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Abstract

Parametric rolling is a parametric excitation phenomenon caused by GM variation in waves. There are a lot of studies of the
estimation the conditions, the occurrence, and the amplitude of parametric rolling. On the other hand, there are relatively
few cases in which theoretical methods for estimating parametric roll amplitudes in irregular waves have been validated in
tank tests. The primary objective of this study is to validate theoretical estimation methods for the parametric roll amplitude
in irregular waves and improve their accuracy. First, the probability density functions (PDF) of the parametric roll amplitude
obtained from the model ship motion experiment in irregular waves are compared with that obtained from theoretical
estimation methods. Second, the method to improve the accuracy of estimation of the roll restoring variation in irregular
waves is suggested. Third, the method to estimate the distribution of the maximum amplitude of parametric rolling in
irregular waves. As a result, the PDFs of the roll amplitude obtained from the experiments differ from the results of theoretical
estimation. After that, by correcting GM variation, the results of theoretical estimation are closer to the experimental results.
Moreover, by the theoretical estimation method using the moment equation, the qualitative estimation for the PDF of the
maximum roll amplitude is succeeded.

Keywords Model test - Probability density function - Grim’s effective wave concept - Moment equation - Extreme value -
GM variation

1 Introduction parametric rolling, it is necessary to estimate its conditions,
occurrence, and amplitude.

Parametric rolling is a parametric excitation phenomenon
caused by GM variation in waves. It is particularly likely

to occur on container ships, whose transom stern and bow

1.1 Related research

flare cause significant changes in the secondary moment of
the waterline near the stern of the ship. For example, the
accident of a C11 class container ship caused by parametric
rolling in 1998 is well known [1]. Moreover, the accident
of a pure car and truck carrier (PCTC) also occurred in
recent years [2]. To prevent such dangerous phenomenon,
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There is a long research history on theoretical estimation
methods for the conditions, the occurrence, and the ampli-
tude of parametric rolling. The parametric rolling in regular
seas has been theoretically explored by Kerwin [3], Zavod-
ney et al. [4], Francescutto [5], Bulian [6], Spyrou [7],
Umeda et al. [8], Maki et al. [9], and Sakai et al. [10]. Fur-
thermore, in particular, since the 1980s, there have been a
lot of studies on theoretical estimation methods for para-
metric rolling in irregular waves. In order to study paramet-
ric rolling in irregular waves, systems excited by colored
noise must be treated. One of methods to treat such systems
theoretically is through a probabilistic approach. Spyrou [7],
Dostal [11] and Maki [12] discussed the occurrence of para-
metric rolling in terms of the stability of the origin of the
system with parametric excitation due to the roll restoring
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variation in irregular waves. Furthermore, Belenky et al. [13]
showed that the parametric roll motion is non-ergodic and
not normal. Mohamad and Sapsis [14] derived an analytical
approximation to the probability density function (herein-
after referred to as PDF) for the non-Gaussian response of
Mathieu’s equation under parametric excitation using the
probabilistic decomposition-synthesis method [15]. Maki
et al. [16] suggested the estimation method for determining
the non-Gaussian PDF of the parametric roll angle in irregu-
lar wave introducing the nonlinear damping coefficient. For
the estimation of parametric roll amplitudes, studies using
stochastic averaging methods have been conducted. Using
the stochastic averaging method, Roberts [17] derived the
stochastic differential equation

for a phase and an amplitude. In Roberts’ results, the PDF
of the roll amplitude was obtained, which was modeled using
a cubic restoring component and damping. Subsequently,
Roberts et al. [18, 19] proposed an energy based methodol-
ogy and attempted to reflect the restoring component. Dostal
et al. [20] proposed an energy-based stochastic averaging
method using the Hamiltonian. Furthermore, Maruyama
et al. [21] extended the method from [20]. They compared
the results of Roberts [17] and Dostal [20]’s methods with
those of Monte Carlo Simulation (hereinafter referred to as
MCS). As a result, they reported a discrepancy in the tail of
the PDF and proposed a method called the Simulation-Based
Stochastic Averaging Method to solve the discrepancy. In
addition, Maruyama et al. [22] proposed a method for esti-
mating parametric rolling using the moment equation [23]
(hereinafter referred to as the moment method). This method
also allows to obtain some quantitative agreement with the
result of MCS for the PDF of the parametric roll ampli-
tude [24]. On the other hand, there are relatively few cases
in which these analytical methods for estimating roll motion
have been validated in tank tests.

Moreover, estimation of the roll restoring variation is
important in the theoretical estimation of parametric roll-
ing. In the studies of the theoretical estimation of paramet-
ric rollong in irregular waves by Maruyama et al. [21, 22,
24] mentioned above, the roll restoring variation was esti-
mated by considering only the wave component based on the
Froude-Krylov assumption under quasi-statically balancing
heave and pitch in waves and introducing Grim’s effective
wave concept [25]. However, Hashimoto et al. [26] suggest
that the estimation method of the roll restoring variation
considering only the wave component based on the Froude-
Krylov assumption under quasi-statically balancing heave
and pitch in waves might overestimate the risk of paramet-
ric rolling due to the large roll restoring variation during
wave passage through the captive model test. Yu et al. [27]
compare the degree of this overestimation using five models
that estimate nonlinear restoring forces and Froude—Krylov
forces. Furthermore, Hashimoto et al. [28] measured the roll
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restoring variation in a captive model test in irregular waves
and compared it with the results of the calculation of the roll
restoring variation using Grim’s effective wave. The results
suggested that the accuracy of the roll restoring variation
using Grim’s effective wave remained a problem.

1.2 Object and scope

The primary objective of this study is to validate theoreti-
cal estimation methods for the parametric roll amplitude in
irregular waves and improve their accuracy. The contribu-
tions of this study are as follows:

1. Validation of theoretical estimation methods for para-
metric roll amplitude by comparison with corresponding
experimental result,

2. Suggestion for the method to improve the accuracy of
estimation of the roll restoring variation in irregular
waves, and

3. Suggestion for the method to estimate the distribution of
the maximum amplitude of parametric rolling in irregu-
lar waves.

In this study, we first conducted the model ship motion
experiment in order to obtain the PDF of parametric roll
amplitude in long-crested irregular waves in the towing tank
of Osaka University. After that, the accuracy of the theo-
retical methods is validated by comparing the experimental
results with the PDFs of the parametric roll amplitude cal-
culated using three theoretical calculation methods; Roberts’
stochastic averaging method [17], the energy-based stochas-
tic averaging method [20] (hereinafter referred to as ESAM),
and the moment method [22, 24].

Furthermore, we attempted to improve the accuracy of
the theoretical estimation method by using the equation of
motion reflecting the correction of the roll restoring varia-
tion based on the captive model test by Kono et al.

Extreme value theory [29] is also widely used in risk
assessment in various engineering fields. Extreme value
theory was introduced by McTaggart [30], McTaggart and
de Kat [31] in ship motion. From the perspective of risk
assessment for parametric rolling, it would be significant
to introduce the idea of extreme value theory and estimate
the maximum parametric roll amplitude. On the other hand,
accurate estimation of the distribution of maximum values
requires accurate estimation of the PDF of the parametric
rolling amplitude down to the tail. For estimating the tail of
the distribution of roll motion, an approach using the peaks-
over-threshold method has been studied by Glotzer et al. [32]
and Pipiras [33]. Belenky et al. [34] analyzed the tail part
of the PDF for application to probabilistic estimation of the
extreme values of the roll motion. Anastopoulos and Spy-
rou [35] proposed a new framework for modeling the tail
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Table 1 Principal particulars of C11 at model and full scale

Items Value

Scale Model Full

Ly, (m) 2.62 262

B (m) 0.4 40

D (m) 0.2445 24.45

d(m) 0.115 11.5

W (kg) 67.247 6.7247 x 107
Gy 0.56 0.56

GM (m) 0.019299 1.9299

Ty (s) 2.44 24.4

part of the distribution of the roll motion, using generalized
Pareto distribution. Belenky et al. [36] also applied extreme
value theory to estimate the probability of the occurrence of
capsizing using the split-time method.

In the present study, we pay particular attention to the
behavior of the tail section of the PDF of the parametric
roll amplitude in order to estimate extreme values. Finally,
we propose a method for calculating the distribution of the
maximum roll amplitude based on the theoretical method.

2 Subject ship

The subject ship is a C11 class post-Panamax container ship.
In this study, a geometric similarity model with a scale of
1/100 is used for model tests at the towing tank of Osaka
University. The main features of the model are shown in
Table 1. The extinction coefficients used in the calculations
were calculated from the results of free-rolling tests using
the model in a water tank.

3 Towing tank experiment

By conducting model ship motion experiments in long-
crested irregular waves and obtaining the PDF of the roll
amplitude, we validate the theoretical calculation method as
described in Sect. 1. This section describes the experimental
method used in this study.

The bow and stern of the model ship is connected to the
towing dolly with a rubber strap to gently restrain the model
ship. The tension of the rubber strap was adjusted appropri-
ately so as not to constrain the surge or roll motion too much.
The stern rubber strap was not used in most of the experi-
ments in head-wave conditions. The state of the model ship
is shown in Fig. 1. The setup of the experiment is shown in
Fig. 2. The long-crested irregular head waves are generated
using ITTC spectrum. The instantaneous rolling of the model
ship is measured by a fiber-optic gyro sensor mounted at the

Fig. 1 Schematic view of the experiment

Fig.2 The situation of the experiment

Table 2 Wave condition at full scale

Ttems Value

H, /3 (m) 5.0 7.0
Ty, (s) 10.0 10.0
Num. of realizations 24 24

center of gravity of the model ship. Wave elevations of irregu-
lar waves are measured by a wave level gauge installed at the
front of the model ship. Wave heights are computed from time
series of measured wave elevations. The experimental condi-
tions for irregular waves are shown in Table 2. The producing
time for each irregular wave is 300 s at model scale. Here,
considering the arrival time of waves from the wave generator
and the effect of reflected waves, the data measured by the gyro
sensor between 270 s from 70 s to 340 s at model scale after
the start of producing waves were considered for the analysis.

@ Springer
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4 Experimental results and discussion

4.1 Analysis methods and theoretical estimation
methods for roll amplitudes

An example of a time series of the roll angle obtained in the
experiment is shown in Fig. 3.In this study, the following
two methods of analyzing the roll amplitude are used.

4.1.1 Experimental zero crossing method

In the time series data of the roll angle obtained in the
experiment, The time series data of roll angle is obtained
by the experiment. The maximum value between every zero
up crossing and zero down crossing and the minimum value
between every zero down crossing and zero up crossing are
recorded. The absolutes of them are the roll amplitudes.

The PDF is calculated from the distribution of the
obtained roll amplitudes.

4.1.2 Experimental envelope method

The Hilbert transform of the time series of roll angles
obtained in the experiment is used to create an envelope.
Using the Hilbert transform [37, 38], the analytical signal
of the real data can be derived, its instantaneous amplitude
and instantaneous phase can be obtained, and the envelope
can be created. In the stochastic averaging method [17, 20]
described in Sect. 4.2, the amplitude is obtained from the
instantaneous roll angle values, not the local maxima and
minima, as in the analysis method using the Hilbert trans-
form based envelope. Considering this feature, the analysis
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Fig.3 Time history of roll angle, H,;; = 7.0 m, Ty, = 10.0's
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method using the envelope of the Hilbert transform was
introduced in this study in order to compare the results of
the stochastic averaging method with experimental results.
Then, the absolute value of the envelope of the roll angle
at each sampling point is recorded as the amplitude. The
PDF is calculated from the distribution of the values of
roll angles.

4.2 Theoretical estimation methods

Theoretical estimation of the amplitude of parametric roll-
ing in irregular waves requires the estimation of the cor-
responding the roll restoring variation. In this study, we
focus on the GM variation in waves as a factor that reflects
the variation of the stability in waves, and use the follow-
ing one-degree-of-freedom roll motion equation.

e :
Ty dt b2 dr ‘ < >
¢))
+ ) a1 ¢+ PG = M, (1)
n=1
&
P(t) = G—MOGM(t) 2)

In Eq. 1, ¢ is the roll angle. b, b,, and b5 are the linear, quad-
ratic, and cubic damping coefficients divided by /., where I,
is the moment of inertia in roll including the corresponding
added moment of inertia. The coefficients of the polynomial
approximation of the GZ curve are g; (i =1, 3, 5, 7, and 9),
M, () is the moment related to waves. The GM variation
term is P(¢), which can be expressed by Eq. 2. Moreover,
w, is the natural roll frequency, and GM,, is the metacentric
height in still water. However, the GM variation in waves is
complicated and not always clearly defined [39]. Therefore,
in this study, we introduce Grim’s effective wave theory [25]
for irregular waves. Moreover, considering only the wave
component based on the Froude-Krylov assumption under
quasi-statically balancing heave and pitch in waves, we
obtain an equation relating the displacement of the wave
at the center of the hull to the amount of GM variation [21,
22]. This relationship is called the non-memory transfor-
mation. In this way, we estimate GM variation in irregular
waves. The specific procedure of this transformation method
is described in detail in “Appendix” section.

Based on the roll restoring variation estimated in this
way, we estimate the amplitude of parametric rolling in
irregular waves using three theoretical methods, Roberts’
stochastic averaging method [17], ESAM [20], and the
moment method [24].
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4.3 Experimental and theoretical results

The results of comparing the PDFs of the roll amplitudes
obtained from experiments and various theoretical calcula-
tion methods are shown in Figs. 4, 5, 6 and 7. Here, the black
dots in the figure are the PDF calculated by the experimental
zero crossing method described in Sect. 4.1.1 and the red
dots are the PDF calculated by the experimental envelope
method described in Sect. 4.1.2. The cyan line is the PDF
obtained by Roberts’ stochastic averaging method [17], the
yellow line is the PDF obtained by ESAM [20], and the
purple line is the PDF obtained by the moment method [24].
The green diamonds are the PDF obtained by MCS. For
MCS, the initial value of the roll angle was set to 5 deg, and
the initial value of the roll velocity was set to 0 deg/s. The
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time for one trial of simulation was 3600 s. The number of
trials was 10* times.

4.4 Consideration

From Figs. 4, 5, 6 and 7, the PDFs obtained by the experi-
mental zero crossing method described in Sect. 4.1.1 are
almost equal to those obtained by the experimental envelope
method described in Sect. 4.1.2. Therefore the authors con-
clude that the results of both experimental analysis methods
could be used in terms of comparing the PDFs obtained by
theoretical estimation methods and those of experimental
results. On the other hand, the PDFs of the roll amplitudes
obtained from the experiments differ quantitatively and
qualitatively from the PDFs obtained from the simulation

@ Springer
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and from each theoretical prediction method. Around O deg,
the simulation and theoretical results show that the PDF
converges to 0, while the experimental results are non-zero.
The experimental values have a local maximum from 10 to
20 deg, and then they are smaller than the theoretical val-
ues. In the experiments, an intermittent rolling behavior was
observed, whereas pure parametric rolling behavior resulted
from the theoretical methods and the MCS of the equations
of motion. In Figs. 6 and 7, the form of the PDF from the
experiments obtained here, which takes non-zero values
around 0 deg and has one more hump in the range of 10-20
deg, is not consistent with the two forms of the theoretical
PDFs presented in previous studies [24, 40]. We currently
believe that the reason for such PDFs is the change of yaw
angle during the experiment. In the experiment, the model
ship was gently strained by a rubber strap so as not to con-
strain the surge or roll motion too much. However, the yaw
motion could not be completely restrained. Further inves-
tigation is necessary in the future. Moreover, the sample
size of the experiment in this study was 6480 s for a total of
270 s times 24 at model scale. The sample size may not be
sufficient to discuss the tail of the PDF obtained from experi-
ments. Further discussion on increasing sample size and the
appropriate amount of sample size are needed in the future.

Next, we compare the three PDFs obtained by the theo-
retical method with that obtained by MCS. In Fig. 6, the
PDFs obtained by Roberts’ stochastic averaging method and
ESAM agree well with the result obtained by MCS in the
amplitude range from 0 deg to 10 deg.

However, in the log scale in Fig. 7, the PDF obtained by
the moment method agrees better with the result of MCS
in the tail (large amplitude part) of the PDF. As mentioned
in Sect. 1, the estimation of the maximum roll amplitude
requires an accurate estimation of the PDF of the roll ampli-
tude down to the tail part. Therefore, when consider the PDF
of the maximum roll amplitude in Sect. 6 using theoretical
methods, the results obtained by the moment method, which
are successful in quantitatively estimating the tail, are con-
sidered more suitable for use in Eq. 5.

5 Correction of GM variation

As shown in Figs. 6 and 7, there was a discrepancy between
the experimental PDF and the PDF obtained by MCS and
each theoretical calculation. We attempt to reduce this dis-
crepancy in order to improve the estimation accuracy of the
PDF of the parametric roll amplitude. One way to consider
the stability in waves is to focus on GM variation. On the
other hand, GM variation in waves is complicated and not
always clearly defined [39]. In this study, GM variation is
calculated by the equation relating wave displacement and
GM variation. We consider only the wave component based
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on the Froude-Krylov assumption under quasi-statically
balancing heave and pitch in waves, and introduce Grim’s
effective wave theory [25] for irregular waves as explained
in Sect. 4.2 [21, 22]. The equation relating the wave ele-
vation at amidship to the GM variation is called the non-
memory transformation. The specific calculation procedure
is described in “Appendix” section. However, the results of
captive model tests in regular following waves by Hashimoto
et al. [26] suggests that the estimation method of the roll
restoring variation considering only the wave component
based on the Froude-Krylov assumption under quasi-stati-
cally balancing heave and pitch in waves might overestimate
the risk of parametric rolling due to the large roll restoring
variation during wave passage. Furthermore, Hashimoto
et al. [28] measured the roll restoring variation in a cap-
tive model test in irregular waves and compared it with the
results of the calculation of the roll restoring variation using
Grim’s effective wave. The results suggest that the accuracy
of the roll restoring variation using Grim’s effective wave
remains a problem. Therefore, we consider the accuracy of
the estimation of the roll restoring variation to be one of
the reasons for the discrepancy between the experimental
and theoretical results for the PDF of the parametric roll
amplitude in irregular waves. Hence, captive model tests
were conducted to evaluate the estimation accuracy of the
theoretical equation for GM variation.

5.1 Captive model test

The experimental method for the captive model testing is
explained in the following. The setup of this experiment
is shown in Fig. 8. The difference from the experiment
Fig. 2, in which the model ship was restrained by the rub-
ber strap described in Sect. 3, is that the model ship in
the captive model test experiment was restrained by the
heaving rod. The model ship was free to heave and pitch,
and was attached to the towing vehicle via a quarter force

Fig.8 Condition during captive model test
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Table 3 Wave condition at full scale on the captive model test

Items Value

H, /3 (m) 5.0 5.0 7.0
Ty, (8) 10.0 12.37 10.0
Num. of realizations 10 10 10

gauge. The fore-and-aft force (Fy), lateral force (Fy),
turning moment (N), lateral tilting moment (K), heav-
ing, and pitching on the hull were measured. In addition,
irregular waves were generated by a flap wave generator
at the end of the tank, and the generated irregular wave
forms were measured using a capacitance type water level
gauge installed between the wave generator and the model
ship. Three wave conditions were used in this experiment,
see Table 3. For each wave condition, the number of reali-
zations is 10.In the experiment of this study, the fixed roll
angles ¢ were 0, 5, 10, and 15 degrees. The GM variation
AGM was obtained from the difference between the roll
moment at ¢ = 0 deg.

5.2 Experimental result and method of correcting
GM variation

The theoretical PDF is calculated based on AGM(r) created
in “Appendix” section. The experimental PDF and theo-
retical PDFs are shown in Figs. 9 and 10. The black line is
the experimental value and the blue line is the theoretical
value based on the relation Eq. 9. In Fig. 9 and 10, the non-
normality was shown in the experimental and theoretical
PDFs of GM variation. Maruyama et al. [22] also revealed
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Fig.9 PDF of AGM with H, 3 = 0.07 m, T;; = 1.0 s, linear scale

10° ¢
_ pobs
_ pthr
__ thr
it
Z
3 10 r
&
_2 1 1 1
10 7 =2 0 2 4

AGM [m]

Fig.10 PDF of AGM with H,,; = 0.07 m, Ty, = 1.0 s, logarithmic
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the absence of normality of the PDF of GM variation in
irregular wave in the simulation using the same subject
ship. This asymmetry might be an inherent property of
the PDF of GM variation in waves. Further research about
this non-normality could be necessary. By comparison,
the theoretical PDF has a wider range of AGM than the
experimental PDF. Therefore, it is found that the conven-
tional theoretical PDFs are overestimated compared to the
experimental PDFs. Therefore, to improve the PDF of the
roll amplitude obtained by theoretical methods such that
it reproduces the experimental results, we attempt to cor-
rect the theoretical GM variation. In this study, although
Figs. 9, 10 and Maruyama et al. [22] showed absence of
normality in GM variation, as the simplest approximation,
we assume that AGM is normally distributed. With this
we correct Eq. 9 as Eq. 3 using the ratio of the standard
deviation o2

GM

deviation o-é‘i,[ of the theoretical values. In Figs. 9 and 10,

the red line is the theoretical value based on Eq. 3.

of the experimental values to the standard

UObS 6
AGM(ig) = % Cilia (3)
OGM k=0

5.3 Calculation results of parametric rolling
amplitude

The conventional equation of motion for one-degree-of-
freedom roll motion is shown in Eq. 1.

@ Springer
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According to Sect. 5.2, we multiplied the modification
coefficient 6% /6" by P(1). The final equation of motion

GM GM

is given by

¢ dp . dp|de g\’

— +b— +by—|—| + by —

dez " Vdr TP dE | dr 3\ dr

5 Gobs (4)
+ Yy, 07+ S P(1)p = M, (0).
n=1 OoMm

Applying Roberts stochastic averaging method [17] and the
moment method [24] to the equations of motion Eq. 1 and
Eq. 4 before and after correction, respectively, the PDFs
of the roll amplitude are obtained. These theoretical PDFs
are compared with the PDF obtained from the experiment
in Figs. 11 and 12. The black dots denote the experimen-
tal result, the cyan line and the red line are the theoretical
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results obtained by Roberts’ stochastic averaging method
before and after correction, and the purple line and the
green line are the theoretical results obtained by the moment
method before and after correction. The green diamonds are
the PDF obtained by MCS.

The results of Figs. 11 and 12 show that the calculation
results after the correction of the GM variation are closer to
the experimental results than before the correction, and the
accuracy of the quantitative estimation of the roll ampli-
tude is improved. However, there is still a large difference
between the experimental and theoretical results, mainly due
to the discrepancy in the region of small roll angles. Our
theoretical method using the corrected equation of motion
could not completely represent an intermittent rolling behav-
ior as in the experiments. Therefore, further improvement
of the used model equations and the theoretical calculation
methods is desirable, such as introducing an additive yaw
disturbance or external forces. In this study, Grim’s effec-
tive wave [25] and the non-memory transformation [21,
22] were used to estimate the GM variation. However, roll
restoring variation in waves is complicated [39] and chal-
lenges remain in estimating and correcting the GM varia-
tion approach. In addition, in this study, the GM variation
in waves is corrected by assuming a normal distribution
and using standard deviations although the non-normality
is known [22]. Even under this assumption, the theoreti-
cal results of PDFs of the parametric roll amplitudes were
improved, as shown in Figs. 11 and 12. However, further
research is needed to evaluate the influences of the normality
assumption, and to investigate and model the non-normality
of the GM variation.

6 PDF of the maximum roll amplitude

In order to estimate the distribution of the maximum values
of the parametric roll amplitude, a theoretical expression for
the PDF of the maximum roll amplitude is derived. The PDF
of the maximum roll amplitude is then estimated based on
the PDF obtained by the moment method, which is in quanti-
tative agreement with the MCS results in Sect. 4. Moreover,
the PDF estimated by the theoretical method is compared
with the results of MCS in order to confirm the accuracy of
the estimation of the PDF of the maximum roll amplitude.
When the extreme values such as the maximum of para-
metric roll amplitude are treated, the presence or absence
of the independence of the data is important [29, 41]. On
the other hand, strictly speaking, roll amplitudes are self-
dependent [42]. It is also known that this dependence can
be strong for the case of large roll amplitude, and decorre-
lation time in the case of parametric roll can be long [43].
However, in this study, we assume that the roll amplitudes
are independent as the simplest approximation because the
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distribution of the maxima for the parametric roll is not
clear and the PDFs of the roll amplitudes are obtained using
the theoretical methods in Sect. 4. The distribution of the
maxima of roll amplitudes is derived from the PDF of the
roll amplitudes.

6.1 Derivation of a theoretical formula to estimate
the PDF of the maximum roll amplitude

Suppose now that N, amplitudes are extracted from the
population of roll amplitudes and the highest value among
them is @7,, where 4%, is a dimensionless value. Denoting
the PDF of @ as &7 (), the probability that the maxi-
mum value of the amplitude &7 is in [%y, @y + de,]is
P () d ey,

This is the probability that only one of the N, ampli-
tudes is between 2%, and % + d#/, and the remaining
(N, — 1) amplitudes are less than .#%,. Thus & (., ) can be
expressed as follows Eq. 5 [44]

00 Ny—1
@*(MM)ddM=NO[1—/ Q(Mdzﬂ
Sy
Pty daty

&)

where & (ssz) is the value of PDF when the amplitude ./
is 2.

From the above, &* (MM), the PDF of the maximum roll
amplitude, is obtained.

Also, when N, is large enough, i.e., N, = oo, then

&=N, /ﬁ/ A A)dd (6)
o No é NU
s [l g, ‘@(Md‘% = [l ) 170] %
= e_é

Therefore, Eq. 5 can be expressed in terms of Eq. 8.

2 (%M)d.;sz
00 [S] -1
=£e~¢ [ @(ﬂ)d%{ 1- A(Adef }] ®)
y Sy
P(ty)dty

6.2 Calculation method

The specific procedure for the calculation of the PDF of the
maximum roll amplitude using MCS and theoretical method
based on Eq. 5 is explained as follows. The initial value of
the roll angle on MCS is set to 5 deg, and

the first N amplitudes are extracted from the time series
data of the roll angle after 500 s from the start of the sim-
ulation. The maximum value among the N, amplitudes is
recorded as the maximum value in one trial. By repeating
this N times,

N maximum values are obtained in total. Based on these
N maxima, the PDF of the maximum roll amplitude is
calculated.

Then, the shapes of each PDF with N, as the variable are
compared.

On the other hand, #(&), the PDF of the roll amplitude,
is calculated using the moment method and Roberts’ sto-
chastic averaging method. Using this, the PDF of the maxi-
mum roll amplitude is theoretically derived by using Eq. 5.
Then, the PDF of the maximum roll amplitude calculated by
the theoretical method is compared with that obtained from
the MCS results.

6.3 Numerical results

With N, = 20, 50, 102, 10°, 10%, the PDFs of the maxi-
mum roll amplitude calculated by MCS are shown in
Figs. 13 and 14. When N, = 20, 50, 102, 10°, the number
of MCS trials N is 10*. When N, = 10*, Nis 5 x 10°.

The results calculated by Eq. 5 using the moment method
and Roberts’ stochastic averaging method are compared
with that obtained from MCS and are shown in Figs. 15, 16,
17,18, 19 and 20.

6.4 Discussion and limitations

From Figs. 13 and 14, it can be seen that as N, increases, the
peak of the PDF moves to the right and the range becomes
narrower. As N, increases, the number of samples for search-
ing the maximum value per trial increases. Therefore, a

I I I
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¢ o dp, Ny=50
10.0 L o i Ny=10% |
D i 3
) oy, No=10
80 P o dy® Ny=10*H
HLZ (]
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.| Ld
& 0. »
L]
.‘c' .
4.0 e T*
L ] d ° ®
o |30 4
20 . °%q
o °® i ®
° ..o b -. .
o
0.0
0 10 20 30 40 50 60 70 80 90
g\ [deg]

Fig. 13 PDF of the maximum of roll amplitudes obtained by MCS,
H1/3 =7.0m, T, = 10.0 s, linear scale
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Fig. 14 PDF of the maximum of roll amplitudes obtained by MCS,
H, ;3 =7.0m, Ty = 10.0 s, logarithmic scale
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Fig. 15 Comparison of PDF of the maximum of roll amplitudes
obtained theoretical method and MCS, H,,; =7.0m, Ty, = 10.0s,
N, = 10, linear scale

larger value is counted as the maximum value per trial, and
the peak moves to the right. The fact that the shape of the
PDF changes with N, suggests that we need to pay attention
to the number of samples N, per trial when estimating the
maximum value. It is also known that, if the sample size is
sufficiently large, the distribution of maxima of independent
samples converges to three types of distributions: the Gum-
bel distribution, the Fréchet distribution, and the Weibull
distribution [45, 46]. The distribution of the maximal ampli-
tudes of parametric rolling may also need to be examined in
terms of its convergence and the type of the converged dis-
tribution, which is a topic for future research by the authors.

Also, looking at the Figs. 15 and ,16, in terms of the
position of the peak, the result obtained by the moment
method is in better agreement with the result of MCS than
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Fig. 16 Comparison of PDF of the maximum roll amplitudes
obtained by the theoretical methods and MCS, H, /3 =70m,
Ty, = 10.0;8, N, = 102, logarithmic scale
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Fig. 17 Comparison of PDF of the maximum roll amplitudes
obtained by the theoretical methods and MCS, H, /3 =70m,
Ty, = 10.0 s, N, = 103, linear scale

that by Roberts’ stochastic averaging method. This may
be due to the accuracy of the estimation of the tail of the
PDF of the roll amplitude by the theoretical calculation,
as mentioned in Sect. 4.4. Therefore, it can be concluded
that the moment method provides a better qualitative result
for the PDF of the maximum roll amplitude. On the other
hand, under conditions where N, is large, the deviation
between the theoretical value and the MCS result becomes
large, and the estimation accuracy remains somewhat
problematic. In the future, it may be necessary to improve
the theoretical estimation method of the PDF of the roll
amplitude.

Moreover, Eq. 5 was derived by assuming independence
of the parametric roll amplitudes. On the other hand, it is
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Fig. 18 Comparison of PDF of the maximum roll amplitudes
obtained by the theoretical methods and MCS, H, /3 =70m,
Ty, = 10.0 s, Ny = 103, logarithmic scale
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Fig. 19 Comparison of PDF of the maximum roll amplitudes
obtained by the theoretical methods and MCS, H, /3 =70m,
Ty, = 10.0 s, Ny = 10%, linear scale

known that the roll amplitudes are self-dependent [42]. It
may be necessary in the future to evaluate the influence of
the assumption of independence of roll amplitudes and to
develop theoretical methods that reflect this self-dependence.

7 Conclusion

The accuracy of the PDF estimation of the parametric roll
amplitude in long-crested irregular waves was validated by
comparing the results of each theoretical method with the
experimental results. In this study, the experimental results
were generally smaller, especially after 20 deg, and dif-
fered from the results of each theoretical method. In the tail
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Fig.20 Comparison of PDF of the maximum roll amplitudes
obtained by the theoretical methods and MCS, H, /3 =70m,
Ty, = 10.0 s, N, = 10%, logarithmic scale

section of the PDF, the PDF result of the moment method is
smaller than those obtained by Roberts’ stochastic averag-
ing method and ESAM. Therefore, in the considered cases,
the moment method is the most suitable for extreme value
estimation. The experimental PDF of the roll amplitude had
a shape with humps and hollows, in the range of 10 to 20 deg
in Figs. 6 and 7. We believe that this is due to the change in
the yaw angle in the experiment. Further study is needed to
develop a model which introduces an additional yaw distur-
bance and also to improve the experimental method.

To further improve the theoretical estimation methods for
the PDF of parametric roll amplitude, the authors attempted
to correct the estimated GM variation. In Figs. 11 and 12,
although the PDF using the corrected GM variation and
the equation of motion approached the PDF obtained by
the experimental results, a notable difference still remains
between the theoretical and experimental results. The roll
restoring variation in waves is complicated [39], and fur-
ther development of modeling and theoretical methods is
desirable, as well as the estimation and correction of the
GM variation. In this study, the theoretical GM variation
was corrected by assuming a normal distribution and using
standard deviations although the non-normality of GM
variation was shown in Figs. 9 and 10. The influence of
this assumption or the evaluation and modeling of the non-
normality of the GM variation needs to be investigated in
further research.

Then, the PDFs of the maximum roll amplitude were cal-
culated using the moment method and Roberts’ stochastic
averaging method, and the results were compared with that
using the MCS. The results showed that the moment method
gave a better agreement with the MCS results than Roberts’
stochastic averaging method, and that the maximum value
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could be estimated quantitatively. However, it was also con-
firmed that the deviation from the MCS results becomes
larger when N, is large. We conclude that more accurate
estimation of the PDF of the parametric roll amplitude is
needed to resolve this issue. Moreover, in this study, inde-
pendence of roll amplitudes was assumed. Evaluation of the
influence of this assumption and development of theoretical
methods that reflect this self-dependence may be necessary
in the future.

Appendix: Method of the estimation of GM
variation

Procedure for calculating GM variation

The following procedure is used to calculate the GM varia-
tion (AGM) in irregular waves.

1. Generation of time series for Grim’s effective wave
2. Equation relating wave elevation and GM Variation
3. Generation of time series of GM variation

Each calculation method is explained following.
Grim’s effective wave concept

This is the calculation method performed in Item 3. Grim’s
effective wave is the replacement of a spatially irregular
waveform around a ship by a single regular wave using the
least-squares method, and this regular wave is called the
effective wave [25]. As in Fig. 21, this effective wave is
assumed to have a wavelength to ship length ratio of 1, and
the crest or trough of the wave is in the center of the hull.
The amplitude of this effective wave has a linear relation-
ship with ocean wave displacement, while the effect of the
wave on the righting lever has a nonlinear and non-memory
relationship. As a result, there are no major obstacles to the
statistical treatment of the GM variation in irregular waves.
The time series of the effective wave displacement (g, (?) is
calculated by using the ocean wave spectrum S(w).

6
. AGME,, ;
4 ¢ AGMtllg cal :
- AGMIY | :
= '
E 2} :
=
@) g
<
ot .
[ ]
.

Cmid [mM]

Fig. 22 The relationship between AGM and ¢

mid

Two methods for generating the time series of effective
wave is presented by Maruyama et al. [22]. One method is
based on the superposition of component waves [Method
1] [25], and the other is based on the application of a lin-
ear filter [Method 2] [22]. In this study, in Sects. 4 and
6, Method 1 was used on Roberts’ stochastic averaging
method and ESAM, and Method 2 was used on MCS and
the moment method. In Sect. 5, Method 1 was used.

Method of non-memory transformation

This is the calculation method performed by Item 2. The
non-memory transformation is obtained by the relation-
ship between wave elevation and GM variation at amid-
ship. Considering only the wave component based on the
Froude-Krylov assumption under quasi-statically bal-
ancing heave and pitch in waves, we obtain the equation
relating wave displacement and GM variation [21, 22] in
regular waves with the ratio of the wavelength to the ship
length of 1. The wave peaks and troughs are assumed to
always exist in the center of the hull. Using the numerical

Fig.21 The schematic view of T
Grim’s effective wave

-L/2
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6

Cmid [mM]

Fig.23 The polynomial approximation of the relationship between
AGM and ¢,y

simulation, we calculate the GM variation AGM:;,rcm when
the regular wave peaks and troughs are located in the
center of the hull and the heel angle of the hull is ¢ [deg]
for each wave elevation {,;4. The restoring arm is calcu-
lated from hydrodynamic theory [47, 48]. As a result, the
relationship diagram in Fig. 22 is obtained. Where the
wave displacement is positive when the wave trough is
located in the center of the hull and it is negative when
the wave crest is located in the center of the hull. The
original data is plotted by the black dotted line in Fig. 22.
The sixth-order polynomial approximation of the original
data is used to obtain a curve of GM variation for arbitrary
wave displacements. The red dotted line in Fig. 23 is the
result of the polynomial approximation of the original data
as in Eq. 9, where N, = 6. Using this relation given by
Eq. 9 between the wave displacement at the center of the
hull and the GM variation, the time series of the effective
wave displacement calculated in Item 1 is transformed into
the time series of the GM variation.

Np
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