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Abstract
In this paper, we consider the perturbation problem of irregular Weyl-Heisenberg wave packet
frame {D,, Ty E., ¥}k mez about dilation, translation and modulation parameters. We give a
method to determine whether the perturbation systems is a frame for wave packet functions
whose Fourier transforms have small support and prove the stability about dilation parameter
on Paley-Wiener space. For a wave packet function, we give a definite answer to the stability
about translation parameter b.

1. Introduction and preliminaries

Duffin and Schaeffer [10] introduced frames for Hilbert spaces, while addressing some
deep problems in nonharmonic Fourier series. Later, in 1986, Daubechies, Grossmann and
Meyer [9] found new applications to wavelet and Gabor transforms in which frames played
an important role. The basic theory of frames can be found in [3].

The wave packet systems were introduced and studied by Cordoba and Fefferman [6]
by applying certain collections of dilations, modulations and translations to the Gaussian
function in the study of some classes of singular integral operators. Lebate et al. [13]
adopted the same expression to describe any collections of functions which are obtained by
applying the same operations to a finite family of functions in L?>(R). More precisely, Gabor
systems, wavelet systems and the Fourier transform of wavelet systems are special cases of
wave packet systems. Wave packet systems have recently been successfully applied to some
problems in harmonic analysis and operator theory. The wave packet systems have been
studied by several authors, see [5, 7, 12, 14].

We now recall basic notations and definitions.

For 1 < p < oo, let L”(R) denote the Banach space of complex-valued Lebesgue inte-

grable functions f on R satisfying

1

I£1l, = ( L | f(t)l”dt)p < 0.

For p = 2, an inner product on LP(R) is given by

(frg) = fR fad,

where g denotes the complex conjugate of g.
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We consider the unitary operators on L?(R) which are given by :
Translation & 7, f(t) = f(t —a),a € R.
Modulation < E, f(t) = e f(1), b € R.
Dilation < D, f(¢) = V]a|f(at),a € R.
One can easily verify that for g € L*(R), EpTnag(t) = e¥"'g(t — na). If a,b > 0 and
(g,a,b) = {EmpTraglmnez is a frame for L*(R), then we call (g,a,b) a Gabor frame or
a Weyl-Heisenberg frame for L>(R). Casazza [2] introduced and studied irregular Weyl-
Heisenberg frames for L?(R). Let (x,,y,) € R? and let g € L?>(R). A system of the form
{EL, Ty, 9(O)}mnez is called an irregular Weyl-Heisenberg frame (or IWH frame) for L*(R), if
{Ex,Ty,9(D}mnez 1s a frame for L*(R) .
Today stability and perturbation of frames are very useful in many areas of mathematics,
physics and engineering, that is, Harmonic analysis, quantum mechanics, scattering theory,
signal and image processing. Many results in this direction have been established during last
two decades. Favier and Zalik [11] and Zhang [16] considered stability of wavelets frames
and Riesz bases. Balan [1] studies the perturbation of translation parameter b. This problem
was first considered by Daubechies [8] for Meyer orthogonal wavelet basis. For more details
on stability and perturbation one may refer to [3, 4].

The objective of this paper is to investigate the perturbation problem of irregular Weyl-
Heisenberg wave packet frame {D, TpiEc, ¥} jkmez about dilation, translation and modu-
lation parameters. We give a method to determine whether the perturbation systems is a
frame for wave packet functions whose Fourier transforms have small support and prove
the stability about dilation parameter on Paley-Wiener space. For a nice deal of wave packet
functions, we give a definite answer to the stability about translation parameter b. Moreover,
for a given wave packet functions, we can estimate the frame bounds about the perturbation
of translation and dilation parameter.

We need the following lemmas and theorem; for more details, see [4, 11, 15].

Lemma 1.1. [4, 11] Let {f;} be a frame (Riesz basis) for Hilbert space H with frame
bounds A and B. Assume {g;} C H and {f; — g;} is a Bessel sequence with bound M < A.
2 2
Then {g,} is a frame (Riesz basis) with frame bounds A [1 - %] and B [1 + \/%] .
Using the triangle inequality, the following lemma obviously holds.

Lemma 1.2. Let {f;} e is a frame for L*(R) with frame bounds A and B. If

D KELE= D KfgpP
J J

then {g;}jen is a frame with frame bounds A — M and B + M.

< MIfI? < AllfIP,

Theorem 1.3. [15] Let ¢y € L*(R), {a,}jez C R*, {Culmez C R and b > 0. Suppose that
the wave packet system {Da/ ToEc, W} jimez is a frame for L*(R) with frame bounds A and B.
Then s satisfies

A< S E - el <B, aeé

JEZ meZ
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2. Perturbation of /WH Wave Packet Frames

DerNiTioN 2.1. Let ¢ € L*(R), {aj}jez € RY, {cmlmez € Rand b # 0. A system of
the form {D,, Ty Ee, W} jkmez 1s called an irregular Weyl-Heisenberg wave packet system (or
IWH wave packet system).

Derintrion 2.2, If IWH wave packet system {D, TyrEc, ¥} jkmez constitutes a frame for
L*(R), i.e., if there exist positive constants Ay and By such that

AP < D F. Do, TokEe, ) < BollfIP, for all f € L2(R),
J-k,meZ

then we say that {D, Ty E., ¥} jkmez 18 an irregular Weyl-Heisenberg wave packet frame (or
IWH wave packet frame) for L*(R). Then, the function ¢ is called a frame wave packet
function.

27, je AN ={1,2,...,n}. Choose b = 1 and

ExampLe 2.3. Let ¢ = xjo,1; and let q;
¢y, = m, forall m e Z.
Then, for f € L>(R) we have

D K DaToEe, ) = Y Kf, DyTeEn)l

JEN k,meZ JeNk,meZ

Do K DuTiEnxonl?

JjeNk,meZ

KDy fy Tk Emxio)
JeNk,meZ

Now, {E,, Tix[0.11}mkez 1s an orthonormal basis for L*(R) (see [3], p. 71). Therefore,

Do KDas f, TeEmxoa)P = ) 1Dy fIP = nllfIP.

JEN k,meZ JeA

Hence, {Daj TbkEcmlj/} is a wave packet frame for L*(R).

JEN k,meZ
ExampLe 2.4. Let ¢ = yo1) and let a; = 2/, j € Z. Choose b = 1 and ¢,, = m, for all

m € Z.

Then, {Dy TpiEe, ¥}

we compute

— is not a wave packet frame for L*(R). Indeed, choose f, = X10.1]
JoK.m

D Ko Dy TEe, )P = D Kfor DuTkEnih)P

Jok.meZ Jik.meZ

Z [{for» Doi TxEmxo.n))
Jok,meZ

Z KDy for Tk Emx1oa1)*

Jok,meZ

D Dy folP > nllf,IP, for any n.

JEZ

Hence, {Daj T;,kEcmw} s does not satisfy the upper frame condition for L*(R).

J.k,me
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We consider the perturbation about translation parameter b in Theorem 2.5 and Theorem
2.7.

Theorem 2.5. Let A be a finite set, W € L*(R), {Cm)men C R7, IfAD i Ty Ec, W} jkez.men
is a wave packet frame for L*(R) with bounds A and B, W is continuous, vanish in the
neighborhood of each —c,, and bounded by

g1
(1 +lEpt+’
where y > a > 0. Then there exists a 6 > 0 such that for any b with |b — b,| < 6,
{D i ToiEe, ¥} jkez.men is a frame for L*(R).

Wl < C

Proof. Without loss of generality we assume that the scaling parameter a, > 1. Define a
unitary operator

Uy : [X(R) - [*(R),

b\'"* (b
Up)(x) = (b_) lﬁ(b—x) = ¢(x)

we see that
. b\
B(&) = (b—) w(;g),
Up(Dy ToiEe, ) = Dy Ty cEe, ¢

Therefore, (D Ty, W} jkez.men is a frame if and only if {D i Tp i Ec, }} jkez.men is a frame
for L*(R).
For all f,g € L*>(R), we compute

DY KEDuTokEe, @ = > > KF £, FDuTyicEe, o)

Jk€Z meA Jk€Z meA
= 3" > KF . D BT, )P
Jk€Z meA
= Z Z |<Ff’ E—kha‘~fDa‘chmg>|2
J.k€Z meA
= Z Z ff(é:)E—kbafDa J Lm
Jk€Z meA
=22, f f&aPgla g = cppe™™ ”"f"df‘
Jk€eZ meA
all? —
=S[00 - ceeas
Jk€Z meA
= >, Z f f= f)g( —cm)eQ”lfkdf‘
jkGZmeA
a 7 af( + 2nl) + 21l . 2
_2 f g )g(f . em)e”™ dé
—r
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DI H))

JEZ mEA

_Zza]f f(a—f)g(g Cm)

JEZ meA

Bz, P BV
A a’ (f + 2ml) )g(f +b27rl e de

leZ

Z A af(f + 27Tl) f +b27rl en)dé

leZ

=X >0 f F&a(a € = cp)

JEZ meA leZ

A 2nlal . 2nl
X fi& + Z2gtaTIE + T - cude.

Thus,

> D TuE g = Y Y Y [ fedtaTE e

JkeZ meA JEZ meA IeZ

ol
G(aE + 7” — ).

« f €+ 2nlal

By the Cauchy-Schwarz inequality we have

D D Kf DaTiEe, 9P

Jk€Z meA

27l 1/2
< Y Z( [ @rfpae - cnpaie+ 3 - df)
]€Z meN I€Z
2nlal y . oml 12
( [ e+ [ oaie - eompaaie + 2 - df)
1 1/2
E( >3 f F@PRfa ff—cm>g<a‘ff+——cm> df)
JEZ,meN [€Z
1/2
( >, 3 [t - anpaies 3 - e df)
JEZ,meN [€Z
1
=2 D 2 f P ot e ~ emata e + 2~ e, e
JEZ,meN [€Z
1
Lap S Y ot - emataie + 2 - clii?

b §eR JEZ,meN [€Z

. ; 2l
Ga e — en)gla e + 7” — )

ST

b 1<fél<a JjEZ,meN [€Z
Let g = ¥ — ¢, we have
D KDy ToEe, @ = )P

Jk€Z meA

793
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oS 3 SaE o) - e

1<Kl<ao je7 men Tez

n i 2l " i 2l

X |, "€ + == = cn) = $la, ¢ + T= = eI

1 n N
= oosup > W E ~ cw) = BlaE ~ e
0 1=kl<ao jez men
o ; 2l " i 2l
=J _ — () _ 2
X D |Pa’e + 5= = e = blay '€ + = = en|IFIF-

leZ

For all m, j and &, and by hypothesis, we have

g 21l

Ao 2nl |a0]§+ % —cpl®
sup ) |a, ' + 5= — e < C sup N a——
1<lél<a, 17 o 1<élza, i (1 +a,’é + - emD+Y
1
<C sup ——0
1<klza, 97 (1 +la,’é + 35 — cul) 1770
1
<C sup

1<k1za, 17 (1 +la,’é + Zb—’:’|)1+y—a

1
<C R —
<€

leZ
<C < oo,

For the same reason, the second term is bounded uniformly, that is,
N 2rl
sup Z da,’é + B Cm)

lSlflSdO ZEZ o

<C < 0.

Now for all J € N, we have

sup > a, € — c) - Bla € — e
1S|-f|§ao JEZ,meN
< sup Z ay’é - cp) — (2)_1/2%@(ﬁ(a7j§ = Cm))
<\ Jup 2 |Har’t—en =G b

+osup Y Wag"E = cn) = dlagE - el

1<lé|<a, j<—J
meA

+osup > (a,’E — ) = dlagE = e
1<|él<a, =7
meA

= [+II+11L

For every € > 0, choose J such that a;’ <e. Since 1 <|¢] < a,, |jl| < Jand ;@(a,jjf —Cp) 18
uniformly continuous on &, we can choose ¢ small enough such that if |b — b,| < 9, then

(@€ = )~ BHO2aE ~ el < for all 1 < /.

Therefore,



PERTURBATION OF /W H WAVE PACKET FRAMES 795

. b .
I= su a,’é —cp) — (— -172 a,’é — cn
1<|§|<pao; Iag’€ = e = )P € = en)

b " i b ~ b, _;
+<b—>—”2¢/(aof§ —Cm) — <b—>—”2w<;<a0’f —cm))
Jla,’é — c)

|

+ ke) =o0(1), b = b,.

b
1 (2
(bo)

< sup Z(
1<lél<a, Yz
meA

b N ~ b, _;
+(—=) VP a, E = c) - (5 a'€ = em)

b,

b
<CQ2J+ D1 =(=)"1?
scarrifi- -2

We now turn to II. We will just estimate the first term in the series, since the other term can

be handled similarly.
N 1
sup > [W(a,’é —cu)l < sup C —
1<|¢1<a, ]Z; " 1<)él<a, ; (1 +la,’é — cp)'tr-a
meA meA
1
< sup C

1<iél<a, =1 (1 + |a,’&)+r

meA

i(1+y—a)
N A

Jj<=J
meA

<C Z a;’ 170 = (1), T — co.

meA

Finally, the last part is also small, since if J is large,

o lag ¢ = cul®
sup > ia, "¢~ )l < sup €Y ——=——
1<l¢l<a, 57 1iiza, 57 (1 +la,’é —ca)!t
meA meA
1
< sup C —
1<ki<a, 57 (1 +la,’é = cu)+r
meA
1
< sup C —_—
1<kl<a, 57 (1 + |a, &)1
meA
< C ) (la,'a,)"

>J
meA

<C Z(a;’”) = o(l), J— +oo.
meA
Thus, for every € > 0 there exist ¢ > 0 such that for all |b — by| < J, we have
Y jkez Zmen F> Dy To ke, — ) < €llfII>. Hence, {D,; Ty 1 Ec, ¢} is a wave packet frame
for L?(R) for sufficiently close to by by Lemma 1.1.
This complete the proof. |

REMARK 2.6. In Theorem 2.5 we can not relax the condition of ¢ vanish in the neighbor-
hood of each —c,, and finiteness of A both, if we take A = Z , then {D ;T +E, ¥/} is not a
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wave packet frame for L*(R). Indeed, choose c,, = m, the sum in the second and third terms
IL, IIT in the proof of the Theorem 2.5 with respect to m diverges.

Theorem 2.7. Suppose that {Dy,TpiEc, ¥} jkmez is a wave packet frame for L*(R) with
frame bounds A and B. Then there exists a 6 > 0 such that for any b” with |b — b’| < 6 and
supp U c [/ V b), 7/ Vb)), {Da, TykEec, W} jkmez is a wave packet frame with frame
bounds A — M and B + M, where M = |1 — (ﬁ)lB <A, b’V b=max(b,b).

Proof. Since supp W C [-n/(b’ v b),7/(b' V b)], we have

| 3 KD TEOR = ) KDy Tire

J-k.meZ jikmeZ

=| D KFLFDLTwEL P = Y KFL.FDyToike b
j,k,mEZ j,k’meZ

=| 3 KD BT 0 = Y, Dy EiTo ]
Ji.k,meZ Jik,meZ

=| D K Bt Dr To, 0P = > K By Dot Te, 0P
Ji.k,meZ Jik,meZ

= 2 f f©a; i € = cne™™ S dg?

Ji.k,meZ

py

f f©a7Phag = e e de?

Jik,meZ
A . . )
|5 [ ver 3 e coPde - [ser 3} e -
J,Me J-meE

— b= [IfOF Y iae - P

J.meZ

By Theorem 1.3 the last term above is dominated by
_ — b
b= = b BBII = 11 = IBIFIF.

Choosing those b such that |1 — §|B < A. Thus by using Lemma 1.2, {D,, Ty Ec, '} jkmez 18
a wave packet frames for L*(R) with desired bounds. m]

The following theorem gives perturbation with respect to dilation parameter in terms of
series.

Theorem 2.8. Suppose that {D,,TpiEc, ¥} jkmez is a wave packet frame for L*(R) with
bounds A and B, supp 1,7/ C [-n/b, /b], and

A = essup

D lia; e = )P = ) W@ = cn)P| < bA.

JMEZ JmeZ

Then {D"'f TwEc, W} jkmez is a wave packet frame for L*(R) with frame bounds A — b~' 1 and
B+b7'A
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Proof. We can compute similar to Theorem 2.7, we have

| > KD TwER = Y KDy TuEa bl

Jik,meZ Jk,meZ
1 A N N
= f PP W@y e = el = " W)€ = et
JmEZ J-mEZ
A 2
< ZIAIP.

Hence, by Lemma 1.2, {Dy TyE,, ¥} is a wave packet frame for L*(R) with bounds A—b~'2
and B+ b7 '
This completes the proof. m|

The following theorem shows that perturbation of wave packet frame about dilation pa-
rameter a on Paley-Wiener space.

Theorem 2.9. Let A be a finite set, y € L>(R), {cin}men € R™. If (D, TwEc, U} jkezmen
is a wave packet frame for L>(R), supp ¥ C [—r/b,7/b], ¥ is continuous, vanish in the
neighborhood of each —c,, and

€1
(I + &)

Then {D,iTyE., W} jkez.men is a wave packet frame on Paley-Wiener space for all a’ in some
neighborhood of a.

(&)l < C

,v>a>0.

Proof. Without loss of generality we assume that @ > 1. We compute

|3 D DT = ) 3 KD Tu e

Jk€eZ meA J.k€Z meA
=3 f F@RCY, Y lita e~ call = 3 " 10(a e - Py
JEZ meA J€Z meA

Now, if f is a function in Paley-Wiener space, more precisely, there exists two constant
0 <n < N < oo, such that supp f C {£ : n < |¢| < N}, then for big enough J, if |j| > J, we

have
o a7 — el
Z Z (@ /é = el <C Z Z ( fla‘jf i cml)®

j<=J meA j<—J meA

1
<€ 2 (1 + @& — cpl) 20

j<—J meA

<C Z Z a2

j<—J meA

SC 3 S

Jj<—J meA
<C a?r M =o(l), J— .

meA

Also,
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o | _jf_ m|2ar
2, 2 M —enl <€ 5 s

Jj>J meA Jj>J meA

1
=C Z Z (1 + |a~I& = cp))20-®

Jj>J meA

1
<€ 2 T aE e

Jj>J meA
<CY > laiNPe
j>J meA
< CZa‘zm =o(l), J — oo,

meA

If|jl < J,n < |€] < N, then (a7 — ¢,,) is uniformly continuous. Thus for every € > 0,
there exist 0, such that for all |a — a’| < 6, Itﬁ(a‘jf —Cp) — @(a"’f —¢m)| < €. Hence,

‘ D ia e = en)P = W@ € = c)P)

|jI<J meA

< > D WaE = el + 1 ¢ = en)Dlia ™€ = cn) = a E = e
|JI<J meA

<CQ2J+ e =o(1).

This completes the proof. O

RemARK 2.10. In the Theorem 2.9, if a = 1, then ¢/ = 1 for all J € Z, hence, the system
{DuiTpkEc, ¥} jkezmen 1s nOt a wave packet frames for L*(R). Indeed, the sum in the Theorem
1.3 diverges.

Finally, the following theorem shows that perturbation about modulation parameter in
terms of series.

Theorem 2.11. Let {D,,TpiE., Y} jkmez be a wave packet frame for L*(R) with bounds A
and B, supp g?/ C [-n/b,n/b], and

D a e = el = D Wia; e = )P

JmEZ JmEZ

< bA.

[ = essup

Then {Dy, TokEc, ¥} jkmez s a wave packet frame for L*(R).

Proof. By the same computation as in the proof of Theorem 2.7, we have

D KD TELOR = Y Do TuE )| < SUAtE
j,k,mGZ j,k,mEZ
This completes the proof by using Lemma 1.2. O
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