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Abstract
There are only finitely many alternating symmetric unions for a given partial knot. In this
paper, we give a formula for the Q-polynomial of a knot with the symmetric union presentation
D U D*(m) and show that, if 2degQ(D) > degQ(D U D*(c0)), then there are only finitely many
quasi-alternating knots with the symmetric union presentation D U D*(m) for any knot diagram
D. We also give a formula for the Q-polynomial of a knot with the symmetric union presentation
D U D*(my, my).

1. Introduction

A link is a closed oriented 1-manifold smoothly embedded in the 3-sphere S°. A knot is a
link with one component. A knot with a symmetric union presentation, called a symmetric
union [12, 13], is known to be an example of a ribbon knot [15] which bounds a smooth
disk in the 4-ball with boundary S° with no local maxima. Conversely, every ribbon knot
with crossing number < 10 is a symmetric union [4, 13]. Furthermore, it is known that all
2-bridge ribbon knots are symmetric unions, see [14, 16].

Alternating links represent a class of links which is of central importance in classical
knot theory. They have been subject to entensive study and have been generalized into
several directions. In particular, the study of the Heegaard Floer homology of branched
double covers along alternating links led to the definition of quasi-alternating links [20]; an
interesting class of links defined recursively on diagrams which share many homological
properties with alternating links. It is worth mentioning here that it can be easily proved
that there are only finitely many alternating symmetric unions for a given partial knot. (See
Proposition 4.1). The question that we consider in this research work is the following:

QuEsTion. Is the number of quasi-alternating symmetric unions finite for a given partial
knot?
Indeed, this question is related to the following conjecture of Greene [5].

Consecture. There are only finitely many quasi-alternating links with a given determi-
nant.
If the conjecture is true, then the answer to the question above is affimative since the deter-
minant of a knot with a symmetric union presentation is determined by that of the partial
knot [13].
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Let Q(D) be the Q-polynomial of a knot with a diagram D. In this paper, we prove the
following results.

Theorem 1.1. Let D be a knot diagram. If 2degQ(D) > degQ(D U D*(c0)), then there are
only finitely many quasi-alternating knots with the symmetric union presentation DU D*(m).

Corollary 1.2. Let D be a knot diagram. If Q(D) # 1 and D U D*(o0) is a trivial link
diagram, then there are only finitely many quasi-alternating knots with the symmetric union
presentation D U D*(m).

Throughout the rest of this paper, the notation for prime knots up to 10 crossings is due
to Rolfsen’s book [23]. Here is an outline of this paper. In Section 2, we shall give the
definitions of symmetric unions and quasi-alternating links. In Section 3, we shall define the
Q-polynomial of a link and give a formula of the Q-polynomial for knots with symmetric
union presentations with one twist region. In Section 4, we shall study quasi-alternating
symmetric unions and prove Theorem 1.1 and Corollary 1.2. In Section 5, we shall study
examples of knots with a symmetric union presentation with one twist region. In Section 6,
we shall give a formula for the Q-polynomial of a knot with a symmetric union presentation
with two twist regions.

2. Definitions

DeriNtTion 2.1. Let R? be the Euclidean 3-dimensional space with x,y and z-axes. A
symmetric union in R? ¢ §% is a knot in S3, defined as follows. We denote the tangle made
of m half-twists by an integer m € Z and the horizontal trivial tangle by co as in Figure 1.
We take a knot K in R? = {(x, ¥, z)|x < 0} and its mirror image K* in Ri = {(x,y,2)|x > 0}
such that K and K* are symmetric with respect to the yz-plane Rﬁz as in Figure 2(a). Here
we consider a diagram of a knot in the xz-plane R2, and we denote the diagrams of K and
K* by D and D* respectively. We regard each disk-arc pairs of Ty, T, ..., T as in Figure
2(a) as a diagram of the tangle 0. Then we replace the tangles T, T, . . ., Ty with tangles oo,
my,my, ...,ny as in Figure 2(b). Here we assume that m; # oo (1 < i < k). The resulting
diagram is called a symmetric union presentation and we denote it by D U D*(my, ..., my).
The tangles are called the twist regions of the symmetric union presentation. The knot K is
called the partial knot for the symmetric union presentation. Note that D U D*(my, ..., ny)
represents a knot and the knot is called a symmetric union.

XX @)=
R R

m>0 m<0

Fig.1. The notation of tangles

We define the determinant of alink L as |A;(—1)|, where A (?) is the Alexander polynomial
of L [23]. This determinant will be denoted hereafter by det(L). Now we shall give the
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Fig.2. A symmetric union

recursive definition of quasi-alternating links.

Derinition 2.2. The set S of quasi-alternating links is the smallest set of links such that
(1) the unknot O belongs to S,
(2) if L is a link with a diagram containing a crossing for which the two resolutions L and
L, belong to S, det(Ly) > 1, det(L) > 1, and
det(L) = det(Ly)+det(Ls), then L belongs to S. (The links L, Ly and L., are shown in Figure

3)
AKX

Fig.3. Three links which are identical except in a small ball.

Remark 2.3. For prime knots with up to 10 crossings, there are exactly 21 symmetric
unions. The knots 61, 88, 89, 927, 941, 103, 1022, 1035, 1042, 1048, 1075, 1087, 1099 and 10123
are alternating. The knots 89, 1029, 10137 and 10,55 are not alternating but quasi-alternating.
The knots 946, 10149, 10153 are not quasi-alternating [17].

3. The Q-polynomial of symmetric unions

In [1], Brandt, Lickorish and Millett introduced a link invariant Q;(x). For any link L,
QO (x) is a Laurent polynomial which can be defined by Qp(x) = 1 and a recursive relation
on link diagrams as follows:

Qr, (%) + O (x) = x(Qr,(x) + Or_(x))
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where L., L_, Ly and L, are four links which are identical except in a small ball where they

are as in Figure 4.
KX X)X

L. L

Fig.4. Four links which are identical except in a small ball.

We call Q;(x) the Q-polynomial of L. We also denote the Q-polynomial of a knot with
a diagram D by Q(D). Let S,,(= S,,(x)) be the m-th Chebyshev polynomial of the first kind
which is defined inductively by S_;(x) = 0, So(x) = 1 and Sg(x) = xSp—1(x) — Sg-2(x). Let
I = Spnj—1 + Spn—2
F,=
2x 1 -1
Proposition 3.1. For any integer m, we have

X X

O(D U D*(m)) = (5Simi-1 = Sini-2)( QD)) + (5 Smi-1 + Fin)Q(D U D*(c0)).
Proof. First we prove the following formula.
Q(D U D*(m)) = Sy 1Q(D U D*(1)) = Sy 2Q(D U D*(0) + F, Q(D U D*(o0)).
In the case when m = 0, we have
S.1Q(D U D*(1)) = S20(D U D*(0)) + FoQ(D U D*(e0)) = Q(D U D*(0))

since S_; = Fyp = 0 and S_, = —1. In the case when m > 1, we shall proceed by induction
on m as follows. In the case when m = 1, we have

SoQ(D U D*(1)) = S-1Q(D U D*(0)) + F1Q(D U D*(0)) = Q(D U D*(1))

since S_;y = F; = 0 and Sy = 1. Assume that the formula holds in the case when m < k — 1
(= 1). In the case when m = k, by the assumption, we have
Q(D U D*(k)) = xQ(D U D*(k — 1)) = Q(D U D*(k = 2)) + xQ(D U D*(c0))
= X(Sk-2Q(D U D*(1)) = S-3Q(D U D*(0)) + F—1 Q(D U D" (e0)))
= (Sk=3Q(D U D*(1)) =S4 Q(D U D*(0)) + F—2Q(D U D*(e0)))
+ xQ(D U D*(0))
= (xSk-2 = Sk-3)Q(D U D" (1)) = (xSp—3 — Sk-4)Q(D U D*(0))
+ (xFio1 = Firo + )Q(D U D¥(09)).
= Si-1Q(D U D' (1)) = 2 Q(D U D*(0)) + G(x)Q(D U D™ (o)),
where G(x) = xFj_1 — Fy_» + x.
Now we consider the diagram of the unknot for D as shown in Figure 5.
Then we have 1 = Sj_; — Si_s + G(x)(2x~! = 1). So we obtain that G(x) =

In the case when m < —1, we obtain the formula since the mirror image of D U D*(m) is
D U D*(-m), Q(D U D*(m)) = Q(DU D*(—m)) and F,, = F_,,.

1= Si1 + Sk
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D
C)

Fig.5. A diagram of the unknot

Next, by the definition of Q-polynomial, we have
QDU D (1)) + Q(D U D*(-1)) = x(Q(D U D*(0)) + Q(D U D*(c0))).
Since DU D*(1) is the mirror image of DU D*(—1), we have Q(DU D*(1)) = Q(DU D*(-1))
and Q(D U D*(1)) = g(Q(D U D*(0)) + Q(D U D*(c0))). By substituting this formula into

the formula shown above, we obtain the result. (Note that Q(D U D*(0)) = (Q(D))? since
D U D*(0) is a diagram of the connected sum of the partial knot and its mirror image.) This
completes the proof. m|

We denote the maximum degree of Q;(x) (or Q(D)) by degQ; (x) (or degQ(D)) for a link
L (or the diagram D).
Corollary 3.2. If2degQ(D) >degQ(DUD*(0)), then degQ(DUD*(m)) = |m|+2degQ(D).

Proof. The case when m = 0 is obvious since Q(D U D*(0)) = (Q(D))?. In the case when
m = x1, by Proposition 3.1, we have

QDU D (1)) = %((Q(D))2 + Q(D U D*(e0))),

since So = 1 and S_; = F.; = 0. Then by the assumption, we have degQ(D U D*(x1)) =
1 + 2degQ(D). In the case when |m| > 2, by Proposition 3.1, we have
* X 2 X *
QD U D*(m)) = (5Sini-1 = Sini-2)( QD)) + (5 Smi-1 + Fin)O(D U D*(c0)).
By the assumption, we obtain that

X X

degQ(D U D" (m)) = deg((5Simi-1 = Sin-2)(Q(D) + (St + Fu)O(D U D' (e0))
= deg((5Sim-1 = Si2)(QD)?) = I + 2degQ(D).

(Note that degS),, = |m| and degF,,, = [m| — 1 if |[m| > 2.) m]

4. Alternating knots and quasi-alternating knots

Recall that the crossing number of a knot K is the minimum number of crossings in any
diagram of K, denoted by c(K) [3, 15, 10].

Proposition 4.1. There are only finitely many alternating symmetric unions for a given
partial knot.

Proof. Let K be a knot with a symmetric union presentation with K as a partial knot. Then
by [13, Theorem 2.6], we have det(K) = det(K)>. Suppose that K is alternating. Then by
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[11] and [18], we have degQx(x) = c(K)— 1. Since any alternating knot is quasi-alternating,
by [21], we have degQx(x) < det(K) = det(K)?. Thus we obtain that ¢(K) — 1 < det(K)>.
O

REMARK 4.2. Let K be a knot with a symmetric union presentation with K as a partial
knot. If K is the trefoil knot 31, then, by using the last inequality in the proof of Proposition
4.1, we conclude that K is alternating if and only if K is one of 6;, its mirror image or the
square knot (which is the connected sum of 3; and its mirror image).

Proposition 4.3. Let K be a non-trivial knot with a symmetric union presentation such
that the determinant of the partial knot is equal to one. Then K is not quasi-alternating.

Proof. By [13, Theorem 2.6], we have det(K) = 1. Suppose that K is quasi-alternating.
If K satisfies det(K) = 1, then K is the unknot by the definition. This is contrary to the
assumption. O

By Proposition 4.3, we know that the number of quasi-alternating knots with symmetric
union presentations with the unknot as the partial knot is one.

ExampLE 4.4. Let K be the pretzel knot P(q, p,—¢q) (p > 2,4 > 1) as in Figure 6.

S N
q P -q
J uJ

Fig.6. The pretzel knot P(q, p, —q)

We note that P(g, p, —¢) has a symmetric union presentation with one twist region with
the forus knot T'(2, q) [10] as the partial knot. By a result of Greene [5], we know that K is
quasi-alternating if and only if ¢ > p. So if we fix ¢, then we only have a finite number of
quasi-alternating symmetric unions as the pretzel knot.

Proof of Theorem 1.1. By Corollary 3.2, we have degQ(D U D*(m)) = |m| + 2degQ(D).
By a result in [21], if D U D*(m) represents a quasi-alternating knot, then we know that
Im| + 2degQ(D) = Q(D U D*(m)) < det(D U D*(m)) = det(D)*>. Thus we have |m| <
det(D)? — 2degQ(D). This completes the proof. ]

Proof of Corollary 1.2. By the assumption, we know that degQ(D U D*(c0)) =deg(2x~! —
1) = 0. Since Q(D) # 1 if and only if degQ(D) > 0, if Q(D) # 1, then by Theorem 1.1, we
obtain the result. |

5. Knots with symmetric union presentation with one twist region

Let K] (m,n € Z,n > 1) be the knot with symmetric union presentation D, U D;(m) as
shown in Figure 7. (Note that D,, represents the twist knot W(n) with n twists.)
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m

S i L

Fig.7. A symmetric union K] and its partial knot W(n).

-n

Proposition 5.1. K" is quasi-alternating if and only if |m| < 2.

Proof. We know that K" is equivalent to the pretzel knot P(3,m, —3) as shown in Figure
8.

Fig.8. The knot K7".

In the case when m > 2, as in Example 4.4, we know that P(3, m, —3) is quasi-alternating
if and only if m < 2. In the case when m < -2, since P(3,m,—3) is the mirror image of
P(3, —m, —3), we also know that P(3, m, —3) is quasi-alternating if and only if |m| < 2 by the
same way. In the case when m = +1, K" is either 6, or its mirror image. So it is quasi-
alternating. The knot K? is the connected sum of an alternating knot and its mirror image.

O

In general, we have the following.
Proposition 5.2. If K" is quasi-alternating then |m| < 4n* + 2n — 3.

Proof. Since D, is a reduced alternating diagram with n + 2 crossings, we know that
c(W(n)) = ¢(D,) = n+ 2. (See [10, Chapter 8] for example.) Then we have degQ(D,) =
c(Wmn)-1=m+2)-1=n+1>0and degQ(D U D*(0)) =deg(2x~' — 1) = 0. Thus,
by Corollary 3.2, we have degQ(K)") = |m| + 2n + 2. On the other hand, it is easily seen
that det(W(n)) = 2n + 1. So we have det(K]') = (2n + 1)? by [13, Theorem 2.6]. Note that
a (non-trivial) symmetric union is not 7'(2, g) since the signature of a slice knot is zero and
the sigunature of 7'(2, g) (¢ > 1) is non-zero [19]. Then, by a result of [24], if K" is quasi-
alternating, then we know that |m| + 2n + 2 = degQ(K]') < det(K]") =2 = (2n + 12 -2=
4n® + 4n — 1. Thus we have |m| < 4n”> + 2n — 3. ]
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ReMARK 5.3. In the case when n = 2, we know that if K7' is quasi-alternating then |m| <
17 by Proposition 5.2. In fact, K; is (the mirror image of) 8g which is alternating. The knot
Kg is 10137 which is not alternating, but 10,37 is quasi-alternating by a result of [2]. The knot
K3 is 11150 [17] which is not quasi-alternating by a result of [6]. The knot K3 is 12n145
which is quasi-alternating by a result of [8]. We expect that K7' is not quasi-alternating if
Im| > 5. In fact, K%' is a special case of Kanenobu knots [9] which are considered in Section
6.

6. Knots with a symmetric union presentation with two twist regions

In this section, we consider knots with the symmetric union presentation D U D*(m, m;).
Proposition 6.1. If |m]|,|ms| > 2, then we have

nmp  np ))

Q(D U D*(my,my)) = S|m1|—1S|m2|—1Q(D U D*(M, ]

'x *
5 (Simi-1Simi-2 + Sim1-2Simi-1)) QD L D*(0. 0))

+ (%(leslmzl—l - S|m1|—15|m2|—2) - Fm1S|m2|—2)Q(D U D*(c0,0))
+ ( (Fm25|m1|—1 - S|m1|—2S|m2|—1) - szslrn1|—2)Q(D U D*(0, 0))
(

+ (szslmll—l + leslmzl—l) + le sz)Q(D U D*(Oo’oo))

+ (Smat-2Simi2 —

N =D =

Proof. First, we consider the case when m,m, > 2. By using the same method as in the
proof of Proposition 3.1, we have
QDUD"(my,m2)) = Sy -1 QDUD* (1, m2)) =Sy, 2Q(DUD* (0, m2))+ Fyp, Q(DUD* (00, my)).
(Here we consider a diagram of the unknot as in Figure 9 in place of the diagram as in Figure
5)

(]
C

Fig.9. A diagram of the unknot

In the same way
QDU D*(1,m)) = S,-1 QDU D*(1, 1)) = §,,-2Q(D U D*(1,0)) + F,y, Q(D U D*(1, 9)),
QDU D*(0,my)) = Sp,-1 QDU D*(0, 1)) = S,,-2Q(D U D™(0,0)) + Fy, Q(D U D™(0, 0)),
and Q(D U D*(co,my)) = S;,—-10(D U D*(c0,1)) = S,,-20Q(D U D*(00,0)) + F,,,, Q(D U
D" (c0, ).

Then we obtain that
O(D U D*(my,m2)) = Spuy-1Sm,-1Q(D U D (1, 1)) = Sy —1Sm,-2Q(D U D*(1, 0))
+ FoySy-1 QD U D*(1,00)) = Sy, 2281 QD U D*(0, 1)) + Sy -25,,-20(D U D*(0,0))
— Fp,Sim—20(D U D*(0,0)) + Fpy, Syi,—1 Q(D U D*(00, 1)) = Fppp, Sip,—2O(D U D* (0, 0))
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+ lesz Q(D U D*(OO, OO))
Now, by the definition of Q-polynomial, we have

O(D U D'(1,0)) = 5(Q(D U D'(0,0)) + Q(D U D' (20, 0))),
QDU D'(1,09)) = 5(QD U D(0,20)) + Q(D U D' (0, 0))),
O(D U D' (0. 1)) = 5(Q(D U D'(0,0)) + Q(D U D'(0, )

and Q(D U D*(c0, 1)) = %(Q(D U D*(e0,0)) + Q(D U D* (00, 0))).

Then by applying these equations to the formula obtained above, we obtain the result.
In the case when m; < -2 and m;, > 2, we can obtain the formula by the same method.

We can settle the case my,m, < —2 and the case when m, < -2 and m; > 2 from the

case miy,my > 2 and the case m; < —2 and m, > 2, since Q(D U D*(m,my)) = Q(D U

D*(—l’l’l] , —MQ)). O

Corollary 6.2. If DU D*(c0,0), DU D*(0, 00) and D U D*(co, o) are trivial link diagrams

and degQ(D L D', %)) >deg (D U D*(0,0)) > 0, then we have
lmy|" |mo| o m
degQ(D U D*(my,my)) = | + Ima| = 2 + degQ(D U D*(—=, —)).
| [mo|
Proof. Let
mp ny
Ay = S 1S O(D U DY (1, 22)),
=SS QDU D 1))

X

Ay = (Sim-2Sim1-2 — >

(St /-1 Si2 + Sim-2Siml1)) QD U D*(0,0)),

X o

Az = (E(les\mz\—l - S|m.|—15|mz|—z) - Fm15|mz|—2)Q(D U D'(e0,0)),
x *

Ay = (E(szs\ml\—] - S|m||—2S|m2|—l) - Fm2S|m1|—2)Q(D U D*(0, 00)),
X *

and As = (E(szsp,,,,_1 + Fyn,Sim-1) + Fun Fr, )O(D U D* (00, 9)).

By the assumption, we have Q(D U D*(c0,0)) = Q(D U D*(0, 0)) = 2x ' =1 and Q(D U
D*(c0,00)) = 4x72 — 4x~! + 1. Then, we have

degAy = |my| + |mao| =2 + degQ(D U D*(lz—il lZ_;))

degA; = |my| + |my| - 2 + degQ(D U D*(0,0)),
degAz < [my| + |my| - 1,
degA4 < |my| + |my| — 1,
and degAs < |my| + [my| — 1.
(Here we use the fact that S, has leading coefficient 2"~! to obtain the formula of degA,.)

Thus by the assumption and Proposition 6.1, we obtain that

* «f M m
degQ(D U D"(my,my)) = degA; = my| + |ms| — 2 + degQ(D U D (ﬁ ﬁ)) =
1 2
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ExampLE 6.3. We consider the following symmetric unions D U D*(my, my) (m;,m, € Z)
(Figure 10) which are called Kanenobu knots [9].

Fig.10. Kanenobu knots

We note that D U D*(c0,0), D U D*(0, 00) and D U D*(oc0, c0) are trivial link diagrams. In
the case when my, m, > 2, we have degQ(D U D*(1, 1)) =degQ(10;55) = 8 > 6 =degQ(D U
D*(0,0)). Then, by Corollary 6.2, we have
(A) degQ(D U D*(my,my)) = my + my + 6.

By aresult of [24], if DU D*(m;, m,) is quasi-alternating, then we know that m; +my +6 <
detD U D*(my,my) — 2 = 23 as in the proof of Proposition 5.2. Thus we have m; + m, < 17.
In the case when m; > 2,m;, < -2, we have degQ(D U D*(1,-1)) = degQ(8y) = 7 >
6 =degQ(D U D*(0,0)). Then, by Corollary 6.2, we have
(B) degQ(D U D*(my,my)) = my +my + 5.

By aresult of [24], if DU D*(m,, m,) is quasi-alternating, then we know that m; +mn; +5 <
detD U D*(m;,my) — 2 = 23. Thus we have m; + |m»,| < 18. Therefore if D U D*(m;, m») is
quasi-alternating, then we know that
(1) |mq] + |mo| < 17 if either my, mp > 2 or my,mp < =2,

(2) Imq| + |my] < 18 if either m; > 2,mp < =2 0ormy > 2,m; < 2.
(Compare these inequalities with a result in [21, Proof of Corollary 3.3].)

Remark 6.4. The equations (A) and (B) were shown in [7] and [22].

ExampLE 6.5. We consider the following symmetric unions D U D*(my, my) (m,m, € Z)
(Figure 11). We note that D U D*(c0,0), D U D*(0,00) and D U D*(e0, 00) are trivial link
diagrams and we have
Q(DUD*(1,1)) = =15+ 16x + 48x> — 38x> — 48x* + 38x° + 20x° — 22x7 — 6% + 6x° + 2x1°,
QDU D*(1,-1)) = 17 — 16x — 48x% + 34x> + 54x* — 26x° — 32x° + 6x7 + 10x% + 24°,
and detD U D*(m;,m;) = 49.

Then by using the same method as in Example 6.3, we conclude that if DU D*(m;, my) is
quasi-alternating then we should have:
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L/ N

Fig.11. An example of symmetric union presentation with two twist regions.

(1) |my] + |ma| < 39 if either my,my > 2 or my,mp < =2,
(2) |my| + |my| < 40 if either my > 2,my < -2 o0rmy > 2,m; < 2.

AckNOWLEDGEMENTS. The first author is partially supported by United Arab Emirates Uni-
versity, UPAR grant #G00004167. The second author is partially supported by the Ministry
of Education, Science, Sports and Culture, Grant-in-Aid for Scientific Research(C), 2022-
2024(22K03310).

References

[1] R.D. Brandt, W.B.R. Lickorish and K.C. Millett: A polynomial invariant for unoriented knots and links,
Invent. Math. 84 (1986), no. 3, 563-573.
[2] A.Champanerkar and I. Kofman: Twisting quasi-alternating links, Proc. Amer. Math. Soc. 137 (2009), no.
7, 2451-2458.
[3] P.R. Cromwell: Knots and links, Cambridge University Press, Cambridge, 2004.
[4] M. Eisermann and C. Lamm: Equivalence of symmetric union diagrams, J. Knot Theory Ramifications 16
(2007), no. 7, 879-898.
[5] J.E. Greene: Homologically thin, non-quasi-alternating links, Math. Res. Lett. 17 (2010), no. 1, 39-49.
[6] J.E. Greene: A spanning tree model for the Heegaard Floer homology of a branched double-cover, J. Topol.
6 (2013), no. 2, 525-567.
[7]1 Z. Iwase and H. Kiyoshi: Classification of Kanenobu’s knots, Kobe J. Math. 4 (1988), no. 2, 187-191.
[8] S. Jablan: Tables of quasi-alternating knots with at most 12 crossings, preprint, arXiv:1404.4965, 2014.
https://doi.org/10.48550/arXiv.1404.4965
[9] T. Kanenobu: Examples on polynomial invariants of knots and links, Math. Ann. 275 (1986), no. 4, 555—
572.
[10] A. Kawauchi: A survey of knot theory, Translated and revised from the 1990 Japanese original by the
author, Birkhduser Verlag, Basel, 1996.
[11] M.E. Kidwell: On the degree of the Brandt-Lickorish-Millett-Ho polynomial of a link, Proc. Amer. Math.
Soc. 100 (1987), no. 4, 755-762.



328 N. CuBiLi AND T. TANAKA

[12] S. Kinoshita and H.Terasaka: On unions of knots, Osaka J. Math. Vol. 9 (1957), 131-153.

[13] C.Lamm: Symmetric unions and ribbon knots, Osaka J. Math. Vol. 37 (2000), 537-550.

[14] C. Lamm: Symmetric union presentations for 2-bridge ribbon knots, J. Knot Theory Ramifications 30
(2021), no. 12, Paper No. 2141009, 11 pp.

[15] W.B.R. Lickorish: An introduction to knot theory, Graduate Texts in Mathematics, 175, Springer-Verlag,
New York, 1997.

[16] P. Lisca: Lens spaces, rational balls and the ribbon conjecture, Geom. Topol., 11: 429-472, 2007.

[17] C. Livingston and A.H. Moore: Knotlnfo: Table of Knot Invariants, knotinfo. math. indiana. edu, August
9,2023.

[18] T. Miyauchi: On the highest degree of absolute polynomials of alternating links, Proc. Japan Acad. Ser. A
Math. Sci. 63 (1987), no. 5, 174-177.

[19] K. Murasugi: Knot theory & its applications, Translated from the 1993 Japanese original by Bohdan
Kurpita. Reprint of the 1996 translation, Mod. Birkhéduser Class. Birkhduser Boston, Inc., Boston, MA,
2008. x+341 pp.

[20] P. Ozsvath and Z. Szab6: On the Heegaard Floer homology of branched double-covers, Adv. Math., 194
(1): 1-33, 2005.

[21] K. Qazaqzeh and N. Chbili: A new obstruction of quasialternating links, Algebr. Geom. Topol. 15 (2015),
no. 3, 1847-1862.

[22] K. Qazaqzeh and 1. Mansour: On Kanenobu knots, Kobe J. Math. 33 (2016), no. 1-2, 31-52.

[23] D. Rolfsen: Knots and links, Publish or Perish. Inc. (1976).

[24] M. Teragaito: Quasi-alternating links and Q-polynomials, J. Knot Theory Ramifications 23 (2014), no. 12,
Paper No. 1450068, 6 pp.

Nafaa Chbili

Department of Mathematical Sciences
College of Science UAE University
17551 Al Ain

U.AE.

e-mail: nafaachbili@uaeu.ac.ae

Toshifumi Tanaka

Department of Mathematics, Faculty of Education
Gifu University

Yanagido 1-1, Gifu, 501-1193

Japan

e-mail: tanaka.toshifumi.s2 @f.gifu-u.ac.jp



