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ABSTRACT

Through laboratory experiments of oil-in-water emulsification, we show that we can construct a high-shear-rate mixer (precession mixer) by
using the precession of a cylindrical container without any mixing blades. For high-shear-rate mixing, a container with a larger diameter and
its faster spin are preferable so that the wall velocity becomes large enough. Then, emulsification is most efficient when we set the Poincar�e
number Po ¼ Xp=Xs, which is the ratio of the spin and precession rotation speeds, about 0.2–0.3. When Po is smaller than these values,
shear rates in the mixer get much lower, though mixing in the bulk of the container is enhanced. On the other hand, when Po is larger, shear
rates near the cylindrical wall get higher but mixing in the bulk drastically declines. Through our systematic parameter survey for efficient
emulsification by the precession mixer, we have also discovered an experimental law describing the maximum shear rate in the mixer. Since
we can use it to appropriately choose the driving conditions of the mixer according to the properties of the materials to be mixed, this
experimental law gives useful information for the practical use of the mixer.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0139991

I. INTRODUCTION: PRECESSING CONTAINER
AS A MIXER

Mixing is one of the most important processes in a wide variety
of industries. In most of conventional mixers, blades drive flow and
mixing. However, collision with rapidly rotating blades or high shear
rates around them can damage materials to be mixed. This is disad-
vantageous in the cases that require delicate mixing in bioengineering,
food processing, pharmaceutical industries, and so on. In addition,
mixers with blades with complex structures require careful cleaning,
and it sometimes leads to significant loss of mixed materials. It is,
therefore, desirable to construct a bladeless mixer with a smoothly
shaped container.

A simple method to drive flow is the rotation of a container.
However, flow of a fluid filled in a container that rotates at a con-
stant angular velocity, irrespective of the container’s shape, always
tends to the solid-body rotation (p. 7 of Ref. 1). This spin-up pro-
cess (p. 35 in Ref. 1) rapidly weakens the mixing ability of the flow.

Therefore, to keep the mixing ability of the rotating container, we
must avoid the spin-up. Two kinds of strategies can achieve this:
(i) We partially filled a fluid in a container and (ii) we change the
amplitude or direction of the angular velocity vector of the spin of
the container. We show in Fig. 1 some examples of bladeless
mixers using these strategies. Figure 1(a) shows the so-called soft
mixer,2 which adopts the first strategy. The mixer is composed of a
cylindrical vessel slightly tilted from the vertical direction, and it
rotates about its axis. Even if the angular velocity is constant,
because of the liquid–gas interface, which is horizontal and, there-
fore, it is not perpendicular to the spin axis, flow can become com-
plex leading to mixing without high shear rates. Recently, another
simple bladeless mixer was proposed by Watanabe and Goto,3

namely, a constantly rotating sphere, which is partially filled
with liquid. Again, the liquid–gas interface plays an important role
leading to a pair of counter-rotating vortices whose axes are per-
pendicular to the spin axis of the container (see Fig. 4 of Ref. 3).
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These vortices lead to permanent mixing in the container even if
its spin angular velocity is constant.

In the present article, we investigate the second strategy to avoid
the spin-up of confined fluid in a container. More concretely, we use
the precession of the spin axis. Figure 1(c) shows an example of the
precession mixer, namely, a precessing spherical container. Since the
spin axis is not stationary but it rotates in the laboratory frame, con-
fined fluid cannot tend to solid-body rotational flow forever. In fact,
there exist commercial mixers using the precession of the container.
Although in many of them, the container is apart from the precession
axis to use the centrifugal force, in the present study, we use a preces-
sion mixer in which the container’s center is located at the crossing
point of the precession and spin axes. In our previous study,4 we
numerically showed that a relatively slow precession [Po � 0:1; see
Eq. (1) for the definition of Po] leads to rapid mixing of fluid confined
in a precessing sphere. Our numerical simulations showed that only
10 spins are required by complete mixing. However, as will be shown
in the following of the present article, this weak precession cannot pro-
duce high shear rates. Although this can be an advantage for the mix-
ing of delicate materials, we have been conducting laboratory
experiments to investigate whether or not the precession mixer is also
useful for mixing such as emulsification, which requires high shear
rates. In this article, we show the experimental evidence that this is
indeed the case.

Once we fix the container’s shape and the angle between the spin
and precession axes, flow in a precessing container depends on two
non-dimensional parameters. In the present study, we restrict our-
selves in the case that (i) the container is cylindrical, (ii) the spin axis
and precession axis are perpendicular, and (iii) the precession axis is
horizontal [Fig. 2(a)]. Then, the first control parameter is the Poincar�e
number,

Po ¼ Xp

Xs
; (1)

which is the ratio between the precession rotation speed Xp and the
spin rotation speed Xs, and the other is the Reynolds number,

Re ¼ A2
eXs

�
; (2)

where A is the characteristic length of the container (in the present
study, we adopt the radius, D=2, of the cylindrical container
with diameter D), � is the kinematic viscosity of confined fluid, and
eXs ¼ 2pXs is the spin angular velocity. One of the most important
characteristics of flow in a precessing container is that flow states

drastically change with Po (Refs. 4, 5, and 6). For sufficiently weak pre-
cession, Po� 1, a steady global circulation whose rotational axis is a
little inclined from the spin axis of the container is sustained.7–12

When we fix Re at a sufficiently large value [i.e., Re�Oð104)] and we
increase Po, the steady flow becomes unstable13–19 and bulk turbulence
occurs at Po ¼ Oð10�2Þ (Refs. 20–22) (see also Refs. 23 and 24 for
details of the low-Po transitions). The precise critical Po for turbulence
to be sustained depends on the shape of the container; for example, a
spherical container requires smaller Po to sustain turbulence than a
spheroidal one because the normal stress on the spheroidal container’s
wall can stabilize the circulation about the spin axis.25 When
Po � 0:1, most developed turbulence is sustained in the bulk of the
flow irrespective of the container’s shape and most rapid mixing
occurs.4 However, for larger Po, the flow in the bulk tends to follow
the rotation with Xp (¼ Xpep), where ep is the unit vector parallel to
the precession axis, because the precession axis is stationary in

FIG. 1. Examples of bladeless mixers: (a)
soft mixer,2 a cylinder tilted from vertical
with a liquid–gas interface rotating about its
axis; (b) a spherical container which is par-
tially filled with liquid rotates about the hori-
zontal axis;3 (c) precession mixer4 with a
spherical container, the spin axis of the
rotating container filled with liquid rotates
about another axis (the precession axis).

FIG. 2. (a) Schematic of a precessing cylindrical container with diameter D and
length L, which spins at Xs in a rotating drum. We call the frame fixed in the drum
the precession frame, which rotates at Xp with respect to laboratory. (b)
Precession mixer used in the present study. The driving unit of spin of the cylindri-
cal container is installed in the aluminum drum with diameter 300 mm and axial
length 520 mm, which rotates about its horizontal axis at Xp. The spin axis and the
precession axis cross at the center of the container.
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laboratory frame. In fact, when Po is larger than about 0.2, the bulk
flow may be approximated by the rotation at Xp with respect to the
laboratory frame. In other words, the fluid in the bulk is approximately
still in the precession frame, which is the frame rotating at Xp, while
the container spins with Xs (¼ Xses). Here, es is the unit vector paral-
lel to the spin axis. Therefore, if Xs is sufficiently large, then there exists
a boundary layer near the container’s wall with high shear rates. It is
this shear layer created without blades that we use for emulsification.
In the following, we show that the precession mixer can be used even
in the cases requiring high shear rates.

II. EXPERIMENTAL METHODS
A. Apparatus

We have been developing several precession mixers (Appendix A)
to investigate the possibility of high-shear-rate mixing. As described in
Sec. I, we need larger Po defined by Eq. (1), i.e., larger Xp, for such mix-
ing. In order to conduct experiments with large Xp, we construct the
apparatus shown in Fig. 2. In this apparatus, we use an aluminum drum
with sufficient inertia (diameter 300mm and axial length 520mm) for
stable rotation about the horizontal precession axis. This rotation is
driven by a motor (Hitachi, TFO-LK 2P 1.5 kW) up to about Xp

¼ 1500 rpm. In the drum, we set a container, a stepper motor (Oriental
Motor, PKE596AC) whose step angle is 0.72�, its driver, and a small PC
(Raspberry Pi model 3Bþ), which we use as an accurate pulse generator.
We can set a cylindrical container with diameter D smaller than about
150mm, and the maximum spin rate is about Xs ¼ 5000 rpm. These
wide ranges of parameters (Xs � 5000 rpm, Xp � 1500 rpm, and
D� 150 mm) enable us to conduct a systematic parameter survey for
exploration of the possibility of high-shear-rate mixing.

B. Containers

We use four cylindrical containers with different diameters and
lengths (depths); see Table I. Since, as will be shown in Secs. III and
IV, the diameter of the container is an important parameter, which
controls shear rates, we examine three diameters D¼ 29, 58, and
87mm. In contrast, to show that the axial length of the container is
unimportant, we examine two lengths 52 and 104mm for a common
D (¼ 58 mm).

We report, in Sec. III, results with the spin of Xs � 4000 rpm and
precession of Xp � 1200 rpm. Since the precession requires the force
acting on the spin axis, which is proportional to Xs and Xp and the
moment of inertia of the container, the strength of the spin axis limits
the range of Xs and Xp for larger containers. We examine ten cases with
different combinations of Xs and Xp for container D29L52, 31 cases for
D58L52, eight cases for D58L104, and four cases for D87L104.

C. Examined process

To explore the possibility of high-shear-rate mixing, we
examine an oil-in-water emulsification process. More concretely,
we use water with 0.5 wt % polyvinyl alcohol (Mitsubishi
Chemical, EG-05) as the continuous phase and cyclic dimethyl sili-
con (Shin-Etsu Silicones, KF-96A-6cs) as the dispersed phase. The
weight ratio of the continuous and dispersed phases is 4:1. This
sample is advantageous for our purpose because (i) the diameter of
produced droplets is only weakly affected by the temperature and
(ii) the produced droplets are quite stable and we can repeatedly
measure their diameters after the production process (see Fig. 3
and Ref. 26). Thanks to the former property, we conduct the
experiments in a room whose temperature is controlled at 20 �C,
but we do not conduct further accurate temperature control of the
working fluid. Incidentally, because of the energy dissipation dur-
ing the mixing, the temperature of the fluid increases with about
15 �C at most.

The concrete process procedure is as follows: We prepare in
advance the continuous phase with sufficient mixing. First, we pour it
into the container and then add the oil so that the total filling ratio can
be 90%; since the container does not have an air vent hole, we cannot
fill it with liquid. After setting a rubber lid, we connect the container
with the spin axis through the coupling shown in Fig. 2. We start driv-
ing both the spin and precession simultaneously with an acceleration
period of 10 s. Then, we keep the precession for the mixing time T (s).
The deceleration period is about 90 s.

D. Estimation of droplet diameter

In this subsection, we explain the method to measure the diame-
ter of the produced oil droplets. Our measurements are simple relying
on the image analysis of their rising process; since smaller droplets rise
slower, we can estimate their diameter from the rising velocity. The
concrete procedures are as follows.

First, we pour the produced emulsion, after a gentle mixing by
hand for uniform dispersion of droplets, into acrylic cylindrical vessels
with a diameter of 16mm and height of 330mm. We can simulta-
neously measure the rising velocity with two, four, and nine vessels for
a single mixing process with containers D58L52, D58L104, and
D87L104, respectively (Table I), while we repeat the mixing twice with
the smallest container, D29L52, for a single measurement of the rising
velocity so that we can prepare sufficient amount of emulsion.

We set a white light-emitting diode (LED) sheet behind the cylin-
ders and record images every 5 s by a digital camera (Basler,
acA1920–150um) for the time duration, which depends on the rising
velocity of droplets, between 3600 and 43 200 s.

We show, in Fig. 3(a), examples of cropped images of the taken
pictures in the case of Xs ¼ 2000 rpm and Xp ¼ 800 rpm with con-
tainer D58L52. We show two time-series for 10 800 s recorded on dif-
ferent days: One is just after the production of the emulsion, and the
other is 12 days later. We define the bottom interface of the emulsion,
which corresponds to brighter regions in Fig. 3(a), by analyzing these
images. Note that since the coalescence of droplets hardly occurs, the
rise in the bottom interface corresponds to that of droplets with a rep-
resentative size. Figure 3(b) shows the binarized images. Here, we use
the threshold of the brightness as aB (with a ¼ 0:9) with B being the
initial brightness of the image of the emulsion. Then, we can identify

TABLE I. Containers used in the present experiments. We examine mixing in four
cylindrical containers with three different diameters and two different lengths of the
cavity.

Container Diameter, D (mm) Length, L (mm)

D29L52 29 52
D58L52 58 52
D58L104 58 104
D87L104 87 104
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the height H of the interface as a function of time [Fig. 3(c)].
Incidentally, the estimated rising velocity depends on the choice of
threshold a because smaller values of a capture the motion of smaller
droplets. However, since we are interested in the largest size of drop-
lets, we fix a at a large value (a ¼ 0:9). We have also confirmed that
the dependence of the results on a in the range a 2 ½0:85; 1� is negligi-
bly small in the examined cases.

By taking the time derivative of the height of the interface, we
can estimate the typical rising velocity V of the emulsion. We show the
velocity V, which is obtained by the moving average, in Fig. 3(d), for
example. Since the rising velocity gets slower as time elapses probably
because of the finite height of the cylinder for the measurements [see
Fig. 9(b) in Appendix B], we take the average of V in the steadily rising
stage. On the other hand, the rising velocity Vs of a single droplet with
diameter d is estimated by

Vs ¼
ðq� q0Þ d2 g

18l
(3)

under the assumption that the buoyancy and the Stokes drag are bal-
anced. In Eq. (3), q, q0, l, and g denote the mass density of water and
oil, the viscosity of water, and the gravitational acceleration, respec-
tively. Then, we further assume V � Vs to estimate the droplet diame-
ter d. Thus, the estimated diameter is a representative of distributed
diameters of droplets. Incidentally, we have confirmed that the Sauter
mean diameter measured by the laser diffraction method is approxi-
mately proportional to the diameter estimated by our method
(Appendix C). It is also important to observe in Fig. 3 that the two
measurements conducted on two different days lead to almost identi-
cal results. This is direct evidence of the stability of the produced emul-
sion. As mentioned in Sec. IIC, since the droplets are quite stable once
they are created, we can repeat the procedure mentioned in this sub-
section for a single product. Besides, we can simultaneously measure
the rising velocities, by using several cylindrical vessels, for different
mixing parameters because the state of emulsion is independent of
their ages. This property is useful for the accurate estimation of droplet
diameter.

FIG. 3. Example of the estimation of the representative diameter of produced droplets. Parameters are Xs ¼ 2000 rpm, Xp ¼ 800 rpm, and T¼ 400 s. (a) Time-elapsed
images of emulsion in a cylindrical vessel. Two series of images are taken on different days (one is the same day of the emulsification, and the other is 12 days later) by using
the same product. (b) Binarized images. (c) The temporal evolution of the height H of the emulsion interface; the two curves correspond to the two time-series shown in (a)
and (b). (d) The rising velocity of the emulsion estimated by the moving average of the time derivative of H.
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III. RESULTS
A. Po-dependence for fixed Re

In this section, we show results on the estimation of the produced
droplets’ diameter under different mixing conditions. First, we exam-
ine the dependence on the precession rotation speed Xp for a fixed
value of Xs by using a container (D58L52). This corresponds to
the examination of the dependence on the Poincar�e number Po,
defined by Eq. (1), for a fixed value of the Reynolds number Re,
defined by Eq. (2).

As described in Sec. I, the flow states drastically depend on Po.
Accordingly, the diameter of the produced emulsion also strongly
depends on Po. We show its evidence in Fig. 4, where we show results
with container D58L52 for two fixed values of the spin rotation speed:
Xs ¼ 2000 rpm (closed circles) and 3000 rpm (open circles). For these
experiments, we change the precession rotation speed in the range
Xp � 1200 rpm to show the estimated diameter d of produced drop-
lets as functions of Po (¼ Xp=Xs). In Fig. 4, we show the results with

the mixing time T¼ 480 s since the estimated diameter only slightly
changes even if we make T twice longer (see Appendix B).

Here, it is worth mentioning the relationship between Xs and Re.
Although it is difficult to estimate or accurately measure the kinematic
viscosity � of the working fluid, we have measured it by Brookfield vis-
cometer to confirm that � ¼ Oð10�6Þ m2/s even after the emulsifica-
tion. Then, the Reynolds number is about Re ¼ Oð105Þ for these
values of Xs (2000 and 3000 rpm), which is high enough for the shear
rate in the boundary layer on the container’s sidewall to be high (see
Sec. IV). Incidentally, even when we use the smallest container
(D29L52), Re is always lager than 104 for all the examined parameters.

It is evident in Fig. 4 that the diameter d of droplets is a decreas-
ing function of Po when Re is fixed. We recall (see Sec. I) that the most
developed turbulence is sustained in the bulk of the container when
Po � 0:1. In other words, the shear rate in the bulk turbulence (sus-
tained when Po � 0:1) is not responsible for the emulsification. It is
the high shear rates near the wall (sustained for larger Po) that
enhance the emulsification. Looking at Figs. 5–9 in Ref. 6, we notice
that there is a drastic change in the flow state in the bulk; it is highly
turbulent when Po¼ 0.1, whereas it is quiescent when Po¼ 0.4. We
emphasize that in such a case with higher Po, there exists thin shear
layer near the rotating wall with velocity DeXs=2. In fact, Fig. 4 shows
that d decreases when Po increases from 0.05 to 0.2. We also observe
that d seems to tend to a constant value when Po� 0:2.

Precisely speaking, d depends on Po in a large Po range because
the boundary layer thickness is proportional to Po�1=2 (see Ref. 27)
and the shear rate near the wall increases with Po. However, in prac-
tice, it is not realistic to drive the system with large Po for two reasons.
One is the safety reason, i.e., it is dangerous to rotate the system with
large Xp. The other reason is the mixing time. As discussed in
Appendix B, the bulk flow for large Po cannot be mixed well. This
implies that there is an optimal value of Po when we mix the materials
within reasonable time. Therefore, we examine, in the following, the
cases with fixed Po at 0.2 and 0.3.

B. Dependence on Re, D, and L for fixed Po

We have shown in Sec. IIIA that the Poincar�e number, Po, is an
important parameter to determine shear stress in the precession mixer.
More precisely, for fixed Xs in a common container, precession with

FIG. 5. Representative diameter d as a function of Xs for a fixed Po at (a) 0.2 and (b) 0.3. Different symbols denote the results with different containers: •—D29L52; �—
D58L52; w—D58L104; �—D87L104. The black and blue straight lines indicate X�1:5s and X�1:8s , respectively.

FIG. 4. Representative diameter d of oil droplets as functions of Po. The emulsion
is produced by using container D58L52 with fixed values of Xs at 2000 rpm (•) and
3000 rpm (� ). The error bars indicate the standard deviation, which is averaged
over the samples, due to the temporal variations of the rising velocity of droplets.
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larger Po produces higher shear rates and therefore stronger shear
stress. In practice, however, Po � 0:2–0.3 is sufficient for effective
emulsification (Fig. 4); in fact, larger Po leads to higher shear rates, but
the mixing time gets longer (Appendix B).

Therefore, in this subsection, we investigate how the droplet
diameter depends on the spin rotation speed Xs and the container size
(i.e., D and L). We show in Fig. 5 the Xs-dependence of the representa-
tive diameter d of droplets for (a) Po¼ 0.2 and (b) 0.3. Different sym-
bols in the plots denote results with different containers.

First, let us see the results with a common container, for example,
the open circles for D58L52. It is evident that the droplet diameter d
monotonically decreases as Xs increases. As will be discussed in Sec.
IV, this implies that the shear rate increases with Xs. Since Fig. 5 is a
logarithmic plot, the straight lines indicate power-law dependence of d
on Xs. The experimental results are well fitted by the scaling d � X�c

s
with c � 1:8, which is indicated by the blue line.

Next, looking at the results for the D58L52 (open circles) and
those with D58L104 (red open squares) in Fig. 5, we notice that the
axial length (i.e., aspect ratio) of the cylindrical container does not
affect the droplet diameter. In other words, the shear stress, for fixed
Po, is determined by the rotation speed Xs and container diameter D
and it is independent of L. This result is consistent with the picture
(see Sec. IV) that the emulsification occurs in the thin boundary layer
near the sidewall of the cylindrical container.

It is of interest to observe that the droplet diameter d depends on
the diameter D of the container for fixed Xs and Xp. More precisely,
comparing the results with D29L52 (closed circles), D58L52 (open
circles), and D87L104 (blue closed squares), fatter containers produce
smaller droplets for fixed rotation conditions. This implies that the
larger diameter of the container can sustain the higher shear rate near
the cylindrical wall because wall velocity is larger for larger D for fixed
Xs in the precession frame. More quantitative arguments will be given
in Sec. IV.

IV. DISCUSSION

In this section, we estimate the size of droplets produced by the
precession mixer. First, we assume that the boundary layer thickness d
on the sidewall of the cylindrical container is scaled by

d � DRe�b (4)

for a fixed value of Po. Here, D is the diameter of the container, Re is
the Reynolds number defined by Eq. (2), and b (>0) is a constant.
Although it is known7,10 that b ¼ 1=2 for the Ekman layer in weakly
precessing containers (i.e., Re	 1 and Po� 1), it is difficult to theo-
retically predict b for Po ¼ Oð0:1Þ, which is the range of Po examined
in the present experiments. Incidentally, Pizzi et al.28 numerically esti-
mated d in a precessing cylinder with 2
 103 � Re � 104 and Po ¼
Oð0:1Þ to compare its scaling with the Stewartson layer (b ¼ 1=4), but
the scaling is not conclusive.

Here, we reemphasize that for Po� 0:2, the flow in the bulk is
almost still in the precession frame, while the container’s wall moves
with the velocity pDXs. Then, we may estimate the shear rate on the
wall as

_c � DXs

d
� Xs Re

b � ��b D2b X1þb
s ; (5)

and, therefore, the shear stress s ¼ q � _c as

s � q �1�b D2b X1þb
s : (6)

Since we can estimate the maximum diameter dmax of droplets by the bal-
ance between s and r=dmax with r being the surface tension, we obtain

dmax �
r

q �1�b D2b X1þb
s

for fixed Po� 0:2Þ:ð (7)

The above estimation (7) implies that the droplet size is smaller for
a larger spin rotation speed Xs and for larger diameter D of the
container. This is consistent with the experimental results shown
in Fig. 5.

If we use the exponent, b ¼ 1=2, for the Ekman layer, then Eq.
(7) leads to the scaling, dmax � X�3=2s , which does not explain the
experimental data shown in Fig. 5; see the black line. Instead, we heu-
ristically choose the value of b as b ¼ 0:8ð¼ 4=5Þ in the range of
Po¼ 0.2–0.3 examined in our experiments. Then, Eq. (7) leads to

dmax � D�8=5 X�9=5s for fixed Po � 0:2� 0:3Þ:ð (8)

According to the scaling (8), we rescale the results shown in Fig. 5.
The results are shown in Fig. 6. We can see that Eq. (8) excellently

FIG. 6. We rescale the data shown in Fig. 5 according to Eq. (7) with b ¼ 0:8. The symbols are the same as in Fig. 5. We can see that the data collapse irrespective of the
containers’ size: (a) Po¼ 0.2 and (b) Po¼ 0.3. The straight line indicates the power law with exponent �1.
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explains all the experimental results of the droplet size. In other words,
we may predict the maximum shear rate in the precession mixer as

_c � D8=5 X9=5
s for fixed Po � 0:2� 0:3Þ:ð (9)

Hence, when we desire to control the shear stress on the material to be
mixed, we appropriately choose the container’s diameter D and the
spin rotation speed Xs according to this experimental law.

V. CONCLUSION

The precession mixer can drive mixing in a smooth container
without using blades. One of the most advantageous characteristics of
the mixer is that if we appropriately choose the driving parameters, we
can avoid the damage of delicate materials due to high shear stress.
However, (i) accurate estimation of shear stress on materials in the
mixer was unknown. This means that we could not set the appropriate
parameters for low-shear-rate mixing in the precession mixer. (ii) It
was also unknown whether we could use the mixer for high-shear-rate
mixing such as emulsification process. The present study has solved
these issues. More concretely, we have shown that if we appropriately
choose the container’s size and rotation speeds, we can control the
shear stress acting on materials in the mixer as we want.

Concerning the second issue (ii), we have shown that the preces-
sion mixer can produce high shear rates at the larger Po ¼ Xp=Xs

range, Po� 0:2 with larger diameter D of a container and lager spin
rotation speed Xs. To demonstrate this, we have conducted a series of
parameter studies of emulsification by using the cylindrical containers
(Table I) and the precession mixer shown in Fig. 2. We emphasize
again that the most important parameter to drive high-shear-rate mix-
ing is Po. When we fix Xs for a container, the droplet size decreases
with Po particularly in the range of Po¼ 0.1–0.2 (Fig. 4). This is
because the bulk flow for Po� 0:2 is quiescent in the precession frame
and the rapid spin rotation creates a thin boundary layer near the side
cylindrical wall. The shear rate in the layer gets higher for larger Po,
which was numerically shown for a precessing sphere.4 However, since
the bulk flow gets quite slow for higher Po leading to the reduction of
mixing in the bulk, the appropriate Po is around 0.2–0.3 for fixed mix-
ing time in practice (Appendix B).

For high shear rate mixing with Po¼ 0.2–0.3, we should use a
container with larger diameter D, if we fix the spin rotation speed Xs

(Fig. 5). In fact, the representative diameter of produced droplets obeys
the scaling (8). Although we derive (8) by heuristic arguments (Sec.
IV) under the assumption of the scaling (4) of boundary layer thick-
ness, it excellently explains the experimental results (Fig. 6). The fact
that we can reduce the rotation speeds with larger containers is a desir-
able feature in practical applications for high shear rate mixing.
Incidentally, in the precession mixer (Fig. 2), we use in the present
study the spin and precession axes cross at the center of the container.
This enables us to make the mixer compact, and it also avoids the cen-
trifugal effects acting on the two fluids with different mass densities.

Through the present experiments of emulsification, we have also
addressed issue (i). More precisely, Fig. 4 shows that the shear rate is
much lower for Po� 0:05 than for Po� 0:2. Recalling that mixing in
the bulk is most rapid when Po � 0:1 (see Ref. 4), we may choose an
appropriate value of Po for desirable mixing. In addition, the discov-
ered experimental law for the shear rate (9) in the range of
Po¼ 0.2–0.3 is also useful to control the shear stress in the precession
mixer according to the properties of materials to be mixed.
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APPENDIX A: PROTOTYPES OF THE PRECESSION
MIXER

We have developed several types of the precessing mixer to
investigate its abilities. Since some of driving mechanisms may be
used for future applications, here we briefly describe the advantages
and disadvantages of three kinds of the developed mixers (Fig. 7).

First, Fig. 7(a) shows a precession mixer, which uses a pair of bevel
gears. An advantage of this mixer is that we need only a single motor to
drive the spin Xs and precession Xp. In addition, since the driving
mechanism is simple, we can drive relatively high spin rotation speed.
The disadvantage is that Po ¼ Xp=Xs is fixed. Thus, we used this pre-
cession mixer [Fig. 7(a)] to reveal the values of Xs needed for emulsifi-
cation, but we could not show the importance of Po.

Then, next, we developed another mixer [Fig. 7(b)] so that we
could change Po. A pair of miter gears and two motors enable us to
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change Xs and Xp independently. More concretely, let Xu and
Xl denote the rotation speeds of the upper and lower motors shown
in Fig. 7(b), respectively. Then, the precession rotation speed Xp

coincides with Xl. Since the miter rotates at jXu � Xlj with respect
to the precession frame, the spin rotation speed is also
Xs ¼ jXu � Xlj. Thus, Po ¼ Xl=jXu � Xlj is controllable by chang-
ing Xu and Xl. However, the size of the container is limited by the
size of the miter gears.

Next, we developed the third type of mixer [Fig. 7(c)] so that
we could rotate larger containers. The driving mechanism is similar
to the mixer in Fig. 7(b), but we use a round belt instead of a pair of

miter gears to drive the spin. This enables us to use larger contain-
ers. However, because of the slip of the round belt for high rotation
speeds, it was difficult to control Xs accurately.

Through preliminary experiments by these prototype mixers,
we realized that it is important to conduct a systematic parameter
survey with changing Xs, Xp, and the container’s size before practi-
cal applications. In particular, for the high-shear-rate mixing, such
as emulsification, we need to examine wide ranges of rotation
speeds both for the spin Xs and precession Xp. The mixer (Fig. 2)
used in the present experiments realizes this. Since the moment of
inertia of the large aluminum drum is large enough to stabilize its
rotation, i.e., Xp, we can conduct experiments with sufficiently high
values of Po, which is required for effective mixing.

APPENDIX B: DEPENDENCE ON MIXING TIME

In this appendix, we examine the mixing-time dependence of
the size of produced droplets. We show in Fig. 8 the representative
size of droplets produced in container D58L52. We fix Po¼ 0.2 and
show two series of results with changing the mixing time T for
Xs ¼ 2000 rpm (closed circles) and 3000 rpm (open circles).
Though we observe that the droplet size decreases with T, the
difference in the results with T¼ 480 s and 960 s is within the
uncertainty of the measurements. This is the reason why we fix the
mixing time T at 480 s in all the results for Po¼ 0.2 and 0.3 shown
in Sec. III.

It is of importance to point out that the appropriate mixing
time T depends on Po. This is because if we increase Po above the
range (Po¼ 0.2–0.3) examined in the main text, the flow in the bulk
becomes very quiescent. To show this property, we show in Fig.
9(a) the results obtained with D58L52 at spin rotation speed Xs

¼ 1500 rpm. The closed circles denote results with a fixed mixing
time T¼ 480 s and changing Po in the range of 0:2 � Po � 0:8. It is
evident that the mixing time T¼ 480 s is not enough for the larger
Po. Despite higher shear rates for Po¼ 0.8 than 0.6 (see Fig. 17 in
Ref. 4 for the evidence that the shear rate is an increasing function
of Po in the precessing sphere), the produced droplets are coarser.
This property is more evident in Fig. 9(b), where we show the
images of produced emulsion for Po¼ 0.2 and 0.8. Looking at the
results for Po¼ 0.8, we can see that the mixing time T¼ 240 s is too
short to produce the emulsion, and if we increase T up to 960 s, the
produced droplets get finer than those for Po¼ 0.2 with the same
mixing time. We can quantitatively confirm this in Fig. 9(a), where
we plot results with T¼ 960 s by open circles. Incidentally, if we fur-
ther increase T (1980 s) with Po¼ 0.8, we may produce even finer
droplets [the blue square in Fig. 9(a)]. These results mean that, for
practical mixing with a finite time, Po¼ 0.2–0.3 is reasonable for
the combination of good mixing in the bulk and emulsification in
the thin boundary layer.

APPENDIX C: VALIDATION OF THE DROPLET
DIAMETER MEASUREMENT

In the present study, we estimate the representative diameter d
of droplets in emulsion by measuring their rising velocity V. To val-
idate this simple method under the bold assumption that V is

FIG. 7. Prototypes of the precession mixers. (a) By using bevel gears, we can drive
the two rotations Xs and Xp simultaneously by a single motor for a fixed value of
Po. (b) By using two miter gears and two motors, we can change both Xs and Xp.
(c) Similar to the mixer shown in (b), we can set both Xs and Xp independently.
This mixer uses a round belt instead of the miter gears so that we can rotate a
larger container.

FIG. 8. Representative diameter d of oil droplets as a function of mixing
time T. We use container D58L52, and the mixing parameters are Po¼ 0.2 and Xs

¼ 2000 rpm (•) and Po¼ 0.2 and Xs ¼ 3000 rpm (� ).
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approximated by Eq. (3), we measure the diameter distribution of
droplets by the laser diffraction method (Horiba, LA920). Since the
Sauter mean diameter d32 is often used for the estimation of droplet
size in emulsion,29 we compare d with d32 in Fig. 10 for five

different mixing conditions. It is evident in this figure that d and
d32 are proportional to each other.
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