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Abstract

Purpose: Diffusion-weighted imaging (DWTI) and intravoxel incoherent motion
(IVIM) imaging are well-established approaches for evaluating cerebrospinal
fluid (CSF) flow in subarachnoid and perivascular spaces, and have recently
been applied to study ventricular CSF flow. However, DWI does not directly
measure flow velocity, and the physical implications of DWI measurements are
unclear. This study aimed to provide a theoretical interpretation of the DWI and
IVIM imaging of CSF flow velocity fields.

Theory: The general semi-analytical form of the signal attenuations caused by
fluid flow and the resultant apparent diffusion coefficient were derived from the
Bloch-Torrey equation for arbitrary b values.

Methods: The fundamental properties of the signal attenuation in laminar
flow velocity fields were investigated. A Monte Carlo simulation of the IVIM
parameter estimation was performed based on these signal attenuations, taking
background noise into consideration.

Results: The developed theoretical framework indicates that signal attenua-
tions in DWI detect intravoxel flow velocity standard deviations ranging from
approximately 0.1 to 10 mm/s within the range of practical scan parameter
settings. The lower bounds of the DWI flow profiles appeared where the flow
effect was an order of magnitude lower than the molecular diffusion effects,
even when b increased. The IVIM fitting parameters reflected the flow effects of
the signal attenuations despite an inconsistency with the original IVIM model
assumptions.

Conclusion: The physical implications of signal attenuation in DWI have been
theoretically clarified. This framework provides a useful basis for understanding
CSF flow dynamics and considering appropriate imaging settings.
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1 | INTRODUCTION

Intracranial cerebrospinal fluid (CSF) plays essential roles
in the transport of molecular signals and the clear-
ance of waste products!, and its flow characteristics
have gained much attention. Magnetic resonance imag-
ing (MRI) provides a unique tool for the non-invasive
evaluation of subject-specific CSF characteristics, and
various approaches to CSF flow imaging have been
established,? such as phase-contrast (PC) imaging,3*
diffusion-weighted imaging (DWI),>” spin-labeling®1°
and functional MRI'!.

Because of the slow flow properties of intracranial CSF
flow, its imaging presents severe technical difficulties. In
this context, DWI and the apparent diffusion coefficient
(ADC) provide a promising approach.®!>13 In particular,
low-b DWI is thought to be able to capture the signal atten-
uation originating from CSF flow while avoiding molecu-
lar diffusion effects.!*"!7 Furthermore, several studies have
applied DWI model-based analysis using the intravoxel
incoherent motion (IVIM) model'® to CSF flow imaging
in the brain parenchyma and subarachnoid spaces.!*-%3
This method assumes two compartments within a voxel
(perfusion and diffusion) and estimates the perfusion
fraction.!®?*2> In recent studies, the IVIM model and its
parameters have been extended to ventricular CSF flow
analyses.?62°

A key limitation of DWI in the context of fluid flow
imaging is that it does not directly measure flow velocity,®
and both ADC and IVIM models rely on assumptions that
may not hold in single-component flows. Nevertheless,
Jang et al.*® reported strong correlations between ADC
and peak flow velocity according to computational sim-
ulations, and thus DWI may reflect certain properties of
intravoxel fluid flow. Bito et al.'* investigated the theo-
retical properties of the ADC and showed that the limit
of the ADC with sufficiently low b is a function of the
variance of intravoxel flow velocity. Equivalent formula-
tions were developed in both DWI modeling?! and PC
imaging,3? and have been widely used for estimating tur-
bulent kinetic energy,** particularly in PC imaging, where
the intravoxel flow distribution is typically assumed to fol-
low a normal distribution. Combining concepts from both
DWI- and PC-based formulations could provide a general
theoretical form for the ADC for arbitrary b, and could
establish a theoretical framework for interpreting the DWI
and IVIM imaging of CSF flow fields.

The study aimed to theoretically interpret DWI and
IVIM signals for slow flows, such as intracranial CSF flow.
A general semi-analytical form of the signal attenuations
by the diffusion gradient pulses characterized by b was
derived from the Bloch-Torrey equation. The fundamental
properties of the signal attenuations and detectable ranges

of intravoxel flow velocity distributions were estimated
considering clinically practical conditions, and the physi-
cal meaning of the IVIM model fitting for single CSF flow
was demonstrated.

2 | THEORY

2.1 | Signal attenuation of magnetization
A three-dimensional domain is defined in a Cartesian
coordinate system (o — xyz) with the static magnetic field
directed along the z-axis. Considering a magnetization
vector m = (my, my, m;)" in the target fluids filling in
this domain, the Bloch-Torrey equation for the transverse
component of m (m = m, +im,) in a rotating frame is
given by,

IM _ iy -xym — 2+ DV2m, 1)

ot T,
where y is the gyromagnetic ratio, G(¢) is the spatial gra-
dient magnetic field along the z-axis, x(¢) is the position
vector of m, T, is the transverse relaxation time, and D is
the diffusion coefficient of the target fluids. The position
vector x(t) is defined as

t
x(t) = x(0) + / v(x; t)dr 2)
0

where v(x;t) is the flow velocity vector expressed as
a smooth and continuous spatiotemporal function. The
semi-analytical solution of m can be derived as**3>

m(x;t) = Cexp(—%)

2

——

relaxation
2

t t
-exp|—-y*D / < / G(T)dr) dr
0 0

- >
WV

diffusion

t
. exp<—iy/ x(7) - G(T)d‘[), 3)
0

- /

v
precession

where C is a constant.

From here, G(t) and v(x; t) along the same direction are
considered, and these values are denoted as scalar values
G(t) and v(x; t), respectively. Here, the scalar v is defined
as the projection of the flow velocity vector field along
the direction of the diffusion gradient. Furthermore, v(x; f)
is assumed to be constant during the diffusion gradient
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pulse T. Using these assumptions, the signal attenuation
is expressed as the change ratio of m with and without the
gradient pulse, given by3*

m _ exp(—bD) - exp(—ikv), (4)
Mo

where

T t 2 T
b= yz/ (/ G(T)dr) dt, k= y/ tGdt,  (5)
0 0 0

and my is the transverse magnetization without the gradi-
ent pulse (G(t) = 0). If the Stejskal-Tanner pulse is applied,
these values are uniquely determined as b = y2G?5%z,4 and
k = yGSA, where 6 and A are the duration and separation
of the gradient pulse, respectively, and 75 = A — g Here,
the relationship between k and b is given by

_ b
Td.

k? (6)
From here, the Stejskal-Tanner pulse is assumed as the
gradient pulse unless otherwise noted.

2.2 | Intravoxel signal attenuation
To extend Equation 4 to the total signal attenuation in a
voxel, an integral form with respect to flow velocity was
derived in PC3? and DW!#3! imaging studies, as follows.

S ® .

5= exp(—=bD) [ f(v) exp(—ikv)dv, (7)

0 —0

where signals S and Sy are summations of m and m; dis-
tributed in a voxel, respectively, and f(v) is the probability
density function of v. Since the above integral is equivalent

to the Fourier transform of f(v)3? (i.e., the characteristic
function?3®), Equation 7 can be rewritten as

S _ exp(—bD)F (k) - exp(—ikvy,), (8)
S0 —

signal attenuation phase shift

where F(k) is the characteristic function of f W) =fv—vy,)
by the shift theorem, and v,, is the mean of f(v) extracted
in PC imaging. From Equation 8, the ADC is expressed as

1, ]S 1, ¢
ADC :=—=In|=|=D-=In|F
C b s, b n |F(k)l,
P’ = exp(—bD)EF (k). 9)
So

Thus, the ADC can be understood as a summation
of the diffusion coefficient D and the intravoxel flow
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distributions independent of v,,. Since |F(k)| <1%° and
b > 0, the ADC is positive.

Remark

Bito et al.'* pointed out that the limit of the ADC as b goes
to zero is uniquely determined in arbitrary f(v), as follows.

O.ZAZ

limADC =D+ 2*—, (10)
b—0 2‘[d

where o2 is the variance of the intravoxel flow velocity.
From Equation 8, this limit operation can be understood
from the limit of (k) as k goes to zero. Consider F(k) with
small k,

A . k22
F(k) = / f(v)<1 —ikv — -+ O(k3)>dv

~ /oof(v)dv—ik/wf(v)vdv— k?z/mf(v)vzdv

2,2
_ ko,

2

=1 , (11)

which is equivalent to that of a normal distribution with
zero mean and variance of 03, such that

. —k?¢2
F(k) = exp< > - >,

2 .2
v

=1- + Ok>). (12)

Thus, substituting Equation 12 into Equation 9 leads to
Equation 10 without a limit operator, such that

( —k*c2 )
exp 5
o2ZA?

274

ADC=D—%ln

=D+

(13)

The correspondence of Equations 11 and 12 is com-
monly used in the proof of the central limit theorem
(e.g., Reference [37]), where high-order terms of the char-
acteristic function are omitted as the number of trials
increases.

23 | f' (v) and F(k) in laminar flow

The flow velocity field is assumed to be laminar and suf-
ficiently slow such that it can be expressed as a low-order
polynomial function within a voxel. Furthermore, the flow
field is assumed to be temporally constant, and the flow
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variance discussed in the following sections reflects only
spatial variation.

Let us consider a local coordinate system defined
within a voxel (right-handed), where the origin is placed
at the voxel center and the orthogonal unit vectors are
aligned with the voxel edges. Assuming that v varies lin-
early in space, it is given by

ov ov ov

D2 =Vo+ —x+ —y+ —
V3,2 = Vo 6xx ayy azz

=V + a1X + axy + asz, (14)

where v, is the velocity at the voxel center, which coin-
cides with the spatial average of v within the voxel, and
a; (i=1,2,3) is the spatial velocity gradients along the
respective coordinate directions. Here, the voxel size is
given by [—Lq, L1] X [—L,, L,] X [-L3, L3] and the range of
vis normalized to [—vg, v4].

Following the above definition, f(v) is defined based
on a cross-sectional area of the v iso-surface in the voxel
(Figure 1 (left)). First, if two components are negligi-
ble (e.g., a; = a3 = 0), the f"(v) is a uniform distribution
denoted asf"lD(al, L,), given by

2 1
a;, L) = ,
f1D( 1 1) 2(11L1
Vg = alLl. (15)

Thus, the corresponding F(k) is a sinc function, such that
F(k) = sinc(ka;L,). (16)
In general cases (a;, az, az # 0), f (v) is expressed as a con-

volution integral®” of the uniform distribution f,, assigned
to each axis of interest, such that

fo) Zle(ala Ly) = le(az’Lz) *f1D(a3,L3),

3
Vg = Z a;L;, 17)
i=1

where * denotes the convolution integral. The variance of
flow velocity o2 is also generalized as

o2 = (a1L1)* + (a2L2)* + (a3zL3)?

18
v ; as)
Finally, the corresponding F(k) is given by
3
F(k) = Hsinc(kaiLi). (19)
i=1

Figure 1 (center and right) shows representative exam-
ples of f(v) curves with constant vg and F(k) curves with

o, = 0.01,0.1, and 1. When f(v) follows a uniform distri-
bution, F(k) becomes a sinc function and exhibits oscil-
latory behavior around zero as k increases. As velocity
gradients become more multidirectional and comparable
in magnitude, f (v) approaches a triangular-like distribu-
tion, and the oscillations in F(k) become weak. Curves of
F(k) between original and corresponding normal distribu-
tions with the same o, are closed when F(k) is higher than
0.5, regardless of flow distributions. Although £ (k) in nor-
mal distributions mildly decay compared to those of the
original F(k), these differences are at most 4% in the case
of a; = a; = a;. This excellent agreement is reasonable
because the multiple convolution integrals of the probabil-
ity density function, which is independent and identically
distributed, approach the normal distribution based on the
central limit theorem.?’

3 | METHODS

The fundamental properties of the intravoxel signal atten-
uation and the physical interpretation of the DWI and
IVIM imaging of the laminar flow were investigated with
consideration of the CSF flow imaging. We set D of the
CSF to 3.0 x 1073 mm?/s as the diffusion coefficient of
pure water at 37°C.>® For modeling £(k) in Equation 19,
we considered a simplified case with isotropic voxel (L; =
L, = L3) and velocity gradients (a; = a, = as), which rep-
resents a fully three-dimensional flow distribution in a
representative manner.

The DWI signal attenuations were evaluated under
ideal and noise-affected conditions. In the latter case, the
background noise of |S/Sy| was modeled using a Rician
distribution,* with the signal-to-noise ratio (SNR) set to
20 as a representative value. Assuming that the true MRI
signal is zero, the mean value of the background noise € is
given by’

e=o0y\r/2 (20)

where 6 = 1/SNR, assuming that the S, is normalized to 1.
This value € was used to evaluate the non-zero baseline in
the low-signal regime (i.e., noise floor*’).

First, the ranges of o, detectable using DWI were inves-
tigated. To consider the relative extents of the intravoxel
flow velocity distributions with respect to the diffu-
sion effect, we introduced the scaling factor « > 0 from
Equation 10 and rewrote the ADC (Equation 13) in the
sufficiently low-b case (b — 0), as follows.

2A2
H2 _ aD, (21)

274
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iya,=ay;=0

1.0 Nl | = Sinc

Normal distribution

<05
=
0.0
10 103
' ' I —a;a,=1:1
—aya,=2:1
—ay:a, = 10:1

—— Normal distribution

i) ay, a5, a3 # 0

“Va v Vi

FIGURE 1

e 1 =—ayayay;=1:1:1
¢ =1 N\ :0.1\\0, ~0.01
N — a:aya; = 4:1:1

\ \
\ \ | —— Normal distribution

— ayiayay=2:1:1

10~! 100 10! 102 103
k

Representative cases of v iso-surfaces in an isotropic voxel (left), corresponding probability density functions f(v) of the flow

velocity v € [—vg, v4] (center), and the characteristic function F(k) with ¢, = 1,0.1, and 0.01 (right) in cases that (i) the velocity gradient is

negligible in two-directions, (ii) the velocity gradient is negligible in one direction, and (iii) the velocity gradient is comparable in all directions.

lim ADC = (1 + @)D. (22)

For the evaluation, we set a« =0 (pure diffusion),
0.1,1,10, 100, and 1000. Furthermore, the sensitivities of
6 and A were evaluated in the case of ¢, = 0.4 mm/s and
b = 100 s/mm?. Both § and A were set from 0 ms to 60 ms,
and A > § were set according to the definitions.

Next, the IVIM model fitting was applied to the sig-
nal attenuations of the representative three cases of a =
0.1, 1, and 10. The IVIM model is defined as the following
bi-exponential function!8:

S
So

:= fvor exp(—=bDp) + (1 — fyor) exp(—=bDy), (23)

IVIM - _/

V v

diffusion

perfusion

where D, is the pseudo diffusion coefficient originating
from the perfusion effect, D, is the molecular diffusion
coefficient estimated in this model, and fyoFr is the vol-
ume fraction of the perfusion components (fyor € [0, 1]).

To consider practical conditions, we extracted signal atten-
uations at b = 0, 50, 100, 250, 500, and 1000 s/mm? based
on Reference [28]. Based on the Rician noise characteris-
tics described above, Monte Carlo simulations of the IVIM
model fitting were performed with a number of trials of
10* in each case of a. These fits were computed using
the curve-fit algorithm implemented in SciPy*' with the
constraints of D, > Dgq > 5 X 107> mm?/s for stability.

4 | RESULTS

Figure 2 shows signal attenuation curves with increas-
ing b in representative cases of a. The signal of « = 0.1
was almost equal to that of @ = 0 (pure diffusion) at b <
10 s/mm?, was slightly lower at b > 10 s/mm?, and then
approached zero at b of around 1000 s/mm?. These sig-
nal curves shifted to lower b with increasing «, and that
of @ = 1000 decayed at low b from 0.01 to 1 s/mm? and
approached zero at b ~ 1 s/mm?.
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1.0 \ ] b=100 s/mm?, o, = 0.4 mm/s
a=0 50 d 0.7
3 N =01
205¢ a=10 a=1 LI
el / 40 0.6
a=1000 \ @+ 100
0 =
0.0 E30 0.52
. . . o el
10=2 107" 10° 10! 102 10°
b (s/mm?) 20 0.4
FIGURE 2 Degree of signal attenuation with increasing b in 10 03
representative cases with intravoxel velocity disturbances of « = 0 \ 0.2
(diffusion only), 0.1, 1, 10, 100, and 1000. 20 40 60
A (ms)

(3, A) = (20, 40) =101 =10 =100 =102
1.0 1
0.8 | =
L h=50 \i b=10
5=100 \
—06F 1
QO b—200:
“04f \ ]
b=500
0.2 * 4
5=1000 \ \; Noise
0.0 S floor
1072 107! 10 10!
o, (mm/s)

(0,4)=(20,100) =101 =10 o=10! =102 =10

1.0 ? i .

b=1
b=50 b=10

00— ]
5=1000 \ Noise
S — floOr

0.0
1072 107! 10° 10!
o, (mm/s)
FIGURE 3 Sensitivities of 5, on signal attenuation in the

ranges of b =1, 10, 50, 100, 200, 500, and 1000 at (5, A) = (20, 40) ms
(20, 100) ms, as representatives. Dashed lines in red in horizontal
directions show the mean of background noises (noise floor)
estimated as a Rician distribution (SNR = 20).

For practical interpretation of the detectable velocity
range, the signal attenuation curves with respect to o, are
summarized for different b at (5, A) = (20, 40) ms and (20,
100) ms, as shown in Figure 3. In the case of (6, A) = (20,
40) ms, the signal decreased in ¢, of O(1) mm/s atb =1
s/mm?. The curves were shifted to lower ¢, with increasing
b, while the signal baselines (e.g., those at ¢, = 0 mm/s)
also became lower and reached values comparable to the
noise floor (¢ =~ 0.06) at b = 1 000 s/mm?. In addition, the

FIGURE 4  Sensitivities of § and A on signal attenuations in
the ranges of § € [0,60] and A € [0, 60] at b = 100 s/mm? and o, =
0.4 mm/s.

-o-a=0.1

100

Noise
floor

1072 F N 1
0 500 1000
b (s/mm?)
FIGURE 5 Signal attenuations at b = 0, 50, 100, 250, 500, and

1000 in cases of @ = 0.1, 1, and 10. Shaded domains show the range
of noise of SNR = 20, and the dotted line shows the mean of the
noise (noise floor). Solid and dashed lines show the fitting curves of
the IVIM model (Equation 23) on the mean signal values and
original signal attenuation curves without noise, respectively. The
kink observed in the dashed line for @ = 10 near |S/S,| = 1072 is
attributed to the oscillatory behavior of the F(k) in the signal
attenuation curve.

signal attenuation curves were shifted to relatively low o,
as A increased, as shown in the case of (§, A) =(20,100) ms.

The effects of 6 and A on the extent of signal atten-
uation are summarized in Figure 4 in the representative
case of 6, = 0.4 mm/s and b = 100 s/mm?. The signal
decreased monotonically, while the degree of attenuation
became mild with increasing 6 and A, and ranged from
approximately 0.7 to 0.3.

Finally, the IVIM model was fitted to the signal attenu-
ation curves obtained at multiple b-values. Figure 5 shows
IVIM curves fitted to the mean of the signals with Rician
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noise (solid lines) and the original noise-free signal atten-
uations (dashed lines) in three representative cases of a=
0.1, 1, and 10. As the b increased, the signals approached
the noise floor, and thus resulted in bi-exponential-like
curves whose characteristics depend on the flow effects a.
In this setting, the IVIM parameters (particularly fyor and
D,) reflected the slope of flow-induced signal attenuation
in the low-b range. The corresponding values and their
variability are provided in Supplementary 1.

5 | DISCUSSION

This study aimed to extend the existing theory of the DWI
of fluid flow with sufficiently low b'* to the generalized
theoretical framework in arbitrary b by combining knowl-
edge on both DWI'* and PC3? imaging. The semi-analytical
ADC expression (Equation 9) consists of the molecular
diffusion term and a flow term, determined solely by the
velocity distribution and independent of mean velocity.
From this theory, the ADC limit with sufficiently low b'*
can be understood from the property of the characteristic
function E(k).

Using the theoretically derived signal attenuation, we
investigated the range of CSF flow velocities detectable
under clinically relevant scan settings. The framework
demonstrated that DW1is capable of detecting signal atten-
uation originating from flow effects when the velocity
standard deviation o, falls within approximately 0.1-10
mm/s (Figure 3). If the molecular diffusion coefficient D
is known a priori (e.g., the imaging target is pure fluids
such as CSF), the flow contribution can be extracted by
subtracting the molecular diffusion effects from the signal
attenuations. Moreover, the signal intensity is influenced
not only by b, but also by § and A'® (Figure 4). Thus, to esti-
mate flow-related contributions more robustly, one possi-
ble strategy is to vary 6 and A while keeping b constant.
This allows the diffusion-related component of the signal
to remain fixed, while the flow-related component varies
according to changes in the gradient waveform. There-
fore, signal differences across multiple (6, A) combinations
at constant b could help extract intravoxel flow variance.
Although further validation with actual MRI sequences
and implementation would be required, this theoretical
framework provides a promising basis for future develop-
ment of DWI-based flow quantification.

Furthermore, we explored how IVIM model fitting
behaves when applied to single-component flow fields,
despite the original IVIM model being designed for
two-compartment systems. Under noise-affected con-
ditions, the signal attenuation curves approached a
bi-exponential-like shape due to the noise floor (Figure 5),
and the fitted IVIM parameters (particularly fyvor and D,)

reflected the slope of the flow-induced signal attenuation
in the low-b region (Supplementary 1). Although the fitted
parameters are not consistent with their original physical
meaning, these findings may help in understanding recent
IVIM studies on ventricular CSF flow,?%-2° where a single
dominant flow component is likely present.

This study has three main limitations and perspectives
for future work. The first is the assumption of isotropic
velocity gradients (a; = a, = a3), which was adopted to
simplify the modeling and enable tractable analysis of
signal attenuation behavior. While the signal attenuation
curves are consistent with same ¢, when F(k) > 0.5 regard-
less of the flow distribution (Figure 1), anisotropic flow
profiles can induce oscillatory features in £(k), particularly
in low-signal regimes (Figure 1). As these regimes are often
dominated by low SNR (Figure 2), further investigation
would be needed to fully capture the impact of anisotropy
under realistic acquisition conditions. The second is that
we assumed the flow velocity to be sufficiently slow such
that motion artifacts due to magnetization advection*?
could be neglected. Since the repetition time of general
DWTI using echo-planar imaging is on the order of O(1)
seconds, this assumption may be critical for relatively
high-velocity flow fields.** In such cases, the transport of
magnetization over the duration of the pulse sequence may
introduce significant artifacts, and theoretical modeling of
these conditions becomes more challenging. The third is
the assumption of steady flow. For ventricular CSF flow,
the velocity is typically slow and synchronized with the
cardiac cycle, and thus, the unsteady effects can be reduced
by ECG-gated DWI acquisition. However, in more gen-
eral cases involving arbitrary time-varying flows, unsteady
effects may lead to non-negligible artifacts. These effects
arise from the steady-flow assumption used in the deriva-
tion of b (Equation 4) and are similar to temporal misreg-
istration artifacts observed in phase-contrast MRI under
similar assumptions.** To address the above limitations,
computational simulation of flow MRI under unsteady
and anisotropic flow conditions***® would be useful in
future work. By modeling the spatiotemporal evolution of
magnetization in arbitrary flow velocity fields, such sim-
ulations may help interpret the resulting DWI signals and
the associated artifacts.

6 | CONCLUSIONS

This study developed a general theoretical framework to
understand the physical implications of DWI and IVIM
imaging with arbitrary b. According to this theory, DWI
can detect intravoxel flow velocity standard deviations
ranging from 0.1 to 10 mm/s under practical conditions.
Furthermore, the IVIM parameter fits of the single flow
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domain provide the effects of the intravoxel flow velocity
distribution, although the original meaning of the IVIM
model is inconsistent in this situation. These examples
successfully highlight the usefulness of the developed the-
oretical framework, and therefore, we expect that this
framework can provide attractive insights for understand-
ing the DWI of fluid flow, help parameter tuning to detect
the preferred flow velocity range, and assist in the devel-
opment of further advanced imaging protocols.
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