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1 Introduction

1. In this paper, we give a mathematically rigorous derivation of Korteweg—
de Vries equation” and of Boussinesq equation from the Euler equation for
surface wave of water in irrotational motion.

In deriving these equations, we begin with noticing the following two
facts: (i) we have solved in [6] the Cauchy problem for two space dimensional
water surface wave equations in a class of analytic functions locally in time, in
the dimensionless form, (i) the surface wave and the velocity potential depend
on the dimensionless parameter & introduced in this dimensionless problem as
the ratio of the water depth to wave length in such a way that they are infinitely
many times differentiable with respect to 8 [6].

We can expand? equations with respect to 8%. In dropping the terms of
order O(8*) in this expansion we get K-dV equation and ‘“Boussinesq equa-
tion” and we prove that their solutions approximate the original water surface
wave up to the same order of errors as the dropped terms with respect to 8.

Our “Boussinesq equation’ has not the same form as the original equation
given by Boussinesq himself in 1871 [3]. If one substitutes the “first approxi-
mation” @,=@,+0(8) in the terms of order O(8%) of our “Boussinesq equa-
tion”, one can immediately recover the original one. However this substitution
is not justified generally. We remark later that this substitution would be
rather destructive for good approximation even for waves for which it is justified,
see §2. In the last part of the paragraph 2, we compare our derivation of ‘“Bous-
sinesq” equation with the original study of Boussinesq.

1) Mentioned simply K-dV equation hereafter.
2) This is not Friedrichs expansion [7]. The precise meaning of this expansion is given

in §2.
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2. In the following study, a crucial remark is in order: the shallow water
wave of finite amplitude is not necessarily “long” wave.

More precisely, it is not sufficient in the study of the “long” wave of finite
amplitude of water surface to consider the ratio & of the water depth % to the
wave length A. It is also necessary to take into account the ratio ¢ of the
amplitude « of wave to the water depth, the amplitude « being the maximum
displacement of water surface from the mean level of still water. We prove, in
fact, that K-dV equation and “Boussinesq equation” are concerned with the
water surface wave in the physical conditions expressed in the following relation:

(1.1) 52 — (Water depth h>2 __ amplitude £ __
' wave length A\ water depth %

as wave length > water depth and amplitude € water depth?.
We notice here that the famous soiltary wave solution for K-dV and Bous-
sinesq equation® of the type

(1.2) u(t, x) = 2A4* sech®?A(x+-ct)

with the progressing (or regressing) speed ¢ reflects the relation (1.1) although
the wave length of which is infinity. In fact, if the amplitude® is doubled in
(1.2), then A is replaced by V24 and (1.2) becomes now

(1.3) U(t, x) = 442 sech®A(V/2(x4ct)) .

It means that the elevation at (¢,x) of U(t,x) is equal to 2 times the elevation of

u(t, x) at (t,v/2x), but not at (z,x). Thus the wave shrinks by 1 in remounting
doublly in height. V2

On the other hand, if « is replaced by 2«, A should be replaced by %7\, to
keep unchanged the relation e=&° Although the relation e=8§° is not equivalent
to (1.1), we actually carry out our theory in this paper in supposing e=8& for the
simplicity.

It would be worth noticing in this regard that J. Scott Russell [19] observed
that “the length, therefore, increases with the depth of fluid directly, being
equal to about 6.28 times the depth. The length does not, like the velocity of
the wave, increases with the height of the wave in a given depth of fluid. On
the contrary, the length appears to diminish as the height of the wave is in-
creased” (p. 340). “This extension of length is attended with a diminution

3) Actually our theory is valid for 0 [0, 1]. If we insist here that 02 and ¢ are of the same
order as infinitesimals, it is to emphasize the specific feature as “long” wave of water surface
approximated by solutions of K-dV equation and ‘“Boussinesq equation’.

4) Our “Boussinesq equation” has, of course, this type of particular solution (see §2).
5) The highest elevation of the solitary wave.
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of height, and the diminution of length with an increase of height of the wave,
so that the change of length and height attend and indicate changes of depth”
(p. 352).

If we take into account only the ratio water depth/wave length, the first
approximation up to order O(&%) gives the shallow water wave equation as we
proved in [6] and Ovsjannikov for periodic case in [14], [15]. We repeat here
that shallow water wave contains the wave for which e~1, since the shallow
water wave equation is derived for “long” wave of finite amplitude such that,
with &[0, 1],¢/8*>1 as A>k and A>«x. We notice also that Scott Russell
observed in fact that waves begin to break as the height approaches the water
depth, page 352 in [19] describing long series of his experiments.

3. It is F. Ursell who suggested in [23] the importance to distinguish three
physical conditions

%»1, ~1 or <1 as Ak, h>k
in the study of “long” surface wave of finite amplitude.

In fact, G.B. Airy, giving a nonlinear second approximation equation, claimed
that “long” wave of finite amplitude of water surface could not propagate with-
out deformation and would break down in finite time [1], [11, §§173, 187-188].
Airy denied simply and categorically the possibility of solitary wave® observed
and studied profoundly by J. Scott Russell, and reported in 1838 and 1844 in
[18], [19]. And he added: ‘“We are not disposed to recognize this wave” as
deserving the epithets ‘great’ or ‘primary’, -+, and we conceive that ever since it
was known that the theory of shallow waves of great length was contained in
EX_ X
ar dx?
well known” as cited in Rayleigh [17], page 256. Airy’s “long” wave assump-
tion means 6°« 1 which contains the waves for which e~1.

G.G. Stokes [21], however, suggested already in 1847 another possibility of
approximation supposing® not only “long” wave but also ¢«8%. He had
thus a second approximation of velocity which is independent of the height of
waves. Finally in this century, the existence of the solitary wave on the water
of finite depth is proved mathematically as stationnary “long” wave of finite
amplitude by Struik [22], Lavrentiev [12] and Friedrichs-Hyers [5] long after
the proposition of Boussinesq equation [3] and K-dV equation [8].

the equation .-+ the theory of the solitary wave has been perfectly

6) Appellation by Scott Russell of “long” surface wave of water of finite amplitude propa-
gating without changing form.

7) Wave called “great” or “primary’’ by Scott Russell.

8) Ursell is inspired by this study.
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In this “paradoxical situation”® concerning ‘“long” wave of finite amplitude
of water surface, Ursell claimed the necessity to distinguish certain “long” waves
from shallow water wave; and he derived formally, in Lagrangian coordinates,
as the second approximate equation (i) nonlinear hyperbolic equation of Airy
corresponding to shallow water wave, (ii) “Boussinesq equation”?® and (iii)
linearized “long” wave equation:

Pu_u _ d'u

of 0x*  oxt’
corresponding, respectively, to (i) > 8% (ii) e~8* and (iii) e &%

4. The outline of this paper is as follows. In §2, “Boussinesq equation” is
derived. Comparing our derivation with the original study of Boussinesq, it is
pointed out that our ‘“Boussinesq equation” is already given by Boussinesq
although it is not stated explicitely. In §3, K-dV equation is derived. We also
derive and discuss, in this paragraph, a new type of equation using the values
of potential on the water bottom. This equation is a sort of mixed type of
K-dV and so-called BBM equation and it gives a nice approximation. Finally,
in appendix, we give some remarks concerning the global existence of solutions of
approximate equations.

Our derivation of K-dV equatoin and ‘“Boussinesq equation” is mathema-
tically rigorous for finite time interval in a class of analytic functions.

2 Boussinesq equation
5. In two space dimensional case, the surface wave of water in irrotational
motion is described in dimensionless form [6] by the velocity potential
O=0(t,x,y) and the free surface y=1"(¢,x) satisfying
(2.1) 89,,4+0,,=0 in Q),
Q) ={(»,»); xR, 0<y<I'(t,x)} being the domain occupied by the water, and
by the boundary conditions:
(2.2) ?,=0, on y=0, xR
and

O+~ 02y Loz — 0
(2.3) 2 2
&+o.I)—0,=0, on y =T(t,x), xR,

with the dimensionless parameter 8 defined by

9) Expression of Ursell [23]. Garett Birkhoff [2, p. 23] noted it as a consequence of the
Earnshaw paradox. For Stoker, however, it is anywise not paradoxical [20, p. 342].
10) See also Keulegan-Patterson [9, pp. 72-74].
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5 — h __ water depth
X wave length

In [6], we have solved the Cauchy problem for (2.1)-(2.3) with the initial data

(2.9) (0, x) = Iyx)>0, @0, x,y) = Dyx,y)

in a scale S= U X, of Banach spaces consisting of analytic functions (For nota-
p>0

tions, we refer readers to [6]).

By the mapping (x, y)=(x, y) (¢, &, 7; 8) defined by thc conformal mapping
z+x+1i8y of {+E+idy from Q,={(§, ); EER, 0<np<1} to Q(t), and by the
image p=q(t, £,7;3) of @ by this mapping, our problem is reduced to solve the
following on n=1 [6]:

%, = wAxeAspe+xs Ay(wAsps) —x:Co(wA sps)

2.6)
( pi= — el A ol + prwAupe) — piCilwsps)

where w=(x¢+ Ayx)?) ™" and operators Ay and C; are defined by

f (Asu) (%) = _I_S“ ___u(i___ dg

28 )-eo;
2.7) sinh 75 €&
1 (= T
(Ci0) (&) = | _(1—tanh (e~ EIEME -

We have actually solved the Cauchy problem for the system of integro-
differential equations for (v, u) (£)=(x¢, ¢¢) (¢, &, 1; 8) derived from (2.6) with
Cauchy data (v, ) (0)=(2y(£), o(§)) € X,,, in the scale S= UOX,, of Banach spaces

P>
of analytic functions such that (v, %) (t)eX, for |t|<a(p,—p),Yp<<pe, a>0.
From this solution (v, %) (1, &; 8), we got @ and (x,y) on ,, and y=%x on
n=1 satisfying the Cauchy data @, and y, which are the images of @, and I, by
the mapping (%, y)=(%,y) (0, &, ; 5).
6. Let us now introduce the second dimensionless parameter ¢ defined by

x __ amplitude of wave

£ = — —

h water depth

We recall first that the dimensionless equations (2.1)—(2.4) are obtained in
[6] by the following change of variables

x=2Ax', y=hy, t:\/igﬁt’,
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defining the dimensionless variables x’, 3" and¢’. Let us denote now the am-
plitude by y' and replace the transformation y=hy’ by

(2.8) y = h+y' = h+ry" = h(1+¢y")

defining thus the dimensionless amplitude y'’ by the equation.

€¢I

Omitting “/’ of the dimensionless variables as before, let us define the
following transformation in €;:

2.9) x = Etext, y=ntey',
' p= —ttep'.

Let us simplify the condition (1.1) putting barely 82=e. Then by (2.6)
and (2.9), ', y' and @' on 7=1 satisfy the following system
x; = ew' At dspi+Ay(w' Aypi)— Co(w' Aypi) +-
+exeAy(w' Aypr) —ex:Co(w' Asps)

pl= — 20wt o (Al — ()} +
+epiAy(w' Aspl) —epiCo(w' Asp) ,
1 4,

Y :~8—x1, for t, EeR
where w'=((1+ex;)’+&*(Asxt)) 7Y
Since we can apply the same method as [6] [7] for (2.6) to solve the Cauchy

problem for the system on (¢, u')=(x;, @;) (¢, &; 8) derived from (2.10) with the
Cauchy data

(2.10) ]

(2.11) (@, ) (0) = (vh, ub) (E)E X,

satisfying 1+ ev5=1,, eug=u,, we have a unique solution (2%, &) (¢, £; 8) in S=
UX,, 6[0, 1], which is infinitely many times differentiable with respect to
p>0

8€l0,1] in X,, for any |t|<<a(p,—p), p<po- Thus we have a one to one
conformal mapping x+8y of £4-i87 from Q, to Q(¢) and harmonic functions &'
and ¢' of (£, 8») in Q,.

7. Let us define the functions ¢p=d¢(%, x, y; 8) on Q(¢) and y=7(t, x;8) on R
using our mapping (¥, y) from Q, to Q(t) by
v(, x5 8) = y'(8, &, 15 ) on =1, £E€R,
ot %,y;8) = ¢'(t,£,7;8)  on Q.
We have then
(2.13) I' = 1+ey

(2.12)
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analytic in x€ R for |¢| <a(p,—p), p<po, and
(2.149) O = —t+ed

harmonic in (x, 8y) in (2), for |t]| <a(py—p), p< po-
Set
o, %, I'; 8) = H(t, x, 1+-8%y(¢, x; 8); 8) = P(¢, x; 8), i.e.,
O(t, x,T; 8) = —t+8%P(, x; 8) .

Then we have the

Proposition 2.1. The solution (v, ) satisfies the following equations for
[t] <a(ps—p"), Vp'<pis

'Y,—Hﬁm-}—e(% $x11x+(7$x)1) = 0(62) N
(2.15)
b+ v+~;— F=0(, in X,.

Here X, is a Banach space of analytic functions of x similar to X, with the radius
of convergence p' determined by p of ¢ and x, and that of E=E\(t, x; 8) which is the
inverse function of x=x(t,&,1,8). The right hand side of (2.15) means that the
remainder is bounded by Ce* with respect to the norm | | .

Proof. We have from (2.12)

1
1

Ye 1 4
V= y Yie=Yi— Xt
2.16) 1+ex§ t =i l—f—ex; t

1 1
S P
¢x_ 1+sx€1 ’ ¢t—¢1_1+6xé Xt .

On the other hand, using the properties of operators 4, and C; analyzed in
[7], we have from (2.10) in X,:

3
st = —pi—e(ip}—2{ _siphdd)+0(),
1
ol = —xi—e(L a3 (@10,

(2.17) vy =y'= ‘%x‘= x;+§x2g5+0(62),

y} = x}g+ %x}ggg‘f‘o(sz) =

1
= —@y—¢ (g Preee T Pexge— 23 Pye) +O(E)

and also in X,/:
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P = Pu(14-exp) = dot-ev,+0(e),
Phe = Puate(VPuat(v8.))+O(
(2.18) Pieeee = PraxsTO(e) 5
xg = 7+0(s),
xge = Vo(1+ex)+0(e) = v, +0(e) .
Substituting (2.17)-(2.18) into (2.16), we get (2.15). Q.E.D.

ReMark 1. Notice that the terms on the left hand side of (2.15) are not the
first two terms of Friedrichs expansion of ¢ and v (cf. [7, §3]).

ReMARK 2. If we drop the terms of O(¢?) on the right hand side of sys-
tem (2.15) for small ¢, we obtain

7t+¢xz+s(% ¢xxxz+(7¢x)x) =0 )
2.19)
bty ¢ =0.

But this procedure of neglecting the terms of O(¢?) is hopeless to be justified
as an approximation of general solutions of Cauchy problem except for some
special solutions. In fact on one hand the system (2.19) has solitary wave
solutions (v, ¢) (x—ct) similarly to those of water wave equation (2.1)—(2.3).
On the other hand the linearized equation of (2.19) is not well posed for the
Cauchy problem in H=. Namely it ha s the linear dispersion relation:

p=ritl—S 8, 1<V

p=—rEN Sk, IEI>VER

See also point 12 and a derivatoin of Korteweg-de Vries equation from
(2.15) in §3.

ReEMARK 3. Since we discuss in this paper only Boussinesq equation and
Korteweg-de Vries equation, we stop the approximation (2.15) at the order of
¢?. We can get actually approximate equations to any order of accuracy with

respect to ¢ and discuss the solution ofhigher order approximation. For
example, we have the third one

7t + $xx+ € (‘51;“ $xxzx +(7$x)x)+
(220) +E(2 Frssess VBt 2Bt Vadbed) = OE),
‘I’t +v +% q~5;2; -

£ F=0()
2 xx 4
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This has the linear dispersion relation:

. 1 2
p= ik x/l — g ey
In particular et us notice the first order approximation. Hereafter we omit “/”
in X,.

Proposition 2.2. The solution (v, §) satisfies
(2.21) ViA-Fee = O), Bty = O(9)
in X,, Vp<p,, f?r |t] <a(p,—p).
Let v and ¢ be the solution in X,, p<<p,, |t]| <a (p;—p) of
(2.22) Vet b =0, ¢4+7=0
for the same initial data as v, §,. Then it follows
(2.23) |B—lo = O(), lv—71,=O(e).

Thus (2.23) justify (2.22) as the first approximation of water surfaces wave
under the physical condition (1.1). These equations (2.22) were obtained long
ago as the first approximation for “long” waves of infinitesimal amplitude
(Lamb [11, §169]; see also Lagrange [10, §11, n° 35]). At this first order ap-
proximation we can not have solitary wave solutions. We note for later use a
further simplification concerning the uni-directional motion as follows: If the
initial data satisfy

¥(0)—.(0) = O(e), ¥(0)+¢.(0)=0(1) in X,,

then by (2.21) the solution satisfies

(2.24) V(&)= u(t) = O(e), P(t)+P:(2) = O(e), v(1)+:() = O(1),
in X,, [t| <a(pi—p), YVp<p.
Similarly if

7(0)+(0) = O(e), ¥(0)—&,(0) = O(1), in X,,
then
v+¢: = O(e), —P, = O0(e) in X, [t|<a(p;—p).

8. Let us now show that we have a good approximation for « and ¢ instead of
(2.19) if we make use of values of the velocity potential @=—¢-4e¢p(2, x,y;8) on
the water bottom y=0: ¢°(¢, x; 8)=¢(¢, x, 0; 9).

Since we have (cf. [7, §3, (4.7)])
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2
¢@%yﬁ%=&&xﬁHf%¢Mnm®+0@%

d(t, x; 8) = (¢, x; 3)+_;_ $2:(2, 45 8)-+O(Y)
our equation (2.15) can be rewritten as follows:

v,+¢2,—% e te(v9Y): = O() ,
(2.25)
Pit+y —% Dl +§ (p2)? = O(¢%)

in X,, Vp<p, for |t|<a(p,—p).
Then we have the

Theorem 2.3. The solution (v, ¢°) is approximated as
(2.26) | 2=l |7—71o = O(&)
Jor |t] <a(p,—p), Vp<Vp,<p,, by the solution of the system
Vit @l Bt e(¥8): = 0,
(2.27)
T0 5 & 4 3o L ($%2 = 0.
t+'y 2 +¢txx+ 2 (¢x)
with the initial data satisfying
(2.28) Y0)—7(0), $20)—FY0) = OF)  in X,,.

Proof. Since the abstract Cauchy-Kowalevski theorem [6, appendix] proves
the continuous dependence of solution on the inhomogeneous term by the norm

. ¢
(2.29) M'Yu] = Sup lu(t)l¢<1—a(P1_p)),

o<t<a(py—P)

this theorem is a direct consequence of the following lemma:

Lemma 24. The Cauchy problem for v and u=3®$ of (2.27)
j &t‘l"ﬁx_ % l—‘xxx'l_e(&ﬁ)x =0
(2.30)
( z_‘t+&x —'% atxx’l-ez_‘ﬁx =0

with the initial data (v, u) (0)€X, X X, , p,>0, has a unique solution (7, u) (t)E
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eX, X X, for any p<p, and for |t| <a(p,—p), Vp,<p;-

Proof. Set

then we have
(2.31) u=Kxv, K(x)=mn exp(——x/%hc]) ,

and (2.30) is equivalent to
Tt
0,7+ e(Ke¥0) (Kg#v), = 0,

(&1 ‘U) (O)GszxXPz7 VP2<P1 .

v,+§ (K#v), +-e(7Kexv), = 0,
(2.32)

Since K,(x) is summable for any ¢>0, we see that u=Kx»ve X, if ve X, and
thus we can apply the abstract Cauchy-Kowalevski theorem to (2.32) in order
to get the solution (7,v) () in X, for any p<<p,, |¢|<a(p,—p), Vp.<p;. Q.E.D.

Now let (77, #°) be the solution of (2.30) with the Cauchy data satisfying (2.28)
7(0)—%(0), $3(0)—¢3(0) =O(*)  in X, .

The estimate (2.26) is proved by the continuous dependence in the norm (2.29)
on the inhomogeneous terms of the solution (G, F) (£)=(v(t)—¥(£), $2(£)— (%))
of the following Cauchy problem:

G,+F,—% Foste(@G+vF), = O(),

(233) FitGo— o Frat - (wtu)F). = O(),
(G,F)(0)=0(% in X,,
which can be solved similarly to the Cauchy problem (2.32).

ReMARK 1. The linear dispersion relation of the system (2.27) is “good”
for > 1 as well as for < 1:

. 14-¢#?/6
(2.34) p= wiey TES-
11)

ReMARK 2. For the solution (¥, 2) of (2.27) such that (7, $2) (0)e X, N L% ™,

11) See [6] for the notation.
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we have also

(2.35) [92(t)—2(0) g, 1vO—¥(®)] 25 = O(&)
for [t <a(ps—p), Yp<Vp,<py, if $°(0)=4%0) and v(0)=7(0).
9. Equation (2.25) gives

(2.36) Y= =it bl (PO

Eliminating v in the second equation of (2.25), we get the single equation for ¢°:

(237) ¢?t—¢2x— %4’?”::—"—2‘ ¢gxxx+26¢2¢(t)x+5¢?§ng - 0(62) .
Let ¢°(¢, x) be the solution in X, of the Cauchy problem for

?;?I_zgx—% ??t:z‘*‘%?gnx_l—25?23?:'}‘5???2: - 0 .
(2.38)

5 70 €50 € oy

Y ¢t+ 2 ¢txx 2 (d)x)

with the Cauchy data satisfying
|$2(0)—62(0) 1o, |$%(0)—0) s, = O() -
Then we have the

Theorem 2.5. The solution (v, ¢°) is approximated by (7, ¢°) in such a way
that we have

(2.39) |p2@)—B2t) o> 16U —BD,, 17(1)—T(B)o = O)
Jor [t] <a(p:—p), Vp<Vp,<p;.
Proof. First in order to prove the existence theorem for (2.38), set

v=(1-2 D)

and apply the abstract Cauchy-Kowalevski theorem to the system for (yr, 4r,)
obtained from (2.38). Next apply the abstract Cauchy-Kowalevski theorem to
the system for

v = (1—% Z) %0320

and
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i =
Vt=<—-i—) A)— D),
0 =15 5) ¢0-F®)
then the continuous dependence of solution on the inhomogeneous term proves
the estimate (2.39). Q.E.D.

ReMARK 1. The linear dispersion relation for (2.37) is the same as (2.34):
REMARK 2. As before, for the solution such that
(v, $9) (O EX,N L7,
we have also
|2()—B2(0) Loz, 168 — B2 |1z, 17(8)—T(®) |15 = O()
for [t]| <a(p,—p), Yp<Vp,<p;.

10. In previous theorems 2.3 and 2.5 we obtained good approximations (2.27)
and (2.38) to water wave equations (2.25) and (2.36)—(2.37) respectively. Here
let us examine further approximations to (2.37) following Boussinesq (1872) and
(1877). Similar approximation and arguments to (2.25) can be done but we
omit it here. If we consider the uni-directional motion i.e., assume the initial
data for equation (2.37) satisfy

(2.40) $#(0)+¢%(0) = O(s), $1(0)—¢z(0) = O(1)  in X,,

then by using similar argument to obtain (2.24) it is easy to get the following
property of the solutions

(2.41) $H(1)+ (1) = O(e), pi(t)—p3(t) = O(1) in X,, |¢] <a(p;—p) -

Therefore if we substitute (2.41) in the nonlinear terms of order O(e) in
equation (2.37), we have

(242) ?t—" d)gx—%d’?txx_,“’g‘ ¢72xxx_3€¢2¢2x = 0(52) .
Thus it suggests an approximate equation

(’,E(t,t—(T)gx_“;‘(yt)txx_l_”z—&gmx_35$2$2x =0 )
(2.43)
7= =it F— o (B

(cf. Boussinesq (1872)).
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Proposition 2.6. If the initial data satisfy (2.40) and
|$7(0)—=$2(0) [5, = O(*), [ $x(0)—2(0) |5, = O(&) »
then we have
(2.44) |p2()—F2(0) o> | PHE)—Fi(B) o> [7()—F(2)]o = O()
Jor |t] <a(p,—p), Vp<Vp,<p;.
The proof is similar to that of Theorem 2.5.

ReMaRrk. Equation (2.43) has the solitary wave solutions as follows:

b, = -1 COSh/\/Z(C )(x cf)) , le|>1.

This gives a good approximation for y(x—ct) ~ —¢; ~ c¢, with ¢>1 but not
for y(x—ct) ~ —¢, ~ c¢p, with ¢ < —1. The latter ¢ has negative values and
is not proper as a solitary wave solution. In fact the latter is excluded by the
assumption (2.40) of Proposition 2.6. Compare the solitary wave solutions of

(2.38).

Furthermore if we use the first order approximation
bt = dr+O0(e)
in the linear term ¢?,., of O(e) in the equation (2.42), then we have
Pl Pl Pree—3eglgle = O()
This gives formally another approximate equation
(245) Pl —Pre— 5 Prere—3ebibe = 0,

(cf. Boussinesq (1872) and point 11).
Also on the surface, if we start with (2.15) assuming the uni-directional
motion (2.24), we can get the so-called Boussinesq equation:

3
Yee— 'yx::_—;“ryxxxx_vz’e(fyz)xx = 0 ’

Y~ s

It has solitary wave solutions ¢°(x—ct), ¥(x—ct), |¢|>1, but we do not know
a justification of these approximations for the Cauchy problem' as the same
reason as Remark 2 in point 7. In these context, we call (2.27) and (2.38)
“Boussinesq equation”’.
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11. Before closing this paragraph, we compare our procedure of derivation of
Boussinesq equation with the original study of Boussinesq [3] and one would
find that the equation (2.27) has been obtained in fact by Boussinesq.

Let H be the depth of water at rest (or mean depth), x=H+A(t,x) the
water surface at ¢ and ¢(¢,x,2) the velocity potential ¢°(¢, x)=¢(¢, x, 0) being
its values on the water bottom.

Boussinesq assumes (not prove) [3, p. 72] that “la partie variable % de la
profondeur et, par suite, la vitesse au fond w,=¢3(¢, x) seront supposées trés
petites et leurs dérivées successives en x de plus en plus petites, de maniére que
la série (18) soit rapidement convergente

— (Tude— A B LUy »
(18) 6= Ludx B Lo, 0<a<Hth.

The boundary conditions on z=H-# are given by
bt ) ($i+9D)+gh =0,
ht+hx¢x_¢z =0,

where g is the constant of gravity. He derived from this

{¢?+gh =0,
ht+H¢gz =0 )

(2.46)

as ‘“the first approximatoin” ((20), p. 72, see also our proposition 2.2). His
“second approximate equation’ is given by the following, if an approximation of
uni-directional wave motion at this level is not made:

“du H? d% 1
p"hg, H U 1 .
8 me 2 drdt 2

(2.47)

dx dx 3! dxf

These equations are not printed explicitely on page 72. but are explained
in lines 9-5 from bottom. Considering the uni-directional motion (cf. (2.36),
(2.40), (2.41)) and using “the first approximation’ (2.46) he gets

¢2=V%h.

Substituting this approximation he gets

‘ﬁ‘+uo‘i}“+[{%+hd_"o_£3 duy
dt dx

het o3+ & (Emn,) = 0
8 t 2 \H £7 ’
(2.48) s

ht+H¢2x+/\/% hz—"g\/gHshxxx =0 ’
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or eliminating ¢° the following:

h—gHh = gH( A Eh,,,).

The system (2.47) is essentially the same as (2.27) whose solution gives an

approximation for water surface wave under the condition (1.1) (Theorem 2.3).
In fact (2.47) can be written as

2
et ¢ gt (927 = 0
(2.49) .
ht +H¢2x—? ¢21x1+ (h¢2)x =0

and by the transformation: h=xh', « being the amplitude, P*=eV/ghne®,
A wave length, t=Vght'|\, x=A\x', e=x/H=(H|\)*=&, (2.49) is transformed
into the dimensionless system (2.27) with y=# after omitting */”’.

3 Korteweg-de Vries equation

12.  Let us consider the surface waves of water flowing with a constant velocity
. Asin §2, we set ¢=8% ¢ being the ratio of the amplitude to the water
depth: e=«/h.

Consider the following transformation
[ =8+, y=1n+ey,
(@ = —t+owEtep',
and solve (2.6) for (x, ) as (2.10) with the initial data (2.11) in X, NL;, and

define (7, ¢) in the same way as for y=7(¢t, x; 8) and p=d¢(¢, x,v;8) in §2.
Then we have the solution of (2.1)-(2.3):

3.1)

J D = —t-{-wx—l—ed)(t, X Y5 8) ’

(3.2) | I = 14ev(t, 2; ).

Set

o2, x, I'; 8) = (2, x, 14+8%y(¢, x; 8); 8) = P(¢, x; 8),
O(t, %, I'; §) = —t+ox+8F(t, x; 8) = O(t, x; 8),

then we have similarly to Proposition 2.1:

yt+$‘x+w‘yz+%$x333+e(7$1)‘ = 0(62) >
(3.3)
<I~>:+'>’+w§5x+%$§ = 0(¢),

in X, N L, for any p<p,, |t| <a(p,—p).
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13.  We shall prove first that some of the surface waves described by (v, ¢,) €
€X,NL; are approximated by solutions of Korteweg-de Vries equation. Let
(7, ¢.) be the solution of (3.3) such that (v,$,)€X,NL;, for any p<<p, and for
|t] <a(p,—p), with the Cauchy data satisfying (7,$,) (0)eX, NL;. Setting
¢.=u, (3.3) can be written as follows:
Y+ ux+ w'yx"_iu:xz_}_e(’yu)x = 0(62) ’
(3:4) 3

ut+'yx+ wux+5uux = 0(52) ’

in X, N Lg, for any p<p,, |¢| <a(p,—p).
Let us introduce the quantities:

1 1
(3.5) f= > (v+u), & = (v—u).
Then we have the

Proposition 3.1. If the initial data satisfy the uni-directional condition

(3.6) f(0) = % (7(0)+%(0)) = O(1), g(0) = % (7(0)—%(0) = O(¢)
in X, N Lg,, then we have
(37) St @t Dt g fuart S effs = O,

€ 3 — e 1 1 &2
(3'8) gt—'_(w_l)gx_gg“x—?eggx - ( 6fxxx+ 2 ﬂx)—l’o( )

in X,N Ly, for any p<p,, |t|<a(p,—p).

Proof. First we recall the property of uni-directional motion (2.24) by the
condition (3.6) on the initial data:

(39) 10 = 5 (r(o-+u() = O(1), g(0) = - (v()—u(t) = O)

in X,NLg, |t|<a(p;—p).
Diagonalizing (3.4) by (3.5), we have by (3.9)

FH @t Vet Fanst S effs = (st 88+ (J8)HO(E) = O)
and

STV LDV S S O § 2
gt+(w l)gx 6gxxz 25ggx 5( 6fxxx Zﬂx Z(gf)x)+o(e)

el 1 &2
- ( 6fzxx 2ﬁx)+o( )
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in X,nL. QED.

If one drops the term on the right-hand side of order O(¢?) in (3.7), we get
the Korteweg-de Vries equation [8], which corresponds to the uni-directional
waves moving right-ward i.e.,

(3.10) F,+(m~|—1)F,—|——(€)—Fm+%eFF, —0,
F(0) = f(0);
(3.11) Gto—1)G—- G 3 .ca, -—-e(— ;FF,),

G(0) = £(0);

where F is the solution of (3.10).
If we consider the initial data satisfying

7(0)—u(0) = O(1), ¥(0)+u(0) = O(e),

instead of (3.6), then we have the following equations for the uni-directional
motion left-ward:

(3'12) gt+(w l)gx gxxx sggx = 0(62) )
(3.13) G,+(w——1)G,—%Gm—%eGG, —0.

In order to compare (3.7)~(3.8) and (3.10)—(3.11) let us now solve the
Cauchy problem for (3.10) and (3.11) in the scale Z= UB of Banach spaces,
consisting of analytic functions defined by

B _ { 9(2): holomorphic function in Q,= {g=x+iy: xER, |y| <p}, }
a such that | (14| k] )¢ o(R) | 2 < o0 ’

where zA)(k) is the Fourier transform of v(x).

Proposition 3.2. The Cauchy problem for (3.10) ((3.11), resp.) with the
Cauchy data F(0)€ B, (G(0)€ B, , resp.) has a unique solution F(t)E B,
(G(t)EB,, resp.) for any p<p,, |t| <a(p,—p), a being a positive constant.

Proof. We get by the Fourier transformation from (3.10)

< B(t)+i((0+1)k+ 5 B)F 3 (),
L FO-+il(o+ Dh+-E RO = —2 (.0,

i.e.,
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F(t) = exp{—it((w+1) b+ F)}FO)+
t A
+[Lexp {—ilt—5) (@H+DR+-E B (= 5) (F).o)as.
Apply the lemma 3.3 and the abstrcat Cauchy-Kowalevski theorem ([6,

appendix]), we get the proposition. Q.E.D.

Lemma 3.3. For any G, FEB, and for any p'<p, the following inequality
holds:
C(IGlz+ | F3,)
p—p’

(3.14) (G*—F*);l5,, < |G—F|3,,

where C is a constant independent of p, p'.
Proof. It follows from the inequality
|k|e” " < Ce™ [(p—p')

and the Hausdorf-Young’s inequality in the Fourier transform.
Now we can give a justification for Korteweg-de Vries equation as follows:
By virtue of Proposition 3.2 we have the

Theorem 3.4. If the Cauchy data (v,u) (0)€X, N L;, satisfy (3.6), then
the solution (v, u)(t)EX,NL, of (3.3) has the following approximation by the
solution of Korteweg-de Vries equation (3.10) and (3.11):

{ | f(t)—F(2)| 5, = O,
|8()—G(8) |5, = O()

for any p<p,, |t| <a(p,—p), Vp,<py, L.e.,

(3.16) lv()=(F+G) #)| 5, = O()

for any p<<p,, |t|<a(p,—p), Vp,<p;. In particular
[v(@)—F()|5, = O(e) -

Proof. It follows from Proposition 3.1 and 3.2 that the difference H()=
=f(t)—F(¢) is the solution of the Cauchy problem

(3.15)

(3.17) H,+<m+1)H,+§H,,,+?‘2iHH,+3§ (FH ), = h,,

in B,, for any p<<p,, |t| <a(p,—p), with the initial data H(0)=0, where for any
p<<py |t|<a(pi—p), |h(t)|s,<C¢
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Applying the abstract Cauchy-Kowalewski theorem, we have the first esti-
mate of (3.15). Since (3.11) can be solved similarly, the second one is easy to
see if we note that

1 1 1 1
= fort—ff.—(=F,, -+~ FF 2
‘ 6 fxxx 2 .[fx ( 6 E221 2 x)lBP<Ce

for any p<<p,, |t| <a(p,—p), Vp.<p;. Q.E.D.

14. If we use instead of @ the values of the velocity potential on the bottom
of water: ¢°(¢, x; 8)=¢(2, «, 0; 8), our equation (3.3) becomes for v=¢3 (cf. 2.):

'Yt_i—'vx—l_m'),x—;‘vxxx—{'e((yv)x = 0(62)

€
6
(3.18)

Q)t—'—’}’x—{—a_)‘vx—%57),,,‘—%7),,,—'—5‘2)‘0, = 0(52) 1}

in X, Yp<py, 1| <a(p,—p).
Let us diagonalize (3.18) by

(3.19) m = %('}'“}"U)» n= %(')'_v) ’

then we have, by a similar reasoning to get (3.7)-(3.8), the

Proposition 3.5. For the solution (7, ¢p?) which satisfies the condition on the
initial data:

(3.20) m(0) = v(0)+u(0) = O(1), n(0) = ¥(0)—u(0) = O(¢)

in X, , then we have

(3.21) (ot ym,—SE30) 3 emm, — O(),
12 4 2
and
(3.22) n+-(w—1)n, +e(1 23co) ,m——% n,,,——%snu, =
13w 1 . 2
- ( 12 mzxz 4 mtxx mmx)+0(€ ) .

Now we prove that m and 7 are approximated by solutions of equations

Mo+ 1)M,— 0130 pp

12 txx"’" GMM‘ =0.

4.

(3.23)
N+ DN, +C5 N, 4N,,,,,—~eNN,,=

1-— 3&)
= M M —MDM
( 12 xxx " l txx~ x)
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Similarly if we consider the case y(0)—#(0)=0(1) and ¢(0)+u(0)=0(¢) we have

(3.24) Ni+(o—1)N, +5(1 3“’)N,,,,, 4Nm—%eNNx=0

and a similar equation for /. But we omit the argument for this case. Con-
cerning (3.23) we have first the

Proposition 3.6. (i) The Cauchy problem for (3.23) with the Cauchy data
M) e X, (X, NL;, resp.) has a unique solution M(t) € X, (X,NLg, resp.),
Vp<p, for |t| <a(p,—p).

Proof. = Setting

0
3.25 JHt:(—i— M),
(3.29) (0= (1-%2.) M)
apply the abstract Cauchy-Kowalevski’s theorem to the equation for (t) de-
rived from (3.23). QE.D.

By the same reasoning as for the theorem 3.4, we have then

Theorem 3.7. For m(t) and n(t) satisfying (3.21) and (3.22) in X,, with
the Cauchy data satisfying (3.20) in X, , we have

(3.26) | M(t)—m(t)|, = O, |N@B)—n()], = O()

for |t|<a(p,—p), Vp<Vp,<p,. In other words, water surface waves given by
(v, ¢9) (2) satisfying (3.20) are approximated by solutions of the Cauchy problem
for (3.23) as follows:

{ [v(8)—(N(®)+M(2) |, = O(¢)
| p2(8)—(N(&)—M(1)) |, = O()
for |t|<a(p,—p), Yp<p,.

(3.27)

17. Remarks. (i) Equations (3.23) and (3.24) have soiltary wave solutions and
also cnoidal wave solutions as K-dV equation.
(ii) The linear dispersion relation for (3.21) is

14+(143w) k?/12(14w)

= 1)k

= ot < 1fek/4 >

and it is known the golbal existence theorem of the Cauchy problem in a Sobolev
space.

(iii) In 1964, Long [13] and Broer [4] gave the following system:

ut+vx+uux = _;‘ utxx

1

77!—’_((1_!_”)“):: = 6 Upry
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and in 1966 Peregrine [16]:
1
ut+u:¢ +%— un, = Z Uirx

7 = u+0(e) .
Our theorem 3.7 would give in some sense a justification for these formal
derivation by Long, Broer and Peregrine.
Appendix. Global existence theorems for approximate equations

18. We shall prove first the global existence theorem for the Cauchy problem
for (2.37) which we called “Boussinesq equation”. Let us write it here as fol-
lows:

[

(Al) Pt~ Pz 2

¢H£.x+% ¢xzxx+2€¢z¢tx+5¢t¢xx == 0 .

Let 4{(R) be defined by
(A2) H(R) = {u: u€EHH)NE(H)NEWH)}

where u€&j(H*™/) is j-times continuously differentiable with respect to # in the
Sobolev space H*/(R). We have the

Theorem A.l. The Cauchy problem for (A.1) with initial data
(A3) P(0)SHYR), @(0)cHY(R)
has a unique solution @(t, ) EH(R) for t<[0, o).

The following a priori estimates in Lemma A.2 and the successive appro-
ximation prove the theorem.

Lemma A.2 (a priori estimates).
(1) There is a positive constant M such that we have for any solution @(t)E
EJI(R):

(A4) sup  {Ii(t, )|+ @.(t, )|} < M.

(2, DER X [0,

(it) There is a positive constant C independent of t such that we have for any
solution @(t) € JH(R):

(A.5) E(t)<E(0)e*, t=0
where E(t)=E,(t)+E,(t), and
E\(t) = llqat(t)u%.z+n¢,<t)||zz+§||¢t,(t)+niz+% llpee()ll32,
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E\(t) = H%;(t)lli’--l-llfpn(t)lliﬂr% ||<Pm(f)fIZLz-I-%H%n(t)Hiz .
Proof. (i) Integrating (A.1)Xe, on R,, we have

E\(t) = constant for t=0.

The Sobolev’s lemma proves (A.4).

(i) Integrating® [%(A.l)] X @, on R,, we have
d i i d
ar 2(£) = 8e _m|¢x(t)¢tz(t)¢tzx(t) | dx—+2e _w|¢t(t)¢tx(t)¢xzx(t)l X .

Then, using (A.4), we have
(A.6) %Ez(t)gfl-\/?)—e MEy(®) .
Since %El(t):o, we get (A.5) by (A.6). QED.
Proof of the Theorem A.l1. Let us notice that (A.1) is equivalent to
(A7) Vi Vas+ 2K ) K)o (Kir)— 2 () = 0
by the transformation of unknown:

(A8) v=(1-52)%.

ie.,
P(t, %) = (Kox) (1, %) = | me= 7=yt y)dy .
By virtue of the Lemma A.2, we have the following a priori estimate for
(A.7):
(A.9) E,(t)<CE(0)e", t=0,
where
Ey(t) = W@l 22+ 1121122,

C and C’ being positive constants independnet of ¢. _
Thus we can prove the global existence of solution of the Cauchy problem
for (A.7) and consequently for (A.1). Q.E.D.

12) For the rigorous proof, we apply the Friedrichs’ mollifier to (A.1) and estimate the com-
mutators.
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A parallel discussion for (3.23) is also valid, but we omit it here.
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