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Abstract
Although resistive force during intruder penetration into granular layers plays a crucial role in various applications, its
underlyingmechanisms remain insufficiently understood. In this study, we investigate penetration resistive force using discrete
element simulations, systematically varying the angle of repose, interparticle cohesion stress, intruder shape (tip angle and
horizontal cross-sectional geometry), and the interface friction between the intruder and particles. The simulation results are
then compared with estimations from the extended modified Archimedes’ law. As a result, the current model cannot fully
capture the effects of these factors, except for intruder shape. Through the detailed strain field analysis of granular layer during
intruder penetration, we identify that the discrepancy between the model and simulation results arises from differences in the
failure modes of the granular layer. To address this, we modify the model parameters based on the failure modes. Furthermore,
we introduce a formula that incorporates the effect of the interface friction, which is not accounted for in the current model.
With these modifications, the model can quantitatively estimate penetration resistive forces in dry and cohesive granular layers
across various simulation conditions. The analysis of variance indicates that the interface friction and angle of repose have a
significant impact on prediction accuracy of the model, supporting the effectiveness of the modification. This study offers a
comprehensive understanding of the key factors influencing penetration resistive forces and contributes to the development
of more accurate predictive models.

Keywords Granular materials · Discrete element modeling · Stress analysis · Shallow penetration

Abbreviations
β Tip angle of stagnant zone
χ Shape parameter of particle
�t Timestep in the simulation [s]
�x Coefficient of distance which the attraction

force continues after particles detouch
δθri , δθsi total relative rolling and twisting angular dis-

placements from particle j to i
δni j Normal overlap or distance between particle

particles i and j
γ̇ Shear strain rate [s−1]
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γn , γt normal and tangential viscous dampings [kg/s]
μ Sliding friction coefficient
μgg Sliding friction coefficient between particles
μog Sliding friction coefficient between intruder

and particle
ωri , ωsi relative rolling and twisting angular velocities

from particle j to i [s−1]
φ Angle of repose [deg]
ρg , ρo densities of particle and intruder [kg/m3]
� Tip angle of intruder [deg]
C Cohesive stress parameter in DEM [Pa]
C ′ Model cohesive stress [Pa]
dm Mean particle diameter [m]
F j
c Cohesive force from adjacent particle j [N]

F j
n ,F

j
t normal and tangential forces between particle

i and j [N]
Fp Penetration resistive forces [N]
Fp,DEM Fp obtained from the simulation [N]
Fp,model Fp computed from the model [N]
g Gravitational acceleration [m/s2]
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Ii Moment of inertia of particle i [kg/m2]
k Slope calculated by the linear regression on

Fp,model and Fp,DEM

kn , kt normal and tangential spring constants [kg/s2]
Kc, Kφ coefficients of cohesion-derived and friction-

derived forces
l Base length of intruder[m]
lc Constant length of intruder [m]
l p Penetrated base length of intruder [m]
mi Mass of particle i [kg]
M j

r , M
j
s rolling and twisting moments from particle j

to i [Nm]
R Radius of cone[m]
r∗ Effective radius [m]
ri , r j radii of particle i and j [m]

r j
i Vector from the center of particle i to the con-

tact point with particle j [m]
Sp Penetrated horizontal cross-section area of a

intruder [m2]
vi Velocity of particle i [m/s]
Vp Penetrated volume of a intruder [m3]
vp Penetration velocity [m/s]
z p Penetration depth [m]

1 Introduction

In the fields of civil engineering, biology, and planetary sci-
ences, researchers and engineers have recently focused on the
penetration resistive forces (Fp) experienced by an intruder
penetrating granular materials at relatively shallow depths
(approximately 2–5 times the intruder’s diameter). For exam-
ple, in civil engineering, the estimation of Fp in soil ground
has potential applications for optimizing the configurations
and operations of machinery in excavation, transportation,
and locomotion on soil surfaces [1–11]. In biology, under-
standing Fp in soil has been used to explain the morphology
of organisms adapted for penetration into sandy environ-
ments [12–15]. Additionally, biomimetic studies have aimed
to improve penetration mechanisms by mimicking evolu-
tionary adaptations in organism shapes [16–18]. In planetary
sciences, Fp in regolith contributes to understanding impact
crater formation processes, spacecraft landings on asteroids
and solid planets, and rover design and development [19–
24]. Recent studies have also tried to estimate themechanical
properties of soil and regolith through in situ measurements
of Fp [25, 26]. Thus, understanding Fp acting on an intruder
is not only of fundamental physical interest but also crucial
for numerous practical applications.

Over the past decades, extensive studies have investigated
the penetration and impact of intruders into granular layers
and proposed several analytical models to quantitatively esti-

mate Fp [2, 27–35]. In these studies, Katsuragi and Durian
[29] proposed a simple analytical model analogous to Pon-
celet’s force law, based on a series of experiments involving
sphere impacts on granular layers. This phenomenological
model expresses Fp as the sum of a force linearly propor-
tional to the hydrostatic-like penetration depth, derived from
granular friction, and an inertial force proportional to the
square of the velocity. The validity of this model has been
supported by numerous subsequent experimental and simu-
lation studies [22, 30, 36]. Granular Resistive Force Theory
(RFT), a model used to calculate forces acting on each small
surface element of a penetrating intruder, has also been pro-
posed to estimate Fp for complex intruder shapes [2, 34].
RFT relies on the assumption that Fp is linearly proportional
to depth in shallow regions of granular layers. By combin-
ing RFT with multibody dynamics, it has been employed
to predict the behavior of robots and tires on granular sur-
faces [2, 4, 9]. More recently, Kang et al. [31] and Feng
et al. [32] proposed the Modified Archimedes’ Law Theory
(MALT) model, which is based on slip-line field analysis
during intruder penetration, assuming that the granular layer
behaves as a continuum—a concept long studied in geotech-
nical engineering [27, 28, 37, 38]. In the MALT model, Fp

is expressed as the product of the penetration volume, the
bulk density of the granular layer, gravitational acceleration,
and a coefficient depending solely on the granular friction
angle (equal to the angle of repose, φ). The key advantage
of the MALT model is that Fp can be calculated exclusively
from the physical properties of the granular layer and the
penetrated volume of the intruder. Subsequent studies have
suggested that the MALT model is also applicable under
microgravity conditions and when the penetration velocity
exceeds the quasi-static regime [39–41].

One of the key challenges in applying thesemodels to esti-
mate Fp for real granular materials is addressing cohesion
arising from water or clay components between particles.
Granular materials found on the surfaces of the Earth and
solid planets generally exhibit cohesive properties [19, 23,
42–45]. It is difficult to estimate Fp for such cohesive gran-
ular layers by directly applying the previous models, which
have primarily been developed for dry conditions. Therefore,
it is essential to model Fp while accounting for the interac-
tion between an intruder and cohesive granular layers. Recent
studies have investigated Fp in cohesive granular layers
through both experiments and simulations [22, 24, 25, 46–
48]. For instance, Sharpe et al. [46], Brzinski et al. [47], and
Zhang et al. [48] have demonstrated that increased interparti-
cle cohesive stress reduces the penetration depth of intruders
and animals. Moreover, Bagheri et al. [24] and Cheng et al.
[25] reported that higher water content and increased inter-
particle cohesive stress result in larger Fp. These studies,
either directly or indirectly, indicate a correlation between
Fp and cohesion. Furthermore, phenomenological models
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for Fp in cohesive granular layers have been proposed in
recent years. For instance, some models suggest that Fp is
proportional to the interparticle cohesive stress [22, 25]. We
have also extended the MALT model to address cohesive
granular layers [49]. Our findings reveal that the extended
MALT model can estimate Fp using only φ and the bulk
cohesive stress.

However, previous studies related to the MALT model
have assumed simplified problem settings. Thus, the applica-
bility of the model in complex settings remain insufficiently
explored. For instance, while the individual effects of tip
angle and horizontal cross-sectional geometry on Fp have
been investigated [31, 33, 50, 51], their simultaneous effects
have not been examined. Additionally, Meyerhof [27], Vesić
[28], Xi et al. [52] have shown that Fp is affected by the inter-
face friction between the intruder and particles.However, this
effect is not currently incorporated into theMALTmodel, and
its inclusion is necessary for more accurate Fp estimation.
Regarding the effect of granular properties on Fp, previous
studies have explored the influence of φ [32, 35]. Never-
theless, the appropriate values of the bulk cohesive stress
used in the model have not been adequately discussed. In
particular, in the fields of planetary science and terramechan-
ics, the behaviors of regolith and soil, which are difficult to
reproduce through experiments, are often investigated using
simulations [7, 22]. Therefore, it is crucial to clarify how
measurable and definable quantities in actual soil and simu-
lation correspond to the parameters of the extended MALT
model.

In this study, we investigate Fp by varying the tip angle,
horizontal cross-sectional geometry, and interface friction of
intruders for dry and cohesive granular materials with dif-
ferent φ using discrete element method (DEM) simulations.
The simulated Fp is compared with the predicted value in the
extended MALT and used to evaluate the prediction accu-
racy of the model. Subsequently, we examine the influences
not considered in the current model, the failure mode and
interface friction. Furthermore, we incorporate these effects
into the model. Finally, we evaluate the improvement in the
prediction accuracy caused by these modifications. We also
discuss the factors that have a significant impact on the pre-
diction accuracy of the model.

2 Numerical and theoretical study

2.1 Numerical study

2.1.1 Discrete element method

To investigate the influence of various granular and intruder
properties on Fp, we perform intruder penetration simula-
tions using DEM. As the simulation platform, we use an

open-sourceDEMengine, LIGGGHTS(R)-PUBLICVersion
3.8.0 [53, 54]. Details on the applicability of the adopted
model to dry and cohesive granularmaterials, including com-
parisons with experiments, are described in our previous
study [49]. Thus, this section provides an overview of the
adopted DEM model.

We basically employ the Hertz–Mindlin contact model,
the rolling resistance model [55], and cohesive bond force
model [1], respectively. Themotion equations for the transla-
tional and rotational directions of the particle i are expressed
by the following equations:

mi
dvi
dt = ∑

(F j
n + F j

t + F j
c ) + mig,

Ii
dωi
dt = ∑

(r j
i × F j

t + M j
r + M j

s ),
(1)

where mi , vi , Ii , and ωi are the mass, translational velocity,
moment of inertia, and angular velocity of particle i , respec-
tively; r j

i is the vector from the center of particle i to the
contact point with particle j ; g is the gravitational acceler-
ation (g = 9.8 m/s2); and the symbol

∑
denotes the sum

of all forces or moments acting on particle i from adjacent
particles. For the normal and tangential forces between con-
tacting particles i and j , F j

n and F j
t , these fully follow the

Hertz model in LIGGGHTS [54].
M j

r andM j
s are the rolling and twistingmoments between

contacting particle i and j due to rolling resistance, respec-
tively. Each moment is described as follows:

M j
r = min

[
0.525|F j

n |χr∗, 0.25(χr∗)2(knδθri + γnωri )
]
,

M j
s = min

[
0.65μ|F j

n |χr∗, 0.5(χr∗)2(kt δθsi + γtωsi )
]
,

(2)

where kn , kt , γn , and γt are the normal spring constant,
the tangential spring constant, the normal viscous damping
coefficient, and the tangential viscous damping coefficient,
respectively; δθri , δθsi , ωri , and ωsi are the total relative
rolling angular displacement, the total relative twisting angu-
lar displacement, the relative rolling angular velocity, and the
relative twisting angular velocity, in the contact of particles i
and j , respectively; r∗ is effective radius; χ is a dimension-
less shape parameter that adjusts the rotational resistance due
to the irregularity of the actual particle shape; and μ is slid-
ing friction coefficient betweenparticles or between aparticle
and an intruder surface. The symbol “min” denotes choice
of the smaller of the two values in parentheses.

F j
c is the attraction force from adjacent particle j to par-

ticle i due to cohesive stress between particles. This force is
described as follows:

F j
c =

⎧
⎪⎪⎨

⎪⎪⎩

− C
μgg

(ri + r j )
2 : if δni j ≥ 0,

− C
μgg

(ri + r j )
2
(
1 + δni j

�x(ri+r j )

)
: if δni j < 0, separation,

0 : if δni j < 0, approach,
(3)
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where C is cohesive stress parameter representing the
degree of attraction force between particles i and j ; μgg is
the friction coefficient between particles i and j ; ri and r j are
respective radii of contacting particles i and j ; �x is coef-
ficient of distance which the attraction force continues after
particles detouch, and �x = 0.1 is used in this study; and
δni j is normal overlap or distance between particle particles
i and j . In other words, δni j represents the amount of over-
lap between two particles if it is positive, and the distance
between particle surfaces if it is negative.

2.1.2 DEM parameters

The DEMparameters for each granular type are presented
in Table 1. Here, regardless of the granular type, Young’s
modulus E , Poisson ratio ν, coefficient of restitution e, par-
ticle density ρg , and intruder density ρo are set to 1.0 × 109

Pa, 0.25, 0.9, 2500 kg/m3, and 2700 kg/m3, respectively. For
particles, we use a mixture of three types of spherical parti-
cles with diameters of 1.7, 2.0, and 2.3 mm in a quantity ratio
of 1:2:1.We set the timestep�t to 4.0×10−6 swith reference
to the Rayleigh timestep calculated from these parameters.
The above parameters, including density and particle size
distribution, deviate from actual soil and granular particles.
However, even with these settings, we have confirmed that
DEM can reproduce Fp of actual granular materials by vary-
ing the remaining parameters [49]. Therefore, in this study,
these parameters are fixed for all granular types.

In the simulations, we use four granular types (A, B, C,
and D) by varying μgg and χ . Here, μgg and χ are con-
sidered to correspond effectively to particle surface friction
and particle shape. Thus, various granular materials can be
simulated by changing these values. In fact,we can create var-
ious sand piles by changing μgg and χ and measure φ from
their slope angles. Sand piles are created using the following
method. A saucer is placed at the bottom of a hollow cylin-
der (dimension: 200mm in diameter and 200mm in height).
As in the initial packing of our previous studies [35, 49],
randomly generated particles in μgg = 0.3 and χ = 0 are
rained down to fill the cylinder. After the initial packing,μgg

and χ are changed to the desired values and relaxed for 1 s.
The sand pile is then created by vertically lifting the cylinder
and waiting until the particles stop discharging. The value of
φ is measured using the least-squares method to the particle
positions on the surface slope. As shown in Table 1, each φ is
set as 17.3 deg for Type A, 25.0 deg for Type B, 35.6 deg for
Type C, and 38.6 deg for Type D. The simulated sand piles
for each φ are as shown in our previous study [35].

In addition to above different φ, we use two different
cohesive condition for each granular type. In the case of dry
condition, we set C = 0 Pa, while in the case of cohesive
condition, we setC to the values listed in Table 1. The values

of C for cohesive conditions are set to satisfy C
μgg

= 1000 Pa.
The reason for this definition is to ensure the same cohesive
stress between particles, regardless of the granular type. Fur-
thermore, the value of 1000 Pa for the interparticle cohesive
stress is set based on previous studies investigating the cohe-
sive stress in wet granular materials.[44, 49]. Therefore, we
consider this setting to be a reasonable value that can repro-
duce the attraction force due to the capillary targeted on the
cohesive bond force model employed in this study.

2.1.3 Simulation conditions

We perform penetration simulations by changing granular
and intruder properties to investigate the effects of granular
type (φ), cohesion (C), interface friction (friction coeffi-
cient between the intruder and particles μog), and horizontal
cross-sectional geometry of intruder on Fp. Specifically, we
perform penetration simulations under a total of 280 differ-
ent conditions, divided into two main cases: one in which
we mainly change the intruder shape and other in which we
mainly change the interface friction.

First, we explain the simulation setup common to all cases.
As this setup is same as our previous studies [35, 49], we
explain an overview here. The simulation setup is shown in
Fig.1a. The initial packing condition is adjusted to φ = 0.6
using a similar method that used to create the sand pile. The
dimensions of the layer are 300mm in width and depth and
180mm in height, respectively. Our previous study has con-
firmed that these dimensions are sufficiently large for the
intruder size and that there is no effect on the boundaries [49].
The edge of width (x-axis) and depth (y-axis) directions are
periodic boundaries. Thus, particles moving to coordinates
below0mmor above 300mmappear from the opposite sides.
In the height (z-axis) direction, the fixed flat floor is set at
the bottom of layer (z = 0mm) to prevent particles from
falling. Whereas the surface of a granular layer (z = 180mm)
is not set any boundary condition, thus, it allows particles
move freely near the surface of a layer. The intruder posi-
tioned with the center of the granular surface penetrates to
the layer at constant velocity vp = 50 mm/s. This velocity is
sufficiently smaller than the criteria of quasi-static velocity√
4r∗g = 200mm/s often used in previous studies [39–41].

As shown in Fig. 1b, penetration depth z p is defined as the
depth to the tip from the initial free surface level of granular
layer. The penetration simulations continue until the intruder
is completely buried in granular layer.

Next, we explain the detailed conditions for the two main
cases. When mainly changing the intruder shape, we per-
form simulations with a total of 120 conditions, combining
a fixed interface friction of 0.3, 4 granular types, 2 cohesion
values, 5 intruder tip angles, and 3 intruder shapes. The three
intruder shapes, cone, square pyramid (SP), and triangular
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Table 1 DEM parameter list Material type A B C D

Young’s modulus E [Pa] 1.0 × 109

Poisson ratio ν [-] 0.25

coefficient of restitution e [-] 0.9

particle diameter d1, d2, d3 [mm] 1.7, 2.0, 2.3

particle mixing ratio d1 : d2 : d3 [-] 1 : 2 : 1

particle density ρg [kg/m3] 2500

intruder density ρo [kg/m3] 2700

timestep �t [s] 4.0 × 10−6

friction coefficient μog (intruder - particle) [-] 0.0, 0.1, 0.3, 0.5, 0.7

friction coefficient μgg (particle - particle) [-] 0.1 0.2 0.8 1.0

shape parameter χ [-] 0.05 0.2 0.6 1.0

cohesive stress parameter C [Pa] 100 200 800 1000

angle of repose φ [deg] 17.3 25.0 35.6 38.6

Fig. 1 a Schematic of
simulation setup. b Schematic in
vertical cross-section view of the
intruder penetrating to granular
layer. A conical stagnant zone
(SZ) with a tip angle β is formed
in front of the intruder. Using l p ,
the penetration heights of the
intruder and the stagnant zone

are calculated as l p
tan�

and l p
tan β

,
respectively. c Intruder shapes
used in this study. From left to
right: cone, square pyramid
(SP), triangular prism (TP)

prism (TP), are shown in Fig. 1c. The reason for selecting
SP and TP is that their tip angle of vertical cross sections
can be defined by � in the same way as a cone, allowing
us to examine the effect of horizontal cross-sectional geom-
etry on Fp. In addition, since these shapes resemble claws
of the construction machinery and animals, verifying them
will be useful in expanding the applications for the extended
MALT. The dimensional information regarding the half base

length l (or radius of cone R), height h, and side length lc
(TP only) for each shape is shown in Table 2. As mentioned
in our previous study [35], the value of R is set based on
the cone specifications of the Japanese Geotechnical Society
Standards 1431. In SP and TP, we set l so that the base area
is similar to that of the cone, and lc so that the base shape
of SP is a regular quadrilateral. When mainly changing the
interface friction, we perform simulations for a total of 160
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Table 2 Details of the intruder
shapes used in this study

Shape Length Tip angle
15 deg 30 deg 45 deg 60 deg 75 deg

Cone l (= R) [mm] 28.6 28.6 42.9 42.9 42.9

h [mm] 106.7 49.5 42.9 24.8 11.5

SP l [mm] 25 25 37.5 37.5 37.5

h [mm] 93.3 43.3 37.5 21.7 10.0

TP l [mm] 25 25 37.5 37.5 37.5

lc [mm] 50 50 75 75 75

h [mm] 93.3 43.3 37.5 21.7 10.0

conditions, combining a fixed intruder shape of a cone, 4
granular types, 2 cohesion values, 5 intruder tip angles, and
4 interface frictions excluding 0.3, as shown in Table 1.

2.1.4 Simulation results

The simulation results for granular type C are shown in the
cases where the intruder shape is mainly changed (Fig. 2)
and where the interface friction is mainly changed (Fig. 3).
As we have reported [49], Figs. 2 and 3 indicate that the
magnitude of Fp and the relationship between Fp and z p
change depending on � and C . Furthermore, these figures
indicate that the relationship between Fp and z p also changes
depending on the intruder shape.

2.2 Theoretical study

2.2.1 Theoretical model

This section provides an overview of the extended MALT
model. For derivation and other details, see our previous
study [49]. According to the extended MALT model, Fp

against an cohesive granular layer is expressed by the fol-
lowing equation:

Fp(z p) = f (�)KφρgψgVp(z p) + KcC
′Sp(z p), (4)

where C ′ is the bulk cohesive stress of a granular layer in
the model. Here, C ′ is set to C for each granular type based
on our previous study [49]. Vp and Sp represent the vol-
ume and the horizontal cross-sectional area of a penetrated
intruder, respectively. The specific forms of Vp and Sp for
each intruder shape are geometrically expressed as follows:

Vp(z p) =

⎧
⎪⎨

⎪⎩

1
3π z3p tan

2 �, (Cone),
4
3 z

3
p tan

2 �, (SP),
lcz2p tan�, (TP).

(5)

Sp(z p) =
⎧
⎨

⎩

π z2p tan
2 �, (Cone),

4z2p tan
2 �, (SP),

2lcz p tan�, (TP).
(6)

In Eqs. (5) and (6), Vp is proportional to the cube of z p
for cone and SP, and to the square of z p for TP. Similarly,
Sp is proportional to the square of z p for cone and SP, and
linearly proportional to z p for TP. Coefficients Kφ and Kc

depend only on φ, and these are described by the following
equations [31, 49]:

Kφ ≡
(

2
1 + sin φ

1 − sin φ
eπ tan φ

∫ 1

0
ηA(η, φ)dη

)

,

Kc ≡
(

2
1 + sin φ

1 − sin φ
eπ tan φ

∫ 1

0
ηA(η, φ)dη − 2

∫ 1

0
ηdη

)

cot φ

=
(

Kφ − 2
∫ 1

0
ηdη

)

cot φ, (7)

where η and A(η, φ) are dimensionless parameters in the
model. A(η, φ) and its associated quantities are computed as
follows [31, 49]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A(η, φ) =
(

r1+tan2 β
1

r tan
2 β

2 r3

)sin φ

esin φ tan βZ(η,φ),

r1 = Rp

(
1 + 2(1−η)

tan β
e

π
2 tan φ

)
,

r2 = Rp

(
1 + 1−η

tan β
e

π
2 tan φ

)
,

r3 = Rpη,

Z(η, φ) = ∫ r2
r3

dz
r = ∫ π

2
0

(η−1)eλ tan ϕ cos(λ+β)

cosϕ[sin β+(1−η)eλ tan ϕ sin(λ−β)]dλ,

(8)

where λ is also a dimensionless parameter in the analysis,
and β represents the tip angle of the stagnant zone formed
in front of an intruder [5, 31, 32]. This angle is defined as
β = π

4 − φ
2 . From the above, the variations of Kφ and Kc

with φ are shown in Fig. 4a. The values of Kφ and Kc for
each granular type are shown in Table. 3. (“General Failure”
corresponds to this result.) The correction factor f (�) in
Eq. (4) is expressed as follows:

f (�) =
{ tan�

tan β
if � > β,

1 if � ≤ β,
(9)
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Fig. 2 Relationship between Fp
and z p for granular type C in
dry and cohesive conditions. a,
d Cone, b, e square pyramid
(SP), and c, f triangular prism
(TP). The horizontal axis is z p ,
and the vertical axis is Fp in
log–log scale. Colored lines
indicate the simulation results
with different �. The black
solid lines are Fp computed by
the modified model

Table 3 Kφ and Kc for each type

Material type A B C D

Kφ (General Failure) 7.3 20.0 103.7 177.8

Kc (General Failure) 20.1 40.8 143.4 221.5

Kφ (Punching) 4.9 10.7 36.0 53.1

Kc (Punching) 12.6 20.8 48.8 65.3

This correction factor models the tip effect by considering
the stagnant zone as an effective tip shape [35, 49].

The terms on the right-hand side of Eq. (4), except for
f (�), are derived using a slip-line field analysis assuming
cohesive granular materials. In this model, a granular layer is
treated as a continuous body, and the equilibrium of stresses
is considered. Based on the Mohr–Coulomb yield criterion,
the stress along the slip line during intruder penetration canbe
obtained from characteristic curves [37, 38, 43]. As a result,

these terms are derived by calculating the sum of the resistive
stresses on the stagnant zone and the slip lines. The validity
of these terms has been empirically verified through exper-
iments and simulations [31, 32, 35, 41, 49]. The physical
interpretation of each term on the right-hand side of Eq. (4)
is as follows: The first term represents hydrostatic-like forces
arising from the friction between particles confined by grav-
ity, while the second term represents forces originating from
the cohesive stress associatedwith displacements in the shear
zone. Therefore, these terms are proportional to the pene-
trated intruder volume and horizontal cross-sectional area,
respectively.

2.2.2 Model assessment

We compute Fp for each simulation condition using
Eq. (4). The linear regression is performed on the computed
and simulated Fp to obtain the slope k and the coefficient
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Fig. 3 Relationship between Fp
and z p for granular type C in
dry and cohesive conditions. a, e
μog = 0, b, f μog = 0.1, c, g
μog = 0.5, and d, h μog = 0.7.
The horizontal axis is z p , and
the vertical axis is Fp in log–log
scale. Colored lines indicate the
simulation results with different
�. The black solid lines are Fp
computed by the modified
model

of determination R2. The values of k are calculated by the
following equation:

k = Fp,model

Fp,DEM
, (10)

where Fp,model is the computedvalue by the extendedMALT,
and Fp,DEM is the value obtained by the simulation. The
values of k and R2 for each simulation condition are shown in
Table 4. In addition, as an indicator of the model’s predictive

accuracy, calculating the mean value of |k − 1|, we obtain
|k − 1| = 0.486 ± 0.521 from Table 4.

From the data in Table 4, we evaluate the prediction accu-
racy of the model in detail. Regarding R2 in Table 4, the
values are high regardless of the simulation conditions. How-
ever, it is difficult to examine the factors affecting Fp since
the extended MALT consists of two terms with different fac-
tors. To simplify the identification of the factors affecting
Fp, we introduce the characteristic penetration depth, z∗p, as
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Table 4 The values of k and R2

obtained by linear regression of
the current model and
simulation results

Condition
C

μgg
[kPa] k for Type A k for Type B k for Type C k for Type D

Cone 0 1.91 (R2: 0.99) 2.90 (R2: 0.99) 3.35 (R2: 0.98) 2.77 (R2: 0.94)

(μog=0.0) 1 0.88 (R2: 0.99) 1.41 (R2: 0.99) 2.93 (R2: 0.98) 2.56 (R2: 0.98)

Cone 0 1.54 (R2: 0.99) 2.18 (R2: 1.00) 2.17 (R2: 0.99) 1.61 (R2: 0.97)

(μog=0.1) 1 0.71 (R2: 0.99) 1.08 (R2: 1.00) 1.96 (R2: 0.99) 1.66 (R2: 0.98)

Cone 0 1.37 (R2: 0.99) 1.58 (R2: 1.00) 1.21 (R2: 0.99) 0.79 (R2: 0.97)

(μog=0.3) 1 0.62 (R2: 0.99) 0.82 (R2: 1.00) 1.19 (R2: 0.99) 0.95 (R2: 0.99)

SP 0 1.32 (R2: 0.99) 1.48 (R2: 0.99) 1.14 (R2: 0.98) 0.74 (R2: 0.98)

(μog=0.3) 1 0.60 (R2: 0.99) 0.83 (R2: 0.99) 1.20 (R2: 0.99) 0.99 (R2: 0.99)

TP 0 1.32 (R2: 0.99) 1.47 (R2: 0.99) 1.16 (R2: 0.98) 0.72 (R2: 0.92)

(μog=0.3) 1 0.59 (R2: 0.99) 0.77 (R2: 0.99) 1.10 (R2: 0.98) 0.87 (R2: 0.98)

Cone 0 1.37 (R2: 0.99) 1.54 (R2: 0.99) 0.99 (R2: 0.99) 0.58 (R2: 0.95)

(μog=0.5) 1 0.62 (R2: 0.99) 0.80 (R2: 1.00) 0.97 (R2: 0.99) 0.72 (R2: 0.99)

Cone 0 1.37 (R2: 0.99) 1.53 (R2: 1.00) 1.00 (R2: 0.99) 0.56 (R2: 0.95)

(μog=0.7) 1 0.62 (R2: 0.99) 0.79 (R2: 1.00) 0.94 (R2: 0.99) 0.67 (R2: 0.99)

Fig. 4 Variations of Kφ and Kc computed by Eq. (7) with respect to φ

for a general failure and b punching. The values of Kφ for each mode
are shown as the black line in (a) and the gray line in (b), respectively.
That of Kc for each mode are shown as the blue line in (a) and the light
blue line in (b), respectively

follows:

z∗p =
{ 3kcC ′

f (�)kφρgψg , (Cone, SP),
2kcC ′

f (�)kφρgψg , (TP).
(11)

Here, z∗p represents the penetration depth at which these
two terms in the right-hand side of extended MALT are bal-
anced. In otherwords, below z∗p , the cohesion-derived second
term is dominant. For example, z∗p = 0 mm in dry cases
indicates that Fp depends solely on the friction-derived first
term (Fp ∝ Vp). In contrast, in cohesive cases for type C,
z∗p ∼ 150mm,which is higher than h for each intruder shape,
suggests that Fp mainly depends on the cohesion-derived
second term (Fp ∝ Sp). In fact, simulation results in Figs. 2
and 3 show a similar trend to these indications. Since a sim-
ilar trend is observed for the other types, it is reasonable to
conclude that Fp is subjected to the friction-derived term in
dry cases and to the cohesion-derived term in cohesive cases
under our simulation conditions.

Regarding the values of k in Table 4, the values vary
depending on the granular type, cohesion, and interface fric-
tion, while the intruder shape has minimal influence. First,
we focus on the effect of granular type. In dry cases, types
A and B tend to exhibit larger k values compared to types C
and D. In cohesive cases, types A and B tend to show smaller
k values compared to types C and D. This tendency suggests
that the prediction accuracy of the extended MALT depends
on the granular type. With respect to cohesion, even for the
samegranular type, the k value can vary significantly depend-
ing on the presence of cohesion. This is probably because
the principal origin of Fp changes due to cohesion. Regard-
ing the interface friction, it is evident that k increases as
μog decreases, regardless of the granular type. This result
indicates that the simulated Fp decreases with μog since the
current extended MALT computes Fp independent of μog .
Therefore, it is clear that the currentmodel cannot adequately
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account for the effects of granular type, cohesion, and inter-
face friction, indicating the necessary of modification.

3 Model modification

3.1 Analysis of failure modes

In geotechnical engineering, Vesić [28] has reported that the
failure mechanism during penetration can be classified into
three modes—general failure, local failure, and punching—
each of which affects resulting Fp. As explained in 2.2.1, the
MALT assumes that the failure is characterized by slip lines
propagating to the ground surface and the formation of a dis-
tinct shear band. It means that the MALT only considers the
general failure in granular layer when an intruder penetrates.
However, the failure modes generally relate to material prop-
erties such as φ andψ . Therefore, local failure and punching
might be dominant depending on the granular type.

To identify the failure modes for each granular type, we
analyze the distribution of shear strain rate γ̇ in granular layer
[4–6]. In this study, γ̇ is defined as the following equation:

γ̇ =
√

(
ėxx − ėzz

2

)2

+ ė2xz, (12)

where the normal strain rates ėxx and ėzz and the shear strain
rate ėxz are, respectively, defined as follows:

⎧
⎪⎨

⎪⎩

ėxx = ∂ux
∂x

ėzz = ∂uz
∂z

ėxz = 1
2

(
∂ux
∂z + ∂uz

∂x

)
.

(13)

In the actual analysis, we calculate γ̇ in each 2mm grid
using the velocity of particles existing in the central cross-
sectional area (xz plane) of the granular layer. Figure 5
illustrates the γ̇ distributions for TP with � = 45 deg in
each granular type at the final penetration state.

Figure 5 indicates that γ̇ distributions vary depending
on the granular types. Specifically, for type A and B, par-
ticles with high γ̇ are distributed only around the penetrating
intruder. In contrast, for type C and D, the regions of high γ̇

extend not only around the intruder but also toward the sur-
face of the granular layer, forming a band. Comparing these
results with the failure modes classified by Vesić [28], type
A and B correspond to the punching, while type C and D
correspond to the general failure.

3.2 Parameter determination

3.2.1 Coefficients K� and Kc

The analysis results of the γ̇ distributions suggest that the
failure mechanism of granular types A and B is punching.
Here, we consider Kφ and Kc assuming punching failure
and examine the correspondence with the simulation results.
When the punching mode is assumed, the values of A(η, φ)

and Z(η, φ) in Eq. (8), respectively, equal 1 and 0 due to
r1 = r2 = r3. As a result, Kφ and Kc for the punching mode
are as follows:

Kφ =
(

2
1 + sin φ

1 − sin φ
eπ tan φ

∫ 1

0
ηdη

)

,

Kc =
(

2
1 + sin φ

1 − sin φ
eπ tan φ

∫ 1

0
ηdη − 2

∫ 1

0
ηdη

)

cot φ

=
(

Kφ − 2
∫ 1

0
ηdη

)

cot φ. (14)

The variations of Kφ and Kc withφ assuming punchingmode
are shown in Fig. 4b. Moreover, these specific Kφ and Kc

values for each granular type under punching mode are sum-
marized in Table 3.

Next, we evaluate the values of Kφ and Kc used in the
model by analyzing the simulation results. Focusing on the
dry cases, we estimate Kφ from the simulated Fp for each
granular type. As mentioned in Sec. 2.2.2, it is clear that Fp

is proportional to Vp in the dry cases. From a linear relation-
ship between Fp and f (�)ρgψgVp, we calculate the slope
using the least-squares method. This slope is regarded as the
estimated Kφ derived from the simulation results. Figure 6
presents the estimated values of Kφ for each granular type,
intruder shape, and μog . Here, we focus on the case where
μog is sufficiently large, and Kφ reaches the saturated value,
even thoughFig. 6 shows that Kφ varieswithμog . Comparing
the estimated values of Kφ with the theoretically calculated
values, Fig. 6 reveals that the estimated Kφ for types C and
D are close to the theoretical values for the general failure
mode. Conversely, the estimated values of Kφ for types A
and B appear to be closer to the theoretical values assuming
the punching mode. Moreover, Fig. 5 shows that the failure
mode is independent of the cohesion of the granular layer.
Based on these findings, in this study, we use the values of
Kφ and Kc for punching with types A and B, while using the
values for general failure with types C and D.

3.2.2 Model cohesive stress C’

In addition to Kφ and Kc, we need to determine C ′ in
the model. In our previous study [49], we have assumed
C ′ = C . However, it remains unclear whether this relation-
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Fig. 5 The γ̇ distributions in
vertical cross-section view on
TP of � = 45 deg for a–d dry
cases, e–h cohesive cases. As
the color bar indicates, the
higher the value of γ̇ , the
warmer the color

ship holds across different granular types. Therefore, based
on the simulation results, we clarify the relationship C ′ and
DEM parameters.

In cohesion cases, asmentioned inSec. 2.2.2, Fp is propor-
tional to Sp. Assuming a linear relationship between Fp and
KcSp, we calculate the slope using the least-squares method.
This slope is regarded as the estimated C ′ derived from the
simulation results. Figure 7 shows the estimated values ofC ′
for each granular type, intruder shape, and μog .

From Fig. 7, we examine the relationship between C ′ and
the DEM parameters in the simulation. Here, we focus on
the case whereC ′ reaches saturation, as observed for Kp and
Kc. First, we assume C ′ = C , as used in our previous study
[49]. Comparing the estimated values of C ′ with C for each
granular type, as shown in Table 1, we find that the estimated
C ′ values are close to C for types C and D. In contrast, for

types A and B, there is a significant discrepancy between the
estimated C ′ and C . In fact, the estimated values of C ′ are
approximately four times larger than C for type A. Next, we
assume C ′ = C

μgg
= 1000 Pa. The definition C

μgg
represents

the relative cohesive stress compared to friction between par-
ticles set in the simulation. Under this assumption, for types
A, B, and C, C

μgg
is larger than the estimated C ′ values. We

further consider the assumption C ′ = ψ C
μgg

= 600 Pa. This
definition represents the effective bulk cohesive stress of the
simulated granular layer, taking into account that cohesive
stresses do not act in the voids. Under this assumption, the
estimated values of C ′ are in good agreement with ψ C

μgg

for type B, whereas the estimated C ′ values for type A are
smaller than ψ C

μgg
. However, this assumption can explain

the estimated C ′ values for type A within a factor of two
through the DEMparameters. Taken together with the results
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Fig. 6 Variation of the
estimated Kφ with respect to
μog for a type A, b type B, c
type C, and b type D. The
vertical axis is the estimated Kφ

and the horizontal axis is μog in
log-linear scale. Markers
indicate the mean value of the
estimated Kφ with �, and error
bars indicate its standard
deviation. Marker geometries
represent differences in intruder
shape. (© : Cone, � : SP, and �
: TP). The solid lines are the
theoretically calculated values
of Kφ for general failure. The
dashed lines are the theoretically
calculated values of Kφ for
punching

Fig. 7 Variation of the
estimated C ′ with respect to μog
for a type A, b type B, c type C,
and b type D. The vertical axis
is the estimated C ′, and the
horizontal axis is μog in
log-linear scale. Markers
indicate the mean value of the
estimated C ′ with �, and error
bars indicate its standard
deviation. Marker geometries
represent differences in intruder
shape. (© : Cone, � : SP, and �
: TP). The dotted lines are the
values of C ′ = C for each
granular type. The dashed lines
are C ′ = C

μgg
= 1000 Pa. The

solid lines are
C ′ = ψ C

μgg
= 600 Pa

in Section 3.2.1, these differences in cohesive stress may cor-
respond to the failure modes of the granular layer. Therefore,
we adopt C ′ = ψ C

μgg
for punching (types A and B), and

C ′ = C for general failure (types C and D) as the bulk cohe-
sive stress in the model expressed by the DEM parameters.

3.3 Incorporating the effect of�og into themodel

Assuming that C ′ is constant for each granular type, Figs. 6
and 7 show that Kφ and Kc vary with μog and saturate to
a certain value. Here, we incorporate the effect of μog into
Kφ and Kc. In previous studies, Xi et al. [52] have argued
that the model coefficient K relating to Fp varies with the
ratio of μog to tan φ. Specifically, the effect of μog on K is

expressed by the following equation:

Kμog =
(
n + 1 − n2

2

)
K , (15)

where Kμog is the value of K at μog; n is the ratio of μog to
tan φ (i.e., n = μog

tan φ
). This equation implies that Kμog rapidly

saturates to K with μog �= 0, though Kμog decreases to half
the value of K with μog = 0. Xi et al. [52] have applied Eq.
(15) to the coefficient derived from different modeling from
this study. However, it is similar in terms of the influence of
μog on the coefficients related to Fp. Moreover, as shown
in Fig. 8, the particle velocity fields support that the shape
of the stagnant zone changes with μog . Thus, it would be
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Fig. 8 Particle velocity fields in
vertical cross-section view on
cone of � = 45 deg for type B
with a μog = 0.0, b μog = 0.1,
c μog = 0.3, d μog = 0.5, and e
μog = 0.7. As represented by
the color bar, red and blue
indicate positive and negative
particle velocities in z-direction,
respectively

Fig. 9 Variation of the estimated a Kφ and b Kc with respect to μog .
The vertical axis is the estimated coefficients and the horizontal axis
is μog in log-linear scale. The colored markers and lines represent the
differences in granular type. Markers indicate the mean value of the
estimated C ′ with �, and error bars indicate its standard deviation.
Marker geometries represent differences in intruder shape. (© : Cone,
� : SP, and � : TP). The black solid lines are the values of Kφ and Kc
calculated using Table 3 and Eq. (15)

no problem to apply Eq. (15) to Kφ and Kc. Figure 9 shows
comparisons between calculation results of K

μog
φ and K

μog
c

with μog with the estimated values of Kφ and Kc from sim-
ulation results. When estimating Kc, we use the definition of
C ′ by the DEM parameters determined in Section 3.2.2. The
calculated values of K

μog
φ and K

μog
c are in good agreement

with the estimated Kφ and Kc for various granular types in

all ranges of μog . It is clear that the μog dependence of Fp

can be quantitatively taken into account by Eq. (15).

3.4 Evaluation of themodifiedmodel

Based on the values of Kφ , Kc and C ′ for each granu-
lar type and interface friction, we compute Fp from Eq. 4.
To evaluate the influence of the model modification, we
obtain k and R2 through the linear regression on Fp,model

and Fp,DEM . The values of k and R2 for each simulation
condition are shown in Table 5. The mean value of |k − 1| is
calculated as |k − 1| = 0.208 ± 0.155 from Table 5.

Next, we perform the analysis of variance (ANOVA) on
|k−1| to evaluate the significance of the granular and intruder
properties. The calculated factors in ANOVA are granular
type (4 levels), intruder shape (3 levels), cohesion (2 levels),
and interface friction (5 levels). In addition to main effects
of these factors, we include the cross-term between granular
type and interface friction to ANOVA. The analysis results
indicate R2 = 0.708 and p value = 0.000423. This means
that the overall model explains approximately 70.8% of the
variance in |k−1|, and the model has statistically significant
difference.

The effects of individual factors are shown in Table 6.
FromTable 6, the degree of influence of the factor on the total
variance, η2p, indicates that the interaction between granular
type and interface friction has the largest impact on predic-
tion accuracy. In addition, granular type and interface friction
have a large impact on the prediction accuracy. On the other
hand, intruder shape and cohesion have a small impact on
the prediction accuracy from these small η2p values and large
p value. For example, comparing the shape effects under the
same simulation conditions, as shown in Table 5, the mean
values of |k − 1| are computed as 0.165 ± 0.151 for cone,
0.182 ± 0.157 for SP, and 0.199 ± 0.125 for TP. This fact
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Table 5 The values of k and R2

obtained by linear regression of
the modified model and
simulation results

Condition
C

μgg
[kPa] k for Type A k for Type B k for Type C k for Type D

Cone 0 0.66 (R2: 0.99) 0.78 (R2: 0.99) 1.67 (R2: 0.98) 1.38 (R2: 0.94)

(μog=0.0) 1 0.98 (R2: 0.99) 0.78 (R2: 0.99) 1.46 (R2: 0.99) 1.28 (R2: 0.98)

Cone 0 0.80 (R2: 0.99) 0.81 (R2: 1.00) 1.37 (R2: 0.99) 1.00 (R2: 0.97)

(μog=0.1) 1 1.23 (R2: 0.99) 0.84 (R2: 1.00) 1.24 (R2: 0.99) 1.03 (R2: 0.99)

Cone 0 0.93 (R2: 0.99) 0.85 (R2: 1.00) 1.01 (R2: 0.99) 0.64 (R2: 0.97)

(μog=0.3) 1 1.40 (R2: 0.99) 0.91 (R2: 1.00) 0.99 (R2: 0.99) 0.77 (R2: 0.99)

SP 0 0.89 (R2: 0.99) 0.79 (R2: 0.99) 0.95 (R2: 0.98) 0.60 (R2: 0.98)

(μog=0.3) 1 1.42 (R2: 0.99) 0.93 (R2: 0.99) 1.00 (R2: 0.99) 0.80 (R2: 0.99)

TP 0 0.89 (R2: 0.99) 0.79 (R2: 0.99) 0.96 (R2: 0.98) 0.58 (R2: 0.92)

(μog=0.3) 1 1.25 (R2: 0.99) 0.82 (R2: 0.99) 0.92 (R2: 0.99) 0.70 (R2: 0.98)

Cone 0 0.92 (R2: 0.99) 0.82 (R2: 0.99) 0.95 (R2: 0.99) 0.54 (R2: 0.95)

(μog=0.5) 1 1.39 (R2: 0.99) 0.89 (R2: 1.00) 0.92 (R2: 0.99) 0.67 (R2: 0.99)

Cone 0 0.92 (R2: 0.99) 0.82 (R2: 1.00) 1.00 (R2: 0.99) 0.56 (R2: 0.95)

(μog=0.7) 1 1.39 (R2: 0.99) 0.88 (R2: 1.00) 0.94 (R2: 0.99) 0.67 (R2: 0.99)

supports that the influence of intruder shape on prediction
accuracy is limited. Based on the above results, we conclude
that the prediction accuracy of the modified model is primar-
ily determined by the granular type, interface friction, and
their cross-term.

4 Discussion

4.1 Intruder shape

Figures 2 and 3 demonstrate that the extended MALT model
can explain the z p dependence of Fp for various intruder
shapes by using Vp and Sp directly. In addition, the analysis
results in Sec. 3.4 indicate that differences in the intruder
shape have little effect on the prediction accuracy of the
model. Previous studies have investigated Fp in columns
with varying horizontal cross-sectional geometries, aswell as
triangular pyramids and hemispheres with circular cross sec-
tions and varying � [8, 10, 12, 31, 35, 49, 50]. In contrast,
we examine the applicability of the model to cases where
horizontal cross-sectional geometry, tip shape, and dry or
cohesive conditions are varied simultaneously. As a result,
the model can estimate Fp even when these factors simulta-
neously affect. Furthermore, f (�), which was incorporated
into the model as a correction factor derived from simula-
tion results using cones, is found to be applicable to other
horizontal cross-sectional geometries as well. This finding
supports the mechanism of Fp variation due to � discussed
in our previous studies [35, 49], suggesting that the stagnant
zone effectively acts as an intruder.

Thoughwe examine the applicability of themodel for var-
ious intruder shapes, these shapes are limited to the axisym-

metry with triangular cross sections in vertical. Mishra et
al. [12], Bergmann and Berry [13], Patino-Ramirez and
O’Sullivan [18] have reported that asymmetric intruders and
streamlined tip shapes (e.g., elliptical, parabolic) can reduce
Fp more than axisymmetric straight tips. Such investiga-
tions are crucial for optimizing the design of locomotion and
excavating machinery on soil surfaces [3, 7, 16, 17, 24, 56],
and for applying the model to the morphology of organisms
living in sandy environments [12, 13, 15]. Therefore, future
works include evaluating and extending the model to Fp for
asymmetrical shapes and streamlined tip shapes.

4.2 Granular type

In this study, the values of Kφ and Kc for each granular type
are determined based on the failure modes identified from
strain fields in granular layer during intruder penetration. As
shown in Figs. 6 and 9, Kφ and Kc adjusted from the failure
mode are quantitatively consistent with the values estimated
from the simulation. It has been demonstrated to be effective
from a practical perspective for estimating bearing capacity
in geotechnical engineering [28, 43]. In addition, the results
of ANOVA also indicate that the granular type has a signif-
icant impact on the prediction accuracy of the model. Thus,
the modification according to failure mode is considered
effective for more accurate estimation of Fp. Meanwhile,
although previous research focusing on dynamic penetration
phenomena in granular materials [4, 32, 41] have examined
the influence of various factors on Fp , little attention has been
paid to the failure modes. This study, which highlights the
influence of failure modes on Fp, is expected to contribute
to the future development of more accurate model.
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Table 6 ANOVA results for
|k − 1| show sum of squares
(Sum Sq), degrees of freedom
(df), F-value, p value, and partial
eta-squared (η2p) for each factor

Factor Sum Sq df F-value p value η2p

Intruder Shape 0.004558 2.0 0.195505 0.823365 0.0117

Cohesion 0.001716 1.0 0.147203 0.703683 0.0044

Granular Type 0.190434 3.0 5.445086 0.003737 0.3311

Interface Friction 0.125140 4.0 2.683600 0.048437 0.2454

Granular Type : Interface Friction 0.605229 12.0 4.326332 0.000404 0.6114

Residual 0.384709 33.0

Table 7 Summary of extended
MALT model for each failure
mode

Failure mode General failure Punching

base model Eq. (4)

penetrated intruder volume Vp Eq. (5) for Cone, SP, and TP

penetrated intruder area Sp Eq. (6) for Cone, SP, and TP

coefficients Kφ , Kc Eq. (7) Eq. (14)

model cohesive stress C ′ C ′ = C C ′ = ψ C
μgg

interface friction effect Eq. (15)

As a future direction, it is essential to investigate the influ-
ence ofψ on Fp and incorporate its effects into the model. In
this study, simulations are conducted under a constant value
of ψ = 0.6, and failure modes are classified based on gran-
ular types. However, when ψ differs, general shear failure
may occur for small φ, while punching failure may arise for
large φ. Additionally, Aguilar and Goldman [4], Feng et al.
[32] have reported that Fp does not suddenly transit between
modes based on ψ but rather increases proportionally with
ψ . Therefore, exploring the relationship between Fp and ψ

and discussing its effects will improve the accuracy of Fp

estimation using the model.

4.3 Bulk cohesive stress

As shown inFig. 7, the values ofC ′ in themodel are expressed
usingDEMparameters asC ′ = ψ C

μgg
for punching (granular

typesA andB) andC ′ = C for general failure (granular types
C and D). Here, we discuss the differences in the definition
of C ′ based on DEM parameters from a physical perspective
according to the failure modes. In the punching mode, shear
bands do not develop, and Fp is primarily generated within
the stagnant zone. In this situation, it is reasonable to assume
that Fp arises from vertical forces acting on the stagnant
zone. Moreover, forces in granular layers propagate through
force chains, which are spatially heterogeneous [21, 22, 25,
36]. In consequence, C ′ is also considered to be proportional
to ψ . Based on these assumptions, C ′ in the punching is
considered as C ′ = ψ C

μgg
, defined as the normal component

of the cohesive stress between particles multiplied by ψ . In
the general failure mode, the majority of Fp is considered
to arise from shear bands. Assuming that tangential forces

primarily occur between particles within the shear band, C ′
in the general failure can be calculated asC ′ = C . Moreover,
we confirm that this modification of C ′ does not affect the
results of our previous studies [49]. This is because although
the modification increases the value of C ′, the consideration
of the failure mode reduces Kc, resulting in minimal change
in Fp. Thereby, this result supports the validity of C ′ defined
according to the failure mode in other conditions than this
study.

Clarifying the relationship betweenC andC ′ is important
for the microscopic mechanical interpretation of cohesive
granular materials. This may lead to improve the applicabil-
ity of results from elemental tests such as cone penetration,
fall cone, and triaxial compression, as well as standardization
of the setting of interparticle cohesion parameters in parti-
cle simulations. Although previous studies have discussed
various methods for determining simulation parameters [56–
58], few studies have established the relationship between
the model or the actual measured soil cohesive stress and
the parameters. Determining how to set simulation parame-
ters remains a challenging problem for many researchers and
engineers. For such applications, it is required in the future
to investigate whether the actual cohesive stress measured
in various elemental tests can be accurately explained by
the proposed relationships. It is also necessary to verify the
reliability and interpretation of the ANOVA results, which
suggest that cohesion has little effect on the predictive accu-
racy of the model. In addition, as shown in Fig. 7, estimated
C ′ especially for granular types C and D have large error
bars independent of μog . This suggests that the value of C ′
(or Kc) varies depending on �. Thus, it may be necessary to
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correct for � in relation to the cohesion-derived force in the
model.

4.4 Interface friction

By introducingEq. (15) for Kφ and Kc in the extendedMALT
model, we examine how these coefficients depend on μog .
Figure 9 compares the Kφ and Kc estimated from simulations
with varying μog to those calculated in Table 3 and Eq. (15).
The model shows a quantitative agreement with the simula-
tion results although some discrepancies are observed. The
effect of interface friction has been investigated and widely
recognized [21, 27, 28, 43, 50]. In addition, the results of
ANOVA also indicate that the interface friction has a sig-
nificant impact on the prediction accuracy of the model.
However, as mentioned by Xi et al. [52], this effect is often
ignored in models for estimating Fp. Even in recently devel-
opedmodels, such as theRFT andMALT, hardly consider the
effect of interface friction. In contrast, we explicitly demon-
strate the μog dependence on Kφ and Kc and indicate its
applicability across multiple granular types. As a result, the
extended MALT model accounts for the interface friction,
enabling more accurate estimations of Fp.

The above discussion suggests that Fp varies with μog ,
even for the same granular type. At first glance, this may
seem troublesome, as it requires careful consideration ofμog

when setting simulation parameters. However, Fig. 9 shows
that Kφ and Kc rapidly saturate to the values calculated by the
model when μog > 0, even though they are reduced to half
their values when μog = 0. Therefore, when setting DEM
parameters using Fp derived from the model, assigning μog

a nonzero value, such as half the value of tan φ, eliminates
the need to explicitly account for the interface friction.

5 Conclusion

In this study, we investigated the effects of intruder shape,
granular type (φ), interparticle cohesion stress, and interface
friction (μog) on Fp through DEM simulations. Based on
these results, we examined the applicability of the extended
MALT. From linear regression of the model and simulation
results, though R2 showed a high value, k varied depend-
ing on the simulation conditions. Moreover, the prediction
accuracy of the model was evaluated by |k − 1|, and it was
|k−1| = 0.486±0.521. Therefore, to improve the prediction
accuracy of the model, we considered modifying the model
parameters Kφ , Kc, and C ′ based on the failure mode esti-
mated from the γ̇ distribution and introducing the effect of
interface friction to the model. As a result, we obtained the
following four key findings:

1. The effect of intruder shape on Fp can be explained by
incorporating Vp and Sp into the extended MALT model.

2. The failure modes of the granular layer during intruder
penetration transition between punching and general fail-
ure depending on φ. Consequently, the coefficients Kφ

and Kc must be adjusted to correspond to the specific
failure mode. These values calculated by Eq. (7) should
be applied for general failure, whereas those calculated
by Eq. (14) should be used for punching.

3. The value of C ′ also varies according to the failure mode.
C ′ is defined using DEM parameters as C ′ = C for
general failure and C ′ = ψ C

μgg
for punching. These def-

initions arise from the difference in the primary cohesive
stress contributing to Fp depending on the failure mode.

4. The effect of μog on Fp is observed in both dry and
cohesive granular layers. To incorporate this effect into
the model, we introduce Eq. (15), which accounts for the
influence of μog and φ on Kφ and Kc.

Based on these findings, the parameters used in the extended
MALTmodel for each failure mode are summarized in Table
7. By following Table 7, the modified model could more
accurately predict Fp than before under various conditions.
Specifically, |k−1| = 0.208±0.155, improved over the pre-
vious model. Furthermore, from η2p calculated in ANOVA,
the mainly changed factors in the modified model, granu-
lar type and interface friction (and their cross-term), had a
significant impact on the prediction accuracy of the model.
Therefore, this study contributes the development of more
accurate predictive model and offers a comprehensive under-
standing of the key factors influencing Fp.
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