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0. Introduction

Let P be the set of the points of (m—1)-dimensional projective space defined
over a finite field F, with g elements. The projective special linear group PSL
(m, g) acts doubly transitively on the set P via the natural action. In [14], H.
Zassenhaus completely determined transitive extensions (=primitive extensions
of rank 2) of the permutation groups (PSL(n, q), P). (Cf. [1].) In this note we
will completely determine primitive extensions of rank 3 of the permutation
groups (PSL(n, q), P) in the case where ¢ are even. Our main result is the
following

Theorem 1. Let (n, f)=(2, 1) and==(2, 2). Then the permutation groups
(PSL(n, 27%), P), n>2, have no primitive extensions of rank 3.

We hope to treat the remaining cases where ¢ are odd in the next paper.

The paper [11] by T. Tsuzuku which determined primitive extensions of
rank 3 of the natural representation of the symmetric group was useful to the
author in setting about this work. After the most part of this work was
accomplished, the paper [8] by S. Montague has been published, which uses a
similar strategy as ours but the obtained results are different from ours.

In concluding the introduction we give a brief sketch of the proof of
Theorem 1: if (®, Q) is a primitive extension of rank 3 of the permutation group
(PSL(n, g), P), then @, (a=Q) has three orbits {a}, A(a) and T'(a), and we
may assume that (PSL(n, q), P)=(®,, A(a)) as a permutation group. In §1 we
derive some numerical relations (most of which are due to D. G. Higman) which
must be satisfied by k= |A(a)| and /=|T'(a)| (see Propositions 1.1~1.6). After
the consideration of some subgroups of PSL(n, g), we prove in § 2 that L=, ,
(beT'(a)) must be of very restricted type, that is, only one of the Cases 1~6
stated at the beginning of § 3 must hold for >>5. In §3, for n> 5, we derive

This is a revised form of a part of the Master’s thesis of the author at University of Tokyo
in Feb. 1970. The author thanks Professor N. Iwahori and Mr. H. Enomoto for the
discussions we had.
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a contradiction for every L in Cases 1~6, either by using the numerical relations
given in § 1 or by calculating the number of elements in & which are conjugate
to an elation 7, in PSL(n, ¢), and we complete the proof of Theorem 1 for n>5.
Finally for n<4, we also complete the proof of Theorem 1 by using the similar
method as in the case of #>5 together with some additional adhoc
considerations.

1. Preliminary results

A) Results on primitive permutation groups of rank 3.

Here we collect for the later use some results on primitive permutation
group of rank 3 due to D. G. Higman [4] and [5].

The following notation will be fixed throughout the present note. Let
(S, Q) be a primitive extension of rank 3 of the permutation group (PSL(n, q), P).
That is to say,
1) @ is primitive of rank 3 on the set Q, and
2) there exists an orbit A(a) of the stabilizer &, (¢=Q), and that (&,, A(a)) is
faithful and isomorphic to (PSL(n, ¢), P) as a permutation group.

Let & be the length of the orbit A(a), and let / be the length of another
nontrivial orbit I'(a) of &,. Clearly k=(¢"—1)/(g—1). Let A, up be the
intersection numbers for & defined by

A if beA(a)

[A@NAG) z{# if beT(a).

Then the relation pl=k(k—x—1) holds.

Now, the following Propositions 1.1~1.4 are immediately obtained from
[4], [5] and the theorem of W. A. Manning [13, Th. 17.7], by noting that (&,,
A(a)) is doubly transitive. (Here we assume that g is an arbitrary power of any
prime).

Proposition 1.1. A=0.
Proposition 1.2. k<I<k(k—1) and l|k(k—1).

Proposition 1.3. [=~k(k—1) implies k=2,3,7 or 57, and this implies
(n, 9)=(2, 2), (3, 2), or (3, 7).

Proposition 1.4. d=(\—u)+4k—p)=4k+pu*—4u is a square, and /" d
divides b=2k-+(\— u)(k+1)=2k— pk— pl.

Moreover we easily have the following propositions.

Proposition 1.5. b_=_1_.k3+(—%,L2+%L—%)kZ+6%@—2)2(“—6)2
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1 1 g’ (p—4)(p—2)(p—06)°
+ - — 4\ —2Y (1 —6)Y— . Hence, t
256;1,(;1, W )(n—6) 756 ik i 4 ence, to prove
that L is not an integer, we have only to prove that bj is not an integer, and

Vd

20 AN OV, A\
moreover we have only to prove that a=" (=4 (p—=2)(n—6) is not an integer.

4+ —4p
. _ 1l k-1
Proposition 1.6. If we set u_—(_— >, then
k B
K+ —4u—2)k+4u+1
u )

B) Results on some subgroups of the group PSL(n, q) and PGL(n, q). (Here
g need not be even.)

The following Proposition 1.7 has been proved in E. Bannai [2, Lemma
1]. The proof depends heavily on the papers [9 and 10] by F. C. Piper which
characterizes the group PSL(n, q) from a geometric view point.

Proposition 1.7. Let H be a proper subgroup of index m of the group PSL
(n, Q) with n>4, and let ¢** Y'm. Then H fixes some complete subspace of the
projective space P(n—1, q).

By slightly modifying the proof in [2], we immediately have the following
Proposition 1.8. Let H be a subgroup of index m of the group PGL(n, q)

with n>4, and let ¢** Y'm. Then either H2 PSL(n, q) or H fixes some complete
subspace of the projective space P(n—1, q).

Now let us consider subgroups of the group PGL(2, 27). Note that PGL
(2, 27)=PSL(2, 27).

Proposition 1.9. (due to L. E. Dickson and others.) (For the proof, see

[6] page 213.) If H is a maximal subgroup of PGL(2, 27), then H is conjugate to

one of the following subgroups A, B,C, D ;" or Z,:

1) A:{x;z) xeGL(2, 27), x=<: 2)} (4 is a semi-direct product of an
elementary abelian group of order 27 by a cyclic group of order 2 —1.)

2) B= {f; xeGL(2, 27), x=<3 2) or x=<2 3) (B is a dihedral group of
order 2(27—1).)

3) C=dihedral group of order 2(2/4-1), for f>2.

4) D,={z; xeGL(2, 2/)SGL(2, 2%)}. (D;=PGL(2, 27))

1) Strictly speaking, all D; are not maximal.
2) x —> Z denotes the natural projection mapping GL(2, q) —> PGL(2, q).
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5) Z, (cyclic group of order 3), only for f=1.
As an easy corollary of Proposition 1.9 we have the following

Proposition 1.10. Let H be a subgroup of PGL(2, 27) whose index m divides
27(2741) and is smaller than it. Then H is conjugate to ome of the following
. subgroups:

1) PGL(2, 27), m=1,

2) A4, m=2/41

3) B, m=2/2/41)/2

4) Dy, (only for f even), m=2"*2"+1),

5) Z, (only for f=1), m=2.
We omit the proof of Proposition 1.10, since it is straight forward and easy.
Now let us consider subgroups of the groups PSL(3, 2/) and PGL(3, 27).

Proposition 1.11. (due to R. W. Hartley.) If H is a maximal subgroup
of the group PSL(3, 27), then H is conjugate to ome of the following subgroups®
listed in 1)~6):

1) stabilizers of a point,

2) stabilizers of a line,

3) stabilizers of a triangle,

4) PSL(3,27),j|f and j< f.
5) PSU(3, 27), 2j|f and 2j|f.
6) A, for f>2.

For the proof, see R. W. Hartley [3].
As a corollary of Proposition 1.11, we have the following

Proposition 1.12. Let H be a subgroup of the group PGL(3, q) with q=2
whose index m divides (¢°+q+1)(¢*+q) and is smaller than it. Then either H2
PSL(3, 27) or H stabilizes a point or a line of the projective space P(2, g).

Proof. If a conjugate of H N PSL(3, 27) is contained in a maximal subgroup
of PSL(3, 27) which is in one of the cases 3)~6) in Proposition 1.11, then 2/
| |[PGL(3, 2%): H| since 27*'||PSL(3, 2/): PSL(3, 2")NH]|, and this is a

contradiction. Moreover, we easily have the assertion.

2. Structures of some subgroups of the group PSL(n, q)

A) Definition of some subgroups of PSL(n, q).
Before setting about the proof of Theorem 1, we fix some notations for
subgroups of PSL(n, q).

3) Strictly speaking, all these subgroups are not maximal.
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Let GL(n, q) be the group of invertible # X #n matrices whose coefficients lie
in the finite field F,, g being a power of an arbitrary prime p (g=p”). Let us
set SL(n, 9)={x=GL(n, q); det x=1}, and

Z={xEGL(”a q); x (g g)}
i n—i

ZGm—i>_ {xEGL(n, 9); x=<% 0 ))i ,}, where I; denotes the iXxi
01|81,_;/) n—i identity matrix.

Let us set

PGL(n, g)=GL(n, q)/Z,
PSL(n, g)=SL(n, g)/SL(n, )N Z.

We denote by % the homomorphic image of x GL(n, q) by the above natural
homomorphism GL(n, q) - PGL(n, q). As is well known, the groups PGL(n, q)
and PSL(n, q) naturally act doubly transitively on the set of the points of the
projective space P(n—1, g). The orders of these groups are given as follows:

|GL(n, q)| =g (¢"—1)(g" '~ 1)--(¢— 1)(g—1),
|SL(n, q)| = | PGL(n, q) | :q_ill GL(n, g)|,

1
IPSLm @)= s

| PGL(n, q)|,

where (n, g—1) denotes the G, C. D. of n and ¢g—1.
Now let us set

in—i
Gain- 1>—{x xe SL(n, q), x—( ); ;——z}
f-\n—z
peno—{z; ve S g =1 ) -
in—i
K- o—{x xeSL(n, q), x= < " )z—z}

Then we have G(i,n—i)ZK(i,n—i)P(i,n-i)DP(i,n-i), Kn-D npci.n—i):_], and
G“" 9 is an maximal subgroup of PSL(n, q) consisting of all the elements
which fix an (—1)-dimensional complete subspace of the projective space P(n—
1, g). We denote by "% the natural homomorphism G% " 9»—K¢ "5,

Let us set
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i n—i

Km0 = (x5 s SLmn, ) = (510

i

Since K@ndPNZS KRG DN ZEn IR D we have naturally a
homomorphism

C(£:m—§)
K(i»n-i)/k(i»"-i)nzp 5 k(i:n—i)/k(i-n-i)nZ(:‘-ﬁ'-i)
S PGL(i, g9) X PGL(n—1, q) .

Note that if =2/ and =1 or 2, then
Rem=d|Ram=bdn Zdm-b — PGL(i, ¢)x PGL(n—i, q) .

B) The stabilizer subgroup of the permutation group (&,, I'(¢)). From now
on we always assume that ¢ is a power of 2 (i.e., g=2/) and that n>4, unless
the contrary is stated.

Let L be the stabilizer of a point of the permutation group (&,, I'(a)),
where &,=~PSL(n, g) and is simple from the assumption that n>4. Thus the
index of L in &, is equal to /, the length of T'(a).

Proposition 2.1. Let n>4. Then a conjugate of L is contained in either
G(l,ﬁ—l)’ G(Z;n—z)’ G(M—Z,Z) or G(ﬂ—l,l).

Proof. By Proposition 1.2. /is not divisible by ¢”~?, hence from Proposition
1.7. L fixes some complete subspace of dimension, say s. Hence a conjugate
of L is contained in the group G®*"*~°~». (Here, note that PSL(n, q) is
transitive on the set of all s-dimensional complete subspaces of P(n—1, g), where
0<s<n—2.) Buts+1 must be either 1, 2, n—2 or n—1, since otherwise the
index / of L in PSL(n, g) which is a multiple of |PSL(n, ¢): G**"7*~| does
not divides k(k—1), and it contradicts Proposition 1.2. (Here, ¢ need not be a
power of 2.)

Proposition 2.2. Let n>5. If L is contained in G**~®, then one of the
following cases occurs:

1) L=G*">, u=qg+1),

2) L is conjugate to

M,=+%; x&SL(n, q), x=(

3) L is conjugate to
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2 n—2
TN/~
s 0 e
M,={x; x&SL(n, q), x= or
* * yn—2
2 n—2
TN
Ik
X = ——) },ILZZ.
* * [)n—2
4) L is conjugate to
2 n—2
NN
@bl o y2
M, = {x; x&SL(n, 2/), x = ,
* * |)n—2

(? d) ePGL(2, 2/F)< PGL(2, 20} for feven, =/ ¢ = 27"

Proof. Since (1) k<I<k(k—1) and (2) I|k(k—1), |PGL(2, g)X PGL(n—
2, g): p®" Px®* >(L)| must be a divisor of g(¢-+1)=2/(24-1), since PGL(2, q)
X PGL(n—2, q) is the homomorphic image of G**™® by p®* 27z®*=®, Thus
|I,x PGL(n—2, q): p®" 2x®*>(L)YN (I,x PGL(n—2, ¢))| must also a divisor
of ¢g(g+1) and less than g(g+ 1), since I, X PGL(n—2, q) is normal in PGL(2, q)
X PGL(n—2, q). (Here, I, denotes the identity subgroup of PGL(z, g). Thus
by Proposition 1.8 and Proposition 1.12, I,xX PGL(n—2, q)< p*"* 2r®"~2(L).
(Here, note that (¢+1, g—1)=1 since g=27.) While by Proposition 1.10,
PGL(2, q) x I,_, must be conjugate to one of the following subgroups PGL(2, q) X
I, ,, Ax1, ,, BxI,_ ,, D, ,x1I,_, (for f even) or Z,x1I,_, (for f=1). Hence,
p&* 2@ B(LY is conjugate to one of the following subgroups (1) PGL(2, q)
X PGL(n—2, q), (2) AX PGL(n—2, g), (3) BXxPGL(n—2, q), (4) D;,x PGL(n
—2, q) (for f even) or (5) Z,Xx PGL(n—2, q) (for f=1). But the last case (5)
is impossible, because otherwise d=4k*+ y*—4p=4-2(2""?4..-4241) is not
a square and this contradicts Proposition 1.4. In every case (1)~(4), we have

/1 0
LOP, + 1, where P, = {%; x&SL(n, q), x:(*o . |t,and
| 1

1 0
LNP,=+ 1, where P,= ;f;xESL(n, q), x = 0 * . ) .
\ 001
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Clearly in every case (1)~(4), z**~*(L) is transitive on the set of non-identity
elements of P, (resp. P,). Hence L2P®" ®, and we have the assertion of the
proposition.

Similar argument proves the following

Proposition 2.3. Let n>5. If L is contained in G™ %%, then one of the
following cases occurs:

1) L=G**», u=q(g+1),

2) L is conjugate to

n—2 2
0 —2
M{:{x;xESL(n,Q)’ x:( * *O>)n },Il‘zq)
* % )2
3) L is conjugate to
n—2 2
0 —2
Mz':{x;xeSL(n, 9, xZ( - * 0))n 7
0 * )2
( * | 0 )} ’
x= 0 = =
0 * » M )
* 1% 0
4) L is conjugate to
n—2 2
0 \)n—2
Ma’:{f;xeSL("»Q)’xz( - ‘ab) ’
*le d )2

(? 3>EPGL(2, 2/7C PGL(2, 2’)} for f even, p=-+/"q =2"".

Proposition 2.4. Let n>4. If L is contained in G"*~V, then one of the
following cases occurs:

1) u=|G**™: L| is a divisor of (—1)(g—1, n—1)/(¢g—1, n) and more than 1.

2) L is conjugate to
2 n—-2

NN
k* % —
x Nyn—2p TP

M, = ix; x&SL(n, q), x = (
*




FINITE PROJECTIVE SPECIAL LINEAR GROUPS 65

3) L is conjugate to
n—2
e

% [0] 0
M, = {x; x&SL(n, q),x=( * | 0 >n—2}, n=q.
\ T [ % [ %

Proof. Note that p®* Pz (G** )= PGL(1, q) x PGL(n—1, q) (=1
X PGL(n—1, q)). Since [/ satisfies the relations (1) k</<k(k—1) and (2) /|k
(k—1) by Proposition 1.2, |PGL(1, 9) X PGL(n—1, g): p*"* Pz"*"D(L)| must
be a divisor of k—1=2/2/""»4-...4+2741). Then, by Propositions 1.8 and
1.12, either p®** Pr®*~Y(L) contains PGL(1, g)xX PSL(n—1, g) or fixes a com-
plete subspace of the projective subspace P(n—2, ¢)=1{(x,, --*, x,) EP(n—1, q);
x,=0}. Here, the dimension of the fixed complete subspace must be either 0
or n—3, since otherwise | PGL(1, q) X PSL(n—1, g): p** Pz*"(L)| does not
divide k(k—1), and this is a contradiction.
1) Let us assume that p* Pz**"(L)2 PGL(1, q) X PSL(n—1, q). We have

LNP** D1, While 4" (L) acts transitively on the set of non-identity
elements of P*™", Noting that

a 100 100 a '] 00 1 0---0
b2 aZ é — a2
: A I, P A A“(§ at| I,
b, a, 4 a,

b b}
with ( 52 >a+A( : >=0, we immediately conclude that L2 P**~", and clearly
b;

the case 1) in the assertion of the proposition holds.

2) Let us assume that p®* Pz #"(L) fixes a complete subspace of dimension
0 (i.e., a point) of the P(n—2, ¢). Choosing a suitable conjugate L* of L, we
have

2 n—2
j * 2‘ 0 \))2
Lx;(f; xeSL(n, q), x= " |T ) n—2 .

Since L*SG*"™®, from Proposition 2.3, a conjugate of L* is equal to the
subgroup M,.

3) Let us assume that p®” Pz®*#"5(L) fixes a complete subspace of dimension
n—3 (i.e., a hyperplane) of the P(n—2, g). Choosing a suitable conjugate L*
of L, we have
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n—2
—
%010
L*eix; xeSLin g, »=| | * |§ >n—2} (set=])
x| x| %
Now let us use the following notation:
U={#; xSL(n, ¢), x=| | L.|§ ).
0 ot 1
n—2
—~
%010
V={x; xcSL(n, q), x= 0 * 0 )n—Z}.
0f--0]x*

Then J=UVpU and UNV=1. We denote by 7 the natural homomorphism
J—V. Since |M,: L*| is a divisor of g and less than ¢, | J: z"*">(L*)| and | V:
T.z""(L*)| must also be a divisor of ¢ and less than ¢g. Therefore, by
Propositions 1.8, 1.10 and 1.12, 7.z"* " (L*)=V, bacause of (g, ¢)=1.
Moreover a similar argument as in the proof of Proposition 2.2 shows that
J==""*""(L*), and that L=P%*V]J=M, Hence the assertion of the
proposition is completely proved.
A similar argument as in Proposition 2.4 proves the following

Proposition 2.5. Let n>4. If L is contained in G* 'V, then one of the
following cases occurs:
1) u=|G"*: L| is a divisor of (9—1)(¢—1, n—1)/(g—1, n) and is more than 1.
2) L is conjugate to

n—2 2
0
* —
M= {f; xESL(n, q), x= —m>) n 2}, n=q

3) L is conjugate to M,, p=q.

3. Proof of Theorem 1 for the case n>5

In this section we always assume that g=2/ and that #>5.

As we have seen in Proposition 2.1, we may assume that a conjugate of
L is contained in either G**™P, G**™®, G*™*» or G*™*», In the first place
we assume that a conjugate of L is contained in either in G*”*™® or G®”™®,
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From Propositions 2.2 and 2.4, one of the following cases occurs:

Case 1. w(=I/k) is a divisor of (¢—1)(g—1, n—1)/(¢g—1, n) and is more than 1.
Case 2. L is conjugate to the subgroup G** >, u=q(q+1).

Case 3. L is conjugate to the subgroup M,, n=q.

Case 4. L is conjugate to the subgroup M,, un=q.

Case 5. L is conjugate to the subgroup M,, u=2.

Case 6. L is conjugate to the subgroup M,, p=2""=./q (for f even).

Now we will show that the above 6 cases are all impossible.

Firstly, let us recall some elementary properties concerning involutions
(elements of order 2) in PSL(2, 27).

Let us set

T, = 11 (j=1,--, [ﬁ])_
01 2

0 N

Then every involution of PSL(n, 2”) is conjugate to some 7 (j=1, 2,---, [%]),

and that 7; and 7; are not conjugate to each other if 74=i. The number of
element of PSL(n, g) which are conjugate to 7, is (¢"—1)(¢"*—1)/(g—1).

Let us denote by 4, the permutation character of the permutation group
(®,, A(a)) and by 4, the permutation character of (&,, I'(a)). Clearly we have

VT )=¢" o and 0. (r)> () for every j=2,0+, [ 2]

Proposition 3.1. The case 1 does not hold.
JF @ —4u—2)k+4u+1.

- is not a square,
u
bacause (R4 (2u°—2u—1))"> k(4" —4u— 2)k+4u+1> (k+ (208 —2u—1)—1)*
for #>2 and in this case u is never equal to 2, and it contradicts Proposition
1.4. For small values of #, we can practically derive a contradiction to Proposi-
tion 1.4.

Proof. If n is sufficiently large,

Proposition 3.2. The case 2 does not hold.

Proof. Let g=2. Then p=6 and d=38(2"*4----4-2°+3) is not a square,
and it contradicts Proposition 1.4. Let ¢=+2. Then p=g(¢+1), andif 7 is

sufficiently large, a=# (=4 (n—=2)(n—6) ;¢ clearly not an integer, hence d
Akt 4
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is not an integer by Proposition 1.5, and this contradicts Proposition 1.4. For
small values of 7, we can practically derive a contradiction to Proposition 1.4,
by computing the value a.

REMARK. An alternative proof of Proposition 3.2 is also possible,
which banishes the troublesome calculations in the case of small z. That is to
say, under the assumptions of Proposition 3.2, (8,, I'(a))=PSL(n, q) acting on
the set of lines of the projective space P. Thus (&,, I'(e)) is primitive and
rank 3, and the subdegrees are 1, ¢0,0,_,, ¢'Os_,04_s/Q,, where Q;=(¢'—1)/
(g—1). Thus the stabilizer of a point of the permutation group (&,, I'(a)) has
no union of orbits whose total length is &— y, and this is a contradiction. (Cf.
D. Wales, Uniqueness of the graph of a rank three group, Pacific J. of Math.
30 (1969), 271-276, Theorem 1. This assertion is immediate from the existence-
of an element g=® interchanging a and d=T'(a).)

Proposition 3.3. The case 3 does not hold.

2 2 2
Proof. Letg=+2and g+4. Then p=¢ and a=~ (=41 —2)(—6)
4k+p'—4p

is never an integer for #>>7, and so d is never an integer and it contradicts
Proposition 1.4. For n<6, we can also derive a contradiction to Proposition
1.4 by actually computing the value . Let g=4. Then we can regard (&,,
I'(a)) (==(PSL(n, q), PSL(n, q)/M,)) as the group of permutations of &,(=PSL
(n, 9)) on the set of incident point-line pairs in the projective space P(n—1, g).
Noting that the involution 7, is an elation, we immediately have that Jr(7,)=
(@ g F )@ b gH g™ As s easily verified, y(m)>Ya(T)

for every j=2,..-, [%] Let us denote by +» the permutation character of (&,

Q). Then =14+, on @,. Since Y(7,)>(7;) for every j=2,-- [%],

every element of &, which is conjugate to 7, in & is already conjugate to 7, in
®,, and there exist (¢"—1)(¢" '—1)/(¢g—1) such elements. Hence, the number
B of element of & which are conjugate to 7, is given as follows (cf. [ 1]):

s YD) (@=Dg""—1)

V(7)) g—1
04X 28X FT 64X —20X+1 4 oo gne
4X* 16X +7 3 ’ '

But we can easily show that the 8 is not an integer, and this is a contradiction.
To be more precise, the G.C.D. of 64X*428X-47 and 4X*+16X+7 divides
—228X—105, and the G.C.D. of 64X*—20X+1 and 4X°+16X+7 divides (—

92X —37)-3. Thusin order to 8 being an integer, (=228X—105)(—92X—37)
4X?416X47
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must also be an integer. Since the G.C.D. of (—228X—105)(—92X—37) and
4X*+16X+7 divides 65308X32823, we can conclude that %
must be also an integer. But we can easily show that this is impossible for any
X=4#"%, This kind of argument will be used repeatedly in the following
without explicitly mentioning.

REMARK. An alternative proof of Proposition 3.2 for the case ¢g=4
is also possible. This is done by making use of the following Propositions A
and B.

x"—1
x—1
[x], |y| >1, has no integral solution except for the two cases (i) n=4, x=7, and
(i1) n=>5, x=3.

Proposition A (W. Ljunggren). The diophantine equation =y, n>2,

(For the proof see W. Ljunggren, Noen setninger om ubestemte linkninger
av formen ﬁle: y? (Norwegian), Norsk Math. Tidsskr. 25 (1943), 17-20.
x.—

Cf. Math. Review Vol. 8, 315.)
From Proposition A we immediately have the following

Proposition B. p=2 and p=4 are impossible.

1

Because if p=2 then d=4k—4=4q.q”—

“is not a square, and if pu=4

then d=4k=4-q’—‘7—11— is not a square, for g a power of 2.

From Proposition B the assertion of Proposition 3.2 for the case g=4 is
clear.

(Moreover, Proposition A gives an affirmative answer to the question left
open in S. Montague [8], page 519 lines 21-30.)

Proposition 3.4. The case 4 does not hold.

Proof. Let g=4. Then u=gq, and this is a contradiction as we have seen
in the proof of Proposition 3.3. Let g=4%. Then we can regard (&,, I'(a))
(==(PSL(n, q), PSL(n, g)/M,)) as the group of permutations of &, (==PSL(n, g))
on the set of incident point-hyperplane pairs of the projective space P(n—1,
g). Moreover we have

Yo(1)=(g"+ - 1)+ (g" )" T+ g+ 1) =Ay(7;) for every

4) Proposition B in Remark following Proposition 3.3 gives an alternative (calculation free)
proof of this assertion.
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J=2,-, [%], and (7,) >(7;) for every j=2,-, [12’— . Hence the number

B of elements of & which are conjugate to 7, is given as follows:

(D) (=1 —1)

(™) g—1
_GAX 428X 4T GAX'—20X+1 Ly v gne
20X*—4X+11 3

But we can easily show that the 8 is never an integer, and this is a contradiction.
Proposition 3.5”. The case 5 does not hold.

Proof. p=2. Thus the assertion is clear from Proposition B in Remark
following Proposition 3.3. (In the original manuscript, the author proved
Proposition 3.5 by showing that the number of elements of & which are
conjugate to the element 7, is not an integer, as in the proof of Proposition 3.3.)

Proposition 3.6. The case 6 does not hold.

Proof. Let ¢+16. (Note that g¢=+4, since otherwise x=2 and
this is a contradiction as we have already seen.) Then p=+\/g4, and
2 2 2 2
a=2U=H" =2 (4=6) i 1ot an integer, hence d is not an integer and this

4k+-p’—4p
contradicts Proposition 1.4. Let g=16. Then y=4 and the assertion is clear

from Proposition B in Remark following Proposition 3.3. (In the original
manuscript, the author proved Proposition 3.6 by showing that the number of
elements of & which are conjugate to the element 7, is not an integer, as in the
proof of Proposition 3.3.)

Thus, we have verified from Propositions 3.1~3.6 that if #>5 and a
conjugate of L is contained in G*”™® or G*”™®, then the permutation group
(PSL(n, g), P) has no primitive extension of rank 3. A similar argument as
above shows that if #>>5 and a conjugate of L is contained in G *% or G" ™Y,
then the (PSL(n, q), P) has no primitive extension of rank 3. Thus we
completed the proof of Theorem 1 for the case n>5.

4. Proof of Theorem 1 for the case n<4

A) The case n=2.

Proposition 4.1. (PSL(2, 2), P) has a unique primitive extension of rank 3
of degree 10, and this is isomorphic to A acting on the set of unordered pairs of

5) 'This is already proved in [8], page 519.



FiniTE PROJECTIVE SPECIAL LINEAR GROUPS 71

the 10 points.

Proposition 4.2. (PSL(2, 4), P) has a unique primitive extension of rank
3 of degree 16, and this contains a regular normal subgroup of order 16.

Proof of above two propositions are easy, and so we omit the proof.
(Here, note that PSL(2, 2)=~symmetric group on 3 letters, PSL(2, 4)==
alternating group on 5 letters. Cf. T. Tsuzuku [11] and S. Iwasaki [7].)

Proposition 4.3. Let f>3. Then (PSL(2, 2/), P) has no primitive extension
of rank 3.

Proof. By Proposition 1.10, L must be conjugate to either B or D, (for
f even). Let L be conjugate to B. Since d=27, f must be even. The number
(3 of elements of g which are conjugate to 7, is given as follows:

g = T2 EIE 2O ) ey,

141427
But 8 is not an integer for f even unless f#4. The case f=4 is also impossible,
because there exist no natural integers f, and f, such that (1+4+&4/ ] is a

1J2
square, and it contradicts the theorem of J. S. Frame [13, Theorem 30.1]. Now
let L be con jugate to D,. Then /=2%*(2/4-1) and p=2/">4 because f=even
2 2 2 2
and >3, and a=*# (b= 4 (n—2)(n—0) is not an integer and so is d, and it
Fht p—d
contradicts Proposition 1.4.

B) The case n=3.

Proposition 4.4. (PSL(3, 27), P) has no primitive extension of rank 3 for
any f.

Proof. From Proposition 1.12, a conjugate of L is contained in G® or
G®", First let us assume ¢+2 and let LCG™®, Then |1XPGL(2, 27): p™®
n®(L)| must be a divisor of ¢(g+1) and less than ¢(¢+1). Hence, from
Proposition 1.10, we have that p®» z®*(L) is conjugate to one of the subgroups
1x A, 1xXBor 1xD, (for f even>>4). The same argument as in the previous
sections shows that in every above case L2P“” and L is conjugate to one of
the subgroups M,, M, or M,. If L is conjugate to M,, then pu=g and
a=Ta—4’(¢—2)"(q—6)

5¢°+4
If L is conjugate to M,, then d=4(2*/+2f)=4-.2/(2/+1) is not a square, and
this is a contradiction. If L is conjugate to M,, then p=+/ ¢ and d=4¢’15¢
—4\/ ¢ +1 is never a square since (2g+1)’<d <(2g+2)’, and thisis also a

, and we can derive a contradiction to Proposition 1.4.
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contradiction. If g%=2 and LS G®, then we can easily get the same conclusion.
Finally let us assume ¢=2. Then k=7 and the theorem of Frame [13,
Theorem 30.1] shows that /=Fk(k—1)=42. But this is impossible as was

already verified in D. G. Higman [5]. Thus we completed the proof of the
proposition.

C) The case n=4.
Proposition 4.5. (PSL(4, 2), P) has no primitive extension of rank 3.

Proof. By Proposition 2.1, a conjugate of L is contained in either G*®,
G®» or GV, First let us assume that a conjugate of L is contained in G*'®.
From Proposition 2.4, one of the three cases (1)~(3) in Proposition 2.4 holds.
However, we can easily prove, using a similar method as in § 3, that these three
cases are all impossible. If a conjugate of L is contained in G, then we
have the same conclusion, i.e., this case is also impossible. Now, let us assume
that a conjugate L* of L is contained in G®®. Then p®®z**(L*)N PGL(2, 27)
X PGL(2, 2%) contains either PGL(2, 2©)x PGL(2, 2/), Ax PGL(2, 2*)(PGL
(2, 2)x 4), BxPGL(2, 2)(PGL(2, 2yx B), D,x PGL(2, 29 (PGL(2, 2%)x
Dy},), or Z,x PGL(2, 2) (PGL(2, 2)xX Z,). As in Proposition 2.3, L is conjugate
to either G®?, (M1), M,(M3) or My(M$). A similar argument as in §3 shows
that these cases are all impossible. Thus the proof of the proposition is
completed.

Thus, Theorem 1 is completely proved.

UNIvVERSITY OF TOKYO
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