).

Next, we compute HI(H*; H). Morita showed that H'(M*; H) = Z in [17, Section 6].
In fact, he described a genérator of H'(M?; H) as a crossed homomorphism, and showed
H{(M;H) = Zin [17, Proof of Propositiori 6.4]. The forgetful exact sequence 1 — m X, —
M, — My — 1 induces the homology exact sequence (Theorem 2.6)

0 Z Hi(M;H) —— H{(My;H) —— 0

when g > 2. Since the action of H; on H(mZ,; H) factors through H,, Lemma 7.1 implies
the isomorphism H(m1X; H)y = Hi(m Xy H)p, = (H®2)Hg =~ 7, which is induced by the
intersection form on H. Thus restricting the exact sequence to 7, we obtain a commutative
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diagram

2 —— H\(H;H) —— Hi(HgH) —— 0

|| ! l

0 Z H (M H) —— Hi(MgH) — 0.

By the above diagram, both of the kernels and the cokernels of the homomorphisms
H\(H;;H) - H{(M};H) and H{(H,; H) — H{(M,; H) coincide. By Remark 4.2 and
Theorem 1.1, we see that Coker(H;(H; H) — H;(M?; H)) is trivial for g > 2. We also see
that Ker(H,(H’; H) —» H{(M?*; H)) is trivial when g > 4, and is isomorphic to Z/2Z when
g = 2,3. Thus we can determine H; (H;‘; H). m|

Proposition 7.2. (1) When g = 2, the forgetful homomorphism H, — H, induces
an isomorphism
Hi(H,; H/L) = Hy(Hy; H/L).
In particular, we have
; Z[2Z  ifg =4,
H\(H; H/L) = ,
(z/2Z)~ ifg=2,3.

(2) When g > 4, the homomorphism H{(H; L) — H|(H; H) induced by the inclusion
L — H is injective. When g = 2,3, there exists an isomorphism Ker(H,(H}; L) —
H\(H; H)) = Z/2Z. In particular, we have

. Z ifg=>4,
Hl(H ;L) =
Z®Z/2Z ifg=2,3.

Proof. Consider the exact sequences between homology groups with coefficients in L
induced by the forgetful exact sequences 1 — m%, —» My — M, — 1 and its restriction
l - mZ; » H; > H, — 1. Applying Lemma 7.1, we obtain a commutative diagram

Z — Hi(H;L) —— Hi(HiL) —— 0

|| l !

0 Z H{(H;;H) —— H{(H,;;H) —— 0.

By the above diagram, both of the kernels and the cokernels of the homomorphisms
H ;L) - H, (H‘*;H) and H;(H,; L) — H{(H,; H) coincide. Consider the homology
exact sequences induced by the exact sequence 0 - L - H — H/L — 0, which are

Hi(M; L) —— Hi(H} H) —— H\(H;H/L) —— Ly,

l ! ! ||

H\(Hy; L) —— Hi(Hy H) —— Hi(Hy HIL) —— Ly,

By Lemma 3.2, Ly;; = Ly, is trivial, and we obtain
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H (H;; H/L) = Coker(H,(H; L) — H\(H}; H))
= Coker(H(H,; L) — H(H,; H))
= H\(H,; H/L).

In Remark 4.10 and Propositions 6.9 and 6.19, we see that Ker(H(H,; L) — H{(H,; H)) is
trivial when g > 4, and is isomorphic to Z/2Z when g = 2,3. In Lemma 4.7 and Proposi-
tions 6.9 and 6.19, we also see that Coker(H;(H,; L) — H(H,; H)) is isomorphic to Z/27Z
when ¢ > 4, and is isomorphic to (Z/2Z)*> when g = 2, 3. Thus we can determine H, (H;; L).

|

AckNOWLEDGEMENTS. The authors wish to express their gratitude to Susumu Hirose for his
helpful advices. The authors are very grateful to the referee for careful reading and pointing
out errors in the manuscript. The first-named author was supported by JSPS Research Fel-
lowships for Young Scientists (No. 26-110), and the second-named author was supported by
Grant-in-Aid for Young Scientists (B) (No. 26800034).

References

[1] D.J. Benson and F.R. Cohen: The mod-2 cohomology of the mapping class group for a surface of genus 2,
Mem. Amer. Math. Soc. 443 (1991), 93-104.
[2] K.S. Brown: Cohomology of groups, Graduate Texts in Mathematics 87 (1994), Springer-Verlag, New
York.
[3] L. Evens: The cohomology of groups, Oxford Mathematical Monographs, Clarendon Press, 1991.
[4] J. Harer: The second homology group of the mapping class group of an orientable surface, Invent. Math.
72 (1983), 221-239.
[5] J. Harer: Stability of the homology of the mapping class groups of orientable surfaces, Ann. of Math (2)
121 (1985), 215-249.
[6] A. Hatcher: Algebraic topology, Cambridge University Press, Cambridge, 2002.
[7]1 A. Hatcher: Stable homology by scanning: Variations on a theorem of Galatius, A talk at Luminy, 2010,
https://www.math.cornell.edu/hatcher/.
[8] A. Hatcher and N. Wahl: Stabilization for mapping class groups of 3-manifolds, Duke Math. J. 155 (2010),
205-269.
[9] G. Hochschild and J.P. Serre: Cohomology of group extensions, Trans. Amer. Math. Soc. 74 (1953), 110-
134.
[10] D. Johnson: Spin structures and quadratic forms on surfaces, J. London Math. Soc. 22 (1980), 365-373.
[11] N. Kawazumi and S. Morita: The primary approximation to the cohomology of the moduli space of curves
and cocycles for the Mumford-Morita-Miller classes, preprint Univ. of Tokyo, 2001.
[12] N. Kawazumi: Cohomological aspects of Magnus expansions, preprint, arXiv:0505497.
[13] M. Korkmaz and A.L Stipsicz: The second homology groups of mapping class groups of oriented surfaces,
Math. Proc. Cambridge Philos. Soc. 134 (2003), 479-489.
[14] E. Luft: Actions of the homeotopy group of an orientable 3-dimensional handlebody, Math. Ann. 234
(1978), 279-292.
[15] J. McCleary: A user’s guide to spectral sequences, second edition, volume 58 of Cambridge Studies in
Advanced Mathematics, Cambridge University Press, 2001.
[16] S. Morita: Characteristic classes of surface bundles, Invent. Math. 90 (1987), 551-577.
[17] S. Morita: Families of jacobian manifolds and characteristic classes of surface bundles. I, Ann. Inst.
Fourier (Grenoble) 39 (1989), 777-810.



Twistep HomoLoGy oF THE HANDLEBODY MCG 619

[18] S. Morita: The extension of Johnson’s homomorphism from the Torelli group to the mapping class group,
Invent. math. 111 (1993), 197-224.

[19] W. Pitsch: The 2-torsion in the second homology of the genus 3 mapping class group, preprint,
arXiv:1311.5705.

[20] C.R. Popescu: A simple presentation of the handlebody group of genus 2, Bull. Math. Soc. Sci. Math.
Roumanie (N.S.) 54(102) (2011), 83-92.

[21] J.J. Rotman: An introduction to homological algebra. Second edition, Universitext, Springer, New York,
20009.

[22] T. Sakasai: Lagrangian mapping class groups from a group homological point of view, Algebr. Geom.
Topol. 12 (2012), 267-291.

[23] T. Satoh: Twisted first homology groups of the automorphism group of a free group, J. Pure Appl. Algebra
204 (2006), 334-348.

[24] M.R. Stein: The Schur multipliers of Sp¢(Z), Sping(Z), Spin,(Z), and F4(Z), Math. Ann. 215 (1975), 165—
172.

[25] M. Stukow: The first homology group of the mapping class group of a nonorientable surface with twisted
coefficients, Topol. Appl. 178 (2014), 417-437.

[26] B. Wajnryb: Mapping class group of a handlebody, Fund. Math. 158 (1998), 195-228.

[27] C.A. Weibel: An introduction to homological algebra, Cambridge Studies in Advanced Mathematics 38,
Cambridge University Press, Cambridge, 1994.

Tomohiko Ishida

Department of Mathematics

Kyoto University

Kitashirakawa Oiwake-cho, Sakyo-ku
Kyoto 606-8502

Japan

e-mail: ishidat@math.kyoto-u.ac.jp

Masatoshi Sato

Department of Mathematics

School of Science and Technology for Future Life
Tokyo Denki University

5 Senju Asahi-cho, Adachi-ku

Tokyo 120-8551

Japan

e-mail: msato@mail.dendai.ac.jp



