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We investigate experimentally the instability of steady flow of fluid confined in weakly
precessing spheroids. It is known that the conical-shear instability (CSI) proposed by Lin,
Marti, and Noir [Phys. Fluids 27, 046601 (2015)] grows in a precessing sphere, and the
elliptical and shearing instabilities [Kerswell, Geophys. Astrophys. Fluid Dyn. 72, 107
(1993)] can grow in precessing spheroids. Previous theories predict that when Re < 573,
where Re is the Reynolds number defined by the spin angular velocity and the equatorial
radius of the spheroid and 7 is its ellipticity, CSI dominates the other two instabilities even
in a spheroid, and that, in particular, when 1 < 0.17 the critical Poincaré number (i.e.,
the critical precession rate) Po'® is proportional to Re™/!° for 20072 < Re < n~>. To
experimentally verify these predictions, we measure a long time-series of fluid velocity
to accurately estimate the power spectrum. Then, we determine Po( as a function of Re
and show the qualitative change of its scaling depending on 7. Our experimental results
perfectly support the theoretical predictions, implying that CSI can grow in precessing
spheroids.

DOI: 10.1103/PhysRevFluids.5.063901

I. INTRODUCTION

In a container rotating at a constant angular velocity 2, the flow of a confined viscous fluid
always tends to solid-body rotation at 2, irrespective of the initial conditions and of the container
shape. Therefore, the sustainment of a nontrivial flow of confined fluid requires a time-dependent
rotation of the container. One method is to change the sign or magnitude €2, of the angular velocity
Q, in time. Another, and more efficient, method is to change the direction 2,/ (=%) of the
rotational axis. The precession (Fig. 1) is this kind of motion. More precisely, it is the rotation of the
spin axis z itself with an angular velocity €, about another axis (the precession axis). In the present
study, we only consider the case in which ,, is perpendicular to £2;. It is known that the precession
of a container realizes a surprising variety of flows of confined fluid. In particular, the fact that a
weak precession sustains fully developed turbulence has been attracting the attention of researchers
in many fields (see a review by Le Bars et al. [1] and other references [2—19]).
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FIG. 1. Three precessing containers used in the experiments: (a) sphere (n = 0), (b) prolate spheroid (n =
—1/9), and (c) oblate spheroid (n = 1/10). Precession frame (x, y, z) defined as in (a) rotates at £, with respect
to the laboratory frame. We consider the case in which £, 1 €.

The most important control parameter of the precession-driven flow is the Poincaré number,

£,
Po =" (€2, = L2,)), ey
which indicates the magnitude of the precession. On the other hand, the Reynolds number,
2
2
Re= 22, 6)
v

or the Ekman number, Ek = Re~!, defined in terms of €2,, the kinematic viscosity v of the confined
fluid, and the dimension a of the container (e.g., the equatorial radius of a spheroid), is the indicator
of the spin rate. It is a fundamental question how the flow state in a precessing container changes
as Po increases for a fixed Re. Previous studies showed that when Po is sufficiently small, the
flow is steady in the precession frame, which rotates at €2, with respect to the laboratory frame.
Then, as Po increases, the steady flow becomes unstable to bifurcate to periodic flow and then
to turbulence. Stronger rotation [say, Po = O(1)], however, leads to laminarization because the
precession axis £2,/€2,, is stationary in the laboratory frame. It is therefore important to determine
the first bifurcation point, namely the critical Poincaré number Po® as a function of Re and the
container shape. This is the main purpose of the present experimental study. Namely, we determine
experimentally Po'® for the flow in precessing spheroids with a small ellipticity,

a—>b
a

3

(where a and b denote the equatorial radius and polar radius of a spheroidal container, respectively;
see Fig. 1), in a moderate Re range (<10).

We emphasize that this is a nontrivial problem because, as is well described by Lin et al. [20]
and summarized in the next section, there are three possible instabilities of the steady flow driven by
precession, namely elliptical instability, shearing instability, and conical-shear instability (CSI). The
former two instabilities are due to the ellipticity of a spheroidal container, and they were analyzed
in detail by Kerswell [21,22]; see also a recent review by Le Bars et al. [1]. The asymmetry of
the container distorts streamlines of the solid-body rotational flow of the confined fluid and leads
to these instabilities. The elliptical instability is due to the distortion of each circular streamline,
while the shearing instability grows when the line consisting of the centers of the streamlines is
not perpendicular to the circulation planes. On the other hand, CSI was recently proposed by Lin
et al. [20]. The boundary-layer equations on precessing spheroidal and spherical cavity walls have
singular points at certain latitudes [23-26], and conical shear layers are spawned into a bulk region

n:
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from these latitudes forming annulus regions [25,26]. These shear layers are reported by many
numerical simulations [20,27-31], and, for a spherical geometry, Kida [26] analytically derived
their explicit expression. CSI grows in these conical shear layers. All of the above instabilities grow
due to a resonance of unstable modes and a base flow rotating about an inclined axis with respect to
the spin axis.

For n = 0 (i.e., a precessing sphere) only CSI, rather than the other two instabilities, grows.
The stability of steady flow for the sphere has been investigated by experimental, numerical,
and theoretical approaches. Goto et al. [11] conducted flow visualization on the steady-unsteady
transition by using reflective flakes, and they determined Po‘® for several fixed Reynolds numbers.
Lin er al. [20] systematically investigated the critical parameters at which steady flow transits to
unsteady flow by direct numerical simulations (DNS). In addition, they derived, on the basis of
the theoretical estimation of the growth rate of CSI, the Re dependence of Po) as Po(®) ~ Re /3.
Independently, Kida [32] showed the same scaling based on an analytical solution [26]. This scaling
is consistent with results obtained by flow visualization [11] and DNS [20]. Incidentally, before the
proposal of CSI, the DNS by Lorenzani and Tilgner [30] suggested that the instability growing in
a precessing spherical shell can be observed in a spheroidal shell. It is also worth mentioning that
Cébron et al. [33] recently predicted an instability in the Ekman boundary layer of a precessing
spherical shell for sufficiently high Reynolds numbers, which was also investigated experimentally
by Sous et al. [34]. This instability can grow in a precessing sphere and spheroids, although it may
have a small impact on the bulk flow.

For precessing spheroids, in contrast, although there have been experimental studies [6,11,35],
no systematic comparison with the linear stability analyses has been conducted. The instability of
steady flow in the spheroids is more complicated because all three of the instabilities may occur.
Furthermore, it is not trivial for spheroidal cavities whether CSI can grow or not. This is because
inertial waves in steady flow decay due to reflections on the cavity wall, although Lin er al. [20]
showed the possibility of the CSI in a spheroid with a very small ellipticity (n = 0.01) [35] by
comparing flow visualization by injected dye to their DNS of flow in a sphere. In the present
study, we show that the CSI can grow in spheroidal containers, and we reveal the condition for the
instability. For this purpose, we have conducted long-time velocity measurements in two precessing
spheroids whose ellipticities are O(0.1) and a sphere by using particle image velocimetry (PIV),
which is validated by laser Doppler velocimetry (LDV; see the Appendix). The time-series analysis
of the acquired data reveals the Re dependence of the critical Poincaré number Po'“). We will show,
in the rest of the present paper, that our experiments support the theoretical predictions.

II. THEORETICAL PREDICTION

A. Magnitude of differential rotation

The linear growth rates of the instabilities of steady flow depend strongly on the cavity shape
[20,21]. We can understand this fact by considering the circulation (its uniform angular velocity is
denoted by w) of the fluid about an axis slightly inclined from the spin axis. In other words, a key
parameter for the instability of steady flow in a weak precession range is the differential rotation
defined by

€e=7—w| 4)

Recall that 7 = 2,/ and the flow is described in the precession frame, in which steady flow is
sustained for sufficiently small Po. In the case of a strong spin (Re > 1) and a weak precession
(Po « Re™!/?), the theory by Busse [36] provides the estimation of the differential rotation in a
precessing spheroid. More concretely, the uniform angular velocity of internal flow is given as a
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function of Re, Po, and 7. In the case in which £, | €, @ is described by

. 2.62(wRe™1)!/2Po
2.622(w/Re)+[0.259(w Re)~1/2 +nw?]?

0= w? (0.259(w Re)™ "> +nw?)Po ) (5)
2.622(w/Re)+[0.259(w Re)~ >+ na?

1

Here, we use the coordinate system shown in Fig. 1(a). In the following arguments, an important
quantity is the magnitude € of the differential rotation, which represents the deviation from the
solid-body rotational flow, i.e., a flow rotating together with the container. Note that one can easily
translate the following arguments into those in terms of the Ekman number Ek, which is often used
in geophysics, by replacing Re with Ek~!.

From Egq. (5), we can obtain

@*Po?

2 _ (1 — o) )
¢ = S w/Re) + [0.259@Re) 2 + e’ P

(6)

Let us consider the case in which Po « 1, which implies w & 1. Then, Eq. (6) is approximated as

2 Po?
€ )
6.93Re™! +0.518  Re™!/% + 2

)

In the following arguments on the scaling, for brevity, n denotes |n|. We obtain the scaling of €
by considering which term dominates in the denominator of the right-hand side of Eq. (7). In the
simplest case in which n = 0 (sphere), we obtain the scaling,

€ ~PoRe'/2. (8)

On the other hand, for a spheroid with a finite ellipticity, Eq. (7) yields

e ~|Po Re!”?  (Re « 0.14572), (%a)
Po ! (Re > 200n72), (9b)

because the first (third) term in the denominator dominates the other two terms in the former (latter)
case. No simple scaling holds in the intermediate Re range, 0.14577% <« Re <« 20052. Note that
Eq. (9a) is identical to Eq. (8). This implies that spheroids with sufficiently small ellipticity,

n < 0.38Re™"/?, (10)

can be regarded as a sphere.

B. Growth rates of the three instabilities

As mentioned in the Introduction, the three kinds of instabilities of the steady flow can grow in a
precessing spheroid: namely, the shearing and elliptical instabilities [21], which are derived for an
inviscid fluid confined in a spheroid, and CSI [20], which may appear in both sphere and spheroid.
CSI can grow in a pair of conical shear layers, whose explicit expression was derived by Kida [26].
All of these instabilities stem from a parametric resonance. When a parametric resonance occurs
in a rotating fluid, disturbances in the form of inertial modes grow by resonance among them and
the background flow with a nonzero azimuthal wave number. Here, the azimuthal wave number is
defined with respect to the rotational axis of the fluid. Kerswell [21] analytically derived the growth
rates of the shearing and elliptical instabilities, whereas Lin et al. [20] estimated the growth rate of
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CSI. Their resultant growth rates y are summarized as

€2n (elliptic instability), (11a)
y ~3€n (shearing instability), (11b)
eRe™1>  (CSD). (11c)

It is seen by comparing Eq. (8) and Eqgs. (9a) and (9b) that the differential rotation in a spheroid
is much smaller than in a sphere because of the pressure torque on the cavity wall. This means that
the asymmetry of a cavity shape stabilizes the steady circulation about the spin axis. Recall that the
growth rates (11a) and (11c) are proportional to € for the shearing instability and CSI. This explains
why the cavity shape has a significant effect on the stability of steady flow in precessing containers.

C. Critical Poincaré number

We are ready to estimate the critical Poincaré number Po(®). For a precessing sphere, only CSI
grows because n = 0. Substituting Eq. (8) into Eq. (11c), we obtain

y ~ PoRe*/10. (12)

Thus, considering the balance between this growth rate y and the viscous decay rate O(Re™!/?) at
Po(©, we obtain the Re dependence of Po“ as

Po©@ ~ Re™*7, (13)

Next we consider the case of precessing spheroids. We assume again that Po < 1, and therefore
€ < 1. This implies that the shearing instability always dominates the elliptical instability [see
Egs. (11a) and (11b)]. Comparing Egs. (11b) and (11c), we can see that when

Re > 177, (14)

the shearing instability dominates CSI. Conversely, CSI can grow only for Re < 5.
When Re 3> 200172 so that Eq. (9b) holds, the linear growth rates of the shearing instability and
CSI are

Y~ { Po (shearing instability), (15a)

Pon~!'Re™ 5 (CSD). (15b)

Here, we need to consider whether 20012 is larger than n~> or not. When 200772 < 7> (i.e.,
n < 0.17), the critical Poincaré number, Po'@, is

Po@ ~ Re™/1%  (for 200n=2 <Re < n70), (16)
where CSI grows, and
Po© ~Re 2 (for n=°> < Re), 17)

where the shearing instability grows faster than the other. If n is very small, there exists the
Reynolds-number range 1 <« Re < 0.14172, which is the range of Re that is smaller than Eq. (16).
In this Re range, Eq. (9a) instead of Eq. (9b) holds, and the growth rate of CSI is given by Eq. (12)
instead of Eq. (15b). Then, in this small-ellipticity case, the scaling Po® ~ Re™*/, Eq. (13), which
is the same as for CSI in a precessing sphere, holds for Re < 0.14172.

Before closing this section, we briefly consider the case with n > 0.17 (i.e., 2002 > n7).
For n > 1.9, 0.14n=2 = 1>, but such a large-7 case is beyond the scope of the validity condition
of the present analysis. We therefore assume 0.147~2 < n~>. Then a similar analysis leads to
Po(© ~ Re™/ for Re « 0.14n~2 and Po(® ~ Re~!/? for Re > 2005~2. However, since Re must
be sufficiently large, only the latter scaling may be realized.
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In the next section, we show that our experiments support all the theoretical predictions of the
scalings (13), (16), and (17).

III. EXPERIMENTS

A. Experimental setup

To realize the precession in the laboratory, we rotate a container filled with degassed water at €2
on a turntable rotating at £ ,. Here, we briefly describe our experiments. Details of our experimental
setup are given in our previous papers [11,16].

We use three kinds of containers with a spherical and a prolate and an oblate spheroidal cavity.
The radius of the sphere is @ = 90 mm. The equatorial and polar radii are ¢ = 81 mm and b =
90 mm (n = —1/9) for the prolate spheroid, while @ = 90 mm and b = 81 mm (n = 1/10) for the
oblate spheroid (Fig. 1). These containers, made of acrylic, have a cylindrical outer shape and the
spherical or spheroidal cavity (see Fig. 3 of Ref. [11]). We measure the velocity on the equatorial
plane [the x-y plane shown in Fig. 1(a)]. The images are taken through the bottom window of the
cylindrical container so that we can avoid distortion due to the index mismatch of air and the acrylic
container.

Note that all measurements are conducted on the turntable, and the measured velocity is on the
precessing frame rotating at £, with respect to the laboratory. We emphasize technical difficulties of
the PIV on the rotating frame. The electricity of the motor for the spin, a digital camera (Ditect HAS-
220), and a computer is supplied through a slip ring. A heavy laser device is set in the laboratory,
and a laser beam is guided to run along the precession axis (the rotational axis of the turntable)
and converted into the laser sheet on the equatorial plane by a cylindrical lens set on the turntable.
This method visualizes flow on the equatorial plane in spite of the turntable rotation at £2,,, although
the accurate alignment of the light beam along the precession axis is required. We have verified the
accuracy of the measured velocity fields of flow in the precessing sphere comparing them with DNS
under the same condition [11].

The main purpose of the present study is to accurately determine the critical Poincaré member
Po(©. For this purpose, we have taken care of the following points. (i) We precisely drive the
two rotations by using stepper motors with small step angles (0.036 degrees for €2, and 0.072
degrees for £,) and accurate pulse generators. This ensures the high precision of Po (= 2,,/€;).
(i) We accurately control the temperature of the working fluid. We have surrounded the space
around the apparatus by insulators and installed an air conditioner for the small space so that the
fluid temperature is controlled at 20 °C £ 0.1 °C during long-time (i.e., several hours) experiments.
Therefore, the variation of Re, due to the variation of v, is within +0.15%. (iii) We wait a
sufficiently long time to capture the slow growth of an instability. In the experiments, we repeat the
measurements by changing Po. Since the growth rate of an instability can be very small when Po is
slightly larger than Po'“), we wait for at least 10007, where T; = 27 /2, denotes the spin period,
after we set a parameter Po. Then, we conduct measurements for the duration of 5007;. In general,
by means of PIV, we can measure two-dimensional velocity fields. In the present experiments,
however, we restrict the area of our measurement plane and measure fluid velocity at a single point,
(x,y,2) = (0,37,0) mm, so that we can acquire a sufficiently long-time series of the velocity at the
point. The frame rate of the digital camera is set in the range between 50 and 400 fps depending
on ;. These careful measurements enable us to accurately estimate the power spectrum, based on
which we can precisely determine the critical value Po(® of the Poincaré number.

B. Power spectrum

The power spectrum is defined by

P(f) = M (18)
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FIG. 2. Power spectrum of (a) solid-body rotational flow (Po = 0), (b) steady flow (Po = 0.0046), and
(c) unsteady flow (Po = 0.0048) in the precessing sphere (Re = 4.0 x 10*). The frequency is normalized by
spin period 7. Gray and blue peaks represent the steady circulations of the container and fluid, respectively.
The red peak observed in (c) corresponds to the unsteady mode.

in terms of the Fourier transform

-~ 1 (T 2mift
u(f)zgfo u(t)exp(— - >dt (19)

of the measured velocity u(¢). Here, T is the measurement time and u* denotes the complex
conjugate of u. Figure 2 shows examples of P(f) of the flow in the precessing sphere for a fixed Re
(= 4.0 x 10*) and three different values of Po (=0, 0.0046, 0.0048). As emphasized in the preceding
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FIG. 3. Power spectrum for an unsteady flow in the oblate spheroid (Re = 4.0 x 10* and Po = 0.0425).
Gray and blue peaks represent the steady circulations of the container and fluid, respectively. The red peak
corresponds to the unsteady mode.

subsection, we set T' to be sufficiently longer than the spin period 7. Note that the horizontal axis
of Fig. 2 is the frequency f normalized by 7, 7.

First, looking at P(f) in Fig. 2(a) for the solid-body rotational flow (Po = 0), we observe the
peaks (colored in gray) at f = nT,~' (n=1,2,...). These peaks are always observed because the
container rotates with the period 7; slightly changing the position of the incident laser sheet for
PIV with the same period 7§, and therefore the peaks do not represent any unsteadiness of the flow.
Next, looking at P(f) in Fig. 2(b), we notice the other peaks (colored in blue) at f = 0.96nT, !
in addition to those at f = nT;~!. These peaks are also observed in P(f) of steady flows. Recall
that we measure the velocity by PIV, which is based on the images of tracer particles. Since the
steady flow is approximately uniform vorticity flow, similar images are taken with the period of
the circulation of the internal flow. This is the reason why the spectrum shows the peaks at the
frequency w/2m corresponding to this flow circulation. Therefore, we need to ignore these peaks
when we judge the unsteadiness of the flow. Incidentally, we can precisely measure the magnitude
w of the angular velocity of the internal flow (and its period, 1/0.96T; & 1.047; in this case) which
is necessary to estimate the magnitude € of the differential rotation. This is useful to verify the
theoretical predictions [36,37] of the differential rotation of steady flows in precessing spheroids,
though it is beyond the scope of the present study. In the next subsection, we use this idea by
comparing measured values of w at the critical points with those calculated from Eq. (5). Then,
looking at Fig. 2(c) and ignoring the peaks corresponding to the constant rotations of the container
and fluid, we notice another peak (colored in red) at f = 5.167,~!. It is this peak that corresponds
to the unstable mode. We can therefore conclude that Po(® e [0.0046, 0.0048] at this Reynolds
number (Re = 4.0 x 10*) for the sphere.

Figure 3 shows an example of P(f) for the precessing oblate spheroid at the same Reynolds
number (Re = 4.0 x 10*) as in Fig. 2. Similarly to the case for the sphere, we determine a peak
(colored in red) corresponding to the unsteady flow by neglecting the peaks corresponding to the
steady circulation of the container and fluid. We notice, however, that there are more peaks than
in the case for the sphere (Fig. 2). More specifically, we observe a sharp peak at f = 0.0437;~!
(= PoT,~!) and we also observe that the peaks corresponding to the flow circulations are accom-
panied by a pair of lower peaks at (0.93n & Po)7,~!. This sharp peak and pairs of lower peaks
are irrelevant to the unsteadiness of the flow because they correspond to the rotation £, of the
turntable. In our measurements, the location (which should be on the equatorial plane) of the laser
sheet oscillates slightly with the period €2, on the turntable. This is why we observe the spectral
peaks at fT; = Po (=,/;). The pairs of lower peaks stem from the same reason. Since the
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FIG. 4. Flow states in the precessing sphere (circles), prolate spheroid (n = —1/9, squares), and oblate
(n = 1/10, triangles). Closed and open symbols denote steady and unsteady flows, respectively. Solid, dotted,
and dashed lines indicate the scalings Re™*/1°, Re™/>, and Re™!/?, respectively.

values of Po (=0.004) in Figs. 2(b) and 2(c) are much smaller than the value in Fig. 3, the sharp
peak at Po and the side peaks are not observed in the former case (Fig. 2). Therefore, we need to
ignore these peaks to judge whether an instability grows. Since we observe a peak (colored in red) at
f = 3.52T,7! apart from these spurious peaks, we may conclude that the flow is unsteady. We have
verified that the spectrum for a lower Po (= 0.0422) does not show such a peak (figure is omitted),
and therefore V\f‘e estimate that the critical Poincaré number Po'®) is in the range [0.0422,0.0425] for
Re = 4.0 x 10%.

C. Critical Poincaré number

For fixed values of Re in the range 1.0 x 10* < Re < 8.0 x 10%, by using the procedure
described in the preceding subsection for different values of Po, we judge whether the sustained
flow for each combination of the parameters (Re, Po) is steady. Then, we determine Po'® by a
bisection method. Since the amplitude of the spectra for the unsteady mode [for example, the red
peak in Fig. 2(c)] is affected by noise, it is difficult to determine Po'® by its extrapolation. However,
since we have confirmed that all instabilities observed in the present experiments are supercritical,
the bisection method is adequate to determine Po®). We repeat the bisection for each Re until the
increments between the two values of Po for steady and unsteady flows become sufficiently small.

Figure 4 shows the results of the bisections. We denote steady and unsteady flows by closed
and open symbols, respectively. Circles, squares, and triangles are the results for the sphere, prolate
spheroid (n = —1/9), and oblate spheroid (n = 1/10), respectively.

First, looking at the results for the sphere (circles), it is clear that Po( is proportional to Re™/3.
This is consistent with the theoretical prediction, Eq. (13), derived by Lin et al. [20] and Kida [32]
as well as DNS [20]. The least-squares method estimates the coefficient of the scaling as Po® =
25Re~*/3. We further verify the obtained critical values Po) in the Appendix, where we show that
the results of flow visualization [11] are in good agreement with the present accurate measurements.
We also show in the Appendix that measurements by LDV validate the present PIV results.

The results for the spheroids are also consistent with the theoretical predictions described in
Sec. II. Recall that when Re < 1>, CSI dominates the shearing instability. Our experiments are
within this range (Re < 10° and n = —1/9, 1/10). Therefore, the theory predicts the scaling,
Eq. (16); namely, Po® ~ Re~¥/1°. The triangles (the oblate spheroid, n = 1/10) and squares
(the prolate spheroid, n = —1/9) in Fig. 4 indeed support this scaling. Although we observe the
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FIG. 5. The magnitude »® of the angular velocity of the approximately uniform vorticity flow at the
critical point Po = Po'®. Lines (black, the sphere; red, the prolate spheroid; blue, the oblate spheroid) are the
estimation on the basis of the spectral peaks (such as the blue peaks in Figs. 2 and 3). Symbols (e, the sphere;
W, the prolate spheroid; A, the oblate spheroid) are the theoretical predictions by Eq. (5).

deviation from the scaling in a lower Re range, this is also explained by the theory because the
scaling is valid under the assumption Re > 20052 (&2 x 10* for n ~ 0.1) for the scaling (9b) of
the differential rotation to hold. In this range of Re, the experimental results are fitted as Po'® =
1.0Re¥/1% (for the oblate spheroid) and 0.81Re™*/!* (for the prolate spheroid), respectively.
Furthermore, for the prolate spheroid, we observe a small deviation from the scaling, and it seems
to approach another scaling with a larger (in magnitude) exponent. This is also consistent with
the theories. We expect Po® ~ Re~!/2, Eq. (17), in a higher Reynolds-number range (Re > 1> ~
6 x 10* for the prolate spheroid and 10° for the oblate spheroid) because the shearing instability
grows faster than CSL

The most important observation in Fig. 4 is that, for a given Re, the instability grows with much
lower Po in the precessing sphere than in the spheroids. This is explained in terms of the magnitude
€ of the differential rotation. Recall that the growth rate (11c) increases with €. As discussed in the
last paragraph of Sec. II B, because of the absence of the pressure torque in a sphere, the differential
rotation, at a given combination of Re and Po, is much larger for a sphere (n = 0). This explains
why the CSI grows with significantly lower Po in a sphere.

To further examine the consistency between the present experiments and the theory, here we
estimate the magnitude €(©) of the differential rotation at the critical points. Since we need to use
Eq. (5) for this purpose, we first verify it. As mentioned in Sec. III B, the peaks (such as the blue
peaks in Figs. 2 and 3) of P(f) contain the information of the approximately uniform circulation
of the fluid. More concretely, we use the fact that the blue peaks in Figs. 2 and 3 correspond to
the frequency w/2m of the approximately uniform vorticity flow. We plot by solid lines in Fig. 5
the value of w'© measured from the peaks. On the other hand, we substitute the parameters 7, Re,
and Po® into Eq. (5) to obtain, by the Newton method, the theoretical prediction of »“) at the
critical point. Figure 5 shows that, although the theory underestimates () for the oblate spheroid,
the theoretical prediction is in excellent (almost perfect for the prolate spheroid) agreement with the
measurements. Incidentally, it is interesting to observe that ) is approximately independent of the
ellipticity.

Then, we further substitute »‘®, for which we use the theoretical values for consistency, into
Eq. (6) to obtain the magnitude €(©) of the differential rotation at the critical points. Thus estimated
values of € are plotted as functions of Re in Fig. 6. It is clear that, irrespective of the ellipticity
(including n = 0 for the sphere), €' is proportional to Re=*/1°, though we observe deviation from
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FIG. 6. The magnitude €' of the differential rotation at the critical point Po = Po(. Symbols are the same
as in Fig. 4. Solid lines indicate the scaling €© ~ Re™>/1°,

the scaling in the low-Re range for the prolate spheroid. Recall that the growth rate of CSI scales
as y ~ e Re™!/%; see Eq. (11c). At the critical points, this must be balanced with the viscous decay
rate, i.e., ¥ ~ Re™!/?, and € is proportional to Re>/1°. The scaling observed in Fig. 6, therefore,
implies that the instability in this range of Re and for these n is CSI. Incidentally, the Ekman-
boundary-layer instability, which may occur for Re > 10°, leads to €© ~ Re™!/? [33]. Although
our experimental setup cannot reach the regime, it is interesting to investigate the impact of the

boundary-layer instability on the bulk flow in the high Re regime.

IV. CONCLUSION

We have conducted well-controlled laboratory experiments (Sec. III) to investigate the instability
of steady flow sustained in a slowly precessing sphere and spheroids. We have measured, by PIV, a
long-time series of a velocity component at a point on the equatorial plane and analyzed its power
spectrum (examples are shown in Figs. 2 and 3) to judge the steadiness of the flow. Then, we have
accurately determined using a bisection method the critical Poincaré number Po(® (Fig. 4) for each
Reynolds number Re, which is the reciprocal of the Ekman number, for three different containers
(sphere, prolate spheroid with n = —1/9, and oblate spheroid with n = 1/10). In the Reynolds-
number range 1.0 x 10* < Re < 8.0 x 10*, Po'® for the sphere scales as Po(®) = 25Re™*/ (circles
in Fig. 4). This result is consistent with the theoretical prediction, Eq. (13), by Lin et al. [20] and
Kida [32], DNS [20], and the flow visualization [11], which is evidence that the conical shear-driven
parametric instability (CSI) grows in the sphere. Furthermore, we have shown that for the spheroids
with the ellipticity 7 = 0(0.1), Po‘ oc Re™¥/!? in this Re range; see the triangles and squares in
Fig. 4. The least-squares method estimates the coefficient to be 1.0 and 0.81 for the oblate and
prolate spheroids, respectively. These results are also consistent with the theoretical prediction,
Eq. (16), and they imply that the instability is CSI. In other words, for small 5, in the Re range
Re < 57>, CSI dominates the shearing instability. It is interesting that the peaks of the spectra (such
as the blue peaks in Figs. 2 and 3), which stem from the nature of the PIV, enable us to estimate
the magnitude w of the angular velocity of the circulation of the steady or weakly unsteady internal
flow. The estimations are in good agreement with the theory (Fig. 5). Then, using these values of @
at the critical points, we have evaluated the magnitude € of the differential rotation (Fig. 6) at the
critical points. The results show that € is proportional to Re™3/!° irrespective of the container’s
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FIG. 7. Flow states in the precessing sphere. Closed and open circles denote steady and unsteady flows,
respectively. The results were obtained by PIV (black), LDV (red), and visualizations (blue). The dotted line is
the same as that in Fig. 4, which is proportional to Re ™/,

shape. This result is also consistent with the growth rate (11c) of CSI, and further supports the
conclusion that CSI grows in the three containers in this Re range.

Although our experimental apparatus restricts the Reynolds number to be less than 10°, the theory
described in Sec. II predicts that the shearing instability can grow in our spheroidal containers
(7 &~ 0.1) for Re > 10° to observe the scaling of Po'® proportional to Re~!/2, Furthermore, if we
use spheroids with a much smaller » and conduct experiments for a wider Re range, then the three
scalings Po© ~ Re™*/3, Re™/1°, and Re!/? can be observed successively as Re increases. These
experiments as well as DNS, showing direct evidence that CSI grows in precessing spheroids, will
form the basis of important future studies.
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APPENDIX: COMPARISON WITH OTHER EXPERIMENTAL TECHNIQUES

As we described in Sec. III, we carefully conduct PIV. In this Appendix, we validate the results
with those obtained by other methods. First, we compare in Fig. 7 the PIV results (black symbols)
with those with flow visualizations (blue symbols) [11]. Only the case for the precessing sphere is
shown. We visualize the flow by using reflective flakes, and we judge the steadiness of the flow by
the steadiness of the visualized pattern [38]. This simple technique yields results in good agreement
with the present accurate measurements. Although there are small quantitative deviations, the
visualization leads to the same scalings of Po'®). However, for the spheroid (in particular, the oblate
spheroid), the stationary pattern is very obscure and we could not use the flow visualization to
determine the critical Poincaré number.

Next, we compare the present results for the sphere with those by LDV (Dantec Dynamics
FlowExplorer). Since the signal analyzer of the LDV system is too large to set on the turntable, we
set it in the laboratory and only the head rotates together with the turntable. Through a photocoupler
set on the axis of the turntable, the light signal received by the head on the turntable is transferred to
the signal analyzer in the laboratory. We analyze the time-series of velocity components at a single
point to judge the steadiness of the flow. Although the time increments of measured velocity are
irregular and therefore we need a special treatment for the spectral analysis, the LDV can easily
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acquire a long-time (say, 20007;) data. Then, using the bisection method, we determined Po(®,
which is plotted with red symbols in Fig. 7. The obtained values are consistent with the PIV results
(black symbols). For example, for Re = 2.03 x 10*, the PIV concludes 0.0083 < Po®> < 0.0085,
whereas the LDV leads to 0.008 < Po® < 0.0085. However, although the LDV is more appropriate
for the time-series analysis, we encountered difficulty in measuring the velocity of the flow in the
spheroids. As mentioned in Sec. III, we use an acrylic cylindrical container with a spheroidal cavity,
and we measure the velocity from the bottom of the cylinder (see Fig. 3 of Ref. [11]). Thanks to this
technique, we can avoid the refraction due to the index mismatch of the acrylic container and air.
This is sufficient for the accurate PIV. However, for LDV we need to detect weak scattered light,
and the refraction on the cavity wall (i.e., the curved boundary between the acrylic container and
water) is not negligible. Therefore, we have to carefully set the alignment of incident beams for the
LDV. This is possible in principle, but the setup for PIV is much easier and PIV is equally accurate.
Therefore, in the present study we have conducted the measurements by PIV rather than LDV.
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