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It has been known for a long time that fully developed turbulence is sustained in a
precessing container. The aim of the present study is to reveal the sustaining mechanism
of turbulence in a precessing sphere by means of laboratory experiments. We conduct
experiments using a Newtonian fluid (water) and viscoelastic fluids (dilute solutions
of surfactant, cetyltrimethyl ammonium chloride, and polymers, polyethylene oxide) to
understand the sustaining mechanism of turbulence of Newtonian fluids by examining
turbulence modifications due to the surfactant and polymer additives. When the Reynolds
number based on the spin angular velocity and radius of the sphere is fixed, the most
developed turbulence is sustained with the Poincaré number (the precession rate) being
about 0.1. The key ingredient of the developed turbulence is a pair of large-scale vortex
tubes which robustly exists in the flow. Assuming that these vortex tubes sustain small-scale
turbulent eddies through an energy cascading process, we can explain all our experimental
observations. Concerning the turbulence modification by the additives, the time-scale
criteria by Lumley [J. Polymer Sci.: Macromol. Rev. 7, 263 (1973)] and the refined theory
by Tabor and de Gennes [Europhys. Lett. 2, 519 (1986)] explain the experimental result
that the pair of large-scale vortex tubes survives even when small-scale turbulent eddies are
drastically suppressed by the surfactant additive.

DOI: 10.1103/PhysRevFluids.2.114603

I. INTRODUCTION

Since table-top turbulence generators are useful for scientific and engineering studies of
turbulence, it is important to establish an efficient way to generate turbulent flows of a fluid confined
in a container. The simplest way to sustain turbulence of a confined fluid is to mix it with inserted
stirrers. For instance, the von Kármán flow [1,2], which is driven by a pair of counter-rotating disks
in a columnar container, is widely used. The Taylor-Couette flow [3], i.e., the flow between rotating
concentric columns, is an example of flow systems sustaining complex flows without stirrers and is
extensively used in laboratory experiments of turbulence (for a recent review see Ref. [4]). Another
method to sustain turbulence of a confined fluid without stirrers is using the precession of a container
[5,6]. A precession is the rotation of the spin axis of a rotating container about another axis (see
Fig. 1). In the present study, we focus on the fact that weak precession of a container can sustain
developed turbulence of the confined fluid.

Since the pioneering experiment by Malkus [5], many researchers have studied the flows in
precessing containers with various shapes: a cylinder [7–18], a spheroid [18–27], a sphere [28–39],
and spheroidal or spherical shells [40–46]. In particular, geophysicists are interested in this flow
system because the Earth’s weak precession may affect the geomagnetic dynamo due to turbulence
of molten iron in the outer core [5,47–49]. This is the reason why flows in a precessing spheroid
and a spheroidal shell have been extensively studied. However, as shown in Ref. [50], turbulence is
sustained in a sphere with much weaker precession than a slightly elongated spheroid. Therefore, in
the present study, we investigate turbulence in a spherical cavity. Once we fix the angle between the
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FIG. 1. Precessing sphere. We examine the case that the axes of the spin and precession are perpendicular
to each other. Here �s and �p denote the spin and precession angular velocities, respectively.

two rotational axes (see Fig. 1), the flow of a Newtonian fluid in a precessing sphere is controlled
by only two dimensionless parameters (see Sec. II A). This is an advantage of this system. Recall
that the von Kármán flow and the Taylor-Couette flow have additional parameters such as the aspect
ratio and the shape of disks. We also emphasize that one may conduct direct numerical simulations
(DNSs) [38,39,51] of flows in a precessing sphere at the Reynolds numbers as high as in laboratory
experiments because of its simple boundary condition.

One of the most interesting properties of this system is that the precession of a spherical container
drives a variety of flows in spite of its simple motion. In our previous experiments [6,50], we
systematically investigated from steady flows to developed turbulence in a precessing sphere and
showed that the most developed turbulence (for a given spin rate) is sustained when the precession
is only about 10% of the spin. This property is independent of the spin rate. We also quantitatively
showed, using DNSs [51], that only 10–15 spins are required to completely mix a Newtonian fluid
(irrespective of its kinematic viscosity) confined in a precessing sphere when the precession rate
is set around 10%. According to our DNSs, a pair of large vortex tubes exists in this strongly
mixing regime. Figure 2 shows these vortices, which are depicted with streamlines of the temporally
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FIG. 2. Schematics of a pair of large-scale vortex tubes in turbulence of a Newtonian fluid for Po = 0.1.
(Here Po indicates the precession rate; see Sec. II A for the definition.) These are depicted on the basis of DNSs
[50,51]. Black arrows are streamlines of the averaged velocity field of turbulence. Red and blue curves show
the cross-sectional flows on the x-y and z-x planes, respectively. The vortices are anticyclones with angular
velocities approximately antiparallel to �p .
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averaged velocity field [50,51]. They are anticyclonic with respect to the angular velocity of the
precession [see the blue curves in Fig. 2(c)] and the helical streamlines in the left (right) vortex
in Fig. 2(b) are right- (left-)handed. Although we speculate that the large-scale vortex tubes play
important roles in the sustaining mechanism of small-scale turbulent eddies, the detailed mechanism
is unknown. The main purpose of the present study is to show how the developed turbulence is
sustained with a precession as weak as 10% of the spin.

Despite the long history, back to the time of Poincaré, of the theoretical study of flows in
precessing containers, the sustaining mechanism of turbulence in a precessing sphere or spheroid is
not understood. In the same year of Malkus’s experiment [5], Busse [21] developed the theory of
flows in a precessing spheroid in the weak precession regime. He extended the linear boundary-layer
analysis by Stewartson and Roberts [19] and Roberts and Stewartson [20] to the nonlinear regime,
and he derived viscous corrections to the inviscid steady flow solution. Concerning the instability,
Kerswell [25] showed that the parametric coupling of two inertial waves in a precessing spheroid
could lead to unsteady flow through an inviscid instability. Kida [34,35] analytically investigated
the viscous steady flow in a weakly precessing sphere and its instability, and derived the scaling of
the critical precession rate as a function of the Reynolds number, which is in agreement with the
laboratory experiments [50]. Even recently, Lin et al. [38] analytically and numerically investigated
the mechanism and scaling of the instability of steady flow in a weakly precessing sphere, where
the differential rotation between the container and confined fluid plays an important role because,
as the Poincaré number increases, the differential rotation grows, and then the growth rate of the linear
instability increases accordingly. Although these stability analyses explain the onset of unsteady
flows in a weak precession regime, they provide no information on the sustaining mechanism of
fully developed turbulence. We tackle this problem by conducting laboratory experiments.

In the present study, to understand the sustaining mechanism of fully developed turbulence of a
Newtonian fluid confined in a precessing sphere, we investigate flows of non-Newtonian fluids in
the sphere. It is well known that a small amount of additives can significantly modify turbulence
of water due to the viscoelastic properties of the solutions [52–55]. The most famous phenomenon
may be known as the Toms effect [56], namely, the addition of a small amount of some kind of
polymers significantly reduces turbulence intensity. By systematically investigating the turbulence
reduction due to additives, we may reveal the sustaining mechanism of turbulence of Newtonian
fluids because the turbulence reduction must be caused by the inhibition of the sustaining mechanism
of the turbulence.

For this purpose, we must know rheological properties of the solutions of additives which lead
to the turbulence reduction. Fortunately, since the discovery of the Toms effect, for engineering
applications such as the drag reduction in fluid transports, not only the rheological properties of the
solutions but also the physical mechanism of the reduction have been investigated by many authors
[52–55]. In our experiments, we use dilute solutions of surfactant and polymer additives whose
rheological properties are known (see Sec. II C). Concerning the physical mechanism of turbulence
modification, we will discuss it in Sec. IV on the basis of classical theories [57–60] which predict
the truncation of the energy cascade at a length scale. In the following, this length scale is denoted
by �c. The starting point of these theories is the time-scale criteria: i.e., the matching of time scales
of turbulent energy cascade and the viscoelasticity of the working fluid. We define the Lumley scale
(denoted by �L) by the length scale at which the time scale of shearing motions around eddies is
comparable to the characteristic time (denoted by τ ) of the viscoelasticity. Below the Lumley scale,
the flow can interact with the additive. According to Tabor and de Gennes [59] (see also a recent
review [54]), at �c, which is shorter than �L and depends on the concentration of the additive, the
elastic energy possessed by the additive is comparable to the energy possessed by turbulent eddies
and the energy cascade is terminated so that eddies smaller than �c are not sustained. Note that these
classical theories have been developed for polymer solutions, but surfactant additives have similar
effects.

The rest of the present article is organized as follows. After describing our experimental setup in
Sec. II, we show in Sec. III experimental results on the turbulence reduction in a precessing sphere

114603-3



YASUFUMI HORIMOTO AND SUSUMU GOTO

Laser beam

Cylindrical lens

Observation window

Camera

Turntable Stepper motor (Ωp)

Stepper motor (Ωs)

Acrylic container

Laser sheet

FIG. 3. Experimental apparatus. Two stepper motors drive the spin and precession of the acrylic container.
A laser sheet visualizes the flow on the equatorial plane of the spherical container. A camera fixed on the
turntable records visualized flows through the observation window at the bottom of the container. It is mounted
on a linear stage to record flows at different locations on the equatorial plane.

due to surfactant and polymer additives. In Sec. IV we use classical theories [57–60] to explain our
experimental results for non-Newtonian fluids and reveal the sustaining mechanism of turbulence of
Newtonian fluids in a precessing sphere. Section V gives concluding remarks.

II. EXPERIMENTS

A. Experimental apparatus

We experimentally investigate turbulence of an incompressible fluid in a precessing sphere with
radius a (=90 mm). The sphere rotates at a constant angular velocity, �s , and its spin axis rotates at
a constant angular velocity, �p, about another axis that is called the precession axis (Fig. 1). In our
experiments, the axes of the spin and precession are set at a right angle. We define x, y, and z axes in
the directions parallel to �p × �s , �p, and �s , respectively. When the working fluid is Newtonian
with the kinematic viscosity, ν, the flow in the precessing sphere is controlled by two dimensionless
parameters: the Reynolds number, Re = a2�s/ν, and the Poincaré number, Po = �p/�s . Here
�s = |�s | and �p = |�p|.

The schematic of our experimental apparatus is shown in Fig. 3. We use a columnar acrylic
container with a spherical cavity. To realize the precession of the container, we drive the spin of the
container at �s by using a stepper motor (with a step angle 0.036◦) on a table which is also rotated
at �p by another stepper motor (with a step angle 0.072◦). Since the turntable and the container are
independently rotated by the two motors, we can precisely set the values of Re and Po.

There are heat sources such as the motors and a computer around the acrylic container. Since the
temperature of the working fluid affects the rheological properties, including the kinematic viscosity,
ν, of solutions of surfactant and polymer additives, keeping the temperature of the working fluid
constant is crucial to conduct experiments with high reproducibility. We embed a thermister in
the acrylic container to monitor the temperature of the working fluid. To precisely control the
temperature of the fluid, we enclose the space of about 2 m3 around the experimental apparatus with
thermal insulators and control the air temperature by using a well-controlled air conditioner (Orion
Machinery PAP 03B). We can thus keep the temperature of the fluid at 20.0 ± 0.1 ◦C during the
experiments for over 10 hr.
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TABLE I. Examined Reynolds numbers, Re, and the corresponding values of the magnitude of the spin
angular velocity, �s .

Re 1.01 × 104 2.03 × 104 4.01 × 104 8.02 × 104

�s [rad/s] 0.4π 0.8π 1.58π 3.16π

B. Visualizations and PIV

We conduct flow visualizations using reflective flakes and velocity measurements by particle
image velocimetry (PIV). The light source is common for these two kinds of experiments. The laser
beam with the wavelength 532 nm and the maximum power 2 W, which is emitted from a laser
oscillator fixed in the room, is led to the turntable along its rotation axis (i.e. the precession axis). The
laser beam, then, is spread into a sheet by a cylindrical lens fixed on the turntable to visualize the flow
on the equatorial plane of the spherical cavity, that is the x-y plane at z = 0 (Fig. 3). The refraction
in the z direction of the incident laser sheet at the outer wall of the container is negligible because
the sheet enters through the side surface of the columnar container. We make flow visualizations
and velocity measurements through the flat bottom window of the columnar container. Although
the indices of the acrylic container and working fluids (Sec. II C) are different by about 11%, the
refraction on the spherical cavity is negligibly small.

We use two different cameras for flow visualizations and PIV. We use a digital camera (Nikon
D7100 with Nikkor 20 mm 1:2.8; 1280 × 720 pixels) fixed on the turntable to record visualized
flow on the equatorial plane, whereas we use another digital camera (Ditect HAS-220 with Pentax
C-mount lens 12 mm 1:1.2; 640 × 480 pixels) for PIV. In the present study, we conduct experiments
for Re = 1.01 × 104, 2.03 × 104, 4.01 × 104, and 8.02 × 104. The corresponding values of �s to
each Reynolds number are summarized in Table I. For flow visualizations, we fix the frame rate at
50 fps. For PIV, we set the frame rates at 50 fps for Re = 1.01 × 104, 100 fps for Re = 2.03 × 104

and 4.01 × 104, and 200 fps for Re = 8.02 × 104.
Due to the limitation of the resolution of the digital camera, we set the camera on a linear stage

to conduct the PIV at three different locations in the x direction for each parameter so that we
can obtain the velocity field in the semicircle region (y � 0) on the equatorial plane. Assuming the
rotational symmetry about the spin axis of the statistics of the velocity on the plane, we may obtain
the statistics on the entire plane. We collect statistics over about 280 Ts for Re = 1.01 × 104 and
2.03 × 104, and 140 Ts for Re = 4.01 × 104 and 8.02 × 104. Here Ts is the spin period.

We emphasize that our PIV measures the velocity field in the rotating frame fixed on the turntable
and that we do not subtract any rotating components, the spin rotation of the container, for example,
from the measured velocity field (see Figs. 7 and 9). For a lower Poincaré number, turbulent flow
globally rotates about an axis inclined from the spin axis of the container (see the Appendix for the
case Po = 0.02), and there are coherent large vortices rotating with the global circulation [38,39].
However, there is no primary rotation in fully developed turbulence for Po = 0.1 (see Fig. 2), which
is the main target of the present study.

We use different tracer particles for flow visualizations and PIV measurements. For flow
visualizations, we use aluminum reflective flakes or mica coated with titanium dioxide. No qualitative
difference in the visualizations with the two kinds of reflective flakes is observed, but the former
flakes are better for vivid visualizations of developed turbulence. For PIV, we use nylon powders,
whose mean diameter and density are 50 μm and 1.03 g/cm3, respectively.

C. Working fluids

We examine three kinds of working fluids: water, a dilute solution of cationic surfactant, and a
dilute solution of polymers. For the surfactant solution, we use cetyltrimethyl ammonium chloride
(CTAC, the molecular weight 320.00) with counterions, sodium salicylate (NaSal, the molecular

114603-5



YASUFUMI HORIMOTO AND SUSUMU GOTO

weight 160.10). For the polymer solution, we use polyethylene oxide (PEO, the mean molecular
weight 4 000 000). The solutions of both of CTAC and PEO are viscoelastic fluids, and, even when
the concentration is very dilute, they can lead to significant turbulence reduction [53,55,61]. The
additives are dissolved in water, and then the solutions are injected into the spherical cavity filled with
degassed tap water. The concentrations of the CTAC and NaSal are 50 ppm by mass concentration;
i.e., the molar ratio of the CTAC and NaSal is 1:2. The concentration of PEO solution is also set at
50 ppm. The solutions are so dilute that we may assume that the zero-shear viscosity of the solutions
are the same as that of water. We therefore estimate Re for the solutions by using the value of the
kinematic viscosity of water at the same temperature.

As mentioned in Sec. I, a key parameter of viscoelastic fluids is its characteristic time, τ . It is not
straightforward to define the characteristic time, τ , of viscoelastic fluids because their rheological
properties are generally complex and only partly known. One candidate is the relaxation time,
τ = η/G. Here η and G are the viscosity and elastic modulus of a working fluid, respectively. The
rheological properties of the CTAC and PEO solutions have been extensively investigated, although
measurements of the rheological properties of dilute solutions are not necessarily easy, and it is
known that the relaxation time of these solutions is significantly different. For the CTAC solution
with concentration 75 ppm, τ = O(0.1) s [62], whereas for the PEO solution with concentration
400 ppm, τ = O(10−3) s [63], which is the same order with Zimm’s relaxation time [64] of PEO.
We estimate the relaxation time of the PEO solution of 50 ppm is τ = O(10−3) s because Zimm’s
estimation holds for the dilute limit. As will be shown in Sec. III, the difference in the characteristic
times of the CTAC and PEO solutions has a great effect on the onset of turbulence modification.

It is also known (see, e.g., Ref. [65,66]) that dilute CTAC solutions show the significant increase
of the shear viscosity around the shear rate γ̇ ≈ 10 s−1 due to the so-called shear-induced structures.
The drastic increase of the viscosity is observed in experiments where γ̇ is either increased or
decreased around γ̇ ≈ 10 s−1 (see the schematics shown in Fig. 10 below). Of importance is that
the characteristic time, 0.1 s, of the non-Newtonian viscosity of CTAC solutions is in the same order
with the relaxation time. We may therefore assume that the characteristic time of the viscoelasticity
of the dilute CTAC solutions is about 0.1 s. Incidentally, such a non-Newtonian viscosity is not
observed in dilute PEO solutions in the range that 10 s−1 � γ̇ � 1000 s−1 [67].

III. RESULTS

As mentioned in Sec. I, our previous experiments [50] showed that the most developed turbulence
of water in a precessing sphere is sustained at Po ≈ 0.1 when the Reynolds number is sufficiently
high (Re � 5000). For weaker precession (Po � 0.02), turbulence is dominated by a simple swirling
motion about the spin axis. On the other hand, for stronger precession (Po � 0.2), a columnar
quiescent region emerges along the precession axis. Thus, in the following, we focus on the turbulence
for Po = 0.1, since the purpose of the present study is to understand the sustaining mechanism of
fully developed turbulence in a precessing sphere. We briefly show results for other values of Po in
the Appendix.

A. Overall observations by flow visualizations

Figure 4 shows the snapshots of the visualization using reflective flakes of turbulence of (a)
water, (b) the CTAC solution, and (c) the PEO solution. The control parameters are common:
Re = 8.02 × 104 and Po = 0.1.

For water [Fig. 4(a)], fully developed turbulence is sustained in the entire region of the sphere.
It is our purpose to understand the sustaining mechanism of this developed turbulence of water.
Looking at the fluid motion in this visualization (see also the movie in the Supplemental Materials
[68]), we may have a strong impression that small-scale eddies are created in the vicinity of the
wall and advected into the bulk by large-scale swirling motions observed in the right-upper and
left-bottom regions of these figures. These swirling motions are the cross sections of the pair of
large-scale vortex tubes shown in Fig. 2. However, we will show in Sec. IV that this picture of
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FIG. 4. Visualization with using aluminum flakes of turbulence for Re = 8.02 × 104 and Po = 0.1.
(a) Water, (b) CTAC solution (50 ppm), and (c) PEO solution (50 ppm). Movies are available in the Supplemental
Materials [68].

turbulence sustainment is inaccurate and another mechanism is relevant to sustaining the small-scale
turbulent eddies.

Despite the common Re and Po, the turbulence of the CTAC solution [Fig. 4(b)] is significantly
weaker than that of water. More precisely, small-scale turbulent eddies, which exist in a central
region in the water turbulence, almost completely disappear. Interestingly, however, looking at the
fluid motion of the CTAC solution, we notice that large-scale swirling motions near the wall survive
(see the movie in the Supplemental Materials [68]). We will show quantitative evidence of these
observations in Secs. III B and III C.

In contrast to the case of the CTAC solution, no turbulence reduction is observed for the PEO
solution [Fig. 4(c)]. Although this might be a surprising result because PEO is an additive frequently
used to reduce turbulence intensity, it is explained in terms of the time-scale mismatch (Sec. IV). It
is worth mentioning that even with much higher concentrations (up to 500 ppm) PEO solutions lead
to no turbulence modification in the present experimental setup. Incidentally, since the turbulence
for Po = 0.1 is not accompanied by a simple global circulation (see Fig. 2) and well mixes additives
[51] without centrifugal effects, the polymers uniformly distribute in the container. This implies that
the absence of the turbulence reduction is not due to the accumulation of the polymers near the wall.

The above results are qualitatively similar (see Sec. III D for quantitative arguments) for the other
Reynolds numbers: Re = 1.01 × 104,2.03 × 104, and 4.01 × 104. Irrespective of Re in this range,
small-scale turbulent eddies in a central region of the sphere are drastically reduced for the dilute
CTAC solution, whereas no turbulence modification is observed for the dilute PEO solution.

We emphasize that the flow states are quite robust in our experiments. This is in contrast to
the known fact that the measurements of the rheological properties of these dilute solutions are
difficult because they sometimes depend on measurement procedures. The high reproducibility of
our experiments may be because we use a sufficiently large amount of the fluid (about 3.1 × 103 cm3)
and because we conduct the experiments according to a prescribed protocol with the precise control
of the parameters. We always start with a solid-body rotational flow, i.e., without precession, at a
given �s and suddenly impose the precession, and then wait for a sufficiently long time about 100 Ts

for the system to attain a statistically stationary state.

B. Small-scale eddies

To quantitatively verify the observed feature of the reduction of small-scale turbulent eddies, we
calculate the z component, ωz, of the vorticity (the component in the direction perpendicular to the
equatorial plane) by taking the spatial derivatives of the velocity fields obtained by using PIV. We
evaluate the velocity gradients by the second-order finite difference. Figure 5 shows the instantaneous
value of ωz/�s in the semicircle region, y � 0, on the equatorial plane. The parameters, Re and
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FIG. 5. Snapshots of the z-component vorticity, ωz, normalized by �s for Re = 8.02 × 104 and Po = 0.1.
(a) Water, (b) CTAC solution (50 ppm), and (c) PEO solution (50 ppm). The left, center, and right columns
show the regions that −1 � x � −0.2, −0.4 � x � 0.4, and −0.2 � x � 1, respectively.

Po, are the same as those in Fig. 4. Note that the results shown in Fig. 5 are vorticity fields at
different times because we separately measure the velocity fields at three different locations in the
x direction (see Sec. II B). It is apparent, comparing Figs. 5(a) and 5(b), that small-scale eddies in
a central region of the sphere are absent in turbulence of the CTAC solution. In contrast, there is
no qualitative difference between small-scale turbulent eddies for water [Fig. 5(a)] and for the PEO
solution [Fig. 5(c)]. These results are consistent with the flow visualizations shown in the previous
subsection. Since we use different kinds of tracers for the visualizations and PIV (see Sec. II B), the
turbulence modification and unmodification due to CTAC and PEO are not artifacts caused by the
interactions between the reflective flakes and the additives.

To clarify the statistics of the reduction of turbulent eddies due to the additives, we plot in Fig. 6
the temporally averaged value of (ωz/�s)2 for the three kinds of fluids. Since the value of ωz reflects
small-scale turbulent eddies and the positive-definite quantity (ωz/�s)2 is not canceled out by the
averaging, we can see in Fig. 6 how much the small-scale turbulence is reduced. The comparison
between the three panels in Fig. 6 verifies that small-scale turbulent eddies are suppressed in the
CTAC solution in a central region of the sphere, whereas no suppression occurs in the PEO solution.
It is also clear in the comparison between Figs. 5(a) and 5(b) that the vorticity field near the wall
is not modified even when small-scale turbulent eddies are drastically suppressed in the bulk of the
flow of the CTAC solution.
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FIG. 6. Temporal average of (ωz/�s)2 for Re = 8.02 × 104 and Po = 0.1. (a) Water, (b) CTAC solution
(50 ppm), and (c) PEO solution (50 ppm).

In the above discussion, we showed only the case for the highest Reynolds number, Re =
8.02 × 104, but the other cases are discussed in Sec. III D.

C. Large-scale eddies

The supplemental movie for Fig. 4(b) cited Sec. III A suggests that although small-scale eddies
are drastically reduced in the turbulence of the CTAC solution, the large-scale swirling motions
survive. To quantitatively verify this feature of turbulence modification, we plot in Fig. 7 temporally
averaged velocity fields, which represent large-scale flow structures, of turbulence of the three kinds
of working fluids. Recall that we do not subtract the spin velocity of the container in Fig. 7. In these
figures, the wall velocity is indicated by the vertical arrow, and we notice that the velocity in the
bulk of the turbulence is, irrespective of the working fluid, much slower than the wall velocity.

In the turbulence of water [Fig. 7(a)], there are the large-scale swirling motions near the wall
in the right-upper and left-bottom regions and counterflow in a central region. Recall that these
near-wall structures are cross sections of a pair of large-scale vortex tubes (Fig. 2; see also Refs. [50]
and [51]). In Fig. 2 we depict the mean flow structures on the basis of the DNS data of a Newtonian
fluid. Although these vortices have only a small cross section with the equatorial plane, they induce
counterclockwise vortices (Fig. 7) as shown by red curves in Fig. 7(b).

Comparing the temporally averaged velocity fields of turbulence of water [Fig. 7(a)] and the
CTAC solution [Fig. 7(b)], we confirm that the large-scale swirling motions in the right-upper and
left-bottom regions exist in the turbulence of the CTAC solution even when small-scale turbulent
eddies are significantly reduced. We also notice that the size of the large-scale swirling motions in

(a)

x

y

(b) (c)

FIG. 7. Temporally averaged velocity field on the equatorial plane for Re = 8.02 × 104 and Po = 0.1.
(a) Water, (b) CTAC solution (50 ppm), and (c) PEO solution (50 ppm). The vertical thick arrow indicates the
wall speed, a�s , on the equatorial plane. The direction of the spin of the container is counterclockwise.
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FIG. 8. Reynolds-number dependence of the temporally averaged value of (ωz/�s)2 for Po = 0.1. (a, d, g)
Re = 1.01 × 104, (b, e, h) 2.03 × 104, and (c, f, i) 4.01 × 104. (a–c) Water, (d–f) CTAC solution (50 ppm), and
(g–i) PEO solution (50 ppm).

the CTAC solution at this Reynolds number (Re = 8.02 × 104) is smaller than in the turbulence
of water. In other words, in the case shown in Fig. 7(b), although the large-scale swirling motions
survive, they are modified by the CTAC additive, in particular, in their peripheries. The modification
of large-scale eddies is examined in the next subsection in detail.

Incidentally, perhaps as expected from the observations in the previous subsections, the mean
flow structures of turbulence of the water and PEO solution are almost identical [Figs. 7(a) and 7(c)].
The results shown in this and the preceding subsections imply that the PEO additive has no effect
on structures of turbulence at any length scale in our system.

D. Reynolds-number dependence of turbulence modification

Before closing this section, we investigate the Reynolds-number dependence of turbulence
modification. This gives the key to the discussion in the next section. First, to examine the
modification of small-scale turbulent eddies, we plot in Fig. 8 the temporally average of (ωz/�s)2

of turbulence of the three working fluids at three different values of the Reynolds number
(Re = 1.01 × 104, 2.03 × 104, and 4.01 × 104); see Fig. 6 for the results of Re = 8.02 × 104.
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(a)
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x
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FIG. 9. Reynolds-number dependence of the temporally averaged velocity fields for Po = 0.1. (a, d, g)
Re = 1.01 × 104, (b, e, h) 2.03 × 104, and (c, f, i) 4.01 × 104. (a–c) Water, (d–f) CTAC solution (50 ppm), and
(g–i) PEO solution (50 ppm). The vertical thick arrow indicates the wall speed, a�s , on the equatorial plane.
The direction of the spin of the container is counterclockwise.

Figures 6 and 8 show that, irrespective of Re, small-scale eddies are reduced in the bulk of the
flow of the CTAC solution, whereas no modification of these small-scale eddies occurs in the PEO
solution. Comparing the intensity of vorticity in water [Figs. 6(a) and 8(a)–8(c)] and the CTAC
solution [Figs. 6(b) and 8(d)–8(f)], we see that the region of the turbulence reduction gradually
expands as Re increases. More precisely, for the lowest Re [=1.01 × 104; Fig. 8(d)] the reduction
of small-scale turbulent eddies occurs only in a central region of the sphere, but small-scale eddies
entirely disappear in the bulk of the sphere for the highest Re[=8.02 × 104; Fig. 6(b)].

Next, to examine the modification of the large-scale flow, we show in Fig. 9 the temporally
averaged velocity fields for the three Reynolds numbers (Re = 1.01 × 104,2.03 × 104, and 4.01 ×
104); the results for Re = 8.02 × 104 are shown in Fig. 7. Again, the PEO solution [Figs. 9(g)–9(i)]
leads to no modification of large-scale flow at any Reynolds number. The comparison between the
mean flow of the turbulence of water [Figs. 9(a)–9(c)] and the CTAC solution [Figs. 9(d)–9(f)] shows
that, in the examined range of Re, the large-scale swirling motions in the right-upper and left-bottom
regions on the equatorial plane always survive [Figs. 7(b) and 9(d)–9(f)]. Recall that these swirling
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motions are the cross sections of a pair of large-scale vortex tubes (Fig. 2). However, looking at four
panels in Figs. 7(b) and 9(d)–9(f), we notice that the large-scale vortices are also reduced for higher
Re in their peripheries.

The summary of the Reynolds-number dependence of the turbulence modification due to the
CTAC additive is as follows. (1) When the Reynolds number is as low as 1.01 × 104, turbulence
reduction occurs only in small scales in a central region of the sphere. (2) The large-scale vortices
(Fig. 2) survive even when small-scale turbulent eddies are reduced. (3) As Re increases, the intensity
of the large-scale vortices is also reduced from their peripheries, and, for the highest Reynolds
number (Re = 8.02 × 104; Fig. 7), the mean flow is modified in the almost entire region except for
the near-wall structures observed in the right-upper and left-bottom regions on the equatorial plane.
In other words, at the highest Reynolds number, only the largest eddies (Fig. 2), which become
thinner than those in turbulence of water, survive, and no other scale motions exist in the sphere [see
Fig. 4(b) and the movie in the Supplemental Materials [68]].

IV. DISCUSSION: SUSTAINING MECHANISM OF THE TURBULENCE

We are ready to discuss the sustaining mechanism of the small-scale turbulent eddies of a
Newtonian fluid in the precessing sphere. There are two possibilities of the sustaining mechanism.
The first is that continuous advection of small-scale eddies generated in the vicinity of the wall
sustains the turbulence. This advection might be caused by the pair of large-scale vortex tubes
(Fig. 2). The second is that the small-scale turbulent eddies are sustained through an energy cascading
process due to vortex stretching in shear flows around these large-scale vortices.

In fact, the former mechanism is irrelevant because it conflicts with our experimental results,
although the naive observation of the flow visualization [Fig. 4(a) and the movie in the Supplemental
Materials [68]] may suggest it. (Since the swirling motion around the pair of the large-scale vortex
tubes is conspicuous in the visualization, one may have the impression that small-scale eddies are
erupted from the thin boundary layer on the wall.) As shown in Secs. III C and III D, however,
even when the CTAC additive drastically suppresses small-scale turbulent eddies, there exists a pair
of large-scale vortex tubes as in the turbulence of water. Furthermore, Figs. 5, 6, and 8 show that
the vorticity, ωz, in the vicinity of the wall is not suppressed even in the CTAC solution. Hence,
if the former mechanism were correct, small-scale turbulent eddies would be observed even in the
turbulence of the CTAC solution.

The Reynolds-number dependence shown in Sec. III D also denies the former mechanism. This
mechanism would explain the turbulence modification as follows: small-scale structures advected
from the near-wall region were suppressed by the viscoelasticity of the fluid. Note here that, as
depicted in the left schematic in Fig. 10(a), the surfactant solution has non-Newtonian viscosity,
which is significantly large for the shear rate around γ̇ −1 ≈ 10 s−1 [65,66]. Since the time scales
of the flow (i.e., the reciprocal, γ̇ −1, of the shear rate) in the vicinity of the wall are much shorter
than those in the bulk flow (which will be verified in Fig. 11 below), if the former mechanism were
correct, the turbulence reduction would occur at the distance from the wall where γ̇ −1 becomes
comparable to the characteristic time of the viscoelasticity [Fig. 10(a)]. In our experiments, a higher
value of Re = a2�s/ν corresponds to a larger value of �s because we use the same container for
all the experiments. In other words, for higher Re, the spin is faster and the time scale of the flow
is shorter as indicated by the two curves in Fig. 10. Therefore, if the former mechanism were valid,
the region where turbulence is reduced would shrink for higher Reynolds numbers [Fig. 10(a)].
This is obviously inconsistent with our observation of the Reynolds-number dependence shown in
Sec. III D (Figs. 6 and 8).

In contrast, the latter mechanism provides a reasonable explanation of the experimental
observations. We use the classical theories [57–60] of turbulence modification in viscoelastic
fluids, which explain that the energy cascade in turbulence of the CTAC solution terminates at
�c [Fig. 10(b-1)]. Recall that the elastic theory [59,60] predicts that �c is smaller than the Lumley
scale, �L, for which the time scale of turbulent eddies is comparable to the characteristic time, τ , of
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FIG. 10. Two possibilities of the Reynolds-number dependence of the turbulence modification. Right panels
show the shear rate, γ̇ , as a function of (a) the distance from the wall and (b) the size of eddies for two different
Reynolds numbers, Relow < Rehigh. (a) First possibility: small-scale turbulent eddies in a central region of the
sphere are sustained by being advected from the wall. If this is the case, the region without the suppression of
these eddies expands toward the center of the sphere as Re increases because the shear rate, γ̇ , of the flow gets
smaller with the distance from the wall and the turbulence suppression occurs at the location where the time
scale, γ̇ −1, of the flow coincides with the characteristic time, τ , of the fluid. The left panel depicting the viscosity,
η, of the CTAC solution as a function of shear rate [65,66] shows that η gets larger and takes a maximum value
around γ̇ −1 ≈ τ . Note that γ̇ at a given location is larger for higher Re in our experimental setup. (b) Second
possibility in terms of (b-1) the elastic theory and (b-2) non-Newtonian viscosity: the turbulence is sustained
by an energy cascading process in the bulk. If this is the case, only small eddies are reduced for lower Re, but
larger ones are also reduced for higher Re because the suppression occurs at the length scale, �c, which is larger
for higher Re in our experiments. The precise meaning of the truncation scale, �c, is different in (b-1) the elastic
theory and in (b-2) the viscous theory, but this Reynolds-number dependence is common.

(a)

x

y

(b)
[s−1]

0

2

4

8

16

32

FIG. 11. Instantaneous profile of shear rate, γ̇ , of turbulence of a Newtonian fluid for Po = 0.1. DNS results
for our experimental setup (a = 90 mm and ν = 10−6 m2/s). (a) Re = 1 × 104 and (b) 2 × 104. Contour levels
are in a logarithmic scale. Recall that the reciprocal of the characteristic time of the CTAC solution is about
10 s−1 (see Sec. II C).
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FIG. 12. Shear rate, 
̇, of temporally averaged velocity fields of turbulence of a Newtonian fluid for
Po = 0.1. DNS results for our experimental setup (a = 90 mm and ν = 10−6 m2/s). (a) Re = 5 × 103,
(b) 1 × 104, and (c) 2 × 104.

the fluid [Fig. 10(b-1)]. Then, the experimental results are explained as follows. Small-scale eddies
are created through an energy cascade originating from the largest-scale eddies (Fig. 2) in turbulence
of water, whereas, in turbulence of viscoelastic fluids, eddies smaller than �c are not created
because the kinetic energy for such scales are transformed to the elastic energy. Incidentally, even if
we consider only the non-Newtonian viscosity, instead of the elasticity, we can depict similar picture
[Fig. 10(b-2)]. Namely, the length scale, �c, where the viscosity significantly increases is determined
by the time-scale matching, and the kinetic energy cannot be cascaded below �c. It is important
that these explanations are consistent with the observation that even when the large-scale vortices
(Fig. 2) exist, small-scale eddies are drastically suppressed [Figs. 4(b) and 7(b)].

We verify in Fig. 11, by using DNS data, that the characteristic value of the shear rate, γ̇ , is
indeed in the frequency range between O(1) s−1 and O(10) s−1 in the bulk of the turbulent flow
at the Reynolds numbers examined in the present study. Here the shear rate, γ̇ , is evaluated by

γ̇ =
√∑3

i,j=1 SijSij with Sij being the rate-of-strain tensor,

Sij = 1

2

(
∂ui

∂xj

+ ∂uj

∂xi

)
, (1)

of velocity field, u. Note, in passing, that this range of the shear rate is consistent with the vorticity
measured by using PIV; compare Figs. 8(b) and 11(b) with the value of �s ≈ 0.8π s−1 for our
experimental setup (the temperature of water is 20.0 ◦C and a = 90 mm). The relaxation time of
the CTAC solution (about 0.1 s; see Sec. II C) does exist within the range. Incidentally, Fig. 11 also
shows that the shear rate in the vicinity of the wall is much higher than 10 s−1. This implies that the
viscoelasticity of the CTAC solution does not affect the flow in the boundary layer near the wall.

Furthermore, the latter mechanism well explains the Reynolds-number dependence of the
turbulence modification. Since, in our experimental setup, the time scale of the flow is shorter
for higher Re, the length scale, �c, at which the energy cascade terminates is larger for higher
Re [Fig. 10(b)]. This is the reason why only small-scale eddies are affected for relatively small
Re but even the largest-scale eddies are suppressed, in particular in their peripheries, for the two
highest Reynolds numbers [Re = 4.01 × 104 and 8.02 × 104; Figs. 7(b) and 9(f)]. To reinforce this
conclusion, we show in Fig. 12 the profiles of shear rate,


̇ =
√√√√ 3∑

i,j=1

SijSij , Sij = 1

2

(
∂ui

∂xj

+ ∂uj

∂xi

)
, (2)

of the temporally averaged velocity field, u, for Re = 5 × 103,104, and 2 × 104. Figure 12 shows
that 
̇ in a central region becomes larger as Re increases, and the time-scale matching between 
̇−1

114603-14



SUSTAINING MECHANISM OF SMALL-SCALE TURBULENT . . .

and τ does not occur at low Reynolds numbers but does occur in the central region of the sphere at
higher Reynolds numbers. This is indeed consistent with the Reynolds-number dependence of the
modification of large-scale vortices in their peripheries shown in Sec. III D.

It is also worth mentioning that the above arguments in terms of the time-scale matching are
consistent with the fact that no turbulence reduction occurs in the PEO solution. As described in
Sec. II C, the time scales are τ = O(0.1) s for the CTAC solution and τ = O(10−3) s for the PEO
solution. The time scales of the turbulent eddies in our system are much longer than the relaxation
time of the PEO solution. We may need to use a smaller container, at similar Reynolds numbers, to
observe turbulence modification with the PEO additive.

V. CONCLUDING REMARKS

To understand the sustaining mechanism of developed turbulence of a Newtonian fluid confined
in a precessing sphere, we have experimentally investigated the turbulence of water and two kinds of
viscoelastic fluids (dilute solutions of surfactant, CTAC, and polymers, PEO). We choose the control
parameters [Re = O(104) and Po = 0.1] so that developed turbulence is sustained when the working
fluid is water and investigate its modifications due to the additives. Our experimental observations
are summarized as follows. (1) Small-scale turbulent eddies are suppressed in the CTAC solution,
while no turbulence modification occurs in the PEO solution. (2) A pair of large-scale vortex tubes
in turbulence (Fig. 2) exists, for Po = 0.1, even when small-scale turbulent eddies are drastically
suppressed in the CTAC solution. However, the large-scale vortex tubes are weakened, in their
peripheries, by the CTAC additive when Re is high enough.

These experimental observations are consistently explained if we assume that small-scale
turbulent eddies observed in the bulk of the water turbulence are sustained by an energy cascade
originating from the large-scale vortices (Fig. 2). The naive speculation that small-scale eddies
would be advected from the wall (see Fig. 4 and the movie in the Supplemental Materials [68]) is
denied because it conflicts with the experimental results on the turbulence modification (Sec. IV).
The detailed arguments on the physics of turbulence modification are beyond the scope of the present
study, and we have employed the classical theories by Lumley [57,58] and Tabor and de Gennes
[59]. These theories qualitatively explain all the experimental observations. First, recalling that the
two kinds of examined viscoelastic fluids have quite different time scales of the viscoelasticity
(Sec. II C), we see the reason why no turbulence modification at any length scale occurs for the PEO
solution in our experiments. The relaxation time of the PEO solution [O(10−3) s] [63] is much shorter
than the time scales [O(0.1)–O(1) s] of turbulence in the bulk under our experimental conditions
(Fig. 11). Second, for the CTAC solution, the fact that turbulence suppression occurs from small
scales corresponds to the interruption of energy cascade at �c [see Fig. 10(b)]. When the turbulence
reduction occurs, the shear rate of the turbulence in our system is in a range between O(1) s−1

and O(10) s−1 (Figs. 11 and 12). Since the characteristic time of the CTAC solution is O(0.1) s
[62,65,66], the suppression of small-scale eddies is consistent with the mechanism explained in
Sec. IV. Furthermore, because the time scales of the turbulence become shorter as Re increases,
large-scale eddies are also affected by the CTAC additive when Re is high enough [Fig. 10(b)]. This
is also consistent with the estimation of the shear rate of temporally averaged velocity field (Fig. 12).

It is worth mentioning that the viscoelasticity of working fluid may affect the turbulence transition
of precession-driven flows. When we fix Re and increase Po from a sufficiently small value, the flow
state changes to be steady, periodic and turbulent. In this transition regime for Po � 0.01, the flow
in a precessing sphere, even turbulent flow (see the Appendix for Po = 0.02), globally rotates about
an axis inclined from the spin axis of the container. As mentioned in Sec. I, the differential rotation
between the container and the confined fluid plays an essential role in these globally rotating flows.
More concretely, while Po increases, the differential rotation grows and the shear rate in the boundary
layer near the wall becomes larger. This implies that, at a certain Poincaré number, the time scale of
the boundary layer can be comparable with the characteristic time scale of the viscoelasticity of the
fluid. Once this time-scale matching occurs, the transition process might be suppressed because the
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differential rotation cannot become larger. It is therefore an interesting future experimental study
to verify this inhibition of the transition by choosing experimental conditions so that the time-scale
matching in the boundary layer occurs. It is also nontrivial whether or not the fully developed
turbulence for Po ≈ 0.1 is sustained even if such an inhabitation of transition occurs. Incidentally, it
has been known that the developed turbulence in a precessing spheroid [5] and cylinder [69] appears
through a subcritical transition.

Although turbulence modification caused by additives has been extensively investigated for
many flows, its physical mechanism is not fully understood for each flow system, because the
sustaining mechanism of turbulence itself is not fully understood. The understanding of wall-bounded
turbulence is rapidly progressing by the help of extensive DNS studies. In addition to DNSs,
experimental investigations of turbulence modification in wall-bounded turbulence may help us to
reveal its sustaining mechanism. We emphasize that the present study cannot be achieved without
the collaboration between the DNSs of flows of Newtonian fluids, which evaluate the shear-rate
distribution in the sphere, and the laboratory experiments of the non-Newtonian fluids.

We also emphasize that the turbulence generator using the precession of a container is useful not
only for table-top experiments but also for larger devices. For example, a large experimental device,
whose cylindrical cavity for liquid sodium has 2 m diameter and the same height, is constructing
for the purpose of a precession driven dynamo [70]. The present study has revealed the sustaining
mechanism of turbulence in a precessing sphere, which implies that shear flow near the container’s
wall is not necessarily important for the sustainment of the turbulence. It is nontrivial large-scale
vortices like those observed in our experiments (Fig. 2) that play essential roles in the sustainment of
the turbulence in a precessing container. Hence, to drive fully developed turbulence by precession,
one must choose experimental conditions so that large-scale vortices, which effectively create
smaller-scale eddies, may be sustained. An important question remains, however: how are these
nontrivial large-scale flow structures created by the weak precession of the container? Although
a preliminary explanation was given in Ref. [36] on the basis of DNSs, we are conducting more
detailed DNSs and will report the results elsewhere in the near future.
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APPENDIX: TURBULENCE MODIFICATION FOR OTHER Po

We show the experimental results for Po = 0.1 in the main text. In this Appendix, we briefly
summarize results of flow visualizations for smaller and larger Poincaré numbers (Po = 0.02 and

(a)

x

y

(b)

FIG. 13. Visualization with using mica flakes coated with titanium dioxide of turbulence for Po = 0.02
and Re = 8.02 × 104. (a) Water and (b) CTAC solution (50 ppm). Movies are available in the Supplemental
Materials [68].
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(a)

(b)

(c)

(d)

x

y

(e)

(f)

(g)

(h)

FIG. 14. Visualization with using aluminum flakes of turbulence for Po = 0.2. (a, e) Re = 1.01 × 104, (b,
f) Re = 2.03 × 104, (c, g) 4.01 × 104, and (d, h) 8.02 × 104. (a–d) Water and (e–h) CTAC solution (50 ppm).

0.2). As expected from the time-scale arguments (see Sec. IV), we do not observe any qualitative
difference between the turbulence of water and the PEO solution in the Reynolds-number range
104 � Re � 8 × 104 in both cases of Po (figures are omitted). We compare results for water and the
CTAC solution in Figs. 13 (Po = 0.02) and 14 (Po = 0.2).

For the smaller Poincaré number (Po = 0.02; Fig. 13), the spin dominates the precession, and the
mean flow of the turbulence is a simple large-scale circulation about an axis inclined by little from
the spin axis due to the Coriolis force. Therefore, the shear rates in the turbulence are smaller than
the case with Po = 0.1. This is the reason why turbulence modification does not occur when Re is
low (figures are omitted). When Re is higher (Re = 8.02 × 104), since the shear rate is large enough,
we may observe suppression of small-scale turbulent eddies; see an upper region of Fig. 13(b) (the
modification is clearer in the movie in the Supplemental Materials [68]). These observations are
consistent with the arguments developed in the main text (Sec. IV).
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Incidentally, as shown by the DNS [38,39], turbulence for low Po globally rotates about an axis
tilted from the spin axis, and there exist coherent vortices, which are quasisteady in the frame rotating
together with the fluid. These vortices are the essential elements of the turbulence, but we have to
note that the present experimental setup, which measures velocity fields on the equatorial plane
rather than the cross section of the fluid rotation, may not capture the vortices.

For the larger Poincaré number (Po = 0.2), we show snapshots of the flake visualization of the
turbulence of water [Figs. 14(a)–14(d)] and the CTAC solution [Figs. 14(e)–14(f)]. The Reynolds
numbers are Re = 1.01 × 104 [Figs. 14(a) and 14(e)], 2.03 × 104 [Figs. 14(b) and 14(f)], 4.01 × 104

[Figs. 14(c) and 14(g)], and 8.02 × 104 [Figs. 14(d) and 14(h)]. Since, in contrast to the spin axis,
the precession axis is fixed in the laboratory frame, in this precession dominant case, the turbulent
flow of a Newtonian fluid becomes quiescent in a columnar region along the precession axis, and
small-scale turbulent eddies are sustained only outside the column; see the results for water in
Figs. 14(a)–14(d). Similarly to the case of Po = 0.1, these small-scale turbulent eddies are reduced
in the CTAC solution; and the reduction is clearer for higher Re because the shear rates are larger
(see the arguments in Sec. IV).
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