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1. Introduction.

Let M be a bounded domain in R® with smooth boundary dM. Let  be
a point in M. We remove ball B, of radius ¢ with the center w from M and we
get M,=M\B,.

Fix pe(1,2). We fix k>0. We put

(1.1) l(e):inf( |Vu|2dx+kj u2d0x>,
ueX B,

M.

where X={ueH'(M,), u=0 on oM and u>0 in M, |ul,,,,=1}. Here
lull Larry=lull,.. We see that there exists at least one solution », of the above
problem which attains (1.1), We know that », satisfies — Au,(x)=A(e)v(x)* in M,,
v(x)=0 on dM and kv,(x)+(d/dv,)v(x)=0 on dB,. Here d/dv, denotes the derivative
along the exterior normal vector with respect to M.,.
Let S, denote the set of positive function u, which attains the minimum of (1.1).
Main result of this paper is the following

Theorem 1. Fix pe(1,2). Then, there exists a constant C independent of ¢
such that

sup sup | (x)| < C.

ueeSe xeM ¢

Related topics are discussed in Lin [1], Ozawa [4].

2. Preliminary Lemmas.

We have the following Lemma 2.1.

Lemma 2.1. Consider the following equations.

@.1) Au()=0  xeM\B,



364 S. Ozawa

(2.2) u,(x)=0  xedM

(2.3) kuo(x)+(0v/ov)=w) x=w+ew€eDB,.
Here weS?.  Then, the solution of (2.1), (2.2), (2.3) satisfies
(2.4) lo ()| < Ce?r ™ atll ceorars2

for any 6>1. Here C may depend on o but independent of e. Here r=|x—wW|.

Proof. Let Ag: denote the Laplace-Beltrami oporator on S2. It is well known
that -n(n+ 1) is an eigenvalue of Ag. whose multiplicity is (2n+1). We can write it
explicitly by using the Legendre polynomial but we do not do it. We write
complete orthonomal basis of L%(S?) consisting of eigenfunction by {¢{w)}5>,. If
Ap ()= —n(n+1)p(w), then we write j as je(n). Thus, #{j;je(n)}=2n+1.

First we want to construct a solution of (2.1), (2.3).

We put

v x)= Y r "0y ¢; 0{w)
n=0 Jje(n)
Then,
Av¥x)=0 in R3\B,

We expand a by ¢fw) as

oz(w)= i Z aj,n(pj(w)'

n=0je(m)
By the equality (2.3), we have
(kcje” " Vt(n+1)c;,e” " P)=a,
Then,
Cin=a;," ' (k+(n+1)e" ")

Therefore,

pl<e Y ¥ ayule/ry ek +(n+ 1) o)

n=0je(n)
We notice that we have

(2.5) lp o) < Cln+1)'2
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for je(n) by the property of Legendre and associated Legendre polynomial. See
Mizohata [2, p.312].

By the Schwarz inequality we have

0 1/2
lv¥ < Ce?r~ 1( Y (r+1)YYy ai,,)
n=0

Jje(n)
© 1/2
x ( Y (n+1)"°Qn+ n(n + 1)"2) .
n=0

If we take o>1, then

2.6) "] < Ce2r™ 1( T 41y Y a},,,)m
n=0

Je(n)

< Ce?r Y all gorzsy

@
Here we note that [|a|| 2252 is equivalent to ( Y (r+1)*y af,,,), since the eigenvalue
n=0 Jje(n)

of —As: is n(n+1). We used representation of norm of fractional Sobolev
space. Notice that C"'%(S?) < H/*(S?) for 6 <0’

Now »*(x) does not satisfy »¥(x)=0 on M.
By the same procedure as in the repeated construction of the function s in
Proposition 1 of Ozawa [3] we proved Lemma 2.1.

The following Lemm is very useful.

Lemma 2.3. There exists an extension operator
E:H'(M,))au — Eu=iie H'(M) satisfying the followings;

2.9) #(x) = u(x) ae. M,

holds for any ue H\(M)),

(2.10) Nl Lopry < Cllulls,, (1 <s<00)
holds for any ue H\(M,)n L¥(M)),

(2.11) I ﬁ"H‘(M) < Cllul HI(M) T gle=23/amn=1 "u"s,e

for any ue H\(M,))n L(M,) with 2<s < o0,
||‘7||H1(M)SC||M||H!(M:)+Cs(”z)"“"w,a

holds for any ue H'(M,)n L*(M)).
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Proof. Without loss of generality, we may assume that w=0. We take an
arbitrary ue H'(M,) and put
i(x)=u(x) xeM,
=u(e’x]x] =) (x) x€B,

where n,€ C*(R%) satisfies 0<#n,<1, n,=1 on R3\B,,, %,=0 on B,, and
|Vn]<8¢~!. Notice that both n,(e2x|x|”2) and (V5,Xe2x|x|~2) vanish on R*\B,,.
Then, by using the Kelvin transformation of co-ordinates, y =¢2x|x| ™2, we have

I |i(x)"dx < j @)l (e?ylyl ™2 (elyl 1) dy
B, R3\B,

<| WONdy (1<s<o0),
M.

and

J‘ IVu(x)?dx < C| - |u(e®x|x| ~)?(Vr Xx)| *dx
B,

Be

+C| (elx]™)H(VuNe?xlx] =)0, (x) dx

B:

<Ce*| |u()?ly|"%dy+C| |Vul?dy.

Mt M&
By Holder’s inequality, we see that

Ce™ U+ |2, (R<s<o0)

M.

)yl °dy < {

Ce™3 I u"iw(m) (5= 0).

Thus, we get Lemma 2.3.

3. The Green function.

Let G(x,y) be the Green function of the Laplacian in M under the Dirichlet
condition on dM. We introduce the following kernel p,(x,y).

Px%,y) = G(x,y) +g(e)G(x, W) G(W,y) + h(e)<V,,G(x, ), V,,G(W,y)),
where

3 0u Ov

T A lw=ws
,.=16w,~6wi'

SV u(W), Vo)) =
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when w=(w;,w,,w;) is an orthonomal frame of R3.

Here we put
ge)=—(y+(@ne) "' +k(dm) " teY) 7,
where
y=lim(G(x, %)~ (4m) ™ |x—w| ™)
and
h(e)=k~/(4n)~ e~ 2 +k™12m) 17 3).
We put

G(x,y)—(@4n) " x—y| 7 =S(x,y).
Then, S(x,y)e C°(M x M). We have the following:
{V,Glx,w), V,,G(%,y)>

=)™ G) + <V, (), VGO )
Wi
0 . .
——<va(~& W), VwG(w9y)>
0x,
-— 1 -— 3 a ~ a ~ ~
== (271') € —G(W,y) + —<sz(x9 W), VwG(W,}’»
ow, 0x4

for x=(e,0,0).
Then,

kp(x,y)+ ;pe(x,y)
vx
=kG(x,y) +kg(e)G(x,W)G(W,y) + kh(e)XV,,G(x,W), V,,G(W,y)>
d
—;—G(x,y)—g(a)(—G(x, W))G(W,y)
X, 0x,

—h(s)a—i—<vw6(x,»v), V..G0%,y)>
1

=kG(x,y)—kG(w,y)—g(e)%su,ma(w,y)
1

367
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—%G(x,maic:(»v,y)+kh<e)<va(x,»v), V.07,
1

Wy
- h(s)a—fc—wwS(x, ), V., GO%, ) + O(g(e) G, )
1

for x=(¢,0,0).
Let G,(x,y) denote the Green function of A in M, satisfying G,(x,y)=0 on oM
and kG,(x,y)+aiG,(x,y)=0 on 0B,.
v

Let G, and P, be the operator defined by

G.f(X)=| GSf)dy

M.

Pf(x)=| px»)f()dy.

M.
We put Q,f(x)=P,f(x). Then, it satisfies
AQ,f(x)=0 XeEM,
0.f(x)=0 xedM

kQ.f(x)+ -;—VxQa f(x)=kP,f(x)+ aivxPJ(x) x€dB,
We know that
(3.1) kP,f(x)+aivxP&f(x)
=k(Gf)(x)—(Gf)(W))—%Gf (x)+£IGf (%)

+O0(1)g(6)Gf (W) + O(h(e)}a—fc—(VwS(x, W), V.G f (%))
1
+ O(h(e)V,,S(x, W), V.G (W)).

4. Proof of Theorem 1.
We have the following decomposition of u,.

@4.1) u,= — Me)Q,ul + Me)Pul.
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Lemma 4.1. Fix pe(1,2). Then,
4.2) sup|Puf| < C(1 +éllu, 5.0

holds for any t<1 which is close enough to 1.

Proof. Recall that
P uf(x) = Gil(x) + g(e)G(x, W)GHE (W)
+ h(e)XV,,G(x,W), V,,GiE(W)).

Here #%(x) is the extension of uf to M which is zero outside M,.
We have |Gu?(W)| < Cl|u?|,.<C'|u,l?,, for any £>(3/2). Notice that we can

tp,e
take 1>(3/2) as close as 3/2 so that tp<p+1 for pe(1,2). Therefore, |Ga?(w)| is
bounded.

We have

e[V, Gui(W)| < Calluallfn,gq ug "Wy —wl” 2dy>

1/r
scwwm;mmMﬁm@“( vl ay)
M.

where r=(p+1)/(1+1). Thus, it does not exceed &|u,|’, ., since 2r <3, if we take
pe(1,2) and <1 as close as 1.

Lemma 4.2. Fix pe(1,2). Then,
43 |Quet] < Co! =+ Wi o, | 412

holds for g>6, g>p.

Proof. By Lemma 2.1 we see that

(4.4 10,1 ()| < Ce?r~ |G fll o1+ ormpngy

for 6>1 by using Lemma 2.1 and (3.1). Here f is the extension of f to M which
is zero outside M,.
We have

1G N e+ @man < Cll fll e

for ¢g>3/(1—(6/2)). We take g>1 as close as 1.
Then, we have



370 S. OzawA

4.5) Q.S ()< Cell fllg.e

for g>6, xe M,.
We have

1/q
[ JP1™Hdx | .

Wetake u<gqascloseasgand g>6ascloseas 6. Then,pg—u<6forpe(l,2).
On the other hand we have

ellut’llq,ESEIluellﬁ‘é’,‘é’(
M,

" ua"pq— n,e < ”ﬁs"LM - B(M) < C"ﬁz "H‘(M)

by the Sobolev embedding theorem using pg—u<6. Here 4, is an extension of
u, in Lemma 2.3 which is different from #, It should be noted, since A(¢) is difined

as an infimum of a functional so that it is easy to see that lim supA(e) < oo. Therefore,
=0

||ﬁe"m(u) < "uguﬂl(Mc) +Ce! ol 2,
by taking s=2 in Lemma 2.3. Since u, is a minimizer of (1.1) and
lull,,.<C
we see that
el grrary < Ce™ 1
Therefore,
[ pg—p,e < C"€™ .

Therefore, we get the desired redult.

Proof of Theorem 1. We put &=||u|, .
By Lemma 4.1 and 4.2 we get
ESC(1 e+l ~pHwagnia)

Since pe(1,2), we can take u<gq as close as ¢ so that 1—p+(u/q)>0. We take
t<1. Therefore, ¢<C"”. We get the desired result.
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