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Abstract of Thesis

This thesis treats a variety of topics surrounding lattice polytopes, mostly related to their Ehrhart
theory. The content of the thesis splits into four parts. In the first part we introduce the preliminary
concepts necessary to understand the main results. In the second part, we investigate the roots of
Ehrhart polynomials, in the third part, we study equivariant Ehrhart theory, that is, Ehrhart theory
under a lattice action that fixes the polytope, and lastly, in the fourth part we examine the nearly
Gorenstein property of the Ehrhart ring associated to a lattice polytope.

The first part contains two chapters. In the first one, we lay the groundwork for the understanding of
polytopes, Ehrhart theory, and relevant notions about commutative algebra. The second chapter serves as
an introduction to equivariant Ehrhart theory by supplying some background in representation theory and
detailing the equivariant versions of Ehrhart theoretic notions

The second part revolves around the question “What can we know about lattice polytopes whose Ehrhart
polynomial roots have real part —1/2?” . This part contains two chapters. The first chapter is a general
investigation of a class of Polynomials - Stanley non—negative (SNN) polynomials —— which includes all
Ehrhart polynomials. The main results characterises the space of roots attainable by SNN-polynomials
under the condition that all roots have real part —-1/2. This confirms a special case of a conjecture of
Braun and Develin (2006).

The second chapter revolves around symmetric edge polytopes (SEPs) - a type of polytopes that are
defined by graphs. Higashitani, Kummer, and Michatek conjectured in (2017) that SEPs defined by complete
mulitpartite graphs exclusively have Ehrhart polynomial roots with real part -1/2. By using Grébner
basis techniques and a number of previous results about symmetric edge polytopes, we compute the h*—
polynomial certain classes of SEPs from complete multipartite graphs and - with the help of interlacing
techniques —— confirm the aforementioned conjecture in a number of new cases. We also show that these
interlacing techniques have limitations which makes it unlikely that they will be of much use for
further investigations of this conjecture.

The third part centres around the equivariant Ehrhart theory of certain classes of polytopes. It has two
chapters.

In the first chapter, we discuss Stapledons Effectiveness Conjecture. We confirm it for SEPs coming from
cycle graphs under dihedral group actions. Furthermore, we supply an example that shows that if the
Effectiveness Conjecture is generalised to rational polytopes, it does not hold. In the second chapter,
we discuss the equivariant H¥-series of hypersimplices. We confirm another conjecture by Stapledon, that
states that the representation given by H%[1] is a permutation action, and give a combinatorial
interpretation of it in terms of decorated ordered set partitions, following research by Early and Kim.

The fourth part contains one chapter. It investigates the nearly Gorenstein property of the Ehrhart
rings of lattice polytopes. We find necessary conditions and sufficient conditions on lattice polytopes
for their Ehrhart rings to be nearly Gorenstein. We also find a full characterisation in the case of
(0, 1)—polytopes that have the integer decomposition property which we use to classify nearly
Gorensteinness for edge rings and matroid polytopes arising from graphic matroids
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