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Abstract

In this paper, we consider a translating soliton for the inverse mean curvature flow given as a
graph of a function on a domain in a unit sphere whose level sets give isoparametric foliation.
First, we show that such function is given as a composition of an isoparametric function on the
unit sphere and a function which is given as a solution of a certain ordinary differential equation.
Further, we analyze the shape of the graphs of the solutions of the ordinary differential equation.
This analysis leads to the classification of the shape of such translating solitons for the inverse
mean curvature flow.

1. Introduction

The author [6] classified the shape of the translating soliton for the mean curvature flow
given as a graph of a function on a domain in the unit sphere which is a composition of an
isoparametric function and some function. In this paper, we consider the case of the inverse
mean curvature flow by the similar way.

Let N be an n-dimensional Riemannian manifold. Define an immersion f of a domain
M c N into the product Riemannian manifold N X R by f(x) = (x,u(x)), x € M with a
smooth function u : M — R on M. Also, denote the graph of u (i.e, f(M)) by I'. For a
C*-family of C*-immersions {f},c; of M into N X R (I is an open interval including 0) with
fo=f,as M, = f(M), {M,},; is called the inverse mean curvature flow starting from I" if f;
satisfies

AR
o) IHIPFT"

(1.1 (

where H, is the mean curvature vector field of f; and (e)*/ is the normal component of (e)
with respect to f;.

Furthermore, according to the definition of a soliton of the mean curvature flow by
Hungerbiihler and Smoczyk [7], we define a soliton of the inverse mean curvature flow.
Let X be a Killing vector field on N X R and {¢,},cr be the one-parameter transformation
associated to X on N X R, that is, ¢,’s are isometries and ¢, satisfies

0 .
% =Xo ¢t’ ¢0 = ldNXRa

where idyxr 1s the identity map on N X R. Then, the inverse mean curvature flow {M,},c; is
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170 T. Fum

called a soliton for the inverse mean curvature flow with respect to X if ]7; = ¢! o f; satisfies
or

ot

L
(1.2) ( =
In the sequel, we call such soliton an X-soliton simply. In particular, when X = (0,1) €
T(N xR) =TN @ TR, we call the X-soliton a translating soliton.

Compared with the mean curvature flow, the translating soliton for the inverse mean cur-
vature flow is less studied. For a translating soliton for the mean curvature flow, the exis-
tence of the complete rotationally symmetric graphical translating soliton which is called
bowl soliton is showed by Clutterbuck, Schniirer and Schulze [3] (Altschuler and Wu [1]
had already showed the existence in the case n = 2). Also, they showed a certain type of
stability for the bowl soliton and investigated the asymptotic expansion as the distance func-
tion r in R" approaches infinity because the bowl soliton is the graph of a function which is
a composition of r and the solution of a certain ordinary differential equation. Further, in the
case n = 2, Wang [16] showed that the bowl soliton is the only convex translating soliton
which is an entire graph. Also, Spruck and Xiao [15] showed that the bowl soliton is the only
complete translating soliton which is an entire graph. Inspired by Clutterbuck, Schniirer and
Schulze [3], the author [6] analyze the shape of the translating soliton for the mean curvature
flow given as a graph of a function which is a composition of an isoparametric function on
an n-dimensional unit sphere S” and some function which is a solution of a certain ordinary
differential equation. For a translating soliton for the inverse mean curvature flow, Drugan,
Lee, and Wheeler [5] gave a translating soliton in R? which is the cycloid generated by a
circle with radius 1/4 and gave a tilted cycloid product as a translating soliton in R?. Kim
and Pyo [8, 9] showed the existence and classification of rotationally symmetric translating
solitons in R"*! and showed that there is no complete translating soliton for inverse mean
curvature flow in R"*!.

In the main theorem of this paper, we consider the case where N is the n-dimensional unit
sphere S" and u is a composition of an isoparametric function r on S" and some function V.
Then, the level sets of the isoparametric function r give compact isoparametric hypersurfaces
of S”. The isoparametric hypersurfaces of S” has been studied by several authors. Miinzner
[11] showed that the number k of distinct principal curvatures of compact isoparametric
hypersurfaces of S" is 1, 2, 3, 4 or 6. By Cartan [2], the isoparametric hypersurfaces in cases
k =1, 2, 3 are classified. Also, these hypersurfaces are homogeneous. By the result of
Dorfmeister and Neher [4] and Miyaoka [10], the isoparametric hypersurfaces in case k = 6
are homogeneous. Furthermore, in case k = 4, Ozeki and Takeuchi [13, 14] constructed
non-homogeneous isoparametric hypersurfaces as the regular level sets of the restrictions of
the Cartan-Miinzner polynomial functions to the sphere.

In this paper, we obtain the following theorem for the shape of the graph of V.

Theorem 1.1. Let r be an isoparametric function on S" (n > 2) and V be a C*-function
on an interval J C r(S"). If the inverse mean curvature flow starting from the graph of the
Sfunction u = (V o r)|,-1y is a translating soliton, the shape of the graph of V is like one of
those illustrated by Figures 1.1-1.5.
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Fig.1.1. The graph of V (Type I)
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RemARk 1.2. For the C*-function V in Theorem 1.1, define a C*-function ¢ by y(r) =
kV1 —r? V’(I") and define ‘;bmina l//max by 'J’min = mianDom(w) w(r)’ 'J’max -= MaXyepom(y) '70(7')’
where Dom(y) means a domain of . Also, define a constant R and functions 7y, 17, on
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(-1,a] U [b, 1) by

0 (k=1,3,6)
R := km

-1+ — (k=2,4),
n—1

(=D -R) - V(=12 +4)r2 = 2R(n — 12r + R2(n — 1)2 — 4

m(r) = e ,
(=D -R)+ V(=12 +4)r2 =2R(n — 12r + R2(n— 1)2 - 4

m(r) = N .

Here, m is the multiplicity of the smallest principal curvature of the isoparametric hyper-

surface defined by the level set of the isoparametric function r in Theorem 1.1 and a, b are
defined by

L= DR\ - 17(1 - R) + 4

(n—172+4 ’
y . IR+ 2y/(n— DX (1-R?) +4
. (n—-12+4 '

If the graph of V is like one illustrated by Figure 1.2, then we will see that there exists
ro € (b, 1) with ¥rpin = n1(ro) OF Ymin = Ma(ro). If the graph of V is like one illustrated by
Figure 1.3, then we will see that there exists ry € (—1, @) with Y. = 71(70) OF Ymax = 12(70).
Let the open interval (x, y) be the domain of ¢. Then, it is shown that, for each type of the
graph of V, the behavior of the graph of ¢ is as in Table 1.

Table 1. The behavior of the graph of ¥

the graph of V Im(y) ol rlx|rTy
Type I (=00,00) | <0] o0 —00
Type 11 [mi(ro),00) | — | o0 | o
Type 111 (=o0,nmi(ro)] | — | =00 | —o0
Type IV [0, c0) <0]| oo 0
Type V (—00,0] <0 O —00

2. Proof of Theorem 1.1

Let (N, g) be an n-dimensional Riemannian manifold and « : M — R be a function on a
domain M C N. Denote the graph of u by I'. Also, denote the gradient and Laplacian with
respect to g by V and A respectively. Then, we have the following lemma about the soliton
of the inverse mean curvature flow.

Lemma 2.1. If the inverse mean curvature flow starting from I is a translating soliton, u
satisfies

_ Vu(IVul)
2(1 + [[Vul®)

Conversely, if u satisfies (2.1), the family of the images {M,},cr definded by fi(x) = (x, u(x) +

(2.1) Au + ||Vul> + 1
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t), x € M and M, = fi(M) is a translating soliton for the inverse mean curvature flow.

Proof. Define the immersion f of M into the product Riemannian manifold N X R by
f(x) = (x,u(x)), x € M and define the Killing vector X = (0,1) € T(N XxR) = TN & TR.
Denote the mean curvature vector field of f by H. According to Hungerbiihler and Smoczyk
[7] in the case of a soliton for the mean curvature flow, if the inverse mean curvature flow
starting from I’ is translating soliton, we find that

2.2 Y= ———H.
(22) °f) e

Let (x!,---x", s) be local coordinates of N x R. By X = and f(x) = (x,u(x)), xe M, we
find

9
Xo fy = o = ——od f(Vu),
Xof) T+ [Vl f(Vu)
1 +||Vu||2 P 1
i = — - ———df(Vu)|.
IHIE "~ Ay — ZelvdD) \ds 1+ [VulP f(Vu)

2(1+IVul?)
Therefore, we obtain that (2.2) is equivalent to (2.1).
Conversely, if u satisfies (2.1), we find that f satisfies (2.2). Then, for the one-parameter
transformation {¢,},cr associated to X on N X R, since ¢,’s are isometries and f satisfies
(2.2), we find that f; = ¢, o f satisfies

ar\ 1 . 1
—| + =dp;|(Xo f)y "+ —=H|=0,
( o ) I AR T2
and {f}},er satisfies (1.1). So, {M,},cr is the inverse mean curvature flow. Furthermore, we

find that f; satisfies (1.2) from ¢t" o f; = f. Therefore, {M,},cr is a translating soliton. Then,
we have f;(x) = (x,u(x) +1), x € M. m|

We consider the case where u is a composition of an isoparametric function r and some
function V. A non-constant C*-function r : N — R is called an isoparametric function if
there exist C*°-functions «, 8 such that

||Vr||2 =aqor
Ar=or.

Then, the level set of r with respect to a regular value is called an isoparametric hypersur-
face. For Lemma 2.1, considering the case where u is the composition of the isoparametric
function r : N — R and some function V, we obtain the following proposition.

Proposition 2.2. Let r : N — R be an isoparametric function on N. If the inverse mean
curvature flow starting from I is a translating soliton and if there exists a C*-function V on
an interval J C r(N) such that u = (V o r)|,-1(y, the function V satisfies

(2.3) 2oV +22*V4 + 2B - )V +4aV? + 28V +2 =0,

where ' denotes derivative on J and «, B are C®-functions which satisfy |Vrl|> = aor, Ar =
B or. Conversely, if V satisfies (2.3), the family of the images {M,},cr defined by f;(x) =
x,(Vor)x)+1t), x € Mand M; = f;(M) is the translating soliton for the inverse mean
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curvature flow.
Proof. From (2.1), we have
2(1 + IVul*)(Au + [[Vull* + 1) = Vu(|[Vul*) = 0.
By u =V or, we find
IVull? = (aV?) or,
Vu(|[VulP) = (V" 2aV" +a'V')) o,
Au=(aV"+BV)or.
Therefore, (2.1) is reduced to the following equation
21+ aVH(@V” +BV +aV?+ 1) —aV?*@ V' +2aV") = 0.

From this equation, we obtain (2.3). O

In the case where N is the n-dimensional unit spere S”, Miinzner [11, 12] shows the
following theorem for an isoparametric function r on S”".

Theorem 2.3 (Miinzner [11, 12]). (i) Let r be an isoparametric function on S". Then, r
satisfies

9P = K21 - )
(2.4) ~
Ar =2 Zmlkz—k(n+k— yr.

By the first equation of (2.4), we find that r(S") = [-1,1]. Here, we consider that the
isoparametric hypersurface defined by the level set of r has k distinct principal curvatures

Ay > -+ > A with multiplicities my, - - - , my respectively.

(i1) The number k of distinct principal curvatures is 1, 2, 3, 4 or 6.

(i) If k = 1, 3, 6, then the mulitiplicities are equal. If k = 2, 4, then there are at most two
distinct multiplicities my, m;.

In the sequel, we assume that N is the n-dimensional unit sphere S” (n > 2) and u =

(V o r)l,-1(;) with an isoparametric function r : §" — R and a C*-function V on interval
J c r(S") = [—1,1]. From Theorem 2.3 (iii), we find

0 k=1,3,6)
my —mp =
T2 (- ) k=24,

Therefore, substituting @ and 8 in Theorem 2.3 (2.4) for the equation (2.3), we obtain

(2.5) V() == k(1 = )V @)+ k((n = D(r = R)V'(r)* = 2V'(r)?
m+k—Dr—-(mn-1)R_,
ki-m O ea—py D

where R € (-1, 1) is the constant defined by

0 (k=1,3,6)

R :=
IR
n-—1
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Here, we note that m; is equal to the multiplicity of the smallest principal curvature of the
isoparametric hypersurface defined by the level set of r in the case k = 2,4. The local
existence of the solution V of (2.5) is clear. To prove Theorem 1.1, we consider the graph of
the solution V of (2.5). Define ¥(r) = kV1 — r2V’(r). Then, the equation (2.5) is reduced to

1
(2.6) W)= = (w(r)? + 1 V1= P2y = (n = D)(r = Ryy(r) + V1 = 12).

—r
Therefore, to obtain the behavior of the graph of V, first we consider the behavior of the
solution ¥ of (2.6). Define the functions 1, and 17, on (-1, a] U [b, 1)by

(n—1D(@r=R)—(n—12+4)r2—2R(n - 1)2r + R%(n — 1)> - 4

m(r) = N ,
) (n-1)(r—-R)+ \/((n - 12 +4Hr2=2Rn-1)2r+R*(n-12-4
r) = .
& 2V1 -2

Also, define a, b € (—1,1) (a < b) by

(n—12R-2(n-1)2(1 —-R2) + 4
a =

(n—12+4 ’
p .o (- 1R +24/(n— 1)2(1 - R?) + 4
. (n-12+4 ‘

Then, we find @ < R < b and obtain the following lemma.

Lemma 2.4.
(i) Whenr e (—1,a]lU[b, 1),
(@) if m(r) <y(r) <na(r), then ' (r) > 0,
(®) if y(r) = m(r) or y(r) = ma(r), then §'(r) = 0,
(©) if (r) <mi(r) or Y(r) > na(r), then Y'(r) < 0.
(i) Whenr € (a,b), ¥'(r) < 0.

Proof. Define A(x, r) and B(r) by

A, ) =V =2 —=(n=D(r-=Rx+ VI =12, (x,r) e Rx(-1,1),
Br):i=((n=1?+dr* =2n—=D*Rr+ (n— 1)’R* =4, re (-1, 1).

Then, we have

2
A(x,r) = V1 —r2(x— (n - 1)(F_R)) - ; ! B(r),

2V1-12 Vi-r2
(n— 1R \’ 1
B(r) = ((n -1y +4)(r— T +4) Sk re T (402 - 121 = R» + 16).

Therefore, we find that if r € (—1,a] U [b, 1), then B(r) > O, if r € (a, b), then B(r) < 0,
and if r € {a, b}, then B(r) = 0. Furthermore, we find that when r € (-1,a] U [b, 1), if
x € (n1(r), m2(r)), then A(x,r) < 0, if x € (—co0,n1(r)) U (12(r), ), then A(x, r) > 0, and if
x € {n1(r),n2(r)}, then A(x, r) = 0. Also, when r € (a, b), we find that A(x, r) > 0. Since the
equation (2.6) is reduced to
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’ 1 2
VO =TT (w(r)? + 1) A, ),
we obtain the statement of this lemma. m]
2
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Fig.2.1. The graph of ; and 1,

For the behavior of the graph of the solution ¢ of (2.6), we obtain following lemmas.

Lemma 2.5. If there exists ro € (—1,a] with y(ry) < ni1(ry), or if there exists ry € (a, 1)
with y(rg) < O, then there exists r € (ry, 1) such that

lim y(r) = —oco.

rry
Proof. When r > rg, we find ¢/(r) < 0 and ¥(r) < ¥(rp). Define ns(r) by
" (n—1)(r-R)
m\r) = ———.
NP

Then, we find n3(r) = %(m(r) +12(r)) on (—1,a] U [b, 1). In the case where ¥ (ry) < n3(ro),
we have

W'(r) = “xd 1_ o (w(r)Z + 1)(\/1 Z 20 = (n = 1)(r = () + T r2)
1
TS (w(? + 1) (A + g eAVI =2 = g(ro)n = D(r = R)).

Therefore, we find

W) 1+ | woe=Dr ()= DR
L+y(r?  wWi—p2 k(=712 k1—r2)

Integrating from ry to r, we have

L4yl )= 1) s W)n=DR 147

arctanz//(r)<—Taresmr—z—klog(l—r)— P log T
L+ . Y(ro)(n —1) 2 W) —DR . 1+rg
+Tarcsmro+Tlog(l—ro)+ T logl_ro

+ arctan Y/(rg) =: hy(r).
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Then, h; is decreasing on (rg, 1) and h;(ry) = arctany(rg), lim,q; h;(r) = —oo. Therefore,
there exists 7; € (rg, 1) with h(r1) = —x/2 and

Y(r) <tanhy(r) » —co (r T 7p).

Also, in the case where y/(rg) > n3(rg), there exists 7y € (rg, R) with ¥(7y) < 1n3(7y). By

replacing rg by 7y, the proof is reduced in the case where /(1) < n3(ro). ]
| |
i !
i !
i !
i !
i : !
—1, e 1
N To 71 : T
| .
i ]
| .
i L
i Lo
: v\

Fig.2.2. The behavior of the graph of  in Lemma 2.5

Lemma 2.6. If there exists ro € (b, 1) with n1(ro) < Y(rg) < na(ry), then
li = oo,
im Y(r) = oo

Proof. Assume that there exists a constant C > 0 such that ¥(r) < C for all r € (ry, 1).
Then, there exists 7y € (rg, 1) such that ¥(ry) < ¥(r) < n3(r) for all r € (ry, 1). Therefore,
we have

V) =~ (07 + 1) (VT 2007 = (0= Do = R+ NT=77)

1 . _—
> —m ((,//(r)Z + 1) ((1 + l//(ro)z)\ll — 2 l,//(i’())(l’l _ 1)(1’ —R)) ‘

Then, we find
W' (r) . I+ (7o) N Y(ro)(n — Dr— y(ro)(n — DR
1+ y(r)? w1 =72 k(1 —r?) k(1 =1r?)

Integrating from 7 to r, we have

1+ 4 (7o)’ . Y(ro)(n —1) o Yron—1DR_— 1+r
arctanw(r)>—Tarcsmr—Tlog(l—r)— T logl_r
1+ y()? . To)(n — 1 _ Fo)n—DR . 1+7
+ —lﬁ(ro) arcsinrg + —‘ﬁ(’”o)éz ) log (1 — ré) + Lb(ro)(;k ) log - ’_}:Z

+ arctan ¥/(rg) =: hyo(r).

Then, h; is increasing on (7o, 1) and hy(7o) = arctan (7o), lim,1; ho(r) = co. Therefore, there
exists 71 € (rg, 1) with hy(ry) = m/2 and
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Y(r)y>tanhy(r) > 00 (r T 7p).

This contradicts the assumption that ¥/(r) < C for all r € (rg, 1). ]

| / |
i !
! |
| SO
i !

1 i !

—1; e, 1

i ........ To r

Fig.2.3. The behavior of the graph of  in Lemma 2.6

By proofs similar to Lemma 2.5 and Lemma 2.6, we obtain the following lemmas.

Lemma 2.7. If there exists ry € (—1,b] with y(rg) > 0 or if there exists ry € (b, 1) with
W(r) > ny(r), then there exists ry € (=1, ry) such that

lim g (r) = co.

rlry

Fig.2.4. The behavior of the graph of  in Lemma 2.7

Lemma 2.8. If there exists ro € (—1, a) with ni(ro) < ¥(ry) < na(ry), then
Hr_r} W(r) = —oo.

By lemmas 2.4-2.8, we obtain the following proposition for the behavior of the graph of
the solution ¢ of (2.6).
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Fig.2.5. The behavior of the graph of  in Lemma 2.8

Proposition 2.9. For the solution  of the equation (2.6), the behavior of the graph of
is like one of those illustrated by Figures 2.6-2.10.

Fig.2.6. The graph of ¢ (Type I)

3! —1 L 1

r T -

r

Fig. 2.7. The graph of ¢ Fig. 2.8. The graph of ¥
(Type 1I) (Type I1II)
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'1

r

Fig. 2.9. The graph of ¢ Fig. 2.10. The graph of ¥
(Type IV) (Type V)

For the graph of ¢ in Proposition 2.9, we have not yet shown whether ¢ in the case of
Figures 2.9 and 2.10 exists or not. From the following lemma, we obtain the existence.

Lemma 2.10. The solution y of the equation (2.6) in Figures 2.9 and Figure 2.10 exists.
Proof. For the set S of all solutions of the equation (2.6), we define sets Sy, S», S3 C S by

S1:={y € S|Fro € (=1,1) : Y(ro) = 0},
Sy :={y € 8|3rp € (=1, 1) : Y(ro) = n1(ro) or Y(ro) = n2(ro)},
Sz :={y € Slw(1) =0 ory(-1) = O}.

Then, we have

-LhxR= | ] Graphw),
YeS1USUS3
where, Graph(y) is defined by Graph(y) := {(r,¥(r)) € (-1,1) X R | r € Dom(¥)}. Since
Uyes, Graph(y) and (s, Graph(y) are open sets and (-1, 1) X R is connected, we find S3
is not an empty set and we obtain the statement of this lemma. m|

Define £ and &, by i(r) = ni(r)/(kV1 = r2), (i = 1,2). By Proposition 2.9, we obtain the
following proposition.

Proposition 2.11. For the solution V of the equation (2.5), the behavior of the graph of
V' is like one of those illustrated by Figures 2.11-2.19. Here, the dotted curves in Figures
2.11-2.19 are the graphs of {, and ;.

Proof. For the solution V of the equation (2.5), we have V’(r) = ¢(r)/(kV1 — r?) and ¢
is the solution of the equation (2.6). Therefore, when the graph of y is like one of those
illustrated by Figure 2.6, 2.9 and 2.10, it is clear that the graph of V' is like one illustrated
by Figure 2.11, 2.18 and 2.19 respectively. In the case where the graph of ¢ is like one
of those illustrated by Figure 2.7 and 2.8, there exists rop € (—1,a] U [b, 1) with ¥(ry) =
n1(ro) or Y(ro) = ma(rp) and we find ¢¥'(rg) = 0 by Lemma 2.4. Then, we obtain V" (ry) =

row(ro)/(k(1 = 12)?) + W' (ro)/ (kyJ 1 = 1) = ro(ro)/(k(1 — r2)?). Therefore, when the graph
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Fig.2.11. The graph of V' (Type I)

Fig. 2.13. The graph of V’

(Type IT")

Fig. 2.12. The graph of V'

(Type 1I)

Fig. 2.15. The graph of V’

(Type III)

Fig. 2.14. The graph of V’

(Type IT”)
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Fig. 2.16. The graph of V’ Fig. 2.17. The graph of V’
(Type IIT") (Type 111")
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Fig. 2.18. The graph of V' Fig. 2.19. The graph of V’
(Type IV) (Type V)

of ¢ is like one illustrated by Figure 2.7, if ry > 0, then V”’(rp) > 0 and the graph of V' is
like one illustrated by Figure 2.12, if ry = 0, then V”’(ry) = 0 and the graph of V' is like
one illustrated by Figure 2.13, and if ry < 0, then V" (ry) < 0 and the graph of V' is like one
illustrated by Figure 2.14. Also, when the graph of ¥ is like one illustrated by Figure 2.8, if
ro < 0, then V" (rg) > 0 and the graph of V' is like one illustrated by Figure 2.15, if ry = 0,
then V" (ry) = 0 and the graph of V’ is like one illustrated by Figure 2.16, and if ry > 0, then
V" (rg) < 0 and the graph of V’ is like one illustrated by Figure 2.17. In the case k = 1, 3, 6,
we find a < R = 0 < b. Therefore, when the graph of ¢ is like one of those illustrated by
Figure 2.7 and Figure 2.8, the graph of V"’ is like one illustrated by Figure 2.12 and Figure
2.15 respectively if k =1, 3, 6. |

By Proposition 2.11, we obtain Theorem 1.1. For the solution V of the equation (2.5),
when the graph of V’ is like one of those illustrated by Figure 2.11, 2.18 and 2.19, it is clear
that the graph of V is like one illustrated by Figure 1.1, 1.4 and 1.5 respectively. When the
graph of V’ is like one of those illustrated by Figure 2.12, 2.13 and 2.14, the graph of V is
like one illustrated by Figure 1.2. Also, when the graph of V” is like one of those illustrated
by Figure 2.15, 2.16 and 2.17, the graph of V is like one illustrated by Figure 1.3.
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