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1. Introduction

We consider the configuration space M/, of equilateral polygon linkages with
n (n > 3) vertices, each edge having length 1 in the Euclidean plane R? modulo isometry
group. More precisely, let C,, be

(L.1) Cp ={(u1,...,u) € R®)™ : Jujp1—us| =1 (1<i<n-1), |uj—u,| =1}

Note that Iso(R?) (= the isometry group of R?2, i.e., a semidirect product of R? with
0(2)), naturally acts on C,,. We define M/, by

1.2) M. = C,/Iso(R?).

We remark that M), has the following description: We set M,, = C,/Iso™(R2),
where Iso* (R?) denotes the orientation preserving isometry group of R2, i.e., a semidirect
product of R? with SO(2). Then we can write M,, as

1 1
(1.3) M, ={(u1,.-.,up) €ECp:u; = (5,0) and up = (—5,0)}.

M,, admits an involution o = Iso(R?)/Iso™ (R?) such that M/, = M,,/o. Under the
identification of (1.3), o is given by

(1.4) O'(’U,l,...,’l],n)=(ﬂ1,...,un),

where @; = (x;, —y;) when u; = (x;,y;).

Many topological properties of M, are already known: First we know explicit topo-
logical type of M, (n < 5) [3],[4],[8]. Next we have the results on the smoothness of M,,
[51,071,[8]. Finally H,(M,;Z) are determined in [6],[7] (cf. Theorem 2.1). In particular,
the natural inclusion i,, : M, — (S!)"~! (cf. (1.6)) induces isomorphisms of homology
groups up to a certain dimension (cf. Proposition 2.2).
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On the other hand, concerning M],, what we know already are the following: First we
know the following examples.

EXAMPLES 1.5. M} = {1-point}, Mj = S! and M} = {RP?, the five-times
5

connected sum of RP?2.

Next some assertions on the smoothness of M, are proved in [5]. However, we have
few information on H, (M) ; Z), although we know x (},), the Euler characteristic of M,
[5] (cf. Proposition 3.4).

The purposes of this paper are as follows.
(i) We prove assertions on the smoothness of M),.
(ii) We determine H, (M},; Z,), where p is an odd prime, and H,(M,; Q).

In the following (iii)-(v), we assume n to be odd, and set n = 2m + 1. Then by the
results of (i) and (ii), M3, , ; is a non-orientable manifold of dimension 2m — 2.

(iii) Find a space V3, and an inclusion 5,1 : My, ., — Vam so that i5, 4
induces isomorphisms of homotopy groups up to a certain dimension.

(iv) As Vy,, is a natural space, we determine H, (V5,,; Z) completely. Then in partic-
ular we know H, (M3, ;Z) up to some dimension by the result of (iii).

As we will see in Remark 1.9, knowing H,(Va,;Z) is equivalent to knowing
H.(($)%" 03 Z).

(v) Finally we determine H, (M3, , ; Z) except the possibility of higher two-torsions
in Hp,—1(M3,,,1;Z) when m is even.

Now we state our results. Concerning (i), we have the following:

Theorem A. (a) My, ., is a manifold of dimension 2m — 2.

(b) M, is a manifold of dimension 2m — 3 with singular points. (uy,...,Uzm) €
M, is a singular point iff all of u; lie on the x-axis, i.e., the line determined by u; and
ug (cf. (1.3)). Moreover every singular point of M3, . is a cone-like singularity and has a
neighborhood as C(S™~2 xz, S™~2), where C denotes cone and action of Zy on both
factors is generated by the antipodal map.

Concerning (ii), first we prove the following:
Theorem B. H.(M);Z) are odd-torsion free.

Thus in order to know H, (M,,; Z,), we need to know H, (M},; Q), which is given by
the following:
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Theorem C. The Poincaré polynomials PSq(M},) = T dimqH,(M; Q)t* are
given by

/ _ 2mY\ o4 2m m—1
(a)PSQ(M2m+1)—ogzagm-z(za t* + m—1 3

2m \ op+1
+ m§2b+§52m—3 (2b + 3)t ’

4 -1 47 -1
1y 2a 21-1
(®) PSq(Ma) = 032«1221—2( 2a )t + (2l - Q)t
l 4l — 1)t2b+1

. 214+1<2b+1<41-3 <2b +3

4+1 41 +1
/ _ 2a 21
PSa(Mar) = 052«221-2( 2a )t + (2l + l)t
4l + 1)t2b+1

+
2141<2b+1<4l—1 <2b +3
where (‘;) denotés the binomial coefficient.

Next we go to (iii). By setting z; = uij12 — w1 (1 < i <n—2), 2,1 = U1 — Unp,
and identifying R? with C, we can write M,, (n > 3) as

(1.6) M, 2= {(z1,...,2zn-1) €S Lizy + -+ 2,1 —1 =0}
Let i, : M, — (S')"~! be the inclusion.

As we have mentioned, (S!)"~! approximates the topology of M, up to some dimen-
sion (cf. Proposition 2.2). However, for an odd n = 2m+-1, our low-dimensional computa-
tions lead us to give up the hope that (S*)2™ /o might approximate M}, ; = Mapm41/0,
where o acts on (S1)?™ in the same way as in (1.4). The essential reason for this is that

the action of o on (S)2™ is not free, although on My, 1 is.
Thus we define V5,, by

an Vam = {(8)™ ~ Sam} /o,
where we set
Lom ={(21,...,22m) € (S1)*™ 1 z; = £1 (1 <i < 2m)}.

Letiy,, 1 : M3, .1 < Van, be the inclusion. Then we have the following map of covering
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spaces:
Z, —— Z,
(1.8) My —25 (S1)?™ — o
Mém-#—l ﬁlji" ng.

Note that (S1)?™ — £,,, is a maximal subspace of (S)?™ on which o acts freely. Thus it
is natural to consider the topology of V5, .

Now concerning the relation between Mj, ., and Vap,, we have the following theo-
rem.

Theorem D. (35, 1)« : mq(M3,, 1) — 7q(Vam) are isomorphisms for ¢ < m—2,
and an epimorphism for ¢ = m — 1.

Concerning (iv), we have the following:

Theorem E. H,(Va,; Z) is given by

(& Z q: even <2m —2
)
D 2o q: odd <2m—3
Hq(‘/Zm;Z) = J iEq(Qr)
e Z g=2m-—1
22m_1
0 otherwise,

\

where @ Z denotes the (2;”)-times direct sum of Z.
2m

q

Note that Theorems D and E give H,(M,,,,,;Z) forqg < m — 2.

REMARK 1.9. By the Poincaré-Lefschetz duality H?((S)*™ /o, Eom; Z) =
Hap—q(Vam; Z), knowing H,(Vap,; Z) is equivalent to knowing H., ((S?)?™ /o; Z).
Concerning (v), we have the following:
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Theorem F.

(a) For an odd m, we have

2m
Hy(Mpyn1Z) = § (T

( @ z
)
D Zs
o yAS) ® Z,
(e 2, C7)
L 0

(b) For an even m, we have

Hq(Mém+1;Z) =

4 @ Z
)
5 0y
i<q™
@ Z& Torym—1
(m)
©Ze & Z

() L3500

L 0

T (*™).

i<m—2° "1

q: even <m-—1
q: odd <m—2
q: odd >m

otherwise.

q: even <m—2
q: odd <m-—3
g=m-—1

q: odd >m+1

otherwise,

where Tory,_,, the torsion submodule of Hy, _1(Mjy,, . 1; Z), satisfies that
diIIlz2 Tory—1 Q Zy =

Thus, in particular, Hyen(My,, , 1; Z) are torsion free for all m.

REMARK 1.10.

(a) By Theorems D, E and F, we see that (i3, )«
m—1(Vam; Z) is an isomorphism when m is odd, but not an isomor-

735

: Hp

(b) In order to prove Theorem F, we first determine H, (M3, 1; Zr_)), which is given

in Proposition 5.1. In particular, we see that (i, 1)« : Hm—1 (Mg, 1 1; Z2) = Hm—1(Vam;
Z,) is an isomorphism for all m (cf. Remark 5.2).

This paper is organized as follows. In §2 we recall the results of [7], then prove

2. Proofs of Theorems A, B and D

In [7], the following theorem is proved.

Theorems A, B and D. In §3 we prove Theorem C. In §4 we prove Theorem E, and in §5
we prove Theorem F.
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Theorem 2.1. H,(My,;Z) are free Z-modules and the Poincaré polynomials
PS(M,) =3, rankH)(Mp,; Z)t* are given by

=2 fom 2m 2 om
= £ (D)o o) E (2
A=m

m—2 2m—3
_ 2m — 1\ ,, 2m \ o1 2m — 1\
PS(Mpm) = ( \ )t +(m_1)t + ) (/\+2>t.

A=m

The essential facts to prove Theorem 2.1 are the following three propositions.

Proposition 2.2. (i) (i2m+1)x : Tg(Mam+1) — 74((S*)*™) are isomorphisms for
q < m — 2, and an epimorphism for g = m — 1.

(i) (i2m)« : Hy(Mam;Z) — Hy((S')?™~1; Z) are isomorphisms for ¢ < m — 2,
and an epimorphism for g = m — 1.

Proposition 2.3. (i) M3, is an orientable manifold of dimension 2m — 2. Thus
the Poincaré duality homomorphisms N[Mam+1] : HY(Mam+1;Z) — Ham—2—q (Mam+1;
Z) are isomorphisms for all g, where [May,+1] € Hom—o(Mam+1; Z) is a fundamental
class.

(ii) Moy, is a manifold of dimension 2m — 3 with singular points. (u1,...,Usm) €
Moy, is a singular point iff all of u; lie on the x-axis. Moreover every singular point
of Ma, is a cone-like singularity and has a neighborhood as C(S™ % x S™~2). Thus
the Poincaré duality homomorphisms N[May,] : HI(Mam;Z) — Ham—3—q(Maom; Z)
are isomorphisms for ¢ < m — 3 or ¢ > m, an epimorphism for ¢ = m — 1, and a
monomorphism for ¢ = m — 2.

Proposition 2.4. (i) X(Mam41) = (-1)™ (3™,

(i) x(Mam) = (—1)™ (371,

REMARK 2.5. In order to prove Theorem 2.1, the homological assertion is suffi-
cient for Proposition 2.2 (i). But actually we can prove the homotopical assertion.

Proof of Theorem A. Since o acts freely on Ma,,+1, and Mg, (=the fixed point set
of the involution) equals to the set of singular points in Ms,,, all of the assertions except
the type of the singular points of MY, , are deduced from Proposition 2.3.

Let (21,...,22m—1) be a singular point of Mg,;l in the identification of (1.6). By
Proposition 2.3, we must have z; = £1 (1 < 4 < 2m — 1). As the symmetric group
on (2m — 1)-letters acts on Ms,,, we can assume that z; = 1 (1 < i < m) and 2, =
-1 (m+1 <14 < 2m — 1). A neighborhood of (21, ..., z2;m_1) in (S1)?™~1 is written
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by

MM) (M)(—\h ). (—\/1 ),

Y1 Ym Ym+1 Yam—1
—eSyi§e(1§i§2m—1)},

where € > 0 is a fixed small number. As € is small, it is easy to see that we can write this
neighborhood as

() () (). ()
v )7\ vm S\ gme )T eme
—e<y<e<i<m-1}

Thus a neighborhood of a singular point in My,, is written as a subspace of R2™~!
defined by two equations

2 2 2 2
26) . {y1 Y Ym+1 Yam—1

Yt tYm +Ymyr o F Y2m-1 = 0.

By a linear transformation of parameters, we can write the quadratic form of (2.6),
ie.,

YA At Yo F Yma F F Yomo1) — Y — o Yot
as

wf-l-“-—l—wfn_l —wfn—-'-—wgm_T
Thus a singular point of Ma,, has a neighborhood C'{(w1, ..., Wm—1, W, . . ,Wam—2) :

w} + -+ wh,_y =1L w} + - +wi,_, = 1}, which is homeomorphic to C(S™? x

Sm=2),
Now it is clear that cw; = —w;. Hence a singular point of M}, has a neighborhood
C(Sm—2 XZy Sm—Z), where U(CI’CQ) = (_Cl’ _<2) (C17C2 € Sm—Z). O

Proof of Theorem B.  For F' = Z,, (p : an odd prime) or Q, we have thatH, (M,,; F)
>~ H,(Mp,; F)? (= the fixed point set of H, (M,; F') under the o-action) (see for example
[2]). As H,(My; Z) are free modules by Theorem 2.1, we have that dimz, H,(M},; Z,) =
dimqH,(M]; Q). Hence Theorem B follows. O
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Proof of Theorem D.  Let jop, : (S1)?™ — S, < (S1)?™ be the inclusion. Since
Yom is a discrete set, the general position argument shows that (jom )« : Tq((S?)2™ —
Yom) — me((S*)?™) are isomorphisms for ¢ < 2m — 2. Then Proposition 2.2 (i) shows
that (igm+1)« : Tq(Mam41) — mg((S?)?™ — $a,,) are isomorphisms for ¢ < m — 2 and
an epimorphism for ¢ = m — 1, where 42,11 : Momi1 < (S1)?™ — o, is the inclusion.

By comparing the homotopy exact sequences of two covering spaces of (1.8), we
see that (i5,,,1)s : Tq(M3,,,1) — 7g(Vam) are isomorphisms for ¢ < m — 2 and an
epimorphism for ¢ = m — 1, where i5,,,  ; : M3, ; — Vap, is the map induced from the
o-equivariant inclusion iz, 1 : Mamy1 — (S1)%™ — Lgp.

This completes the proof of Theorem D. O

3. Proof of Theorem C

Let i, : M, — (S!)"~! be the inclusion. Note that i, is a o-equivariant map.
Hence (i)« : Hi(Mpn; Q) — H.((S')"1; Q) is also a o-equivariant homomorphism.
Since H.(M); Q) = H.(M,;Q)?, Proposition 2.2 tells us the following:

Proposition 3.1. (i) For ¢ < m — 2, we have
q: even

® Q
HQ(M£m+1;Q) =¢ ()
0 q: odd.

(ii) For ¢ < m — 2, we have
e Q q: even
Hy(M;,,;Q) = ¢ ("07)
0 q: odd.

We assume the truth of the following Lemma for the moment. Let [M,] €
H,_3(M,; Q) be the fundamental class.

Lemma 3.2. 0.[M,] = (—1)"[M,].
Then we have the following:
Proposition 3.3. (i) For ¢ > m, we have
0 q: even

Hq(Mém'ﬂ;Q) = o Q q: odd.
2m

(q+2
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(>ii) For ¢ > m, we have

0 q: even
Hy(M3,;Q) = o Q q: odd.
(o

Proof of Proposition 3.3. Take an element a € Hy(Mam+1;Q) (¢ > m). By
Proposition 2.3, there is an element f € H?™ 279(My,,,1;Q) such that « = f N
[M2m+1]. As 0‘*(f n [M2m+1]) =o*fnN 0’,.[M2m+1] = —o*f N [M2m+1], we have
that

Hy(Mym41;Q)7 = {f € H*™™*"%(Mym11;Q) : 0™ f = —f} .

Now (i) follows from Proposition 3.1.
(ii) can be proved similarly. 0

Now in order to determine H, (M};; Q), we need to know only H,,_1 (M3, 1;Q)
and H,,_1(M3,.; Q), which are determined if we know x(M}.).

Proposition 3.4 ([5]). (i) X(Mb,, ;) = ()™ (>0,
m . even

0

m

Proof. By a general formula of an involution (see for example [1]), we have x (M,,)+
X(MZ) = 2x(My},). Then the result follows from Proposition 2.4. O

Proof of Lemma 3.2. First we treat the case of n = 2m + 1. We define a volume
element w of My, 1 as follows. Fix (21, .. ., 22m) € Ma,,+1 in the identification of (1.6).
It is easy to see that the tangent space T, . yMam 41 is given by

~322m

&
(35 Tia,.pzom)Momir = D ER™ G+t bomzam =0
§2m
Write z; as (x, ;). Then forny, ..., mom—2 € T(,, ... 25,.) M2m+1, We set
z1 n
(36) w(nl, e 7772171—2) = det M- --sM2m—-2, ) :
T2m Y2m

It is easy to see that w is nowhere zero on Mo, 1.
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&

Forn = : € Tzy,...,20m) M2m+1, We see that

§2m
dizgm41(n) = &(V=121) + -+ + Lam(V—120m),

where 241 @ Mami1 — (S1)*™ denotes the inclusion. Hence we see that do :
T(zl,...,22m)M2m+1 - T(E],..4,22m)M2m+1 is giVCn by

(3.7 do(n) = —n.

Now the formulae do(n;) = —n; and o(z;,y;) = (x;, —y;) tell us that (c*w) (1,
vy Mom—2) = —w(M1, ..., N2m—2). Hence o*w = —w and the result follows.

Next we treat the case of n = 2m. Let My, be My, — {singular points}. By the
same argument as in the case of n = 2m + 1, we see that o : My, — My, preserves
orientation. As H2™~3(Mapm; Q) = H?*™3(May,; Q) (H.= cohomology with compact
supports), the result follows. OJ

4. Proof of Theorem E

First we determine Ha,,—1(Vam,;Z). The Poincaré-Lefschetz duality tells us that
Hom-1(Vam; Z) = H'((8Y)*™ /0, £2m; Z). As H'((S")?™/0; Z) = 0, we have

Hom_1(Vom; Z) = 221? IZ-

As Vi, is a non-compact manifold of dimension 2m, we have Hy(Vom;Z) = 0
(¢ > 2m). Hence in order to complete the proof of Theorem E, we need to determine
Hy(Vom; Z) (g < 2m —2).

Recall that we have a fibration (S)?™ — %,,, — Vo, — RP®. Set Fy,, =
(S1)?™ — %5,,. The local systems of this fibration of dimensions less than or equal to
2m — 2 are easy to describe: We write the generator of 7 (RP*) by o. Then as a o-
module, we have

4.1) H,(Fom;Z) = Hy((SY)?™;Z) (¢ < 2m —2).

Let {E7 ,} be the Z-coefficient homology Serre spectral sequence of the above fibra-
tion. It is elementary to describe Ef’t (t # 2m — 1) by using the following fact: We define
a o-module S to be the free abelian group of rank 1 on which ¢ acts by —1. Then have that

Z, q: even

4.2 H, (RP*;8) =
(4:2) q( ) {O g : odd.

REMARK 4.3.  For our reference, we give EZ,,, ;. Let T be the free abelian group

of rank 2 on which o acts by ( 0) . And let ¢ act on Z trivially. Then we can prove

1 1
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that

Hom_1(Fom; Z) = 2631’1'69 ® Z.

22m —2m—1

As

we can determine EZ,,, ;.
We return to Ef’t (t # 2m — 1). By the dimensional reason, we have the following:

Proposition 4.4. For s +t < 2m — 2, we have that E? , = EZ5,.

Hence in order to complete the proof of Theorem E, it suffices to determine the ex-
tensions of E;’j, where s + t are odd < 2m — 3. To do so, it is convenient to study

H* (V2m; ZZ ) .
Proposition 4.5. For q < 2m — 2, we have

Hq(V2m;Z2) = S Zo.

From Proposition 4.5, we see that the extensions of EgS (s +t < 2m — 2) are trivial.
Hence Theorem E follows.

Thus in order to complete the proof of Theorem E, we need to prove Proposition 4.5,
which we prove for the rest of this section.

Let { ES'*} be the Z;-coefficient cohomology Serre spectral sequence of the fibration
Fon — Vo, — RP°. We prove the following:

Lemma 4.6. d; : Eg 1, ES % equals 10 0.

Lemma 4.6 tells us that elements of F; ot (t < 2m — 2) are permanent cycles. Hence
Proposition 4.5 follows.

Proof of Lemma 4.6. Suppose that Lemma 4.6 fails. Then we have H!(Va,;
Z;) = & Z,. By Theorem D and the Z;-coefficient Poincaré duality of M3, ;, we have

2m
Hom—3(Mb 113 22) = ;‘SLZQ. Since Hopm—3(M3,,,1; Q) = 2651Q by Theorem C (a), we
have

@.7 H2m—3(Mém+1;Z) = ®Z

2m
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By Theorem C (a), we have Hapm_o(M3,,,1;Q) = 0. Hence by Theorem A (a),
Mj;,, ., is a non-orientable manifold of dimension 2m — 2. Thus we have
Hom_o(M3,,1;Z) = 0. Then by (4.7), we have Ham—2(My,,,1;Z2) = 0. This con-
tradicts the fact that Hyp,_o(Ms,, 15 Z2) = Zo, ie., My, is a compact manifold of
dimension 2m — 2.

This completes the proof of Lemma 4.6, and hence also that of Theorem E. O

5. Proof of Theorem F

In order to calculate H,(Mj,,,;Z), first we need to determine H, (M3, ;Z2).
By the Poincaré duality, it suffices to determine Hy (M, 1;Z2) (¢ < m — 1), which are
given by the following:

Propeosition 5.1. Forq < m — 1, we have

Hy(Mspy1322) = @ Zo.

Proof. First, Hy(Mj,,,1;Z2) (g < m — 2) are determined by Theorems D and E
together with the universal coefficient theorem. Then H,,—1 (M3, 1; Z2) is determined
by Proposition 3.4. ]

REMARK 5.2. From Theorems D, E and Proposition 5.1, we see that (i5,,, 1)« :
Hy (M3, 115 22) = Hpo1(Vam; Z2) is an isomorphism for all m.

Now we begin to determine H, (M3, ,,;Z).

(I) Heven(Mém+1; Z)

These modules are determined from Theorem C and the following:

Proposition 5.3.  H,,.,(M3,, ,; Z) are torsion free.

Proof. 'We can inductively prove this proposition from Theorem C and Proposition
5.1 together with the universal coefficient theorem. ]

(II) Hodd(Mém_H; Z)
In order to determine these modules from Theorem C and Proposition 5.1, we need

to prove the non-existence of higher two-torsions, i.e., elements of order 2¢ (i > 2).
Let p : Mamp1 xR — Mj, ., be the real line bundle associated to the covering
o

space Mamy1 — My, .. And let O(Ma,, 41 xR) denote the local system of the above
o

vector bundle. Finally, let O(T'Mj,,, ;) denote the local system of T'Mj,, . ,, the tangent
bundle of M;,, ;. :
Concerning these local systems, we have the following:
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Lemma5.4. Aslocal systems on My, , ,, we have O(Mam 1 xR) = O(TMj,, . ,).
g

Proof. Let R? — v — My, denote the normal bundle of Ma,, 1 in (S*)?™ (cf.
(1.6)). As TMap 1 ® v 2 T((S*)?™)|Mapm 1, we have

(5.5) TM£m+1 ®v/o= TV2m|M5m+1»

where v/o — M3, ., denotes the vector bundle obtained from v — My, 41 by the action
of 0.

We study v/o. Recall that T My, 11 is given by (3.5). Similarly, for (21, ..., zom)
€ Ms41, we have

&
Tian, am) (S1)P™) : € R*™
€2m
&
Hence by assigning | : € Vizy,...zam) 0 €121 + - - + E2m22m, We have
§2m
(5.6) v Mymi1 x R

Under this identification, the bundle homomorphism do : v — v is given by

(5.7) do((z1,. .., 2am); (2)) =((21,. .., Zam); (‘”1 )),

V2

(cf. (3.7)).
Then (5.6)-(5.7) tell us that

(5.8) v/o = Mympr xR @® M, X R.
Now, as Va, is orientable, we see from (5.5) and (5.8) that

(5.9) O(T M}, 1) ® O(Mamyy xR) & Z,

where Z denotes the simple local system on M, ;. By taking a tensor ®O(T' M, )
on both sides of (5.9), the result follows. O

Let us denote the local systems O(Mzp, 41 XR) = O(TMj,, . ) (cf. Lemma 5.4) by
o
Z.
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(A) The case of an odd m.

We can determine Hy(M;,,,1;Z) (g : odd < m — 2) by Theorems D and E.
Thus we need to determine Hy(Mj,,.,;Z) (g : odd > m). By the Poincaré dual-
ity: Hy(M}y132Z) = H*™279(M}, . 1; Z), it suffices to determine H™ (M}, 1; Z)
(r:odd <m —2).

Consider the Gysin sequence of p : Mop, 1 xR — M3, ;:

o

.. -i»Hr_l (Mém-i-l; Z)"#—’HT(MémH? Z)p—*’HT(M2m+1; Z)

i’HT(M:;mH;Z)i"”-

Lemma 5.10. Foranoddr < m — 2, we have
() H™ (M3,,,1;2Z) = 0.
(ii) H™(Ma2m+1; Z) is a free module.

(iii) The order of a torsion element of H™*1 (M3, . 1; Z) is exactly 2, i.e.,
H™ (M3, .; Z) does not contain higher two-torsions.

Proof. This lemma is an easy consequence of Theorems D, E, 2.1 and Proposition

5.3. OJ

Now suppose that H" (M3, ,; Z) contains a higher two-torsion. Then by Lemma
5.10 (iii), Ker [ : H™ (M3, 1; Z) — H™"Y (M}, 1; Z)] contains a torsion element.

But by Lemma 5.10 (i)-(ii), Im [¢) : H"(Mam41;Z) — H"(Mj,,,1; 2)] is a free
module. This is a contradiction. Thus H" (M3, . ,; Z) (r : odd < m —2) does not contain
higher two-torsions.

This completes the proof of Theorem F (a).

(B) The case of an even m.

As in (A), it suffices to determine H"(M3,,.,;2) (r : odd < m — 1). For an
odd » < m — 3, Lemma 5.10 applies and, by the same argument as in (A), we see that
H"(Mj,,,; Z) does not contain higher two-torsions.

But Lemma 5.10 fails when » = m — 1. Thus our argument cannot apply in this case.

This completes the proof of Theorem F (b). O
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