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Two-Stage Carrier Frequency Offset Estimation
Using Eigenvalue and Scattering Coefficient

b in Inverse Scattering Transform
Taisuke Chino, Takumi Motomura , Graduate Student Member, IEEE, Takaya Maeda ,

Akihiro Maruta , Member, IEEE, and Ken Mishina , Member, IEEE

Abstract—Inverse scattering transform (IST)-based transmis-
sion is one of the known approaches to overcome the Kerr nonlin-
earity limit in optical fiber communication systems. IST is known
as Nonlinear Fourier transform (NFT) in optical fiber communi-
cations. However, the effect of carrier frequency offset (CFO) in
digitally coherent receivers induces scattering data shifts in IST.
Therefore, fine CFO estimation and compensation are required
particularly for multilevel modulation based on IST. This paper
proposes a two-stage CFO estimation method using eigenvalue
and scattering coefficient b in IST. Numerical simulations and
experiments investigate the estimation accuracy of the proposed
method. The proposed method provides a high-accuracy estimation
and covers a wide range of the CFO. An estimation accuracy of
less than 10 kHz error is achieved under pulse period (25.6 ns)
and sampling rate (10 GSa/s). Furthermore, we demonstrate that
the proposed method is valid even for two-soliton solutions with a
multipeak spectrum.

Index Terms—Carrier frequency offset, eigenvalue modulation,
optical soliton, b-modulation.

I. INTRODUCTION

INVERSE scattering transform (IST) [1]-based transmission
has been studied for one of approaches for overcoming

the Kerr nonlinearity limit in optical fiber communication sys-
tems. IST is commonly known as the nonlinear Fourier trans-
form (NFT) in optical fiber communications [2] Eigenvalues of
eigenvalue equations associated with the nonlinear Schrödinger
equation (NLSE) are invariant during optical fiber propagation,
although waveform and spectrum change due to the effects of
fiber dispersion and nonlinearity. The scattering coefficient b
and norming constant in IST remain unaffected by nonlinear
distortion because they linearly evolve during optical fiber trans-
mission. To increase transmission capacity, various NFT-based
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transmission methods using multilevel and multi-eigenvalue
have been proposed; for example, quadrature phase shift keying
(QPSK) and 16-quadrature amplitude modulation (QAM) of
the coefficient b [3] and 4096-ary signal transmission based on
on–off encoding of 12 eigenvalues [4].

IST-based transmissions use a generic digital coherent re-
ceiver to obtain the complex envelop amplitude of an optical
signal and detect scattering data including eigenvalues, norming
constants, and scattering coefficients. Carrier frequency offset
(CFO) estimation is necessary to estimate and compensate for
wavelength mismatch between carrier signal and local oscillator
(LO). The mismatch can reach approximately ± 5 GHz with
a micro-integrable tunable laser assembly (ITLA) [5], [6], [7]
because CFO induces shifts of eigenvalues and rotations of
scattering coefficients, resulting in symbol errors.

Recently, several CFO estimation methods have been pro-
posed, such as an algorithm using periodogram [8] in the fre-
quency domain (FD) [9], [10], [11]. A study [9] has determined
peak frequency using the periodogram method for the quadrature
of a QAM signal to achieve highly accurate pilotless estimations.
Another study has proposed CFO estimation without removing
the modulated data phase [10]. Researchers have estimated a
wide and accurate CFO estimation method without removing
the modulation component by inserting a digital pilot and de-
termining the position of the digital pilot in the spectrum [11].
However, the periodogram-based CFO estimation method re-
quires a large number of samples to achieve high accuracy owing
to the resolution.

Contrarily, several CFO estimation methods based on IST
have been proposed [12], [13]. In our previous study, we pro-
posed an eigenvalue-based estimation [12], which covered a
wide CFO range of ±5 GHz; however, the estimation accuracy
was approximately 1 MHz. Although the method based on
coefficient b can potentially achieve high accuracy, the estima-
tion range is limited [13]. Additionally, the coefficient b-based
method had not been experimentally validated. An estimation
method that simultaneously achieves a high accuracy estimation
and covers a wide range CFO for high multilevel eigenvalue
modulation was yet to be studied. In our recent study [14], we
proposed a two-stage CFO estimation method that combines
the eigenvalue-based and coefficient b-based estimation meth-
ods. In the proposed method, CFO is roughly estimated in the
eigenvalue domain at the first stage. In the second stage, fine
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Fig. 1. Direct scattering problem.

CFO estimation is performed using the coefficient b. A pilotless
CFO estimation method improving the two stage method has
been demonstrated by another research group [15]. However,
the detailed characteristics of the two-stage estimation method
are was yet to be studied.

In this paper, as an extension of our previous study [14], we
examine the two-stage CFO estimation method in detail and
further investigate generalized characteristics, including the ef-
fects of time window size, sampling rate, eigenvalue, the number
of pulses, and noise. Simulation results show that the estimation
error is limited by time window size and sampling rate. However,
by using appropriate parameters, a fine estimation of 10 kHz
covering a wide range of CFO of ±5 GHz can be achieved in the
simulation. Furthermore, the proposed method provides highly
accurate estimation even for two soliton solutions. Through
experiments, we demonstrate that a fine estimation accuracy
below 10 kHz can be achieved using the proposed method.

In the following, we will clarify the differences between the
current and previous studies [12], [13], [14], [15]. Previous stud-
ies [12] and [13] utilize the eigenvalue and scattering coefficient
b for CFO estimation, respectively. However, these methods had
issues of low estimation accuracy and a limited estimation range,
respectively. This study achieves a high estimation accuracy
and a wide estimation range in the two-stage estimation by
combining the eigenvalue and scattering b-base methods. The
concept was proposed in our previous work [14]; however, the
detailed analysis had not yet been discussed. The modifications
and improvements to [14] are summarized as follows:
� A detailed explanation of the theory and methodology for

the proposed CFO estimation method is provided.
� Several characteristics of the proposed method are investi-

gated, including the dependency of the number of pulses,
eigenvalue dependency, and noise dependency

� The application of the proposed method to two-soliton
solutions is discussed, with the aim of applying it to b-
modulation

� Discussion of the feasibility of the pilotless estimation and
the computational complexity.

A similar two-stage estimation using the eigenvalue and
scattering coefficient b was demonstrated by [15] after our pro-
posal [14]; however, the detailed characteristics and analyses of
the two-stage CFO estimation method, such as the dependencies
of some conditions on estimation accuracy described above,
were not discussed.

The rest of the paper is organized as follows. Section II
introduces IST and CFO estimation methods using eigenvalues
and scattering coefficient b. Section III discusses numerical
simulation results. Section IV discusses the experimental results

to demonstrate the feasibility of the proposed method. Finally,
Section V concludes the study.

II. IST-BASED CFO ESTIMATION METHOD

A. NLSE and IST

The behavior of the complex envelope amplitude of a light
wave propagating in an optical fiber is described by [16]:

i
∂E

∂z
− β2

2

∂2E

∂t2
+ γ|E|2E = −iαE, (1)

where z, t,E(z, t), β2, γ, andα are the propagation length, time,
complex envelope amplitude of the electric field, group velocity
dispersion, nonlinear parameter, and fiber loss, respectively.
In (1), we assumed that the third-order dispersion and Raman
scattering effects were negligible for a pulse width >1 ps. Fur-
thermore, a scalar propagation of single-polarization component
is considered. The parameters are normalized using reference
time t0. We consider a transmission channel where the amplifier
spacing is sufficiently shorter than the dispersion length t20/|β2|
in the anomalous dispersion regime [17]. Further, (1) can be
transformed into the standard form of the normalized NLSE as

i
∂u

∂Z
+

1

2

∂2u

∂T 2
+ |u|2u = 0, (2)

whereZ, T , and u(Z, T ) are the normalized propagation length,
time, and electric field, respectively. Eigenvalue equation asso-
ciated to (2) is expressed as{

∂φ1

∂T = −iζφ1 + iuφ2
∂φ2

∂T = iu∗φ1 + iζφ2
(3)

where ζ and φl(l = 1, 2) are complex eigenvalue and eigen
function, respectively. Provided u satisfies (2), the eigenvalue
ζ is invariant with respect to Z.

We consider a scattering problem expressed in (3), where
u(Z, T ) is the potential [1]. An overview of the direct scattering
problem is shown in Fig. 1. The problem implies that the
reflected and transmitted waves are derived for incident waves
from T = ∞. We assume that u(0, T ) satisfies the boundary
condition of u = 0 for |T | → ∞. For a real eigenvalue ζ = ξ,
we define the Jost function, ψ and χ, as solutions to (3), where
ψ = (ψ1, ψ2)

T and χ = (χ1, χ2)
T. Further, ψ and χ satisfy

the boundary conditions expressed as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ψ(ξ, T ) =

(
1

0

)
e−iξT (T → −∞)

ψ̄(ξ, T ) =

(
0

−1

)
eiξT (T → −∞)

(4)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
χ(ξ, T ) =

(
0

1

)
eiξT (T → ∞)

χ̄(ξ, T ) =

(
1

0

)
e−iξT (T → ∞)

(5)
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Fig. 2. IST-based CFO estimation method.

The pair of solutions, ψ and χ, gives a complete system of
solutions. By introducing scattering coefficients a(ξ) and b(ξ),

ψ(ξ, T ) = a(ξ)χ̄(ξ, T ) + b(ξ)χ(ξ, T ). (6)

The solutionsψ and χ are analytic continuations into the upper
half-plane Im[ζ] > 0 (C+). The scattering coefficients can be
obtained as

a(ζ) = lim
T→∞

ψ1(ζ, T )e
iζT , b(ζ) = lim

T→∞
ψ2(ζ, T )e

−iζT . (7)

The coefficients a and b correspond to the amplitudes of the
incident and reflected waves for T → ∞.

The evolution of the scattering coefficient b concerning dis-
tance Z is given by

b(ζ, Z) = b(ζ, Z = 0)e2iζ
2Z (8)

The scattering coefficient b linearly evolves with distance Z of
the optical fiber and can be easily compensated at a receiver.

Various multilevel modulation schemes based on IST have
been proposed. Specifically, a method to realize a 2N -ary multi-
level modulation signal using on-off states of multiple eigen-
values ζn [4], [18], [19] and schemes to realize QPSK and
16-QAM by varying the amplitude and phase of the scattering
coefficient [3] have been proposed. In such modulation schemes,
coding is performed at the transmitter to assign bit sequences to
patterns of eigenvalue ζ or scattering coefficient b(ζ). Then, soli-
tons corresponding to the eigenvalue ζ and scattering parameter
b(ζ) are generated, and the soliton pulse sequence is transmitted
as an optical signal into the fiber. At the receiver, the eigenvalue ζ
or the scattering parameter b(ζ) are detected from the complex
envelope amplitude of the received soliton and decoded into
a bit sequence. In such modulation schemes, the eigenvalue
ζ is constant regardless of the propagation length, and the
scattering parameter b(ζ) evolves linearly with the propagation
length. Therefore, the modulation schemes remain unaffected
by nonlinear distortions and are expected to be promising for
future technology to overcome the Kerr nonlinearity limit.

B. CFO Estimation Method

The proposed CFO estimation method is illustrated in Fig. 2.
The method comprises two stages: 1) an estimation based on the
eigenvalue; and 2) an estimation using coefficient b. In IST-based
transmission, bit data are encoded into states of the eigenvalue or

b, and soliton pulses are transmitted, which are further converted
using IST corresponding eigenvalue ζ and scattering coefficient
b [2]. Then, a receiver detects the eigenvalue or b, which is
decoded into a bit sequence.

Solutions to (3) with N discrete eigenvalues are called N -
soliton solutions. In the case that a soliton pulse has one eigen-
value ζ (N = 1), the soliton is called a one-soliton solution,
given by ζ = (κ+ iη)/2, where κ and η (> 0) are arbitrary real
numbers. The solution to (3) is expressed as

u(Z, T ) = ηsech{η (T + κZ)− T0}

× exp

{
−i
(
κT − η2 − κ2

2
Z − θ0

)}
(9)

where T0 and θ0 are the center position and phase of the soliton
peak at Z = 0. In (9), the phase of the soliton pulse varies
with time T by −κT . The frequency shift of the received pulse
appears as a shift of the real part of the eigenvalue Re[ζ] = κ/2.
Conversely, the imaginary part of the eigenvalue Im[ζ] = η/2
represents the amplitude and pulse width of the soliton pulse.
T0 and θ are related to the scattering coefficient b satisfying
T0 = log |b(ζ, Z = 0)| and θ = arg b(ζ, Z = 0).

The relationship between the frequency shift f and the eigen-
value shift is expressed as

u(T ) exp(i2πΔft0T ) ⇔ ζ − πΔft0 (10)

where t0 is the reference time for signal normalization, which
satisfies T = t/t0 for real time t. Herein, t0 corresponds to
the temporal pulse width of a 1-soliton solution that has an
eigenvalue of 0.5i.

The relationship in (10) can be applied to the case of N -
soliton solutions with N eigenvalues. We assume a soliton
solution with a CFO given as ũ = u exp(i2πΔft0T ) in the
eigenvalue (3). Moreover, the eigenfunctions with the CFO
of φ̃1 = φ1 exp(iπΔft0T ) and φ̃2 = φ2 exp(−iπΔft0T ) are
introduced. By substituting the solution and eigenfunctions with
the CFO into (3), we obtain⎧⎨⎩

∂˜φ1

∂T = −iζ̃φ̃1 + iũφ̃2

∂˜φ2

∂T = iũ∗φ̃1 + iζ̃φ̃2
(11)
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where ζ̃ = ζ − πΔft0. Therefore, the eigenvalue ζ̃, in which
only the real part is shifted by πΔft0, is obtained in the presence
of the CFO.

In the first stage, the CFO is estimated by calculating the dif-
ference in the real part of the eigenvalue between the transmitted
and received soliton pulses [12]. The estimated CFO f̂offset is
given by

f̂offset =
Re[ζt]− Re[ζr]

πt0
(12)

where ζt and ζr are the transmitted and received eigenvalues,
respectively. In a real system, CFO is estimated by using a
pilot pulse with known eigenvalues and referring only to the
eigenvalues of the received pulses. Alternatively, when the real
part of the eigenvalues of the transmitted pulses are set to zero
(Re[ζt] = 0), and only the imaginary part of the eigenvalues
or the scattering coefficients are varied, CFO can be estimated
without using pilot pulses. Eigenvalue-based estimations treat a
wide range of CFO, such as ±5 GHz; however, the estimation
accuracy is limited by the conditions of the transceiver and
soliton pulse.

For this study, we employ the coefficient b-based estimation
as a second stage after a rough CFO compensation using the
eigenvalue-based method. As shown in Fig. 2, the scattering
coefficient b is detected for each soliton pulse at the second
stage. The phase of the soliton component corresponds to the
argument of the scattering coefficient b. The estimated CFO at
the second stage is given by

f̂offset =
1

2πTp(Np − 1)

Np∑
n=1

(arg bn − arg bn−1) (13)

where Tp and Np represent the pulse period and the number
of pulses, respectively. A phase unwrapping process is required
when a transition of arg b is traced. Therefore, an applicable
CFO range for the b-based estimation is |f̂offset| < 1/(2Tp).
Combining the b-based method with the first stage estimation,
we achieve a wide range and high-accuracy CFO estimation.

The proposed method can be applied to optical fiber transmis-
sion systems in two ways. One is an approach using pilot pulses
inserted periodically at the beginning of the frame. In this case,
the proposed method can be used as a standalone alternative CFO
estimation method for NFT-based transmission systems and any
optical fiber transmission systems. The other approach is the
pilotless CFO estimation for NFT-based transmission systems.
In the b-modulation using eigenvalues on the imaginary axis
(Re [ζt] = 0), it is possible to estimate the CFO from the signal
pulses without the pilot pulses. When Re[ζt] is known for all
eigenvalues in (12), the eigenvalue-based estimation at the first
stage can be performed without the pilot pulses. Moreover, the
scattering coefficient b-based estimation at the second stage can
be extended to apply to the b-modulated signal. For example,
the slope of the argument of b, which corresponds to the CFO in
(13), can be estimated using theM th power method [20] for the
b-modulated signal ofM -ary PSK. Note that the applicable CFO
range for the b-based method is limited to |f̂offset| < 1/(2MTp)
when the M th power method is used.

Fig. 3. Simulation model.

Compared with the periodogram-based method, the proposed
method can potentially reduce the required number of pulses
(symbols) and computational complexity. The details of the
simulation results, including the feasibility of the pilotless es-
timation and the computational complexity, are discussed in
Section III-B.

III. NUMERICAL SIMULATIONS

A. Simulation Model

The characteristics of the proposed CFO estimation method
were investigated through simulations. The simulation model is
shown in Fig. 3. CFO estimation was performed using a funda-
mental soliton pulse with an eigenvalue of ζ = 0.3i (Re[ζ] = 0)
for the standard condition. The scattering coefficient was set
to a constant value of 1i. At the transmitter, a soliton pulse
was generated from the eigenvalue and coefficient b, which
was then transmitted as an optical pulse train using an IQ
modulator. Optical pulses were received by a coherent receiver
for the back-to-back configuration. CFO and phase noise were
added to the received pulse. The linewidth of the laser was set
to 1 kHz, which induced the phase noise assuming a Wiener
process model [21]. Eigenvalues were detected from the received
pulses using the Fourier collocation method [22], [23]. The
Forward–Backward method [24] was used to detect scattering
coefficient b. At the receiver, CFO was estimated using both
methods: the eigenvalue-based [12] and the proposed method.
We used 32 pulses (Np = 32) for each estimation. The absolute
value of the difference between the estimated and actual CFO
was defined as the estimation error for evaluating the estimation
accuracy. The estimation accuracy was evaluated depending on
the pulse period Tp and the number of sampling points per pulse
Ns (sampling rateRs = Ns/Tp). Moreover, the estimation per-
formance was observed while varying the number of pulses and
eigenvalue from the standard condition. Additionally, CFO esti-
mation was performed using a two-soliton solution (having two
eigenvalues) with the eigenvalues of {ζ1, ζ2} = {0.3i, 0.15i}. In
the simulation of the two-soliton solutions, the combination of
coefficient bwas varied. The reference time t0 was set to 200ps.

B. Simulation Results

The estimation error for Tp = 3.2 ns and Ns = 64 (Rs = 20
GSa/s), while depending on the CFO value, is shown in Fig. 4.
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Fig. 4. CFO dependence of estimation error.

The estimation error for the eigenvalue-based method demon-
strated a change with the period of the fast Fourier transform
(FFT) (1/Tp = 312.5 MHz) because the Fourier collocation
method was used for eigenvalue detection. In the Fourier col-
location method, the eigenvalue problem of (3) was solved in
the frequency domain to obtain the eigenvalue [22], [23]. The
frequency grid was discrete because the time window size was
set to a finite value of Tp = 3.2 ns in the simulation, which
corresponded with the FFT period. Therefore, the accuracy of
the eigenvalue detection depended on the frequency grid reso-
lution (1/Tp = 312.5 MHz) and the CFO value. The maximum
estimation error was approximately 10 MHz. The coefficient
b-based method achieved a fine estimation error below 10 kHz
in the CFO range from −156.25 to 156.25 MHz, corresponding
to ±1/(2Tp). However, the estimation method did not work for
|CFO| > 1/(2Tp). Contrarily, the proposed two-stage method
achieved a consistently fine estimation with an error below
10 kHz over CFO of ±5 GHz.

The estimation error for Tp = 3.2 ns and Ns = 64 (Rs =
20 GSa/s), while varying the number of pulses (Np) from 2
to 1024, is shown in Fig. 5. The CFO was set to a fixed
value of 119.995 MHz. For comparison, estimation errors were
calculated when using the periodogram-based frequency do-
main estimation method [8], the eigenvalue-based estimation
method, and the proposed two-stage estimation method. In the
case of frequency-domain estimation, the frequency resolution
improved with the number of pulses. Thus, the estimation ac-
curacy improved; however, a high estimation accuracy required
a large number of pulses and a long estimation time. In the
case of eigenvalue-based estimation, the estimation accuracy
was independent of the number of pulses and was recorded
as 13 MHz. The estimation accuracy of the eigenvalue-based
method was limited by the pulse period Tp. When Tp was not
sufficiently long, such as 3.2ns, the tail of the soliton pulse was
cut, resulting in the eigenvalue detection error [12]. By con-
trast, the proposed two-stage method achieved higher estimation
accuracy with fewer pulses than frequency-domain estimation,

Fig. 5. Number of pulse (Np) dependence of estimation error.

while estimation accuracy of less than 10 kHz was obtained with
Np � 512. The accuracy of the frequency-domain estimation
depended on the frequency resolution of the FFT, namely the
total time window size (Tp ×Np). Conversely, the second-stage
estimation of the proposed method monitored the phase of the
soliton components and estimated the CFO from the slope of the
phase change, achieving a fine estimation accuracy.

The contour chart of the estimation error when using the
eigenvalue-based and proposed methods, on varying the pulse
period Tp and sampling points Ns (sampling rate Rs), is shown
in Fig. 6. The CFO was set to a fixed value of 119.995 MHz.
The estimation error was measured as the average of the absolute
error values after 10 estimation iterations. For the eigenvalue-
based method, the estimation error increased when Tp or Rs

were small because the eigenvalue was not detected precisely
when the edges of the soliton pulse and spectrum were elim-
inated under the limited conditions. When Tp and Rs were
sufficiently large, such as Tp = 6.4 ns and Rs = 20 GSa/s, the
estimation error was approximately 100 kHz. For the proposed
method, the estimation error significantly increased whenRs <
2.5 GSa/s because the first stage estimation in the eigenvalue
domain did not work well. When the sampling rate was 5 GSa/s
or more, a fine estimation below 100 kHz was achieved even
for |CFO| > 1/(2Tp), with a large Tp. For Tp = 25.6 ns and
Rs = 10 GSa/s, an estimation accuracy below 10 kHz was
obtained. Thus, the proposed method achieved more precise and
stable estimation accuracy for a wide range of pulse period Tp
and sampling rate Rs.

The estimation error for Rs = 20 GSa/s while varying the
eigenvalue and Tp is shown in Fig. 7. The estimation error
for the eigenvalue-based CFO estimation decreased as pulse
period increased. Since pulse width varied with eigenvalue,
the estimation accuracy was affected by both the window size
and eigenvalue. With sufficient pulse period, the estimation
error was independent of eigenvalues, and estimation accuracy
below 100 kHz was obtained when Tp � 25.6 ns. The two-stage
estimation method allowed for more accurate estimations, inde-
pendent of eigenvalues for short pulse periods, and an estimation
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Fig. 6. Contour chart of estimation error.

Fig. 7. Eigenvalue dependence of the CFO estimation error.

Fig. 8. Constellation diagrams of the scattering coefficient b for Tp of (a) 0.8
ns and (b) 25.6 ns.

accuracy of approximately 10 kHz was obtained for Tp = 51.2
ns. Fig. 8 shows the constellation diagrams of the scattering
coefficient b of ζ = 0.3i for Tp = 0.8 and 25.6ns. When the
pulse period (window size) was sufficiently long, such as at
25.6ns, b was accurately detected at the receiver, as shown in

Fig. 9. Errors of the amplitude and phase of the detected b varying the pulse
period Tp for various eigenvalues.

Fig. 8(b). For Tp = 0.8 ns, although the amplitude of b was
shifted, the error of the phase of b was sufficiently small, as
shown in Fig. 8(a). Fig. 9 shows the errors of the amplitude and
phase of the detected b, varying the pulse period Tp for various
eigenvalues. The amplitude error increased as Tp decreased.
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Fig. 10. OSNR dependence of the CFO estimation error.

Fig. 11. Constellation diagrams of the scattering coefficient b for OSNR of
(a) 0 dB and (b) 20 dB.

However, the phase error remained below 0.03 rd regardless
of the eigenvalue and Tp conditions. These results indicate that
the phase information of the soliton pulse was maintained even
when the tail of the soliton was trimmed by the short pulse period.
In the second-stage estimation of the proposed method, only the
phase of b, not the amplitude of b, was used for the estimation, as
described in (13). Even though the estimation at the first stage of
the eigenvalue-based method was inaccurate, the second-stage
estimation worked well, provided that the CFO before the sec-
ond stage was within the applicable range (|CFO| > 1/(2Tp)).
Therefore, the two-stage estimation achieved a high estimation
accuracy across a wide eigenvalue and Tp range.

Fig. 10 shows the estimation error for ζ = 0.3i, Tp = 3.2
ns, and Ns = 64 (Rs = 20 GSa/s) while varying the optical
signal-to-noise ratio (OSNR). We assumed that white Gaussian
noise was added to the optical amplifier in the simulation.
The estimation error for the eigenvalue-based method showed
a constant estimation accuracy of about 10 MHz. For a low
OSNR below 14 dB, the two-stage estimation reduced the
estimation accuracy compared with the first-stage estimation.
This is because a large noise induced a significant variation
in the scattering coefficient b, which increased the estimation
error. As described in the previous paragraph, a short pulse
period did not significantly affect the phase of b. In contrast, as
shown in Fig. 11(a), a large noise induced a significant variation
in the phase of b. Because the estimation at the second stage

Fig. 12. Estimation error varying Tp for several modulation formats (Rs =
5 GSa/s).

referred to the phase of b, as described in (13), the variation in
the phase of b degraded the estimation accuracy. Conversely, a
clear constellation diagram of the scattering coefficient b with a
slight variation in the phase was observed under a high OSNR
condition, as shown in Fig. 11(b). The two-stage estimation
method yielded more accurate estimates than eigenvalue-based
methods for OSNR ≥ 14 dB, and a fine estimation accuracy
below 30 kHz was achieved for OSNR ≥ 26 dB.

Next, we discuss the applicability of the proposed method to
the modulated signal using the scattering coefficient b. In this
paragraph, we describe the results of the CFO estimation using
a b-modulated signal instead of a pilot pulse sequence (repeated
pulse sequence). The modulation formats of BPSK, QPSK, 16
PSK, and 64 PSK were examined. TheM th power method [20]
was used to treat the modulated signal similarly to the pilot
pulse sequence before the second-stage CFO estimation. Fig. 12
shows the estimation error varying the pulse periodTp for several
modulation formats (Rs = 5 Gsample/s). For the BPSK and
QPSK formats, a comparable high estimation accuracy with the
case using the pilot pulses was achieved even when Tp = 0.8
ns. This result demonstrated the feasibility of the pilotless CFO
estimation without the pilot pulses. When using a QPSK of
Tp = 0.8 ns, the symbol rate was 1.25 Gsymbol/s, where a
symbol comprises two bits. This resulted in a data rate of 2.5
Gbps. The sampling rate was 5 GSa/s; therefore, the oversam-
pling rate was 4 samples/symbol. If the proposed method can
be applied while increasing the number of eigenvalues for b
-modulation to two or four, the data rate can be increased to 5
or 10 Gbps. For the 16 PSK and 64 PSK formats, the estimation
error reduced significantly when Tp ≤ 3.2 ns. This is because
the remaining CFO after the first-stage estimation was out of
the range of the second-stage estimation. When the M th power
method was used, the acceptable CFO range of the second-stage
estimation decreased to |f̂offset| < 1/(2MTp) . For example, the
remaining CFO after the first stage was approximately 100 MHz
for 16 PSK and Tp = 0.8 ns. Conversely, the applicable CFO
range for M = 16 was approximately 40 MHz. Therefore, the
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Fig. 13. Contour chart of the estimation error using two-soliton solution.

second-stage estimation did not work for M ≥ 16. When the
second-stage estimation succeeded using 64 PSK of Tp = 6.4
ns, the data rate was 0.9375 Gbps. Improving the estimation
accuracy of the rough first-stage estimation is necessary to
apply the fine second-stage estimation. Improving the first-stage
estimation or combining it with other fine first-stage estimations
remains a matter to be discussed further.

Furthermore, we discuss the applicability of the proposed
method to 2-soliton solutions. The pulse, spectrum, and contour
charts of the estimation error for the proposed method are shown

in Fig. 13, which depend on the pulse period Tp and sampling
pointsNs(sampling rateRs) when 2-soliton solution with eigen-
values of 0.3i and 0.15i are considered. We examined three
combinational patterns of the scattering coefficient b of (1i, 1i),
(1i,−1i), and (1i, 1). In the proposed two-stage method, almost
the same contour charts were observed for both eigenvalues.
When Tp and Rs were sufficiently large, such as Tp = 6.4 ns
and Rs = 20 GSa/s, the estimation error was approximately 10
kHz for both eigenvalues. The difference in estimation error
due to the scattering coefficient b was observed in the low baud



6492 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 43, NO. 14, JULY 15, 2025

Fig. 14. Experimental setup.

Fig. 15. Contour chart of the estimation error obtained in the experiments.

rate region because different combinations of scattering coeffi-
cients b exhibited different waveforms and spectra, and different
baud rates were required to correctly recover the waveforms.
However, the proposed two-stage method estimated CFO for
waveforms with multiple peak spectra that were not easy to
estimate in the frequency domain.

Finally, we discuss the computational complexity. The pro-
posed CFO estimation requires the number of flops ofO(NpN

3
s )

for eigenvalue detection using the Fourier collocation method,
which is significantly larger than O(NpNs) for the detection
of the scattering coefficient b for a discrete eigenvalue [2],
[24] Conversely, the periodogram-based estimation in the fre-
quency domain requires O(NpNs log2(NpNs)) flops for the
FFT. The number of pulses Np required to achieve an esti-
mation accuracy of approximately 0.1 MHz were 2 and 1024
for the proposed and periodogram-based methods, respectively,
as shown in Fig. 5. The proposed method has the advantage
of requiring fewer numbers of pulses and total sampling points
than the periodogram-based method. For the number of sampling
points per pulse of Ns = 64 in Fig. 5, the total computational
complexity of the proposed method was slightly lower than that
of the periodogram-based method. Although the computational
complexity of the periodogram method is determined by the total
time window size TpNpNs, the proposed method can reduce the
computational complexity by decreasing Ns . For example, as

shown in Fig. 6(b), the proposed method achieved a fine esti-
mation accuracy below 0.1 MHz under the condition ofNs = 4
and Np = 64. In this case, NpN

3
s and NpNs are significantly

smaller than NpNs log2(NpNs)) for NpNs = 1024× 64. The
proposed method can significantly reduce the computational
complexity depending on the conditions and accuracy of the tar-
get estimation. In addition, several algorithms have been studied
to reduce the computation complexity and time for eigenvalue
detection [2], [25].

IV. EXPERIMENTS

A. Experimental Setup

We investigated the CFO estimation accuracy of the proposed
method through experiments for back-to-back configuration.
The experimental setup is shown in Fig. 14. A shared lightwave
source with linewidth < 1 kHz was used for the signal light
and LO to provide a static CFO. An acoustic optical modulator
(AOM) introduced a static frequency shift of 119.995 MHz on
the signal measured using the periodogram method with a long
measurement time. An optical soliton pulse was generated using
an arbitrary waveform generator (AWG) and an IQ modulator. A
coherent receiver received the optical soliton pulse, and analog
to digital (A/D) conversion was performed using a digital stor-
age oscilloscope (DSO) at 80 GSa/s. The CFO was estimated
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Fig. 16. Eigenvalue dependence of the CFO estimation error in the experiments.

using the eigenvalue-based and the proposed two-stage methods.
Other parameters and digital signal processing (DSP) results for
pulse generation and CFO estimation were identical to those ob-
tained in the simulation. The estimation accuracy was evaluated
varying the pulse period Tp and sampling points Ns (sampling
rate Rs).

B. Experimental Results

The contour chart of the estimation error is shown in Fig. 15.
Compared with the simulation results (Fig. 6), comparable es-
timation accuracy results were obtained with similar trends and
kilo-Hertz-order precision over a wider area in the experiments.
For the eigenvalue-based method, the estimation error was ap-
proximately 1 MHz for Tp > 3.2 ns and Rs > 2.5 GSa/s. On
using the proposed method, a better estimation accuracy below
10 kHz was achieved under the conditions of Tp > 12.8 ns and
Rs > 5 GSa/s.

The estimation error for Rs = 20 GSa/s while varying the
eigenvalue and Tp is shown in Fig. 16. Similar to the simulation
(Fig. 7), the eigenvalue-based CFO estimation method showed
a smaller estimation error for a larger pulse period. In the two-
stage CFO estimation method, an estimation accuracy of less
than 1 MHz was obtained in almost all regions. At ζ = 0.5i
and Tp = 51.2 ns, the estimation accuracy did not improve to
approximately 15 MHz because the applicable CFO range at
the second stage was approximately 10 MHz or less, and the
first-stage eigenvalue-based CFO estimation could not bring the
estimation accuracy within that range. In particular, when Tp
was large, the detection accuracy of the scattering coefficient
b deteriorated because the edge of the soliton waveform was
noisy; therefore, the estimation accuracy was unstable.

V. CONCLUSION

This paper proposes a novel CFO estimation method that
combines eigenvalue-based and scattering coefficient b-based
methods. The feasibility and characteristics of the proposed two-
stage CFO estimation method are investigated through numeri-
cal simulations and experiments. The two-stage CFO estimation

method achieves an estimation accuracy of less than 10 kHz error
in numerical simulations under the condition of pulse period
Tp = 25.6 ns and sampling rate Rs = 10 GSa/s. Furthermore,
the dependencies of noise and eigenvalue are investigated. A
fine estimation accuracy below 30 kHz is recorded for OSNR
≥ 26 dB. Additionally, the proposed method is validated even
for two-soliton solutions with a multipeak spectrum. In the
experimental demonstration, estimation accuracy below 10 kHz
is attained under the conditions of Tp > 12.8 ns and Rs > 5
GSa/s, and the two-stage estimation method achieves better
estimation accuracy than the eigenvalue-based method.

Although the feasibility of the proposed method in the B-to-B
configuration was demonstrated by focusing on its basic char-
acteristics in this study, it is applicable to fiber transmission
systems, provided that the NLSE (2) is satisfied. However,
several factors perturb the NLSE in IST-based transmission
systems, such as fiber loss, optical amplifier noise, third-order
dispersion, and nonlinearity of transceivers, which may limit the
applicable range of the proposed method. A future study will
aim to prove the applicability of the proposed method to fiber
transmission and digital signal processing with demodulation
via experimental demonstration.
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