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The goal of this paper is to study the possible monoids appearing as the associated
monoids of the initial algebra of a finitely generated homogeneous k-subalgebra of
a polynomial ring k[z1, ..., z,]. Clearly, any affine monoid can be realized since the
initial algebra of the affine monoid k-algebra is itself. On the other hand, the initial
algebra of a finitely generated homogeneous k-algebra is not necessarily finitely
generated. In this paper, we provide a new family of non-finitely generated monoids
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algebras. Moreover, we also provide an example of a non-finitely generated monoid
which cannot be realized as the initial algebra of any finitely generated homogeneous
k-algebra.
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1. Introduction

Let k be a field, S = k[z1,...,2,] the polynomial ring in n variables over k, and < a monomial order
un) € (Zo)"
Given a non-zero polynomial f = > cyz™ € S with ¢, € k, we define supp f == {u € (Z>0)" | cu # 0},
deg. f = max<(supp f), and in< f = cqeq_ fxdegﬁ f. Let R be a finitely generated k-subalgebra of S.
We define degi R = {deg_ f | f € R\{0}} and in< R the k-vector space spanned by {in< f | f € R},
called initial algebra of R. A subset F of R is said to be SAGBI basis of R if the k-algebra generated by
{in< f | f € F} is equal to in< R. The word “SAGBI” is introduced by Robbiano and Sweedler [5] and
stands for “Subalgebra Analog to Grobner Bases for Ideal”. Remark that in< R is not necessarily a finitely

>0)". u n reviati i with z ru = (uy,us,...
on (Zxo)". We use an abbreviation of monomials z]* ---zl» with " for u , U2,

generated k-algebra even if R is finitely generated, so R may have no finite SAGBI basis with respect to
any monomial orders. The sufficient condition for R to have infinite SAGBI basis is not found yet as far
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as the authors know. In [4], it is claimed that it will be helpful for this problem to study the mechanism
of non-finite generation of the initial algebras. The goal of this paper is to study non-finitely generated
monoids appearing as non-finitely generated homogeneous monoid k-algebras.

Let M be a monoid, a set with an operation M x M — M that is associative and has the identity. For
a monoid M C (Z>o)"™ and a field k, k[M] is a k-vector space with the base {z" | u € M}. Since both
k[M] and in< R are k-subalgebras of S generated by monomials, for any initial algebra in< R, there exists
a monoid M such that

in< R = k[M].

Concretely, such a monoid M is deg< R. Therefore, to check whether in< R is finitely generated or not is
equivalent to check whether M (= deg< R) is so. In that sense, the following question naturally arises.

Question 1.1. Can we characterize non-finitely generated monoids arising from some finitely generated k-
subalgebras?

Towards the solution of Question 1.1, in this paper, we concentrate on our discussion in the case of homo-
geneous subalgebras of k[z, y]. In particular, we mainly study subalgebras generated by one homogeneous
binomial x¥* + zV2 and finitely many monomials x"t, "2 ... x".

There are two main results in this paper. The first main result is to provide a class of non-finitely

generated monoids that correspond to some finitely generated subalgebras.

Theorem 3.4. Let vi,vy € (220)2 be linearly independent over Q. Let < be a monomial order with vi = vo
and let C C (R>)? be the cone generated by vi,va. We take ui,us,...,us from (Z>0)*> N C°, where C°
denotes the interior of C. Let N be the monoid generated by vo, and let L be an N-module generated by
uj, g, ...,us. We define M by setting the monoid generated by {v1} U L. If R is a k-algebra generated by

G:={z"*+2¥2}U{z" |ue L},

then R is finitely generated. Moreover, for a monomial order = with vi = va, we have in< R = k[M]. In
particular, G is an infinite SAGBI basis of R.

The following second main result is to show that submonoids of (Z 20)2 do not necessarily correspond to
some initial algebras of finitely generated homogeneous subalgebras.

Theorem 4.1. Let M be a submonoid of (Z>0)? generated by infinitely many irreducible elements {(1,n?) |
n € Zso}. Then, for any subalgebra R generated by finitely many homogeneous polynomials in k[x,y] and
any monomial order < of (Z>0)?, in< R is never equal to k[M].

This paper is organized as follows. In Section 2, we prepare the fundamental materials on SAGBI basis,
monoids and cones. In Section 3, we enumerate examples of monoids and subalgebras, and show the first
main result as a generalization of them. In Section 4, we give a proof of the other main result, Theorem 4.1.
In Section 5, we display examples that do not suit the class in Section 3.
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2. SAGBI basis criterion, monoids and cones

In this section, we introduce the fundamental materials on SAGBI basis, monoids, and cones.
We first provide the SAGBI basis criterion. We use the notation used in [6, Chapter 11] on SAGBI basis.
Algorithm 2.1 is a modification of [6, Algorithm 11.1].

Algorithm 2.1 The subduction algorithm.

Input: F = {f1, f2,...,fs} CS, f€ES
Output: ¢ € k[F],r € S such that f =q+r
q:=0;7:=0

p =
while p ¢ k do
find i1,42,...,1s € Z>¢ and c € k\{0} such that

ingxp=c-inxg fli‘ cinx fgi”"'in< fﬁi*ﬂ ()
if representation (x) exists then

a=q+c fit- e S
p=p—c-fi' f3*fs

else

L ri=r+ in_j P
L p:=p—in<p
return g, r

Let ug,ug,...,us € (Z>p)™ with in< f; = 2", A= (u1,uy,...,u,) the n x s-matrix whose columns are
u;’s, and let 14 be the toric ideal of A, i.e. the kernel of the k-algebra homomorphism

k[Xl,XQ,...,XS]—)k[xl,(EQ,...,IL’n], XZ'—)il,'u‘
Thanks to Proposition 2.1, we can determine whether F is a SAGBI basis.

Proposition 2.1 ([6, Corollary 11.5]). Let {p1,p2,...,pt} be generators of the toric ideal 4. Then F is a
SAGBI basis if and only if Algorithm 2.1 subduces p;(f1, fa,..., fs) to an element of k for all i.

We use the notation used in [1, Chapters 1 and 2]. In this paper, let M be a submonoid of (Z>()". For
x € M, we call x irreducible on M if there are y,z € M with x = y + z, then either y or z must be 0. A
monoid M is non-finitely generated if and only if M has infinitely many irreducible elements on M. A set
N with an operation M x N — N is called an M-module if

(u+v)+x=u+(v+x) and 0+x=x forany u,ve M and x € N.

It is convenient to observe R>oM = {Z‘;l a;x; | xX; € M,a; € Rxg,s € Z>o} for determining if M is
finitely generated. For ¢ = 1,2,...,t, let o; be a linear form on R™ and let H;, HZ+ be linear hyperplanes
and linear closed halfspaces such that

H; = {x€R"|o;(x) =0} and H;' = {x € R"|0;(x) >0},

respectively. Note that we also often use w € R™ to describe each linear form o, i.e., o(x) = (x, w), where
(+,+) denotes the usual inner product of R™. A polyhedral cone is defined to be an intersection of finitely
many linear closed halfspaces, i.e., C is written as C' = ﬂ:zl H;". Moreover, by using Proposition 2.2, we
can determine if a given monoid M is finitely generated.

Proposition 2.2 (/1, Corollary 2.10]). A monoid M is finitely generated if and only if R>oM is a polyhedral
cone.
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A face F of C is a non-empty intersection of a linear hyperplane H = {x € R" | o(x) = 0} and C
satisfying C C HT. Namely,

F=HnNnC={xeC|o(x)=0}#0.
For a polyhedral cone C' = ﬂle H;r, we define

C°:={x e C|o;(x)>0 for each i}.
Note that for all x € C and x’ € C°, we have x + x’ € C°.

3. Examples of monoids and subalgebras

In this section, various non-finitely generated monoids are generalized (Lemma 3.3) and we construct
finitely generated subalgebras that correspond to monoids (Theorem 3.4).

We found these examples through computational experiments by using the package "SubalgebraBases"
[2] on Macaulay2 [3]. On our experiments, we focused on subalgebras generated by one homogeneous
binomial V! 4+ 2V2 and ¢ monomials x", x"2, ..., z". First, we discuss the case t = 1.

Proposition 3.1. Let vq,va € (Z>0)? be linearly independent. Assume that the binomial z¥* + zV2 is homo-
geneous. For any u € (Z>0)?, the k-subalgebra R = k[zV* + zV2, 2" has a finite SAGBI basis.

Proof. We may assume v; > vy without loss of generality.
Let vq,u be linearly independent over Q. We consider a linear relation

a1vi + asu = b1 vy + bau,

where ai,a2,b1,b2 € Z>g. Since vi,u are linearly independent, we have a; = b; and as = bs. Thus, any
cancellation of initial terms in R cannot occur and we obtain that {z¥* + 2V2, 2"} is a SAGBI basis of R.

Let mv; = fu with some coprime positive integers m, . Then, we can obtain a polynomial in R as
follows:

= —1 V4 V)™ — (z%)*
N @ (2 +2¥2)™ — (2"))
(7721) z(mf2)V1+2V2 e —
@ G

Now, we prove {aV! + 2V2 2", f} is a SAGBI basis of R. Similarly to the previous case, we consider the

. x(mfl)v1+vz +

mvsa

x

equality
a1vy + agu+ az((m — 1)vy + va) = byvy + bou + b3((m — 1)vy + va).

Since v; and u are linearly dependent while v; and vo are linearly independent, we obtain az = bs. Therefore,
it is sufficient to check cancellations involving only zV* 4+ V2 and z". Since we have f, the cancellations
involving V' 4+ V2 and x" have been also already discussed. O

We can similarly prove the following.

Proposition 3.2. Let vi,va € (Z>0)? be linearly independent and let uy,uy € (Z>0)? be linearly independent.
Assume that the binomials xV*+xV2, x™ +x%2 are homogeneous. Then the k-subalgebra R = k[xV1+zV2, a"1 4
x"2] has a finite SAGBI basis.
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Proof. We may assume v; = vy and u; > us without loss of generality. If vi,u; are linearly independent,
then the proof is the same as in Proposition 3.1.

Next, we assume that mv; = fu; with some positive integers m,f. If m = £ = 1 and vy = uo, then
{z¥* + 2V2} is a SAGBI basis of R. We set vo # ug, and let

f — (;L‘Vl + xvz)m o (:L‘ul + xuz)é

= <T>x(m—1)\’1+vz +o ™2 — <<f)x(l—1)u1+u2 +- 4+ 55[112) :

Then, in< f is (T)x(m_l)"l‘*“” or —(f)x(e_l)“1+“2. In both cases, {zV! +zV2, " + 22, f} is a SAGBI basis
of R. The proof is the same as Proposition 3.1 since both v;,vs and uy, uy are linearly independent. O

We enumerate examples found in our experiments. These examples can be regarded as a generalization
of [5, 1.20]. All monoids corresponding to these examples are non-finitely generated monoids by Lemma 3.3.

Lemma 3.3. Let v, vy € (220)2 be linearly independent and let < be a monomial order with vi = vo. Let
C be the cone generated by vi,va. Fiz ui, g, ..., us € (Z>0)> N C°, let N be the monoid generated by v,
and let L be the N-module generated by uj,us,...,us. We define M by setting the monoid generated by
{vi} U L. Then M is not finitely generated.

Proof. Let wi, wy € R? such that

(vx € O);
(vx € C).

(wi,v1) =0 and (wqy,x) >0
(Wa,va) =0 and (wq,x) >0

In other words, w; and wy are chosen as they define the facets R>ov; and R>gvy of C, respectively. Since
ug, us,...,us € C° we have (wo,u;) > 0 for each i. Let, say, u; attain (wo,u;) < (wo,u;) for each i. Let

Ly = {u; + mvy | m € Z>o} be the N-module generated by u;. Then L, is an infinite subset of M. In
what follows, we prove that all elements of L; are irreducible on M. On the contrary, suppose that

u; + mvg = X1 + Xo
for some m € Z>¢ and x1,x2 € M\{0}. Then x; and x3 can be written as follows:

x| = Zasys and xp = thzn (1)

where ys,2z; € {v1}UL and as, b, € Z>¢. Since generators of M are a subset of C\R>(va, we have (wg,x) > 0
for all x € {vi} UL. If u; + m'vy € L appears in the summand of x; or x5 of (1), say, in x1, then we
obtain that (wo,x1) > (Wa,u). Since (wa,X2) > (Wa,va) = 0, we have (Wa, X1 + X2) > (Wa,u; + mva), a

contradiction to u; + mvs = X1 +x2. Thus, no elements in L appear in the summand of (1). Hence, x;1 4+ X2
is a positive integer multiple of vi. We can rewrite it as like

u; +mvy = X1 + X9 = 4fvy
with some positive integer £. However, by applying (w1, —) to both sides of these equations, we obtain that
0< <W1,111 + mv2> = <W1,EV1> =0,

a contradiction.
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Therefore, we conclude that all elements of Ly are irreducible on M, implying the non-finite generation
of M. O

Now, we provide a family of examples of finitely generated k-algebras whose initial algebras are equal to
k[M] with M defined in Lemma 3.3. This is the first main theorem of this paper.

Theorem 3.4. Work with the same notation as in Lemma 3.3. Let R be the k-algebra generated by
G={z"" +2V2}U{z" |uelL}.

Then R is finitely generated. Moreover, given a monomial order < with vi = va, we have in< R = k[M].
In particular, G is a SAGBI basis of some R consisting of infinitely many polynomials (most of which are
monomials).

Proof. First, we prove that R is finitely generated.
Since vi and vy are linearly independent and up,us,...,us € C°, there exist positive integers ¢;, a;, b;
such that

Eiui = a;Vi + b»L'VQ

holds for each i = 1,...,s. Fix 7. Let

fo = apmitavitbiva (— (pui)bitly
and
u;+(bi—1+k)va (xvl + xvz)ar‘rl—k

fh=x

a;+1—k
= Z (ai +1- k) xui+(llz‘+1*k*j)V1+(bi71+k+j)V2
J

§=0
for k=1,...,a;. Let V be the k-vector space with a basis

{my =g TPVt Catpve |y = 0 1, a;}.

Then fo, fi,..., fa, belong to V. Let

) ey 0
o () =Y

be the (a; + 1) x (a; + 1)-matrix. Then

(momy -+ ma))A=(fof1 - fa)-

Now, we claim that fy, fi,..., fa, also form a basis of V by seeing that A is invertible. We subtract 3-rd
column from 2-nd column, 4-th column from 3rd column, ..., and (a; + 1)-th column from a;-th column.
Then A is transformed into
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L (") o
0 (") (")
Y
G @)

0 0 0

Hence, by induction on a;, we can see that A is invertible.

Therefore, the monomial m,, = 2% +(@+b)Vz € V' can be written as a (unique) k-linear combination of

anf17"

k[xvl + IV2,xuz‘7in+bz‘V2’ xui+(bi+1)v2, o

.y fa;- This means that the monomial z%*(¢i+b:)v2 helongs to

,xui+(ai+bi71)v2}'

Similarly to the above discussion, we can show that the monomial z%*(@+bi+1)V2 can be written as a

k-linear combination of the polynomials

(mui)éi (xuri-vz) and xui+(bi+k)v2 (xvl + xvz)aﬁ-l—k fork=1,...,a;.

By applying these repeatedly, we can show that all monomials z%%7V2 for j € Zx( belong to k[zV* +
. ptitetbi=va) Thyg the k-algebra generated by

AL xU¢+V27 .

coincides with R,

S
{zV* +2V2} U U{x“",x“i+v2, ce

i=1

which is finitely generated.

xll

it(ait+bi—1)va }

Next, we prove that in< R = k[M]. It is sufficient to prove that G is a SAGBI basis of R. Namely, we
prove that for any polynomial f € R, in< f can be written as a product of finitely many monomials in

{in< g | g € G}. Since f can be written as

where ¢; € k, o,

for some 1.

o If one of ﬁ%i)

with mq,mo, ..

X

o If B%i) = ﬂy) =...= t(i) =0, i.e., in< f € supp (zV* + x"z)o‘m, since up, uo, . . .,

,Bs 5.
.,Ms,a,b € Z>p and one of my,ma, ..

=2 e+ @)

B, 85",

S = supp((z¥* + xVQ)a(i) (™)

(@)

miurt+mouzt-+msustavi+bve _ (mvl)a<xul)m1—l(xuz)mz .

(i) . .
2% V1 cannot be written like

T

(%)
1

)

@) @),

(%)
t

57 vy

., ﬁt(l) is not 0, then all monomials in S can be written as x1 %1 tmauz+...+m.

(2)

,Bti) € Z>o and Wy, Wa,...,W; € L, the initial monomial in< f belongs to

us+avi+bva

., Mg is positive, say, m; > 0. Then we have

miu;+mouz+---+msus+avi+bva

. (xus)ms (xuﬁ-bw).

u, € C°, the monomial
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(€]

Fig. 1. The monoid M of Example 3.5 in the case with vi = (2,1),ve = (1,2).

with mqy,mo,...,mg,a,b € Z>q and one of mq,ms, ..., ms is not 0. Therefore, the cancellation of the

. Dy, . ) . . . Dy
monomials of the form 2% V1 in (2) never happens, i.e., z* Vi definitely appears in f. Since 2oV g
the strongest monomial with respect to < in supp (zV* + x"z)o‘m, we have in< f = (x"l)a(l).

By these discussions, we see that for any f € R, the initial monomial in< f can be written as a product
of finitely many monomials in {in< g | g € G}. Therefore, G is a SAGBI basis of R. O

We provide three families of examples of Theorem 3.4. Each of Examples 3.5, 3.7 and 3.6 generalizes the
initiated example [5, 1.20] of finitely generated k-algebra whose initial algebra is not finitely generated. In
what follows, let < be a monomial order with = > y.

Example 3.5. Given vy, va € (Z>¢)? which are linearly independent and satisfy xV1 = V2, let
Ry =Kk[z¥! + xv2, gVitve gvit2vz),
Then
{2Vt 422} u {2Vt |m > 1}

forms a SAGBI basis of Ry with respect to <. When vy = (2,1),ve = (1,2), the initial algebra of R;
corresponds to the monoid plotted in Fig. 1. In particular, the case with v; = (1,0), vy = (0,1) is the same
as that of [5, 1.20].

Example 3.6. Given a positive integer s, let

R2 — k[xs 4 ys7xsys,xsyZS’xs+1ys—17xs+ly25—1’ o ,.T2S_1y, $25_1y5+1].
Then
s—1
{.’ES +ys} U U{l,erzysfersm ‘ me ZZO}
=0

forms a SAGBI basis of Ry. When s = 3, the initial algebra of Ry corresponds to the monoid plotted in
Fig. 2. In particular, the case s = 1 is the same as [5, 1.20].

Example 3.7. Given positive integers a, b, let

Rs; =Kk[z +y, xayb, xaybﬂ, o ,x“y‘”%*l].
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° . °
L .
* °
° ° °
. L4
* *
o . o
. .
* *
x

o

Yy
. L4 * . L d
o ° o ® °
. . ° . .
. * . . .
® ° o * *
: 3 (3 °
(4:3)
x
(6]

Fig. 3. The monoid M of Example 3.7 in the case with a = 4,b = 3.

Then
{z+yru{z®y™ [ m > b}

forms a SAGBI basis of R3. When a = 4,b = 3, the initial algebra of R3 corresponds to the monoid plotted
in Fig. 3. In particular, the case a = b =1 is the same as [5, 1.20].

Remark 3.8. Readers may have a doubt about the similarity between our examples and the ones developed
in [4]. On the one hand, Examples 3.5 and 3.6 can be obtained via the method developed in [4]. In fact, for
Example 3.5, we may assign 2¥* and zV2 instead of z and y in [4, Example 2.7], and for Example 3.6, we may
assign ° and y* and U = {z5+1ys~1 25+2ys=2 .. 2251y} where U appears in (A3) of the construction
developed in [4].

On the other hand, most cases of Example 3.7 cannot be obtained in that way. In fact, we can observe
that the subalgebra R constructed in the way of [4] always contains xy whenever R contains x + y. This
implies that the algebra R cannot be equal to R constructed in [4].

4. Nonexistence of the monoid algebra as an initial algebra

This section is devoted to proving the second main theorem, which provides an example of a monoid
whose algebra cannot be realized as any initial algebra of a finitely generated homogeneous k-algebra.

Theorem 4.1. Let M be a submonoid of (Z>0)* generated by infinitely many irreducible elements {(1,n?) |
n € Z>o}. For any subalgebra R generated by finitely many homogeneous polynomials in k[x,y] and any
monomial order < in (Z>0)?, the initial algebra in< R cannot be equal to k[M].
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Proof. Suppose the existence of a subalgebra R and a monomial order < such that in< R = k[M]. Let g,
be a polynomial with in< g, = xy"2 for each n and let G = {go, 91, ...} be the reduced SAGBI basis of
R. Since we assume that R is generated by homogeneous polynomials of k[z, y], the reduced SAGBI basis
G can be chosen as a set of homogeneous polynomials. Since R is finitely generated and R = k[go, g1, - - .],
there exists m € Zx>¢ such that R = k[go, 91, . - -, gm]. Then deg< R is a submonoid of the monoid generated
by ;" supp g; because all monomials appearing in polynomials of R can be written as a product of finitely
many monomials appearing in go, g1, - - - , Gm-

(The first step): First, we prove that there exists a positive integer a with (0,a) € [J;~,supp g;. On the
contrary, suppose that (0,a) & |J;",suppg; for any a > 1. Let C' be the cone generated by |J", supp g;.
Since

Uswpgi € {(,9) € (Z20)* [z +y <m* + 13\ {(0,9) | y > 1}
1=0

by our assumption, the ray generated by (1, m?) is a face of C, and y < m?2x for any (x,y) € C. However, for
all integer £ > m, (1, £?) is out of C, i.e., out of deg_ R, a contradiction. Hence, we have (0, a) € Ui~ supp g;
for some @ > 1. In particular, if (0,a) € Ui, sup_p gi, then a = i? + 1 for some i € {0,1,...,m} because
g;’s are homogeneous.

(The second step): Next, we prove that each g; can be written like g; = yi2 (z + ay) for some a € k\ {0}.
Note that a is independent of i.
Since each g; is homogeneous, we can write

go = T + aoy
glzwy+...+a1y2+...

2

Gm = Y™ +...+amym2+1+...

-2 -2 -2
with aog,a1,...,am,... € k and one of ag,a,...,a, is not 0. Since in< g; = zy", we get zy" = y* L.

. -2 . -2 .2
Therefore, we have 2 > y. For b > 2, monomials 2’y* 717% do not appear in g; because xzby* 170 = xy?" .
Thus we can rewrite g;’s by

.2 .2
gi=zy" +ay T
We prove ag =a; = ... =a,, = --- by induction on m. In the case of m = 2, we consider
g = 9892 - 911 — (3ao + a2 — 4a1)g09192

= (agay — apas — 2a3 + 3ayas — a3)x®y®

+ (a3 — 3akay + 4apa? — apa? — 4a3 + 4alay — ayad)xy’
+ (adas — 3adayay + 4agaias — apaai — af)y®.
Though in< g € in< R, any monomials in {z%y°, 2y, y®} cannot be written as a product of z, zy, zy*, zy°, . . ..
Thus, all coefficients of g should be 0. Let hy, ha, hs be the following polynomials in k[Xg, X7, X5]:
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hi = XoX1 — XXy — 2X2 +3X, X5 — X2,
ho = X& —3X2X1 +4XoX? — Xo X3 —4X} +4X7 X, — X, X3,
hy = X§Xo — 3X3X1 X +4X0 X7 Xo — X0 X1 X2 — X7

Then ag, a1, ag satisty hq(ag, a1, a2) = ha(ao, a1,a2) = hz(ag, a1, a2) = 0. The reduced Grobner basis for the
ideal generated by hi, ho, hs with respect to a lexicographic ordering is given by the following polynomials:

by = X} —4X3 X + 6X2X2 — 44X, X3 + X3 = (X1 — Xo)%

hy = Xo X1 — XoXs — 2X2 +3X, X, — X2,

hy = X§ —3X2 X2+ 3Xo X3 — 8X; + 24X Xy — 24X, X3 + 7X5.
Hence, ag,a,as also satisfy Bl(amal, as) = ﬁg(ao,ah as) = ﬁg(ao, ai,az) = 0. We get a; = ag from
ﬁl(Xo,Xl,Xg), and ag = a1 from a; = as and l~13(a0,a1,a2) = 0. Thus, we conclude ag = a1 = as.

Now, assume ag = a1 = ... = a;—1 = a for some ¢ > 3. Let b = a; — a and suppose b # 0. If i = 2k + 1
for some k > 1, then a direct computation implies that

2
b2 g19292k+1 — bIgG292k+1 + G0G3 92k+1 — JoGk—19p+1 = Wyt AT (1 4 ay)?

by using g; = g (z4+ay),(0<j<i—1)andg; = yi2+1(x + a;y). The initial monomial of this polynomial
is 22y H4R+T Byt g2y 4647 cannot be written as a product of two monomials of z, zy, zy%, . . . because
any squares of integers are 0 or 1 modulo 4, a contradiction. Similarly, if ¢ = 2k for some k > 2, then we

get a polynomial in R

2
V292 gar, — bgagigar + gagor — gogi = b2y T3 (x + ay)?,

a contradiction. Thus, we have b = 0, i.e., a; = a for each ¢ > 0.

(The third step): Finally, we prove that {go, 91, - ., gm } forms a reduced SAGBI basis of R. This claim con-
tradicts the uniqueness of the reduced SAGBI basis of R, so we can prove the nonexistence of homogeneous
finitely generated subalgebra R with in< R = k[M].

Let o be an automorphism of k[z, y] defined by

o(z) =x —ay and o(y) = y.

Then o(g;) = ay® for each i. Let I4 be the toric ideal of 2 x (m + 1)-matrix

11 ... 1
A= (0 L. m2>
For all binomials t®0 - ..¢*m — tfo...¢Pm in generators of I 4, the image of g5° - gom — ggo coogln by o s

QAm

2 2
0‘(98‘0 R _ggo .. .grﬁnm) = (x)ao - (nym )am _ (.’17)’80 (xym )Bm 0.

This implies that gg° - - - g2m —ggo - glm = 0. Therefore, all g5° - - - g&m —ggo -+ gBm subduce to an element

of k. From Proposition 2.1, we conclude that {go, g1, - - - , gm } is a finite SAGBI basis, and clearly reduced. O
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* L] L . L] L *
* ® L2 * L) * -
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* . . . . L4 *
- ® L2 * L) . -
x
(0]

Fig. 4. Monoid of Example 5.2.

5. Other examples

In this section, we provide examples that do not suit Section 3. Since these examples were found by
computer experiments, we omit proofs of non-finitely generation.

Our first interest is whether the converse of Lemma 3.3 and Theorem 3.4 is true. Our question can be
rewritten more precisely into the following way.

Question 5.1. Let C be the cone generated by vi,vs € (Z>0)?, and let
(2%} U ™),

be a reduced SAGBI basis of some finitely generated k-subalgebra R C K[z, y], where each u; belongs to C°.
Then, does there exist any monoid M constructed in the way as in Lemma 5.3 together with a monomial
order < such that in< R = k[M]?

This is not true in general as Examples 5.2 and 5.3 indicate. Those examples are counterexamples of
Question 5.1.

Example 5.2. Let R = k[z + y, 2%y, 2%y?, 23y®] and < a monomial order with = = y. Then a SAGBI basis
of R with respect to < seems to be
{z +y, 2%y, 2%, 2%y, 2yt 2Py, )

The expected initial ideal of R corresponds to the monoid plotted in Fig. 4. This example is similar to
Example 3.7 with @ = 2,b = 1, but 223 is not contained in R in this example. Therefore, generators of the
monoid cannot be written as a union of {(1,0)} and any N-modules with N = Z>¢(0, 1).

Example 5.3. Let R = k[z? + 12, 2%y, 2%y?] and let < be a monomial order with = y. Then a SAGBI basis
of R with respect to < seems to be
{22 + 92, 2%y, 2%y, 2%yt 2%y, )
The expected initial ideal of R corresponds to the monoid plotted in Fig. 5.
Throughout this paper, we constructed finitely generated k-subalgebras (having an infinite SAGBI ba-
sis) generated by exactly one binomial zV* + xV2 and finitely many monomials x"t, z"2 ... " with

up,ug,...,us € C° where C = R>¢vy + R>gva. However, the condition “uj,ug,...,u; € C°” is not
necessary for the infiniteness of SAGBI basis.
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Fig. 5. Monoid of Example 5.3.

Example 5.4. Let R = klxy + 4%, 2, 2y?] and < a monomial order with x = y. Then a SAGBI basis of R
with respect to < seems to be

{z,2y + 92, 2y?, 22y° + y*, 2y*, 3ay® + 45, ..}

Computing SAGBI basis of R, monomials and binomials appear in this SAGBI basis alternately. This
example is almost the same as [5, 4.11] up to sign.

Finally, we introduce the most complicated example through our experiments.

Example 5.5. Let R = k[z? — 2, 23 — 3%, 2* — %] and < a monomial order with z = y. Computing a SAGBI
basis of R, we observe that the following monomials appear as initial terms:

2.3 .22 33 57 678 610 7,11 7 13 8 14 8 16 .9 17 .9, 19
x7m7xyﬂmy7xy7xy7xy7$y7xy7xy7xyﬂmy7xy7""

Thus, generators of M which satisfy in< R = k[M] are
(2,0),(3,0),(2,2),(3,3),(5,7),(6,8),(6,10),(7,11), (7,13), (8, 14), (8, 16), (9,17), (9, 19), . ...
The monoid M is plotted in Fig. 6. All points following (3, 3) are contained in
{(5,7)+m(1,3) [ m € Z>o} U{(6,8) +m(1,3) | m € Z>o}.
However, first four points (2,0), (3,0), (2,2), (3,3) are not contained there, and (2,2) + (1,3) = (3,5) and
(3,3) + (1,3) = (4,6) are not contained in M. Moreover, the monomial zy> does not appear in generators
of R.

In contrast, let us change the signs of generators of R, i.e. let R = k[z? + %, 2% + 93, 2* + 4*]. Then R
has a finite SAGBI basis with respect to a monomial order with = > y, which is

(22 + 42,25 + 18, 222, 25y}
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Fig. 6. Non-finitely generated monoid of Example 5.5 with Mathematica.
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