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Abstract
We introduce and study knotoids. Knotoids are representediagrams in a
surface which differ from the usual knot diagrams in that thelerlying curve is
a segment rather than a circle. Knotoid diagrams are comrsidgp to Reidemeister
moves applied away from the endpoints of the underlying segmWe show that

knotoids inS? generalize knots ir§°® and study the semigroup of knotoids. We also
discuss applications to knots and invariants of knotoids.

1. Introduction

Drawing a diagram of a knot may be a complicated task, eslpewien the num-
ber of crossings is big. This paper was born from the observdhat one (small) step
in the process of drawing may be skipped. It is not really ssagy for the underlying
curve of the diagram to be closed, i.e., to begin and to entieasame point. A curve
K c S with over/under-crossing data and distinct endpoints rdgtees a knot inS®
in a canonical way. Indeed, let us connect the endpoint dfy an arc inS? running
under the rest oK. This yields a usual knot diagram i&. It is easy to see that the
knot in S? represented by this diagram does not depend on the choideecdrt and
is entirely determined byK. The actual drawing of the arc in question is unnecessary.
This suggests to consider “open” knot diagrams which diffem the usual ones in
that the underlying curve is an interval rather than a cirdlée call such open dia-
gramsknotoid diagrams They yield a new, sometimes simpler way to present knots
and also lead to an elementary but possibly useful improw¢mkthe standard Seifert
estimate from above for the knot genus.

The study of knotoid diagrams also suggests a notion of aokhotKnotoids are
defined as equivalence classes of knotoid diagrams modelosihal Reidemeister moves
applied away from the endpoints. We show that knotoid§irgeneralize knots ir5®
and introduce and study a semigroup of knotoid§ircontaining the usual semigroup of
knots as the center. We also discuss an extension of sevetirkariants to knotoids.

The concept of a knotoid may be viewed as a generalizatiorh@fconcept of
a “long knot” on R?. More general “mixtures” formed by closed and open knotted
curves on the plane were introduced by S. Burckel [2] in 2007.

2010 Mathematics Subject Classification. 57M25, 57M27.
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rev(U) mir(U) sym(U)

Fig. 1. The unifoils.

) 6E

Fig. 2. The bifoils.

The paper is organized as follows. In Section 2 we introdut&did diagrams and
discuss their applications to knots. We introduce knotaid$Section 3 and study the
semigroup of knotoids in Sections 4—6. The properties o gg@migroup are formu-
lated in Section 4 and proved in Section 6, where we use thmigae of theta-curves
detailed in Section 5. Sections 7 and 8 deal with the brackbtpmial of knotoids.
The last two sections are concerned with skein modules ofoka® and with knotoids
in R2.

This work was partially supported by the NSF grant DMS-09@42Zbhe author is
indebted to Nikolai Ivanov for helpful discussions.

2. Knotoid diagrams and knots

2.1. Knotoid diagrams. Let X be a surface. Anotoid diagram Kin X is a
generic immersion of the interval [0, 1] in the interior & whose only singularities
are transversal double points endowed with over/undestrgsdata. The images of 0
and 1 under this immersion are called tleg and thehead of K, respectively. These
two points are distinct from each other and from the doubliatppthey are called the
endpointsof K. We orientK from the leg to the head. The double points Kfare
called thecrossingsof K. By abuse of notation, for a knotoid diagralh in =, we
write K C X. Examples of knotoid diagrams i8* with < 2 crossings are shown in
Figs. 1 and 2 above.
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Fig. 3. The moves2_ and Q2.

Two knotoid diagram¥; andK; in ¥ are (ambient) isotopic if there is an isotopy
of X in itself transformingK; in K,. Note that an isotopy of a knotoid diagram may
displace the endpoints.

We define thre&keidemeister moves,, 25,23 on knotoid diagrams irz. The move
;i on a knotoid diagranK C X preserveK outside a closed 2-disk i& disjoint from
the endpoints and modifid§ within this disk as the standaidth Reidemeister move,
fori =1, 2, 3 (pushing a branch d€ over/under the endpoints is not allowed).

We introduce two more moves on knotoid diagrams. The mQve(resp. 2.)
pulls the strand adjacent to the head or the leg under (resp) a transversal strand,
see Fig. 3. These moves reduce the number of crossings by dlyiAg -, we can
transform any knotoid diagram in the trivial one represérig an embedding of [0, 1]
in the interior of .

More generalmulti-knotoid diagramsn X are defined as generic immersions of
a single oriented segment and several oriented circles iendowed with over/under-
crossing data. Though most of the theory below extends tdi-knibtoid diagrams, we
shall mainly focus on knotoid diagrams.

2.2. From knotoid diagrams to knots. The theory of knotoid diagrams sug-
gests a new diagrammatic approach to knots. Unless explatiited to the contrary,
by a knot we mean an isotopy class of smooth embeddings of ianted circle into
R? or, equivalently, intoS® = R3U {oo}. Every knotoid diagranK c S? determines a
knots K_ c S°. It is defined as follows. Pick an embedded arc S? connecting the
endpoints ofK and otherwise meetingl transversely at a finite set of points distinct
from the crossings oK. (We call such an arc ahortcutfor K.) We turnK U a into
a knot diagram by declaring that passes everywhere undir. The orientation ofK
from the leg to the head defines an orientationkofJ a. The knot inS® represented
by K U a is denotedK_; we say thatK representsK_ or that K is a knotoid dia-
gram of K_. The knotK_ does not depend on the choice of the shoruiecause
any two shortcuts folK are isotopic in the class of embedded arcsStnconnecting
the endpoints ofK. These isotopies induce isotopies and Reidemeister mavabeo
corresponding knot diagrams U a.



198 V. TURAEV

It is clear that every knok c S* may be represented by a knotoid diagram. In-
deed, take a (usual) knot diagram sofand cut out an underpassing strand. The strand
may contain no crossings, or 1 crossing, »r2 crossings. In all cases we obtain a
knotoid diagram ofk. It is clear that two knotoid diagrams represent isotopiot&rnif
and only if these diagrams may be related by isotopySin the Reidemeister moves
(away from the endpoints), and the mov@s?.

Alternatively, one can start with a knotoid diagratnc S? and consider the knot
diagram obtained fronK by adjoining a shortcut foK passingover K. This yields
a knotK; C S In this context, the moveQ*! become forbidden an@*! allowed.

The diagrammatic approach to knots based on knotoid diagrextends to ori-
ented links inS® through the use of multi-knotoid diagrams 8.

2.3. Computation of the knot group. Since a knotoid diagranik c S? fully
determines the knoK_ C S?, one should be able to read all invariants of this knot
directly from K. We compute here the group(S® — K_) from K.

Similarly to the Wirtinger presentation in the theory of krdiagrams, we asso-
ciate with every knotoid diagranK in an oriented surfac& a knotoid groups(K).
This group is defined by generators and relations. Obsetekthbreaks at its cross-
ings into a disjoint union of embedded “overpassing” segsiém X. The generators
of nm(K) are associated with these segments. (The generator aissbevith a seg-
ment is usually represented by a small arrow crossing theneegfrom the right to
the left.) We impose on these generators the standard ‘jértinelations associated
with the crossings oK, see [7], p.110. IfK hasm crossings, then we obtaim + 1
generators andn relations. The resulting group(K) is preserved under isotopy and
the movesQy, Q5, 23, 2 on K. For example, ifK is a trivial knotoid diagram, then
7(K) = Z.

Lemma 2.1. For any knotoid diagram Kc S? of a knotkx C S°,
(2.3.1) (K) = 71(S - «).

Proof. It suffices to consider the case whé&ehas at least one crossing. Apply-
ing Q! to K several times, we can transfork into a knotoid diagram whose end-
points lie close to each other, i.e., may be connected by amar S disjoint from
the rest of K. ThenK U a is a knot diagram ok = K_. The presentation ofr (K)
above differs from the Wirtinger presentation of(S®*—«) determined by the knot dia-
gram K Ua in only one aspect: the segmentskfadjacent to the endpoints contribute
different generatorg, h to the set of generators af(K). In the diagramK U a these
two segments are united and contribute the same generatbe t@virtinger presenta-
tion. Thereforer,(S*—«) is the quotient ofr (K) by the normal subgroup generated by
gh™. However,g = h in 7(K). Indeed, pushing a small arrow representmecross
the whole sphere&s? while fixing the endpoints of the arrow and using the relagiom
7(K), we can obtain the arrow representihg Thus, 7(K) 2= 7:1(S* — «). ]
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A similar method allows one to associate with any knotoidycian aknotoid quandlg
generalizing the knot quandle due to D. Joyce and S. Matveev.

2.4. The crossing numbers. The crossing number &) of a knotx C S is
defined as the minimal number of crossings in a knot diagramx.ofOne can use
knotoid diagrams to define two similar invariants, fr). By definition, cr.(x) is the
minimal number of crossings of a knotoid diagraf such thatK. = «. Clearly,
cry (k) = cr—_(mir(x)), where mirf) is the mirror image ofk.

Note that cr(«) < cr(x) — 1. This follows from the fact that a knotoid diagram
of « can be obtained from a knot diagram mofwith minimal number of crossings by
cutting out an underpass containing one crossing. Moredver,minimal diagram of
x has an underpass witH > 2 crossings, then cfx) < cr(x)— N. Similarly, cr, (k) <
cr(x) — 1 and if a minimal diagram ok has an overpass withl > 2 crossings, then
cry(x) <cr(x) — N.

2.5. Seifert surfaces. Recall the construction of a Seifert surface of a kadh
S® from a knot diagranD of «. Every crossing oD admits a unique smoothing com-
patible with the orientation of. Applying these smoothings to all crossings Bf we
obtain a closed oriented 1-manifold c . This D consists of several disjoint simple
closed curves and bounds a system of disjoint diskS®itying above S?. These disks
together with half-twisted strips at the crossings form apact connected orientable
surface inS® bounded byk. The genus of this surface is equal to @) |D|+1)/2,
where crD) is the number of crossings d@ and |D| is the number of components of
D. This yields an estimate from above for the Seifert geg(x9 of «:

< cr(D) — |D| + 1.

(2.5.1) g(x) 5

An analogous procedure applies to a knotoid diagkarof . Every crossing oK
admits a unique smoothing compatible with the orientatibrKofrom the leg to the
head. Applying these smoothings to all crossings, we obéainoriented 1-manifold
K c . This K consists of an oriented interval ¢ $? (with the same endpoints as
K) and several disjoint simple closed curves. The closedesubound a system of
disjoint disks inS® lying above S*. We add a band) x [0, 1] lying below $* and
meeting S along J x {0} = J. The union of these disks with the band and with half-
twisted strips at the crossings is a compact connectedtalinsurface irS* bounded
by K_ = k. The genus of this surface is equal to Kj( |K| +1)/2, where crK) is
the number of crossings df and |K| is the number of components &f. Therefore

cr(K)— K|+ 1

(2.5.2) (k) < 5

This estimate generalizes (2.5.1) and can be stronger. Fampe, consider the
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non-alternating knotc = 11nl from [3] represented by a knot diagrab with 11
crossings. Herelﬁ| =6 and (2.5.1) giveg)(x) < 3. Removing fromD an underpass
with 2 crossings, we obtain a knotoid diagrafnof « with 9 crossings anqu| = 6.
Formula (2.5.2) gives a stronger estimaig) < 2. (In fact, g(x) = 2, see [3].)

3. Basics on knotoids

3.1. Knotoids. We introduce a notion of a knotoid in a surfaBe This notion
will be central in the rest of the paper, specifically in theed = S2.

The Reidemeister moveR,, ©2,, 23 and isotopy generate an equivalence relation
on the set of knotoid diagrams B: two knotoid diagrams are equivalent if they may
be obtained from each other by a finite sequence of isotopidsiae movesQilL1 with
i =1,2,3. The corresponding equivalence classes are dafletbidsin . The set of
knotoids inX is denotedC(X). The knotoid represented by an embedding [G4]Z
is said to betrivial. Any homeomorphism of surfaces — X’ induces a bijection
K(X) — K(¥') in the obvious way.

We define two commuting involutive operations on knotoids3in reversion rev
and mirror reflection mir. Reversion exchanges the head hedeg of a knotoid. In
other words, reversion inverts orientation on the knotoi@gchms. Mirror reflection
transforms a knotoid into a knotoid represented by the saiagraims with overpasses
changed to underpasses and vice versa.

3.2. Knotoids in . We shall be mainly interested in knotoids in the 2-sphere
S =R?U{oo}. They are defined in terms of knotoid diagramsShas above. There is
a convenient class of knotoid diagrams$f which we now define. A knotoid diagram
K c & is normal if the point cc € S lies in the component of? — K adjacent to
the leg of K. In other words,K is normal if K ¢ R? = & — {co} and the leg ofK
may be connected too by a path avoiding the rest df. For example, the diagrams
in Fig. 4 below are normal while the diagrams in Figs. 1 and € rast normal.

Any knotoid k in S?* can be represented by a normal diagram. To see this, take
a diagram ofk in S, push it away fromoo and push, if necessary, several branches
of the diagram acrosso to ensure that the resulting diagram is normal. Note that the
Reidemeister moves on knotoid diagramsRif (away from the endpoints) and ambient
isotopy inR? preserve the class of normal diagrams. It is easy to seewahormal
knotoid diagrams represent the same knotoidStif and only if they can be related
by the Reidemeister moves R? and isotopy inR?.

Besides reversion and mirror reflection, we consider amathelution on iC(S?).
Observe that the reflection of the plaRé with respect to the vertical lin€0} xR C R?
extends to a self-homeomorphism 8f by oo > co. Applying this homeomorphism
to knotoid diagrams irS?> we obtain an involution orkC(S?). This involution is called
symmetryand denoted sym. It commutes with rev and mir. We call thessetimvolu-
tions onC(S?) the basic involutions
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¢ mir( @) sym(g) mir(sym())
Fig. 4. The knotoidp and its transformations.

As an exercise, the reader may check that the knotoid§?irshown in Fig. 1
and the knotoidB, in Fig. 2 are trivial. The knotoidd; in Fig. 2 andg in Fig. 4
are equal; we show in the next subsection thais non-trivial. For a list of distinct
knotoids represented by diagrams with up to 5 crossings[ldee

3.3. Knotoids versus knots. Every knotoidk in S? determines two knot_
andk, in S°. By definitionk_ = K_ andk, = K., whereK c & is any diagram of
k. It is easy to see thdt,. does not depend on the choice I6f

In the opposite direction, every knetC S® determines a knotoig*® in S?. Present
« by an oriented knot diagrand in S* and pick a small open are C D disjoint
from the crossings. Thel = D — « is a knotoid diagram inS? representingc® €
K(S?). The diagramK may depend on the choice af but the knotoidx® does not
depend on this choice: when is pulled alongD under (resp. over) a crossing &f,
our procedure yields an equivalent knotoid diagram. Theveatgnce is achieved by
pushing the strand ob transversal tax at the crossing in question over (resp. under)
D towardsoo, then acrosso, and finally back over (resp. undeb) from the other
side of @. (This transformation expands as a composition of isofpieovesQ3?,
Qgﬂ and, at the very end, two mov&;l). That «* does not depend on the choice
of D is clear because for any Reidemeister moveror a local isotopy ofD, we
can choose the arg outside the disk where this move/isotopy modifl2s To obtain a
normal diagram ofc®, one can apply the construction above to anamn an external
strand of D.

It is clear that £°*); = (x*)- = k. Therefore the map — «* from the set of knots
to K(S?) is injective. This allows us to identify knots with the cesponding knotoids
and view K(S?) as an extension of the set of knots. Accordingly, we will stimes
call the knotoids inS? of type «* knots All the other knotoids inS? are said to be
pure For example, the knotoigp in S* shown in Fig. 4 is pure because, # ¢_.
Indeed, ¢, is an unknot andp_ is a left-handed trefoil. In particular, the knotojdis
non-trivial.
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The basic involutions rev, sym, mir oki(S?) restrict to the orientation reversal
and the reflection on knots. Note that the restrictions of md mir to knots are
equal because the mirror reflections in the plaRésx {0} and {0} x R? are isotopic.
The basic involutions transform pure knotoids into puretkits.

4. The semigroup of knotoids

4.1. Multiplication of knotoids. Observe that each endpoint of a knotoid dia-
gram K in a surfaceX has a closed 2-disk neighborho@®lin ¥ such thatKk meets
B precisely along a radius d8, and in particular all crossings d&€ lie in £ — B. We
call suchB a regular neighborhoodof the endpoint. Such neighborhoods are used in
the definition of multiplication for knotoids. Given a knadok; in an oriented surface
3 for i = 1, 2, we define groduct knotoid kk,. Presentk; by a knotoid diagram
Ki C % for i =1, 2. Pick regular neighborhood® C X; and B’ C X, of the head of
Ky and the leg ofK,, respectively. Gluez; — Int(B) to X, — Int(B’) along a homeo-
morphismdB — 9B’ carrying the only point oK, N 9B to the only point ofK, N 9B’
and such that the orientations &f;, ¥, extend to an orientation of the resulting sur-
face ©. The part ofK; lying in £; — Int(B) and the part oK, lying in X, — Int(B’)
meet in one point and form a knotoid diagraf K, in £, called theproduct of K;
and K,. The knotoidk;k, in ¥ determined byK; K, is well defined up to orientation-
preserving homeomorphisms. Clearly,3f, X, are connected, thel = X; # X,.

Multiplication of knotoids is associative, and the triviaidtoid in S? is the neutral
element. From now on, we endo® with orientation extending the counterclockwise
orientation inR?. Since &’ # $* = S, multiplication of knotoids turnsC(S?) into a
semigroup. This multiplication has a simple descriptiontarms of normal diagrams:
given normal diagram#, K, of knotoidsky, k, € K(S?), we can formK,K, by at-
taching a copy ofK, to the head ofk; in a small neighborhood of the latter iR?.
This implies that

(kiko)— = (k1)-+(k2)- and kiko)+ = (k1)++(k2)+,

where + is the standard connected summation of knots. Fig. 5 shoagptbduct of
the knotoidsgp, mir(p) € K(S?).

Given a knotoidk in S and a knotx C S°, the productkx® is represented by
a diagram obtained by tying in a diagramK of k near the head. We can use the
Reidemeister moves and isotopiesRf to pull « along K; hence, tyinge in any other
place onK produces the same knotold*. Pulling « all the way throughK towards
the leg, we obtain that

(4.1.1) ke* = «°k.

Thus, knots lie in the center of the semigrokifS?).
Observe that multiplication of knotoids i is compatible with the summation of
knots: (1+k2)* = kjk5 for any knotsky, kp C S
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™

Fig. 5. The producty mir(e).

4.2. Prime knotoids. We call a knotoidk € }C(S?) prime if it is non-trivial, and
a splittingk = kiko with ky, ko € IC(S?) implies thatk; or ks is the trivial knotoid. The
next theorem says that for knots, this notion is equivalenthe standard notion of a
prime knot.

Theorem 4.1. A knotx C S* is prime if and only if the knotoid*® € K(S?)
is prime.

One direction is obvious: ik is as a sum of non-trivial knots, theri is a product
of non-trivial knotoids. The converse as well as the nexotem will be proved in
Section 6 using the results of Section 5.

Theorem 4.2. Every knotoid in 3 expands as a product of prime knotoids. This
expansion is unique up to the identi@#.1.1), where k runs over prime knotoids and
K runs over prime knots.

These theorems have interesting corollaries. First ofta#, product of two non-
trivial knotoids cannot be a trivial knotoid. Secondly, thh@duct of two knotoids cannot
be a knot, unless both knotoids are knots. Thirdly, everytdidoexpands uniquely as a
productx *kiko - - -kn, wherek is a knot inS® (possibly, trivial),n > 0, andky, ka, . .., kn
are pure prime knotoids if§?. In more algebraic terms, we obtain tha(S?) is the
direct product of the semigroup of knots and the subsemjyiuC(S?) generated by
pure prime knotoids. This subsemigroup is free on thesergtors. The semigroup of
knots is precisely the center &f(S?).

4.3. Complexity. The complexity ¢K) of a knotoid diagranK C S is the min-
imal integerc such that there is a shortcatc S? for K whose interior meet& in c
points (the endpoints d are not counted). Theomplexity ¢k) of a knotoidk € K(S?)
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is the minimum of the complexities of the diagramskoflt is clear thatc(k) > 0 and
c(k) = 0 if and only if k is a knot. A knotoidk is pure if and only ifc(k) > 1.

The complexity of a knotoid is preserved under the basic litians. For example,
the knotoidy in Fig. 4 satisfies

c(p) = c(mir(p)) = c(sym(p)) = c(rev(p)) = 1.

Since the complexity of a knotoid diagram is invariant uniatopies inS?, to
compute the complexity of a knotoid we may safely restrictselves to normal dia-
grams and the shortcuts ®?. It is easy to deduce thafkik,) < c(ki) + c(k2) for any
ki, kz € K(S?). The following theorem, proved in Section 6, shows thas thiequality
is in fact an equality.

Theorem 4.3. We have (kiko) = c(ky) + c(kz) for any k, kx € K(S).

Theorem 4.3 implies that — c(k) is a homomorphism from the semigrof(S?)
onto the additive semigroup of non-negative integ@ts.

It is easy to check that if a knotoikl is represented by a diagram withcrossings,
thenc(k) < n.

5. A digression on theta-curves

5.1. Theta-curves. A theta-curved is a graph embedded i8°® and formed by
two verticesvg, v; and three edges_, ey, e, each of which joinsvy to v;. We call
vo and v; the leg and thehead of 6 respectively. Each vertex € {vg, v;1} of 6 has a
closed 3-disk neighborhooB c S® meeting# along precisely 3 radii oB. We call
such B a regular neighborhoodof v. The sets

Q,ZGOUG,, 90267U8+, 9+:Q)Ue+

are knots inS* which we orient fromuy to v on ey C 6_, e_ C y, ande, C 6.
These knots are called treonstituent knot®f 6.

By isotopy of theta-curves, we mean ambient isotopySipreserving the labels
0, 1 of the vertices and the labels 0, + of the edges. The set of isotopy classes of
theta-curves will be denote@.

All theta-curves lying inS? ¢ S® are isotopic to each other. They are caltedlial
theta-curves. The isotopy class of trivial theta-curveddsoted by 1.

Given a knotk C S°, we can tie it in the O-labeled edge of a trivial theta-curve.
This yields a theta-curve(x). It is obvious that {(x))o is a trivial knot and

(5.1.1) ) = (t(K)+ = «.

This implies thatr(x) = 1 if and only if ¥ is a trivial knot. Similarly, tyingx in the
+-labeled edge of a trivial theta-curve, we obtain a thetaeu* ().
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5.2. Vertex multiplication. The set® has a binary operation called tertex
multiplication, see [15]. It is defined as follows. Given theta-curée®’, pick regu-
lar neighborhoodsB and B’ of the head of9 and of the leg of¢’, respectively. Let
us glue the closed 3-ball§® — Int(B) and S* — Int(B’) along an orientation-reversing
homeomorphismdB — dB’ carrying the only point 0B lying on thei-th edge ofo
to the only point ofd B’ lying on thei-th edge ofé’ for i = —, 0, +. (The orientation
in 8B, 9B’ is induced by the right-handed orientation 8 restricted toB, B’.) The
part of @ lying in S® —Int(B) and the part o’ lying in S® — Int(B’) meet in 3 points
and form a theta-curve i$°® denotedd -’ or 99’. This theta-curve is well defined up
to isotopy. Observe that

©0)- = 6_+0", (00')0 = 6o+0, (00): = 6,+6,.

It is obvious that vertex multiplication is associative.tlirns ® into a semigroup
with neutral element 1 represented by the trivial thetasesir Note one important prop-
erty of ®: the vertex product of two theta-curves is trivial if and yrill both factors
are trivial (see [15], Theorem 4.2 or [11], Lemma 2.1).

It follows from the definitions that the map+— t(x) from the semigroup of knots
to ® is a semigroup homomorphism: for any knats x» C S°,

(5.2.1) (k1 + Kk2) = T(Kk1) * T(K2).

The image of this homomorphism lies in the center@af pulling a knotx along the
O-labeled edge, we easily obtain thdi)-0 = 6 -1(x) for any theta-curved. Similarly,
the mapsc — 17 (k) and« — T~ (k) are homomorphisms from the semigroup of knots
to the center of®.

5.3. Prime theta-curves. A theta-curve igprime if it is non-trivial and does not
split as a vertex product of two non-trivial theta-curvediisTdefinition is parallel to
the one of a prime knot: a knot i6° is prime if it is non-trivial and does not split
as a connected sum of two non-trivial knots. The followingea relates these two
definitions.

Lemma 5.1. A knotx C S* is prime if and only if the theta-curve(x) is prime.

We postpone the proof of Lemma 5.1 to the end of the sectiois [Emma im-
plies two similar claims: a knot is prime if and only if the theta-curve (k) is
prime; a knotx is prime if and only if the theta-curve=(«x) is prime.

5.4. Prime decompositions. Tomoe Motohashi [11] established the following de-
composition theorem for theta-curves: every theta-cénexpands as a (finite) vertex
product of prime theta-curves; these prime theta-curveslatermined by uniquely up
to permutation. A more precise version of the uniquenes#/engn [10], Theorems 1.2
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and 1.3: the expansioh= 6,6, - - -0y as a product of prime theta-curves is unique up to
the transformation replacingé; .1 with 6, .16, (wherei =1,...,m—1) allowed whenever
6, or ;.1 is the theta-curve (), 7 («) or (k) for some knotc C S°.

5.5. Simple theta-curves. We call a theta-curv@® simpleif the associated con-
stituent knotd is trivial. For example, the trivial theta-curve is simpkor a non-trivial
knot x C S°, the theta-curver(x) is simple whilet*(x) and () are not simple. A
theta-curve isotopic to a simple theta-curve is itself demp

The identity §0")o = 6p+6; implies that the vertex product of two theta-curves
is simple if and only if both factors are simple. The isotopggsses of simple theta-
curves form a sub-semigroup &f denoted®®. Clearly, ®3 is the kernel of the homo-
morphismé — 6, from © to the semigroup of knots iI$°.

The Motohashi prime decomposition theorem specializesnplsi theta-curves as
follows: every simple theta-curve expands as a prodyét - - -6, of prime simple
theta-curves; this expansion is unique up to the transfoomaeplacing6;6;,1 with
6 16; (wherei =1,..., m—1) allowed wheneve#; = t(x) or 6,1 = (k) for some
knot k C S°.

5.6. Complexity of simple theta-curves. We introduce a numerical “complex-
ity” of a simple theta-curved. By assumption, there is an embedded 2-dskc S°
such thatoD = 6y is the union of the edges df labeled by— and +. Deforming
slightly D in S® (keepingdD), we can assume that the disk interior D)(meets the
O-labeled edge of transversely at a finite number of points. We call sizha span-
ning diskfor 6. The minimal number of the intersections of the interior adpanning
disk for 6 with the O-labeled edge df is called thecomplexityof & and denotea(6).

It is clear thatc(¢) > 0 is an isotopy invariant of andc(@) = 0 if and only if 0 = (k)
for a knotx C S°.

Lemma 5.2. For any simple theta-curveg, 6,
(5.6.1) c(6162) = c(01) + c(62).

Proof. Consider the theta graph= 0,0,. The inequalityc(0) < c(61) + c(6,) is
obtained through gluing of spanning disks f@ér, 6, into a spanning disk fop. We
prove the opposite inequality. By the definition of the vertaultiplication, there is
a 2-spherex c S that splits S* into two 3-balls By and B; containing the leg and
the head ofp respectively, such thal meets each edge of transversely at one point
and &, 6) is obtained from &, 0) by the contraction ofB,_; into a point fori =
0,1. LetD c S® be a spanning disk fo# whose interior meets the O-labeled edge
of 6 transversely inc(9) points. The sphere&c meetsdD transversely in two points.
Deforming , we can additionally assume that meetsD transversely along a proper
embedded arc and a system of disjoint embedded circles.aRi¢chnermost such circle
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Fig. 6. The theta-curve (k).

s C Int(D). The circles splits ¥ into two hemispheres,, X; and bounds a disk
Ds € D such thatX N Ds = dDg = s. Fori =0, 1, the hemispher&; meetsf in n;
points with 0< n; < 3. The unionDsU X; is a 2-sphere embedded # and meeting
0 in n; points. Note that the graph with all edges oriented from the leg to the head
is a 1-cycle inS® modulo 3. Since the algebraic intersection number of suclcée c
with DsU X is zero,n; # 1. Sinceng+n; = cardf NX) = 3, one of the numbersy,
n; is equal to zero. Assume for concreteness thyat 0. Then the spher®s U X is
disjoint from 6. This sphere bounds a 3-ball B disjoint from 6. PushingXg in this
ball towardsDs and then away fronD, we can isotopeZ in S® into a new position
so thatX N D has one component less. Proceeding by induction, we reduselges
to the case wher& N D is a single arc.

Under isotopy ofX as above, the ball8y, B; bounded byX follow along and
keep the properties stated at the beginning of the proof. arhec N D splits D into
two half-disks D N By and D N B; pierced by the O-labeled edge @ftransversely in
mo and my points respectively. By the choice @, we havemy + m; = ¢(6). On the
other hand, fori = 0, 1, the contraction oB;_;j into a point transforms<D N B; into
a spanning disk fop, pierced by the O-labeled edge 6f transversely inm; points.
Thus, m; > ¢(6;). Hencec(9) = my + my > c(61) + c(62). []

5.7. Proof of Lemma 5.1. One direction is obvious: if splits as a sum of
two non-trivial knotsk, 2, thent(x) splits as a product of the non-trivial theta-curves
7(k1) and t(k2). Suppose that is prime. We assume thaix) splits as a vertex prod-
uct of two non-trivial theta-curves and deduce a contramhict

Recall thatz(x) is obtained by tyinge on the O-labeled edge of a trivial theta-
curven C S°. We assume that the tying proceeds inside a small closed Bba S*
such thatB N n is a sub-arc of the O-labeled edge of The knotk is tied in this
sub-arc insideB. The resulting (knotted) arc iB is denoted by the same symbo)
see Fig. 6. In this notatior;(x) = (n — B) Ux. The arcsB N n andx have the same
endpointsa, b; these endpoints are called tpelesof B.
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Let © c S® be a 2-sphere meeting each edger () transversely in one point and
exhibiting t(x) as a product of non-trivial theta-curvés and 0,. Slightly deforming
3, we can assume that, b ¢ X and X intersectsdB transversely. We shall isotope
¥ in S (keeping the requirements an stated above) in order to redu@n 9B and
eventually to obtains N 9B = @. Thenx N B =@ and £ exhibitsn as a product of
two theta-curve®); and6,. One of them is disjoint fromB and coincides wittp; or
6.. By the Wolcott theorem stated in Section 5,= 6; = 1. This contradicts the
non-triviality of 6; and 6.

The components oE N 9B are circles in the 2-sphei@B disjoint from each other
and from the polesa, b € 9B. Suppose that one of these circless,bounds a disk
Ds in 9B — {a, b}. Replacing if necessarg by an innermost component & N 9B
lying in this disk, we can assume thatn Int(Ds) = @. The circles splits = into two
hemispheres. The same argument as in the proof of Lemma &w&sdghat one of these
hemispheres is disjoint from(x) and its union withDs bounds a ball inS® — (k).
Pushing this hemisphere inside this ball towafds and then away fron®B, we can
isotopeX in S® into a new position so that NdB has one component less. Proceeding
by induction, we reduce ourselves to the case where all coeme of= NdB separate
the polesa, b in 9B. In particular, the linking numbers of any component3f 9B
with the constituent knotst(x)), and (x))- are equal tot1.

If ¥ N B has a disk component, then this disk meets. B in one point and
splits B into two balls By, B,. Sincex is prime, one of the ball-arc pair8{, B; N«),
(B2, BoNk) is trivial. PushingZ away across this ball-pair, we can isotopen S? into
a new position such tha NdB has one component less (and still all these components
separate the poles). Thus, we may assume ¥hatB has no disk components.

Let B¢ = S® — Int(B) be the complementary 3-ball d. If ¥ N B® has a disk
componentD, then the linking number considerations show that eithemeets the 0-
labeled edge ot (k) in at least one point oD meets each of the other two edges of
7(k) in at least one point. SincE meets each edge af(«) only in one point,~ N
B¢ may have at most two disk components. This implies that theadifold = N 9B
splits X into several annuli and two disks lying iB®. One of these two disks, say
D;, meets the O-labeled edge of«) in one pointd. Observe that the intersection of
the O-labeled edge of(x) with B¢ has two components containing the pokesh €
0B = 0B°. Assume, for concreteness, ttatand a lie in the same component of this
intersection. The circlééD; C X N 9B bounds a diskD, in 9B containinga (and
possibly containing other components BfN 9B). The unionD; U D, C B° is an
embedded 2-sphere meetingn a andd. This sphere bounds a 3-bdl, c B¢ whose
intersection withn is the sub-arc of the O-labeled edge mpitonnectingd anda. The
triviality of n implies that this arc is unknotted iB,.. PushingD; in B, towardsD,
and then insideB, we can isotopez in S® into a new position so that N 9B has at
least one component less. This isotopy creates a disk canpaf X N B which can
be further eliminated as explained above. Proceeding saely, we eventually isotope
¥ so that it does no me&iB. O
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6. Proof of Theorems 4.1-4.3

We begin with a geometric lemma.

Lemma 6.1. An orientation preserving diffeomorphism: 8° — S? fixing point-
wise an unknotted circle 8 S? is isotopic to the identityd: S* — S® in the class of
diffeomorphisms $— S? fixing S pointwise.

Proof. Pick a tubular neighborhood C S® of S. We haveN = Sx D, where
D is a 2-disk and the identificatioN = S x D is chosen so that fop € 9D, the
longitude S x {p} C N bounds a diskD’ in N¢ = S* — Int(N). We can deformf
in the class of diffeomorphisms o8® fixing S pointwise so thatf(N) = N and f
commutes with the projectiodl — S. Then the diffeomorphisnf|;n: 9N — 9N in-
duces a loopx¢: S— Diff(aD) in the group of orientation preserving diffeomorphisms
of the circleaD. This group is a homotopy circle and,(Diff(dD)) = Z. The in-
teger corresponding te¢ is nothing but the linking number o8 with f(S x {p}).
Since f(Sx {p}) = a f(D’), this linking number is equal to 0. Thus, the loap is
contractible. This allows us to deforni in the class of diffeomorphism&® — S*
fixing S pointwise in a diffeomorphism, again denotdd such thatf(N) = N, f
commutes with the projectio — S, and f = id on dN. Now, the diffeomorphism
fIn: N — N induces a loop in the group of orientation preserving difieophisms
of D fixing pointwise dD and the center oD. This group is contractible and there-
fore the loop in question also is contractible. This allovesta deform f in the class
of diffeomorphismsS® — S® fixing SU dN pointwise in a diffeomorphism, again de-
noted f, such thatf =id on N. The restriction off to the solid torusT = N°€ is an
orientation-preserving diffeomorphism fixirflgI pointwise. Thenf |1 is isotopic to the
identity idr: T — T in the class of diffeomorphism$ — T fixing dT pointwise, see
Ivanov [4], Section 10 (the proof of this fact uses the famtheorem of Cerfly =0
and the work of Laudenbach [6]). Extending the isotopy betwé&|r and idr by the
identity on N we obtain an isotopy off to the identity constant oi%. []

6.1. A mapt: K() — ©S. Starting from a knotoid diagrark C R?, we con-
struct a simple theta-curve as follows. L&, v; be the leg and the head &f. Pick
an embedded ara C R? connectingvy to vi. We identify R? with the coordinate
planeR? x {0} C R®. Let e, (respectively,e_) be the arc inR® obtained by pushing
the interior ofa in the vertical direction in the upper (respectively low&glf-space
keeping the endpointsg, v; € R? x {0}. Pushing the underpasses kf in the lower
half-space we transfornik into an embedded are; C R that meetse_ U e, solely
atvg andv,. Then® = e_ U g U e, is a theta-curve inS® = R® U {oo}. It is sim-
ple becausee. U e, = 9D, for a (unique) embedded 2-disR, C a x R such that
D, N (R?x {0}) = a. The same arguments as in Section 3.3 show that the isotapyg cl
of 6 does not depend on the choice afand depends only on the knotoide K(S?)
represented byK. We denote this isotopy class hiyk). This construction defines a
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mapt: K(S?) — ©°5. For example, ifk = «* for a knotx C S3, thent(k) = (k) is
the theta-curve introduced in Section 5.1.

The following theorem yields a geometric interpretatiorknbtoids inS? and com-
putes the semigrouft(S?) in terms of theta-curves.

Theorem 6.2. The map t K(S?) — ©% is a semigroup isomorphism.

Proof. Thatt transforms multiplication of knotoids into vertex muliigtion of
theta-curves follows from the definitions. To prove thas bijective we construct the
inverse map®s — K(S?).

Let 9 ¢ S* = R3U {oco} be a theta-curve with vertices, v; and edge®._, e, €.

We say tha® is standardif & c RS, both vertices o lie in R? = R? x {0}, the edge
e, lies in the upper half-space, the edge lies in the lower half-space, ang., e_
project bijectively to the same embedded arc R? connectingvyg and v;. A standard
theta-curve is simple and has a “standard” spanning diskdedi bye, Ue in axR.

Observe that any simple theta curgec S° is (ambient) isotopic to a standard
theta-curve. To see this, isotopeaway fromoo € S* so thatd C R3, pick a span-
ning disk for6 and apply an (ambient) isotopy pulling this disk in a staddaosition
as above.

We claim that if two standard theta-curvésd’ C R® are isotopic, then they are
isotopic in the class of standard theta-curves. Indeed, ameeasily deformd’ in the
class of standard theta-curves so thaand 6’ share the same vertices and the same
+-labeled edges. Le§ be the union of these vertices and edges. TheSsistan un-
knotted circle inS®. Sinceé is isotopic tod’, there is an orientation-preserving diffeo-
morphism f: S* — S® carrying6 onto #” and preserving the labels of the vertices and
the edges. Therf(S) = S. Deforming f, we can additionally assume thdfs = id.

By the previous lemmaf is isotopic to the identity idS® — S® in the class of diffeo-
morphisms fixingS pointwise. This isotopy induces an isotopy &fto 6 in the class
of standard theta-curves.

The results above show that without loss of generality wefoans on the class of
standard theta-curves and their isotopies in this classisi@er a standard theta-curve
6 C R3. We shall apply t® a sequence of (ambient) isotopies moving only the interior
of the O-labeled edgey and keeping fixed the other two edges, e, and the verti-
ces. Leta C R? be the common projection &_, e, to R? and letD C ax R be the
standard spanning disk fér. First, we isotope so that it meet& xR transversely in
a finite number of points. The intersections &f with (a x R) — D can be eliminated
by pulling the corresponding branchesefin the horizontal direction acrosg xR or
v1 X R. In this way, we can isotopey so that all its intersections wita xR lie inside
D. Then we further isotopey so that its projection t@®? has only double transversal
crossings. This projection is provided with over/underssings data in the usual way
and becomes a knotoid diagram. The knotai@) € K(S?) represented by this dia-
gram depends only o and does not depend on the choices made in the construction.
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The key point is that pulling a branch @& acrossvy x R or acrossv; x R leads to
equivalent knotoids inS?, cf. the argument in Section 3.3. All other isotopies egf
are translated to sequences of isotopies and Reidemeistezsnon the knotoid dia-
gram away from the vertices. Observe finally that the knotgi@) is preserved under
isotopy of 6 in the class of standard theta-curves. Thereforis a well-defined map
®% — K(S?). It is clear that the maps and u are mutually inverse. O

6.2. Proof of Theorem 4.1. By Lemma 5.1, a knok C S® is prime if and only
if the theta-curver(x) is prime. As we know;r(x) = t(x®). Theorem 6.2 shows that
t(x*) is prime if and only if the knotoidc® is prime.

6.3. Proof of Theorem 4.2. Theorem 4.2 follows from Theorem 6.2 and the
Motohashi prime decomposition theorem for simple thetasesir

6.4. Proof of Theorem 4.3. We claim that for any knotoid in S, its complex-
ity c(k) is equal to the complexitg(t(k)) of the simple theta-curve(k). Observe that
to computec(k) we may use only knotoid diagrams and their shortcuts lyimgR?.
For any knotoid diagrankK C R? of k and any shortcua C R? for K, the number of
intersection points of the O-labeled edget¢f) with the spanning diskD, of t(k) is
equal to the number of intersections of the interioraofvith K. Hencec(k) > c(t(k)).
Conversely, given a spanning digk of t(k) meeting the O-labeled edge transversely in
c(t(k)) points, we can isotopgk) and D as in the proof of Theorem 6.2 so thAiNR?
becomes a shortcut for a diagramlofn R2. Thereforec(k) < c(t(k)). This proves the
equality c(k) = c(t(k)). This equality shows that the complexity mapk(S?) — Z is
the composition oft: K(S?) — ®° with the complexity mapc: @ — Z. Since the
latter map is a semigroup homomorphism (Lemma 5.2) and $¢ tiseir composition
is a semigroup homomorphism.

6.5. Remarks.

1. The existence of a prime decomposition of any knotoid K(S?) may be proved
directly without referring to the Motohashi theorem. In faste can prove the follow-
ing stronger claim. LetN > 0 be the number of factors (counted with multiplicity) in
the decomposition of the kndt. as a sum of prime knots. S& = c(k) + N. We
claim thatk splits as a product of at mod#l prime knotoids. Indeed, let us spktas
a product of two non-trivial knotoids and then inductivelglis all hon-prime factors
as long as it is possible. This process must stop at (at mMdstactors. Indeed, sup-
pose thatk = kik, - - - ky, is a decomposition ok as a product ofn > M non-trivial
knotoids. Theorem 4.3 givey ; c(ki) = c(k). Therefore at most(k) knotoids among
Ky, ..., kn have positive complexity. Sincen > M = c(k) + N, at leastN + 1 knotoids
amongKky, ..., ky have complexity 0. A non-trivial knotoid; of complexity 0 has
the form«* for a non-trivial knotk ¢ S3. The knotk may be recovered frork; via
k = (ki)_. We conclude that in the expansién = (k) + (ko) + --- + (km)_ the
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right-hand side has at leadt + 1 non-trivial summands. This contradicts the choice
of N.

2. Given a knotoidk in S?, we can use the theta-curték) to derive fromk one
more knot inS®. Consider the 2-fold covering: S* — S® branched along the trivial
knot formed by thet+-labeled edges of(k). The preimage undep of the 0O-labeled
edge oft(k) is a knot in S* depending solely ork.

3. Recall the multi-knotoid diagrams in a surfageintroduced in Section 2.1. The
classes of such diagrams under the equivalence relatioeraed by isotopy iz and

the three Reidemeister moves (away from the endpoints o$égenent component) are
called multi-knotoidsin . The definitions and the theorems of Section 4 directly ex-
tend to multi-knotoids inS?. The proofs use the theta-links defined as embedded finite
graphs inS® whose components are oriented circles except one comporigch is a
theta-curve. A theta-link is simple if its theta-curve campnt is simple. Theorem 6.2
extends to this setting and establishes an isomorphismeleetthe semigroup of multi-
knotoids in S? and the semigroup of (isotopy classes of) simple thetasliniote also
that the Motohashi theorems extend to theta-links, see [8].

4. The theory of knotoids offers a diagrammatic calculus dionple theta-curves. A
similar calculus for arbitrary theta-curves can be forrmedain terms of bipointed knot
diagrams. An (oriented) knot diagram I@pointed if it is endowed with an ordered
pair of generic points, called the leg and the head. A bigairknot diagramD in S?
determines a theta-curvi, C S® by adjoining an embedded arc connecting the leg to
the head and running und&. This arc is the O-labeled edge 6§, the segment oD
leading from the leg to the head is the-labeled edge, and the third edge is labeled
by —. Clearly, any theta-curve is isotopic t for someD. The isotopy class ofp

is preserved under the Reidemeister movesDoaway from the leg and the head and
under pushing a branch @ over the leg or the head. (Pushing a branch under the leg
or the head is forbidden). These moves generate the isotdagion on theta-curves.

7. The bracket polynomial and the crossing number

7.1. The bracket polynomial. In analogy with Kauffman's bracket polynomial
of knots, we define the bracket polynomial for knotoids in amented surfacex.
By a stateon a knotoid diagranK C ¥, we mean a mapping from the set of cross-
ings of K to the set{—1, +1}. Given a states on K, we apply the A-smoothings
(resp. the B-smoothings) at all crossings Kfwith positive (resp. negative) value of
s. This yields a compact 1-manifolds C ¥ consisting of a single embedded segment
and several disjoint embedded circles. Set

(K)= > A®(-A?— AHEL
se(K)

where S(K) is the set of all states dk, o5 € Z is the sum of the valuestl of s €
S(K) over all crossings oK, and|s| is the number of components &f;. Standard
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computations show that the Laurent polynon{iel) € Z[ A*] is invariant under the sec-
ond and third Reidemeister moves &nhand is multiplied by {A%)*! under the first
Reidemeister moves. The polynomigf) considered up to multiplication by integral
powers of—A3 is an invariant of knotoids denotdd) and called théracket polynomial

One useful invariant of knotoids derived from the brackelypomial is the span.
The span of a non-zero Laurent polynomiaf = Y, fiA' € Z[A*!] is defined by
spn(f) =iy —i_, wherei, (resp.i_) is the maximal (resp. the minimal) integessuch
that f; # 0. For f = 0, set spn{) = —oco. The spanspnK) of a knotoid diagramK
is defined by spri{) = spn(K)). Clearly, spnK) is invariant under all Reidemeister
moves onK and defines thus a knotoid invariant also denoted spn. The spany
knotoid is an even (non-negative) integer.

The indeterminacy associated with the first Reidemeistaresican be handled us-
ing the writhe. The writhew(K) € Z of a knotoid diagranK is the sum of the signs
of the crossings oK (recall thatK is oriented from the leg to the head). The product
(K)o = (=A%) *K)(K) is invariant under all Reidemeister moves Kn The resulting
invariant of knotoids is called theormalized bracket polynomiand denoted ). It
is invariant under the reversion of knotoids and changesAvia> A~! under mirror
reflection and under orientation reversion 3h The normalized bracket polynomial
is multiplicative: given a knotoidk; in an oriented surfac&; for i = 1, 2, we have
(kik2)o = (K1)o(k2)o. This implies that the span of knotoids is additive with esspto
multiplication of knotoids.

7.2. An estimate of the crossing number. A fundamental property of the bracket
polynomial of knots established by L. Kauffman [5] is an inality relating the span to the
crossing number. This generalizes to knotoids as follows.

Theorem 7.1. Let X be an oriented surface. For any knotoid diagram KX
with n crossings

(7.2.1) spnK) < 4n.

Proof. Lets, (resp.s ) be the state oK assigning+1 (resp.—1) to all cross-
ings. The same argument as in the case of knots shows that

(7.2.2) spnK) = spn(K)) < 2(n + |sy| + [s-| — 2).

To estimate|s, | + |s_|, we need the following construction introduced for knot-dia
grams in [13]. Letl’ C ¥ be the underlying graph dk. This graph is connected and
hasn four-valent vertices, two 1-valent vertices (the endpoioft K), and 21+ 1 edges.
We thickenTI" to a surface: every vertex is thickened to a small squargE iand every
edgee of T is thickened to a band. If one endpoint ®fis 1-valent ore connects an
undercrossing to an overcrossing, then the band is a nareighlborhood ofe in =



214 V. TURAEV

meeting the square neighborhoods of the endpointsalbng their sides in the obvious
way. If both endpoints o are undercrossings (resp. overcrossings), then one tages t
same band and half-twists it in the middle. The union of thegeares and bands is a
surfaceM containingl” as a deformation retract. It is easy to check thist is formed

by disjoint copies of the 1-manifold&s, and Ks together with two arcs joining the
endpoints ofKs, and K . (These arcs come up as the sides of the squares obtained by
thickening the endpoints dk.) Therefore|s, |+ |s_| < bp(dM) + 1, whereb; denotes

the i-th Betti number with coefficients iiZ/2Z. Using the homology exact sequence

of (M, dM), the Poincaré duality, the connectednessvofand the Euler characteristic,

we obtain

bo(3M) < bp(M) + by (M, aM) = bp(M) + by(M) =2— x(M) =n + 1.
Thus [s;| 4+ |s-| < n + 2. Together with (7.2.2) this implies (7.2.1). O
Theorem 7.1 implies that for any knotoldin X,
(7.2.3) sprk) < 4 crk),

where crk) is the crossing number d€ defined as the minimal number of crossings
in a diagram ofk.

7.3. The caseX = $. The normalized bracket polynomial of knotoids 8%
generalizes the Jones polynomial of knotsSh for any knotx C S, the polynomial
(k*), is obtained from the Jones polynomial of(belonging toZ[t*¥/4]) by the sub-
stitutiont*¥4 = A¥L, For knotoids inS?, Formula (7.2.3) has the following addendum.

Theorem 7.2. For a knotoid k in $, we havespnk) = 4crk) if and only if
k = «*, where is an alternating knot in & In particular, spnk) < 4 cr(k) — 2 for
any pure knotoid k in 5

Proof. Ifk =«* for an alternating knok, then we can presert by a reduced al-
ternating knot diagranD. Removing fromD a small open arc disjoint from the cross-
ings, we obtain a knotoid diagramd of k such that(K) = (D). Then

spnk) = spn(K)) = spn(D)) = 4 cr(D) = 4 cr(K) > 4 cr(K),

where the third equality is a well known property of reducé#draating knot diagrams,
see [5]. Combining with (7.2.3), we obtain sgh& 4 cr(k).

To prove the converse, we need more terminology. A knotadmim isalternating
if traversing the diagram from the leg to the tail one meetdemnand over-crossings in
an alternating order. A simple geometric argument shows d@laalternating knotoid
diagrams inS? have complexity 0. (For a diagrafd of positive complexity consider
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the region ofS> — K adjacent to the head d€. This region is not adjacent to the leg
of K. Analyzing the over/under-passes of the edges of this megine easily observes
that K cannot be alternating.)

Recall that for any knotoid diagram$;, K, in S?, we can form a product knotoid
diagramK;K, ¢ S (see Section 4.1). We call a knotoid diagratmc S? prime if
(i) every embedded circle i8° meetingK transversely in one point bounds a regular
neighborhood of one of the endpoints Iéf and
(i) every embedded circle 5> meetingK transversely in two points bounds a disk
in > meeting K along a proper embedded arc or along two disjoint embeddes! ar
adjacent to the endpoints &f.

Condition (i) means thaK is not a product of two non-trivial knotoid diagrams.
An induction on the number of crossings shows that everydidadiagram splits as a
product of a finite number of knotoid diagrams satisfying ihese diagrams may not
satisfy (ii). If a diagramK of a knotoidk does not satisfy (ii), thefK can be obtained
from some other knotoid diagram by tying a non-trivial knota small neighborhood
of a generic point. Pushing this knot towards the headkpfwe obtain a knotoid dia-
gram of k that has the same number of crossingskasand splits a product of two
non-trivial knotoid diagrams. An induction on the numberapbssings shows that for
any knotoid diagranK of a knotoidk, there is a knotoid diagrarik’ of k such that
cr(K’) = cr(K) and K’ splits as a product of prime knotoid diagrams.

We claim that any prime knotoid diagramd c S* satisfying spnK) = 4 cr(K)
is alternating. The argument is parallel to the one in [13}l gmoceeds as follows.
We use the notation introduced in the proof of Theorem 7.1e fdrmula spnK) =
4 cr(K) implies that|sy| + |s-| = n + 2. Hence,bp(dM) = bg(M) + by(M, IM).
The latter equality holds if and only if the inclusion homamploism Hi(M; Z/2Z) —
Hi(M, dM; Z/2Z) is equal to 0. This is possible if and only if the intersecti@rm
Hi(M; Z/2Z) x Hi(M; Z/2Z) — Z/2Z is zero. SinceK is prime, for any edges of
I' connecting two 4-valent vertices, the regions $f— I' adjacent toe are distinct
and their closures have no common edges besddhe boundaries of these closures
are cycles inlC ¢ M. If e connects two undercrossings or two overcrossings, then the
intersection number iM of these two cycles is equal to 1 (mod 2) which contradicts
the triviality of the intersection form. Hendé has no such edges and is alternating.

We can now accomplish the proof of the theorem. kdie a knotoid inS? such
that spnk) = 4 crk). Then any minimal diagrankK of k satisfies spri{) = 4 cr(K).
By the argument above, we can chodseso that it is a product of prime diagrams
Ki,...,K;. Observee that both numbers skn(and crK) are additive with respect to
multiplication of knotoid diagrams. The assumption $ph& 4 cr(K) and the inequal-
ity (7.2.3) imply that spri;) = 4cr(K;) fori = 1,...,r. By the previous paragraph,
eachK; is an alternating knotoid diagrams (of complexity 0). Tliere there are al-
ternating knotscy, . .., ky C S® such thatk = «® for k = k1 + --- + ;. It remains to
observe that the knot is alternating. O
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7.4. Example. For the pure knotoidp in S? shown in Fig. 4, we havéyp), =
A* 4+ A8 _ A0 Clearly, spng) = 6 and crfp) = 2. In this case, the inequality spn(<
4dcrik) — 2 is an equality.

7.5. Remarks.
1. Kauffman’s notions of a virtual knot diagram and a virtkabt extend to knotoids
in the obvious way. The theory of virtual knotoids is equérdlto the theory of knotoids
in closed connected oriented surfaces considered up totatien-preserving homeo-
morphisms and attaching handles in the complement of kahatizigrams.
2. The following observation is due to Oleg Viro. Every kridt& (or virtual knotoid)
in an oriented surface determines an oriented virtual kimaiugh the “virtual closure”
the endpoints ok are connected by a simple arc in the ambient surface; alisettions
of the arc withk are declared to be virtual. This construction allows one fiplya
to knotoids the invariants of virtual knots. For exampleg thormalized bracket poly-
nomial of knotoids introduced above results in this way frtm normalized bracket
polynomial of virtual knots. Using the virtual closure, warcintroduce the Khovanov
homology and the Khovanov—Rozansky homology of knotoidsl (enore generally of
multi-knotoids).
3. Any knotoid k in an oriented surface determines an oriented knd® in the
3-manifold =’ x [0, 1], where X’ = ¥ # (St x S'). To obtaink®, remove the interi-
ors of disjoint regular neighborhood®,, B; C ¥ of the endpoints ok and gluedBy
to 9B; along an orientation-reversing homeomorphism carryirg pbintk N 0By to
the pointk N 9B;. Thenk® is the image ofk N (X \ Int(By U By)) under this gluing.
A similar construction applies to multi-knotoids, whereetgenus of the ambient sur-
face increases by the number of interval components. Iricpéat, any knotoid inS?
determines an oriented knot & x S* x [0, 1].
4. The notion of a finite type invariant of knots directly extis to knotoids. It would
be interesting to extend to knotoids other knot invariatiie Kontsevich integral, the
colored Jones polynomials, the Heegaard-Floer homoladgy, e
5. For any knot« C S%, we have ci®) < cr(c). Conjecturally, crf*®) = cr(x). This
would follow from the stronger conjecture that any minimégtam of the knotoidc*
has complexity 0.

8. Extended bracket polynomial of knotoids

8.1. Polynomial {{ )),. We introduce a 2-variable extension of the bracket poly-
nomial of knotoids. LetK be a knotoid diagram ir§?. Pick a shortcuta ¢ S? for K
(cf. Section 2.2). Given a statee S(K), consider the smoothed 1-manifoki C S?
and its segment componeky. (It is understood that the smoothing Kf is effected in
small neighboroods of the crossings disjoint fram Note thatks coincides withK in
a small neighborhood of the endpoints kf In particular, the setiks = da consists of
the endpoints oK. We orientK, ks, anda from the leg ofK to the head ofK. Let
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ks-a be the algebraic number of intersectionskgfwith a, that is the number of times
ks crossesa from the right to the left minus the number of tim&s crossesa from
the left to the right (the endpoints & and a are not counted). Similarly, leK - a
be the algebraic number of intersectionskofwith a. We define a 2-variable Laurent
polynomial (K)), € Z[A*1, u*!] by

(K)o = (A OUTR 5 ATUA (AT - AT
se§(K)

The definition of (K)), extends word for word to multi-knotoid diagrams 8f, see
Section 2.1. The following lemma shows that the polynon(ikl)), yields an invariant
of knotoids and multi-knotoids. This invariant is denotgd))..

Lemma 8.1. The polynomiak(K)), does not depend on the choice of the shortcut
a and is invariant under the Reidemeister moves on K.

Proof. As we know, any two shortcuts f&¢ are isotopic in the class of embed-
ded arcs inS? connecting the endpoints d€. Therefore, to verify the independence
of a, it is enough to analyze the following three local transfations ofa:

(1) pulling a across a strand ok (this adds two points t@ N K);
(2) pulling a across a double point df;
(3) adding a curl taa near an endpoint oK (this adds a point t@a N K).

The transformations (1) and (2) preserve the numlbera andks-a for all states
s of K. The transformation (3) preservdés -a — K - a for all s. Hence, (K)), is
preserved under these transformations and does not depead o

Consider the “unnormalized” versiofiK, a)) of ((K)), obtained by deleting the
factor (—A3)~»(K)y=Ka_ The polynomial((K, a))depends ora (hence the notation) but
does not depend on the orientationkf(to computeks-a one needs only to remember
which endpoint is the leg and which one is the head). The polyal (K, a)) satisfies
Kauffman’s recursive relation

(8.1.1) (K, a) = A(Ka, a) + A*(Kg, a)),

where K 5 is obtained fromK by the A-smoothing at a certain crossing aikig is ob-
tained fromK by the B-smoothing at the same crossing. Here the diagidm& a,
Kg are unoriented and share the same leg and head. (At leastfdhese diagrams
has a circle component so that Formula (8.1.1) necessamilgivies multi-knotoids.)
The standard argument based on (8.1.1) shows({Kata)) is invariant under the sec-
ond and third Reidemeister moves &nh and is multiplied by £ A%)*! under the first
Reidemeister moves provided these moves proceed awaydrdduch moves also pre-
serve the numbeK -a and therefore they preseryfK)),. Since the polynomia{(K)),
does not depend oa, it is invariant under all Reidemeister moves &n []
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8.2. Special values. For any knotoidk in S,

(K)o(A, u=1) = (K,
(K)o(A u=—A% = (k). and (K).(A u=—A"3) = (k.)..

These formulas show that the polynomigk)), interpolates between the normalized
bracket polynomials ok, k_, andk,. The first formula is obvious and the other two
are obtained by applying (8.1.1) to all crossingstofviewed as crossings &K U a.
This reduces the computation d@fk)),(A, —A*3) to the computation of the bracket
polynomial of the diagram of an unknot formed by the dkgsand a, whereks passes
everywhere over (resp. undea) The latter polynomial is equal to-(A%)*ks2,

For example,{(¢)), = A* 4+ (A% — A9u2. The substitutionsi = 1, u = — A%, and
u = —A~3 produce the normalized bracket polynomial @f of the left-handed trefoil,
and of the unknot, respectively.

Note finally that if a knotoidk is a knot, then((k)), = (k), € Z[ A*1].

8.3. TheA-span and theu-span. For a polynomialF € Z[ A*,u*], we define
two numbers spg(F) and spp(F). Let us expandr as a finite sumziyjeZ Fi,,-A‘ui,
where Fj € Z. If F # 0, then spp(F) =i. —i_, wherei, (resp.i_) is the max-
imal (resp. the minimal) integer such thatF; ; # 0 for somej. Similarly, spp(F) =
j+ — j—, where j, (resp.j_) is the maximal (resp. the minimal) integgrsuch that
Fij # 0 for somei. By definition, spn(0) = spn,(0) = —co.

For a knotoidk in &, set spp(k) = spn(((k)).) and spp(k) = spn,({(k)),). Both
these numbers are even (non-negative) integers. Clearly,

(8.3.1) sprk) < spmy(k) <4crk) and spp(k) < 2c(k),

where the first two inequalities are obvious and the thirdjiradity is proven similarly
to (7.2.3). For example, spy) = spng) = 6 and spp(y¢) = 2. Here two of the
inequalities (8.3.1) are equalities.

8.4. The skein relation. The polynomial{{ )), satisfies the skein relation
(8.4.1) —AY (K)o + ATHK), = (A7 = A)((Ko)),

similar to the skein relation for the Jones polynomial. H&re, K_, and Ky are any
multi-knotoid diagrams inS?> which are the same except in a small disk where they
look like a positive crossing, a negative crossing, and a gldisjoint embedded arcs,
respectively, see Fig. 7. (We call such a triplke,( K_, Kg) a Conway triple) The
proof of (8.4.1) is the same as for knots, see [5] and [7].
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Fig. 7. A Conway triple in a disk.

9. The skein algebra of knotoids

9.1. The algebraB. In analogy with skein algebras of knots, we define a skein
algebra of knotoids ir?. Let G be the set of isotopy classes of multi-knotoidsSh
Consider the Laurent polynomial ringg = Z[q*?, z*1] and the freeA-module A[G]
with basisG. Let B be the quotient ofA[G] by the submodule generated by all vec-
tors qK,. — g tK_ — zKy, where K., K_, Kg) runs over the Conway triples of multi-
knotoids. The obvious multiplication of multi-knotoidsefgeralizing multiplication of
knotoids) turnsB into a A-algebra. The algebr8 has a unit represented by the triv-
ial knotoid. We will compute this algebra. In particular, weéll show that 5 is a
commutative polynomialA-algebra on a countable set of generators.

To formulate our results, recall the definition of the skeindule of an oriented
3-manifold M (see [14], [12]). LetL be the set of isotopy classes of oriented links
in M including the empty linkd. Three oriented link$,|_,lop € M form a Conway
triple if they are identical outside a ball iM while inside this ball they are as in
Fig. 7. Additionally, the triple @, @, a trivial knot) is declared to be a Conway triple.
The skein moduleS(M) of M is the quotient of the free\-module A[£] with basis
L by the submodule generated by all vectgis — q~%_ — zlp, where [, 1_, lo) runs
over the Conway triples ifM.

For an oriented surfacg, the links inX xR can be represented by link diagrams
in X in the usual way. The skein moduf&(X® x R) is a A-algebra with multiplication
defined by placing a diagram of the first link over a diagramha second link. The
empty link is the unit of this algebra.

For the annulusA = S' x |, where | = [0, 1], the A-algebra A = S(A x R)
was fully computed in [14]. We briefly recall the relevantuks. Observe thajd =
®rezAr, Where A; is the submodule generated by the links homologicat [18'] in
Hi(A) = Z. Here [S'] € Hi(A) is the generator determined by the counterclockwise
orientation of St. Pick a pointp € St and for eachr € Z, consider an oriented knot
diagram in A formed by the segmenitp} x | and an embedded ang C A leading
from (p, 1) to (p, 0) and passing everywhere ovgp} x | (except at the endpoints).
The choice ofy; is uniquely (up to isotopy iMA) determined by the condition that the
resulting diagram is homological tdS'] in Hi(A). This diagram represents a vector
z € A;. By [14], A is a commutative polynomiak-algebra on the generatofs, }, «o.
Note thatzy = (q — q7 1)z € A C Ay and that the group of orientation-preserving
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self-homeomorphisms oA (generated by the Dehn twist abo8t x {1/2}) acts triv-
ially on A. The algebrad has been further studied by H. Morton and his co-authors,
see for instance [9].

Theorem 9.1. The A-algebras.A and B are isomorphic.

Proof. We call multi-knotoid diagrams i6” = R?U {oo} with leg 0 and heado
special Any multi-knotoid diagram inS? is isotopic to a special one. If two special
diagrams are isotopic ir§?, then they are isotopic in the class of special diagrams.
Therefore, to computé it is enough to use only special diagrams.

We can cut from any special multi-knotoid diagramSf small open regular neigh-
borhoods of the endpoints. The remaining parSbfcan be identified withA = Stx | .
This allows us to switch from the language of special muttddoid diagrams inS? to
the language of multi-knotoid diagrams i whose legs and heads lie respectively on
the boundary circlesS' x {0} and S x {1}. The latter diagrams are considered up to
the Reidemeister moves and isotopy An Note that the isotopy may move the legs
and the heads odA; as a consequence there is no well-defined rotation numler (o
winding number) of a diagram.

Every oriented link diagrani. in A determines (possibly after slight deformation)
a multi-knotoid diagranL, = LU({p}x1) in A, where{p} x| passes everywhere over
L. The Reidemeister moves and isotopies lorare translated into the Reidemeister
moves and isotopies ohp. Therefore the formuld — L, defines a map from the set
of isotopy classes of oriented links ifix R to the setG of multi-knotoids in S?. This
map carries Conway triples of links to Conway triples of rmkiiotoids and induces a
A-homomorphismy-: A — B.

We claim thaty is an isomorphism. We first establish the surjectivity. Lst u
call a multi-knotoid diagramK ascendingif the segment componer@y of K lies
everywhere over the other components, and moving a®adrom the leg to the head
we first encounter every self-crossing Gk as an underpass. Any ascending diagram
K in A can be transformed by the Reidemeister moves and isoto@k ahto a multi-
knotoid diagram of typel, as above. Hence, the generatorsitbfepresented by the
ascending diagrams lie ifr(A). Given a non-ascending multi-knotoid diagrdtnC A
with m crossings, we can change its overcrossings to undercgsssira unique way to
obtain an ascending diagrak'. Changing one crossing at a time and using the skein
relation, we can recursively expard as a linear combination d’ and diagrams with
< m crossings. This shows by induction om that the generator oB represented by
K lies in ¥ (A). Hence,y is surjective.

One may use a similar method to prove the injectivityyaf The idea is to define
a mapB — A by K — K — Ck on the ascending diagrams and then extend this to
arbitrary multi-knotoid diagrams using the recursive exgidan above. The difficult part
is to show that this gives a well defined m&p— A. Then it is easy to show that this
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map is inverse tay. This approach is similar to the Lickorish—Millett consttioo of
HOMFLYPT, see [7].

We give another proof of the injectivity ofy. We define for any integeN a
homomorphismuy: B — A as follows. Given a multi-knotoid diagra{ in A, we
connect the endpoints df by an embedded arg = yx .n C A such thatk U y is
homological toN[S'] € Hi(A). Here the orientation oK U y extends the one of
K. Note that such arg always exists and is unique up to isotopy constantopn
We turn K U y into a diagram of an oriented link by declaring thatpasses every-
where overK (except at the endpoints). The isotopy class of this link rissprved
under the Reidemeister moves and isotopyKofin A. Moreover, the transformation
K — K U yk,n carries Conway triples of multi-knotoid diagrams i to Conway
triples of links in A x R. Therefore this transformation definesAahomomorphism
un: B — A. It follows from the definitions that

(9.1.1) puny (@) = zy-—ra

for anyr € Z and anya € A,.

Every vectora € Kery expands ast = ), &, Wherea, € A, for all r. For-
mula (9.1.1) implies thad_, zy_ra = 0 for all N € Z. Recall that eacl, is a poly-
nomial in the generator&zs}s.o. For anyrg € Z, we can takeN big enough so that the
generatorzy_,, appears in the sum_, zy_ra only as the factor in the termy_,a,.
Since this sum is equal to zera,, = 0. Thus,a = 0 andy is an isomorphism. []

9.2. Remarks.
1. Composing the projectiog — B with ¢!, we obtain a magP: G — A. This
map yields an invariant of multi-knotoids i extending the HOMFLYPT polynomial
P of oriented links inS%: if | is an oriented link inS® and!* is a multi-knotoid inS?
obtained by removing from a diagram bfa small subarax (disjoint from the cross-
ings), thenP(I*) = P(l) € A C A. Note thatl®* € G may depend on the choice of the
component ofl containinge but depends neither on the choice wfon this compo-
nent nor on the choice of the diagramlofFormula (8.4.1) implies that the polynomial
{ ), is determined bypP.
2. The results of this section can be reformulated in termghefa-links, see Re-
mark 6.5.3. One can define the skein relations for the theka-las for links allowing
the two strands in the relations to lie on the link componemten the O-labeled edge
of the theta-curve (but not on the-labeled edges). The generalization of Theorem 6.2
to multi-knotoids mentioned in Remark 6.5.3 implies thag tkein algebra of multi-
knotoids BB is isomorphic to the skein algebra of simple theta-linksSh
3. One can similarly introduce the algebras of multi-kndsofor, equivalently, of sim-
ple theta-links) modulo the bracket relation (8.1.1) or mlodhe 4-term Kauffman skein
relation used to define the 2-variable Kauffman polynomfdinks. The resulting alge-
bras are isomorphic to the corresponding skein algebrasecfnnulus computed in [14].
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10. Knotoids in R?2

Since the knotoid diagrams i8% are usually drawn inR?, it may be useful to
compare the set&(R?) and K(S?). The inclusionR? — S allows us to view any
knotoid diagram inR? as a knotoid diagram irf$? and induces thus aimclusion map
11 K(R?) — K(S?). Given a knotoid inS?, we can represent it by a normal diagram and
consider the equivalence class of this diagrantC{i®?). This defines a map: K(S%) —
IC(R?). Clearly,: o p = id so that: is surjective.

As in Sections 2 and 3, we have three basic involutions rem, sgnd mir on
K(R?). The maps and p are equivariant with respect to these involutions.

We now give examples of non-trivial knotoids &? that are trivial inS?, i.e., are
carried by: to the trivial knotoid inS?. Thus,: is not injective.

Fig. 1 represents a knotoid € KC(R?) and its images under the basic involutions.
These knotoids are calleghifoils. Note that (syn» mir o rev)(lU) = U. Using isotopy
and Q1, one easily observes that the unifolis are trivialSf

Fig. 2 represents two knotoidB;, B, € K(R?). These knotoids and their images
under the basic involutions are calledoils. As an exercise, the reader may check that
rev(B,) = By, rev(B,) = mir(B,), and B; is trivial in S2.

We claim that the unifoils and the bifoils are non-trivialdtoids (inR?). To prove
this claim, we define for knotoids iR? a 3-variable polynomial [] with values in the
ring Z[A*!, u*l, v]. Given a states € S(K) on a knotoid diagranK C R?, every
circle component of the 1-manifolés bounds a disk inR?. This disk may either be
disjoint from the segment component &f; or contain this segment component. Let
ps (resp.gs) be the number of circle components Kf of the first (resp. the second)
type. Clearly,ps + s = |s| — 1. Set

[K]o = (_A3)*w(K)ufK-a Z Aasuks-a(_AZ . A72)pqusl
seS(K)

Standard computations show that this is an invariant ofdidstin R?. The polynomial
[K]. is invariant under the reversion of knotoids and changesAvia A~! under mir-
ror reflection and symmetry iiR?. For v = —A? — A2, we recover the polynomial
(( ))o from Section 8.1.

Direct computations show thatl], = —A* — A%y,

[Bi]o = A* + 2A%% + A%u%y and [By], = (A2 + A2 +u)u? + 1.

Therefore the knotoid8), B;, B, are non-trivial and mutually distinct.

Fig. 4 represents a knotoid € KC(R?) and its images under the involutions sym
and mir. It is easy to see thaip) = ((B;) and therefore the knotoidy) € C(S?) (de-
notede in the previous sections) is invariant under reversion. Askwow, the knotoid
t(p) is non-trivial.
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