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1. Let X be a compact Riemannian manifold of dimension 7, TX its
tangent bundle and SX its unit sphere bundle. Denote by p: SX—X the
canonical projection. Let G,: SX—SX (t=R) be the geodesic flow.

The spherical mean (of radius ¢) L,: C=(X)—>C=(X) is defined by the
following commutative diagram:

c Xy — o
G*

C(SX)— Y7, c(8X)

Here p* and G¥ denote the maps induced, respectively, by p and G,, and p, is
the fibre integral defined by

pf) = [ for,  feC(8X),
-l
oy being the volume element on the fibre of p defined naturally by the Rieman-
nian metric on X.
In this paper we prove the following

Theorem 1. For sufficiently small positive t, L, is a Fourier integral op-

erator of order —% (n—1), which belongs to the class determined by the conormal

bundle ACT*(XXX)\0 of A,={(x,v); d(x, )=t} C XX X, d being the metric
induced by the Riemannian metric.

The author would like to express his gratitude to T. Sunada for suggesting
the above result.

2. For convenience sake, we consider all the operators as acting on the
spaces of half densities. Let Q4(X) denote the bundle of half densities on X and
C=y(X) the space of smooth cross-sections of Q3(X). The Riemannian metric
of X induces canonical densities vy and wgy, respectively, on X and SX, which
allow us to identify C=(X) with C~Qy(X), C=(SX) with C~Qy(SX), respectively,
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by the isomorphisms fi fy/wx and fi f\/wsx, vV ox and \/wsx being the
half densities that are the square roots of wy and wgy, respectively. Under
these identifications, the operators of §1 are transformed into the operators on
the spaces of half densities:
Zf
C= Qo X) ————— C7Q,(X)

S

Co,(SX) S5, ce,(SX)

3. Let KeJ'(SXxX, 1[XQ(X)) be the distribution kernel of p*: C=(X)
—C=(SX). Here Q(X) denotes the bundle of densities on X. We define
Ke 9(SXx X, %(SXx X)) by

Rt = K oms)

Then, obviously, we have

Lemma 1. The operators p* and p, have K and K’ as the distribution kernels,
respectively. Here K'e D'(X x SX, Qy(X x SX)) is the distribution corresponding to
K under the transposition map X X SXSSX x X.

Moreover, we have

Lemma 2. K&l ¥*Y(SXxXX, A), where A T*(SX x X)\0 is the conor-
mal bundle of the graph of p, that is, A= {(x, p*n) X (px, —n); x&SX, 2 T¥ X \0}.

RemMARK 1. As to the notation I”(X, A)=I7(X, A), see [3].
RemaRK 2. We denote a point e of a bundle p: E—B by (x,¢), where x=pe.
This lemma follows from the following

Lemma 3. Let M and N be manifolds of dimension m and n, respectively.
Let g:M—N be a smooth mapping. Fixing non-vanishing half densities on M and
N, we get g*: C=Qy(N)—C~Qy(M) induced by g. Then

g** E[i(u—m)(MX N’ Ag) ,

where A = {(x, g¥1) X (gx, —n); x&M, n€ T N\0}.
(See, for example, [1].)

This lemma also implies the following

Lemma 4. G*¥cI(SXxSX, A,),
where A= {(%, G¥£) X (Gxx, —); xSX, £ TE,.SX\0}.
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4. Now we quote a theorem concerning the composition of Fourier in-
tegral operators.

Let X and Y be manifolds. For any subset ACT*X X T*Y, we define
N={xE)X(y, —n); (%, E)X (¥, M)EA}T*X X T*Y. When AcC(T*X\0)Xx
(T*Y\0) is a conic Lagrangean submanifold, A’ is nothing but a homogeneous
canonical relation from T*Y to T*X in the sense of [3].

Theorem A ([3] Theorem 4.2.2). Let X, Y and Z be smooth manifolds. Let
C,cT*XXT*Y, C,cT*Y X T*Z be homogeneous canonical relations which satisfy
the following conditions:

i) C,XC,and T*XXA(T*Y)X T*Z intersect transversally, A(T*Y) being
the diagonal of T*Y X T*Y;

ii) the restriction r of the projection T*X X T*Y X T*Y X T*Z ->T*X X T*Z
to C, X C,NT*X X A(T*Y)X T*Z is injective and proper.

Denote the image of = by C,oC,.

Then C,oC, is a homogeneous canonical relation from T*Z to T*X. Moreover,
for any A, €I} XX Y, C)), A,€I(Y X Z, C,'), which are properly supported and

p>%, we have

Ao A, Imm(X X Z; (CyoC,Y) .

Lemma 5. Gfop*el ¥*(SXx X, C,)),
where C,= {(x, GEp*n) X (pGsx, 1); x=SX, n€ T}, X \0}.

Proof. A, and A’ are obviously homogeneous canonical relations, respec-
tively, from T#SX to T*SX and from T*X to T*SX. The following sublemma
shows that the conditions of Theorem A are satisfied in this case.

Sublemma. Let X, Y and Z be manifolds, g: X —Y a diffeomorphism and
Cc YXZ a submanifold. Denote by C,C XX Y the graph of g. Then

1) C,XxC and XX A(Y)X Z intersect transversally;

i) p:C,XxCNXXA(Y)XZ—C,oC is a homeomorphism, p being the restric-
tion of the projection XX Y X YXZ—->XXZ.

Proof. First, we show the assertion i). Fix (%,, ¥y, ¥, 2,)EC, X CN XX
A(Y)X Z and let x=(x?), y=(y’) and z=(2*¥) be local charts around x,, y, and
2, respectively. Since C, has the parametrization y— (g7'y,y), yor gives a local
chart of C, around (x,,y,), where z: XX Y —Y is the natural projection. Define
y,=yom, and y,=yor,, where r; denotes the projection of XX Y X Y X Z on the
j-th factor. In order to prove the assertion i), it suffices to show that the local
equations y{—yi=0 of XX A(Y)XZ in XX Y X Y X Z restricted to C,x C are
independent near (%,, ¥,, ¥o, %,). But this follows trivially from the fact that the
differentials dy/ are independent on C,.
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The - assertion ii) follows from the fact that p has the inverse: (x,2)r
(%, gx, gx, 3). Q.E.D.
This completes the proof of Lemma 5.

5. Let ¢, be a positive real number which satisfies the following condi-
tions:

a) for each xeX, the exponential mapping 7,X—X maps {{€T,X;
l|€]]<3t,} diffeomorphically into X, whose image is denoted by B(x; 3t,);

b) for all y, z&B(x; 3t,), there is a unique geodesic curve in B(x; 3t,)
joining y and z.

Since X is compact, such #, exists. (cf [2].)

Theorem I'. For 0<t<t,, we have L,c1¥*" V(X x X, C’). Here C’ is
the conormal bundle of A, minus the zero section.

Note that A, is a submanifold of X X X, since t<#,.

Proof. We shall apply Theorem A in the situation where X=X, Y=_S5X,
Z=X, C,={(px, 1) X (x, p*n); xSX, n€T¥X\0}, C,= {(x,~G}"p*17) X (pGx,m);
xe8X, 7Tk . X\0}, A=l ¥ (XxSX,C)), A,=GFp*el ¥ (SX
x X, C,).

1) First we determine the set C=C,cC,. Let (x, )X (y,7)eC. By de-
finition, there isa point (2,¢) € T#SX such that pz=x, pG,z=y, p*E=t=G¥p*n.
From p*E=G¥p*n, it follows that (G ¥p*n, Sx>={p*&, dx>=<E, pxdx>=0 for
any Sxe T, (p~'x). Hence <{n, (p G,)x8x>=0 for all Sx=T (p~'x). Since ¢,
(pG )« | T(p~'x) is injective, whence (pG,)«(T.(p 'x)) is a hyperplane of T,X.
Denote by 7, the element of 7, X corresponding to » under the isomorphism
T,X3T#X defined by the Riemannian metric. Then # is orthogonal to the
hyperplane (p G,)«(T.(p™'x)), in other words, % is a normal vector at y of the
geodesic sphere pG,(p~'x) of radius ¢ with center x. G,z€S5,XcT,X being
also a normal vector of this geodesic sphere, we have #=cG,z for some ¢€R
—{0}. Starting from G*,p*E=p*n, we can argue in the same way to show that
£=c’s for some c’'ER— {0}. Now we shall show ¢=c¢’. Let IV be the vector
field on SX which generates the flow G,. Recall that p,V(2)=2 (2= SX). Then

¢ = (Gyz, ¢G3)
=G,
= V(G), p*n>
= (G V(2), p*n>
= V), G¥p*n>
= V), p*&>
=<z &
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= (&, cz)=C".

Hence if ¢ is positive, then #=cG,a=G(c2)=G,é). Here G,: TX\0—~TX\0
is the map defined by

~ ey £ )

Gute) = IE1G( 5)-
If ¢ is negative, then ﬁ:(—c)(-—G,z):(—c)G_,(—z):G_,(cz)sé_,(é). Thus
C=T,UT_,, where T, is the graph of the diffeomorphism of 7*X\0 which is
induced from G, by the usual isomorphism: 7*X=STX. Note that I',NT'_,=¢,
since t<t¢,.

2) Next we show that the condition i) of Theorem A is satisfied in the
present case. Fix P,=(%y, &) X (%0y £o) X (205 &o) X (¥0r 1) € C; X C,N T*X X
A(T*SX)x T*X. Let x=(x%), y=(»*) be local charts of X around x, and y,,
respectively, and (x, &), (y, 7) the local charts of 7*X induced by them. Fur-
thermore let #=(2*) be a local chart of SX around z, and (2, ) the local chart
of T*SX induced by 2. We denote the functions xox,, Eor,, 2om,, {or,, Zom,,
Comy, yom,, nom,, respectively, by x, &, 2,, &, 2,, §,, ¥, 7, #; being the natural
projection of W=T*XXT*SXxT*SXxT*X onto the j-th factor. Since
C, X C, has a local parametrization: (g, £, 2,, 1) — (p2,, £) X (21, p*E) X (2,, G¥p*n)
X (pG,z,, 1), we can take (2,, &, 2,, 7) as a local chart of C,x C, around P,.

Now the local equations of T*X X A(T*SX)Xx T*X in W is given by

—25=0 1<e<2n—1
t1—t2=0 1<k<2n—1.

In order to verify the condition i), it suffices to show that these 2(2n—1) equa-
tions remain independent after restricted to C, X C,. Obviously dz]—dz5(1 <« <
2n—1) are linearly independent on C,xC, at P,. Thus it suffices to see that
d(&1—&3)=d((p*E)*—(G¥p*n)) (1<x<2n—1) are linearly independent modulo
dz}, d23(1<k<2n—1). We can write locally (p*£)*=3] a(2,)€7, (G¥p*n)=

7
Zj] b%(z,)n’. 'Then

d((p*E)*—(G¥p*n))
— A3 (@ B
= 31 (a%(z,)dE7—bY(=;)dn?) (modulo dz,, dz,).

Hence d((p*£)—(G¥p*n)*) (1<x<2n—1) are linearly independent modulo dz,,
dz, on C, X C, at P, if and only if the rank of the matrix (a(2,), 8%(2,)) is 2n—1,
which is equivalent to say that the dimension of the subspace U= {p*E+ G¥p*y;
EeTEX, neTEX}CT¥SX is 2n—1. On the other hand, in 1), we have
shown that the pair (£, 7)€ T¥ X X T% X such that p*¢=G¥p*n in T%SX is de-
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termined by 2, up to scalar multiplications. This, together with the injectivity
of G¥p*: T X —T¥SX, implies that the dimension of U equals 2z—1. Thus
the condition i) is verified in the present case.

3) Now we check the condition ii) of Theorem A. For any (x, £) X (v, 7)
€C, we have cither £=G,(#) or £=G_,(4). Let (3, £)€ T*SX be such that
(x, &)X (2, £)eC, and (2, ) X (9, 1)EC,. Then {=p*E, and from 1) it follows
immediately that x=£&/||&]| if £=G,(%) and x=—&/||€]| if £=G_,(#). Thus, in
view of T, NT_,=¢, C; X C,N T*X X A(T*SX) X T*X —C,°C, is a diffeomor-
phism.

4) Finally we show that T, UT_, is the conormal bundle minus the zero
section of A,Cc XX X. Itis obvious that the projection 7*(X X X)—X X X maps
T,UT_;onto A,. The fibre of T',UT_,—A, is easily seen to be R— {0}. Since
T, UT_, is a Lagrangean submanifold of 7*(X x X), it follows that T, UT_; is
contained as an open set in the conormal bundle of A,, whence I', U T"_, must be
the conormal bundle of A, minus the zero section.

This completes the proof of Theorem I.

6. Using Theorem I’, we get some information about the regularity of
L,. We quote the following

Theorem B ([3] Theorem 4.3.2). Let X and Y be smooth manifolds and
CcT*XXT*Y a homogeneous canonical relation satisfying the following con-
ditions:

1) the projections C—X, C—Y have surjective differentials;

i) the differentials of the projections C—T*X and C—T*Y have rank at
least k+dimX and k+-dimY, respectively.

Let m_{% (2k—dimX—dimY). Then every AcI™(XXY, C’) is a con-
tinuous operator: LYY, Q3) — L, (X, ).

From this, it follows immediately the following

Corollary. Under the assumptions of Theorem B, A is continuous: Hi (Y, Qy)
—H(X, Q3), where r:—m—l—i— (2k—dimX—dimY).

In the case of the operator L,, the condition i) is trivially satisfied and the
condition ii) is valid with k=, since T', and T"_, are the graphs of diffeomorphisms:

T*X\0—T*X\0. Furthermore, r:%(n—l)——%(2n—n—n)=%(n—1).
Hence we have

Theorem II. The spherical mean L,(0<t<t,) is a continuous operator:
H*(X, Q) = H* ¥ (X, Q) for each sR.
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Corollary. If n>2, then the operator L,: L X, Q3)—L*(X, Q) is compact
for 0<t<t,.

Corollary. If n>2, then the eigenfunctions of non-zero eigenvalues of the
operator L,: LA(X, Q3)—LX(X, Q) are smooth functions, for 0 <t<t,.
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