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Abstract

We construct an isomorphism between theohomology and the cohomology of
the fundamental groups of toroidal groups, and get a stdnfitsm of p-cocycles,
which was given by Vogt [6] in case df-cocycles. Using differential forms via the
above isomorphism enables us to obtain new results in higheensional cases.

An explicit isomorphism between th€ech cohomology and the cohomology of
the fundamental groups of complex tori is given in [5] (p.14)ur results give a
generalization of this isomorphism to toroidal groups.

1. Introduction

Kazama and the second named author [3] calculateddtbehomology of toroi-
dal groups using the Fourier expansionsa€losed forms and characterized the to-
roidal groups of cohomologically finite type, namely thosavihg finite-dimensional
cohomology groups. For this purpose, they proved that aidakogroup is of
cohomologically finite type if and only if anyd-closed (0,p)-forms on it are
3-cohomologous to constant (@)-forms. Further, they proved that a toroidal group
which is not of cohomologically finite type has non-Haustidopology.

On the other hand, Vogt [6] obtained a standard form (in TéenR2.2) of the
1-cocycles of the cohomology of the fundamental groups wiidal groups by solving
difference equations.

In this paper we construct an isomorphism betweenatttehomology and the co-
homology of the fundamental groups of toroidal groups, aetl g standard form of
the p-cocycles for allp > 1 (Theorem 2.2). This gives another proof of the above
result of Vogt in case of 1-cocycles and its generalizatiorthe case ofp-cocycles.
Using differential forms via the isomorphism enables us dbam the new results in
higher dimensional cases. By the isomorphism, argtosed (0,p)-forms on toroidal
groups correspond t@-cocycles which are cohomologous to the standpstbcycles.
We hope this correspondence could shed some light on thg efutbcycles in toroidal
groups which have infinite dimensional cohomology groups eXplicit isomorphism
between theCech cohomology and the cohomology of the fundamental grafigom-
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506 M. MUTA AND T. UMENO

plex tori is given in [5] (p.14), and this is valid for toroidgroups. Since our results
include a method of constructing an isomorphism betweenatbehomology and the

cohomology of the fundamental groups of complex tori, thee regarded as another
approach for the cohomlogy of complex tori.

2. Definition and statement of results

At first, for a toroidal groupX of complex dimensiom, we recall the definition
of the cohomology groupsi P(r1(X), HO(C", ©)) of 71(X) with values in the additive
group H(C", ©) of the holomorphic functions or©", according to [5] (p.22). We
simply call them the cohomology of the fundamental group abmidal groupX.

DEFINITION 1. A connected complex Lie groul is called a toroidal group if
every holomorphic function orX is constant.

Let n be the complex dimension oX. Since any toroidal group of complex di-
mensionn is a complex abelian Lie group, there exists a discrete suwipgf” of C"
such thatX is isomorphic onto the quotient group"/I" and I' is the fundamental
group of X. Letr =rankl’, thenn+1 <r < 2n and there exists a basig, ..., A
for . We write ' = Z{A1, ..., Ar}. The matrix P = [A1, ..., A;] is called a period
matrix for C"/T.

DEFINITION 2. A toroidal groupC"/T" is called of typeg (1 <q <n) if rankll =
n+d.

Let H = HO(C", 0), Co(I", H) := H, andCP(T", H) := {f | f: I'"P — H}, where
I'P=T x...xT (p-times). The coboundary: CP(I", H) — CP*(T", H) is defined
as follows:

st = f(z+1) - 1(2), for p=0,
5F(ho - Ap)@ = F(A1, -, 2p)(Z+ o)
@D + pil(—l)”lf(ko, cor A At e Ap)(@)
+ (Iiol)pﬂf(,\o, o Ap1)(2), for p>0,
wherex, Ao, ..., Ap e I'. Put

ZP(T, H) :==Ker@), for p=>0,
BP(I', H) :=Im(s), HP(, H):=ZP, H)/BP(I", H), for p >0,
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and
HOT, H) = Z%T, H) = H(C"/T, O).
DEFINITION 3. We callHP(I", H) the cohomology ofl" with values inH.

Let C"* be the sheaf of germs d@*°(r, s)-forms on a given complex manifold.
Put D™ = HY(C", C"S). Then CP(I', D"), for p > 0, and the coboundary are
similary defined. Them: CP(I", D"S) — CP(I", D"$*1) and 9/dz : CP(T", D"*S) —
CP(T, D"®) are defined as follows:

@F)A1s -y 2p)(@ = 0(F(Aay - - -, 2p)(D)),

and

(% >()»1, o Ap)(2) = aizi(f()‘l' <+ Ap)(2),

for f € CP(I', D"S) and Ay, ..., Ap € I'. Then

— — ] d
(2.2) 36=860 and —8=86—.
0z 07

By a suitable linear change @", C"/T" has a period matrix

(23) P = [In, V]!
wherel, =[ey, ..., €] is the n x n unit matrix and
(2.4) V=[vj;1<i<n 1<j<dqg]=[vy,...,vq]

is an x q matrix. We can assume

(2.5) detimpij; 1<i, j <q] Z0.
Putv =+/—1e (Q+1<i <n), [v,...,va]=[vj;1<i<n 1<j<nlandp =
Imv; (L<i <n), thenpy, ..., B, areC-linearly independent. Define two coordinates
z1,...,2yandty, ..., tyy in C", wheret e R (1 <i < 2n) as follows,

z=z211+ -+ Zyfn

=gt -+ €y Hlqrvy - - - H o,

(2.6)

Hereafter, we write4y, ..., z,) instead ofz B+ + 2,8, andi(ty, ..., ty,) instead
of tiey +- - + 1€ +thsqvy ++ - - +loqvn.
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We denote byZz(M, C") the space of th@-closedC>(r, s)-forms on a complex
manifold M and by B;(M, C"®) the space of th@-exactC>(r, s)-forms on a complex
manifold M. Then by the Dolbeault theorem, we have

Zg(M, CO,p)

(2.7) HP(M, 0) = HXP(M) = BV o)
) ]

Let

1 =1 p—
p=— Z (,()ozl...o[pdza1 A A dZap c Zg((cn/l_‘, Co,p).

1<ay,...,ap=<n

Looking at¢ as an element o€°(T", D%P), §p(A)(2) = ¢(z + 1) — ¢(2) = 0, for any
reTl. Put

© =

4 ®.

We definep® e ZK(T, DOP), satisfyingp® (A, ..., Ak) € Z5(C", COPX), for each
A1, ..., A €T, inductively onk (1 <k < p). Sincep© is a d-closed form onC",
there existsd© e CO(I", D%P-1) satisfying

(2.8) 0@ =500,
Put
(2.9) oM = 5O,

Then clearlyse™® =0, and
(2.10) M) = 8(30D)(1) =80O) =0, for reT.
Hence, for each. € I', pW(1) € Z5(C", COP~1). Assume we gep® e ZK(I, DOPK),

(1 <k < p) satisfyingg® (11, ..., A) € Z5(C",COPX), for eachry, ..., Ak € . Then
there existsd® e CX(I", D%P~*-1) satisfying

(2.11) oMy, .. n) = 0000, L. A).
Put
(k+1) .— s K
(2.12) e®D = 500,
then

(2.13) 30" 00, L. Aken) =80M (g, ..., Aksr) = 0.
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Thus we gep® e ZX(T", DOP¥) satisfyingp® (4, .. ., i) € Zz(C",COPX), 1<k < p.
Sincep(P (A, . .., Ap) € Z5(C", C%9), (P € ZP(I", H). We denote bylT the mapping
Z;(C"/T, C%P) — ZP(T, H) such that

I(p) = ¢, for p=0,
(2.14) ®
=P for p>0.

Note that the definition of7 depends on the choice @® (0 <k < p). But we have
the following

Theorem 2.1. Let C"/T" be a toridal group Then the mapping7 defined by
(2.14) induces an isomorphism for each p

H2P(C"/T) = HP(T, H).
Then we get the following

Theorem 2.2. Let C"/I' be a toroidal group of type g Then every ¥ ¢
ZP(T', H) is §-cohomologous to @ e ZP(I", H) satisfying for allAg, ..., Ap € I and
z=(zg,...,2y) € C",

a(As, ..., Ap)@=a(ry, ..., Ap)0, ..., 0,Zg41, . . ., Zn).
3. Proof of Theorem 2.1

Before proving Thorem 2.1, we note some facts about cohagyodd I' with val-
ues in D"S = HO(C", C"%). Let w: C" — C"/I" be the projection,{V;} be an open
coverings ofC"/T" and {W;} an open subsets dt" such that

i =W : Wi — V; is a homeomorphism and
3.1) 7 {(V) =Y (W +2) is a disjoint union.
rel

At first, we show the following
Proposition 3.1. Let C"/T" be a toroidal group Then
HP(,D"%)=0, p>0.

Proof. We take coveringéVi} and{W} as in (3.1). Letf € ZP(T", D"%). For any
ze n~Y(V;), there exists a uniqugy € I' such thatz e W, + 1o and nfl(n(z)) =z—Ao.
Put for z e 771(V))

G (A1 Ap-1)@) = F(ho, Ay - ooy Ap-)(m (7 (2))).
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Putting nfl(n(z)) in place ofz in (2.1), sinces f =0, we get for anyz € 7~(\;),

p—1
f1 - 2p)@ =) (D) f(hoy -y A+ Ajsns -, AR H(T(2)
j=0
+ (1P (o - -+ Ap2)(m Y (D))

=80i(A1, ..., Ap)(D).

(3.2)

Let {34} be a partition of unity subordinate to the coverifig}. Put for anyz € C",

90, -+, Ap1)@) 1= Z n@@)g (s - - Ap1)(2)-

Then

fO - Ap)(@) = 89(As, - - ., Ap)(2).

Thus the proof is completed. O
Then we begin to prove Theorem 2.1. For> 1, we need the following

Lemma 3.2. Let C"/T" be a toroidal group andp, ¢’ € Z5(C"/T', C®P), p > 1.
Suppose two forme® and ¢'® in zZXT, D%P%) are constructed fromp and ¢’
respectively as in2.11) and (2.12) for 1 <k < p.

If ¢ and ¢’ are 3-cohomologousthen there existp®&—1 e Ck-}(I", D%P-k-1) gat-
isfying

(33) (p(k) — g)/(k) = §8p(k*1)_

Proof. Forg® and¢'®, there existd® and ®'® in Ck(I", D%P-k-1), respective-
ly which satisfy (2.11) and (2.12), € k < p. By the assumption, there exists €
HO(C"/T, ¢®P~1) such thaty — ¢’ = 3. We shall prove the lemma by induction on
k. Fork =0, there existo©@ e COI", D%P-?) satisfying

(3.4) ®0 _ /0 = v +5p(0).
Then
oM — 'MW =55 =55pO),

Thus the lemma is proved fdt = 1. Suppose there exisisk 2 e Ck-2(T, D%Pk)
satisfying

(3.5) oD _ /D) = 55,02,
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for k > 1. Then there existe®~1 e CK-(T, D%P~k-1) satisfying
(3.6) ok _ kD = 55(=2) 4 5k,
Then we get
0¥ — o0 = gk,
Hence the lemma is proved fér and the proof is completed. ]

Then we show the following

Proposition 3.3. Let C"/T" be a toroidal group Then the mappind7 defined by
(2.14) induces a homomorphism

(3.7) IT: HYP(C"/T) — HP(T, H).

Proof. We may assumep > 0. Let ¢ and ¢’ are 3-cohomologous in
Z5(C"/1, C%P). Supposep® and ¢'® are constructed as in (2.11) and (2.12) df)
and ®'® respectively, 0< k < p. For p=1, there exists) € H(C"/T",C%°) satisfying

p—¢ =0y
Since
9=00? and ¢ =99,
h:=0@ - @ _y e CcYr, H).
Hence

oD — M = 560 _ 53O = sh,

Accordingly IT defines a homomorphism fqu = 1. Next we consider the cage> 1.
By Lemma 3.2, there existg(P~2 € CP-2(I", D%9) satisfying

PP _ (D) = 55 (02,
Then there existy € CP~1(I", H) such that
P _ q/(P-D) = 5,02 4y,
Hence
o _ /O = sh.

This means/T induces a homomorphism (3.7) and the proof is completed. ]
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Next we show the following

Proposition 3.4. Let C"/T" be a toroidal group Then the homomorphisi¥ is
injective

Proof. We may assum@ > 1. Let ¢, ¢’ € Z5(C"/T, C°P). Supposep® and
¢'® are constructed as in (2.11) and (2.12) ® and ®'® respectively, 0< k <
p. AssumegP) := [Ty and ¢'(P) := [Ty’ are s-cohomologous. Then there exidtse
CP-X(T", H) such that

P — /(P = sh.
Then there exists(P~1 e ZP~{(T", D%% such that
@P-D _ pP-D) = h 4 5(P-D)
Then
PP _ (P-1) = G (P-1),
In casep=1, c© e Z%r, D%% = HO(C"/T, €°9). Note thaty = ¢©@ and ¢’ = ¢'©.
Henceg and¢’ are d-cohomologous. Ifp > 1, by Proposition 3.1, there exigtP—2 ¢

CP=2(T, D%9 such thato(P-D = §(P=2). Then there existe(P~2 ¢ ZP~4(T", D)
such that

(P2 _ g/(P-2) = 5p(P-2 4 5 (P-2)
and
P2 _ /(P2 = G (p-2)
Continuing this way, we have
¢ —¢' =009,

Sincec @ e Z(r, D%P-1) = HO(C"/T, C%P-1), ¢ and¢’ ared-cohomologous, and the
proof of the proposition is completed. ]

To complete the proof of Theorem 2.1, we need to show theiatig

Proposition 3.5. Let C"/T" be a toroidal group Then the homomorphisiY is
surjective
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Proof. Let f e ZP(I', H). Then by Proposition 3.1, there existBP 1) ¢
cPYr, D%9 such that

f =51,
Put
ptP™ D :=3PD e CPYT, D%Y.
Then sp(P~1 = 0, hence there exist®(P~2 e CP~2(I", D) satifying
(p(p—l) = 5@(9—2)’ if p>1.
Continuing this way, we gep©@ e C/T", D%P) and ®© e CY(TI", D°P-1) satisfying
0@ =300 and 5@ = 0.

Then ¢©@ e Z5(C"/I, C®P). By the construction we seH¢©® = f. Hencell is sur-
jective, and the proof is completed. ]

From Propositions 3.3, 3.4 and 3.5, the proof of Theorem 2.¢ompleted.

4. 93-cohomology of toroidal groups

In this section, we summarize some facts ab@uiohomology of toroidal groups
([3] and [4]) to prove Theorem 2.2.

Let C"/T" be a toroidal group of typg with the period matrixP =[I,, V]. From
(2.6), fori =1,...,n

1 . . 1
4.1 ti=—=|—-) vijzi+) v;z;), and thni = ——(z — 7).
( ) | 2m< = 1] <] = 1] l) N+ 2\/—_1( |)

Hence

2
(4.2) i=
1/ 8 9 .
=2 (—-+-1 1
2<3ti Btn+i> @+i=i=n)
and
3y 1 X”: 9 3 L<i<q
43) 07 2/=1\%7 "ot Bty - -

:}<i.+\/__1 al) (g+1l<i<n).
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Let
fe)= Y f")= > c"(t*)exprv/—1(m, b))
meZzZnh+a meZta
be a C™-function on C"/T, wheret ='(ts, ..., ton), T =(t, ..., theq), andt?’ =
Y(tnsge1s - - -+ ton). FOr eachm e Z™9, we put

(4.4)  Kpj:="my—my (1<i<q), and Ky:=Max{|Knil;1<i <q}.

If m#0
(4.5)
oft) _ . ,
77 - Kmic™ ) exp(2r/—1(m, 1)) (1<iz<q)
mgs 2
= \/—_1<nmi c™(t?) — %aijt(t. )> exp(2rv/—1(m, f)) (q+1<i <n),
and
(4.6)
dEm(t) 2 . .
7 7 Kmic™(t?) exp(2r+/—1(m, t)) (1<i<q)
m(s 27
= x/—_1<nmi cm(t?) + % a(;t(t_ )> exp(2rv/—1(m, f)) (q+1<i <n).
In casem =0,
301 1 aco?) a0t 1 ac(t?)
(4.7) aZi - 2\/—_1 atn+i , and 82i - _2\/—_1 atn+i

We have the following ([3], p.95)

Proposition 4.1. A complex abelian Lie grou"/T" with a period matrix P=
[In, V] is a toroidal group if and only if

Km >0 forany meZ"\ {0}.

For each open subsét ¢ C"/T
. of .
(4.8) ]-‘(U)::{f|f:C°O in U andE:O, fori :q+1,...,n}.
i

We denote byF the sheaf defined by the presheavgs(U)}. Supposef(t) e
HO(C"/T, F), then from (4.6) and (4.8) we can write

(4.9) fy= > c" exp(—er > mitn+i> exp(2rv/—1(m, t')),

mezZn+a i=g+1
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wherec™ are constants satisfying for any real numies 0 and any positive integé,
(4.10) C(k, R) := sup|c™ [/ [*RI™T: m € Z™9} < oo,

where, [m'|| = maximi|, Impsil; L < i < q}, and [m”| = max|m;|; g+ 1< j <n}.
(4.10) is obtained similarly to Lemma 7 in [2] (cf. Propositi2.1 in [4]).

Conversely, a function satisfying (4.9) and (4.10) isHA(C"/T', F). Let F'* the
sheaf of (, s)-forms with coefficients inF, Z3(C"/T", F"5) the space of thé-closed
F"s-forms onC"/I" and B;(C"/I", F"5) the space of th@-exactF"S-forms. Then by
[4] (Lemma 2.2), we have

Zz(C"/T, FOP)

(4.11) HP(C"/T, 0) = Hy(C'/T, F2P) = g v oy
6 i)

Supposep = Y 7nq @™ be ad-closed FOP-form. Then there exist a unique constant
(0, p)-form

1 _ -
1= > Cupay0Zuy A AZ,

1<ey,...,p=q

and FO-P~D_forms ™ satisfying

p=x+ Y ay"

meZzZn*a

where for eachm e Z™9\{0}, ¢™ = 3y¥™ and form =0, ¢° = x + 3y°. We note that
Y mezra ¥ does not converge generally. Then we have the following ¢iéma 4.3

in [1])

Theorem 4.2. Let C"/T be a toroidal group of type q with a period matrix £
[In, V]. Then the following conditions are equivalent
(1) There exists a- 0 satisfying

exp(aljm*
sup pEalm*|) <
mezZma\ (0} Km

where |m*|| = maX{|m;i|; 1 <i < n}.
2)
p
HP(C"/T, 0) = \C(dz, ..., dzZ)}, (1<p<q)
=0, (p>0q).
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5. Proof of Theorem 2.2

Suppose K p < < n are positive integers. Let

1
QP =~ Z Qi‘i...ipdzil/\"'/\dzp
p: 1<iy,..,ip=q
be a holomorphicp-form on C". Put
QP =~ '“pd dz dz
=ty g g ae s,
1<iy,..,ip=<q i=1

Then we have the following

Lemma 5.1. Suppose ¢2P = 0. Then there exists a holomorph{p — 1)-form
QP-1 on C" satisfying

dg QP = QP.

Proof. Letl :==maxix |1<ix<qg, 1<k<p, Szipl___ip # 0}. We shall prove this
lemma by induction on. If | = p, we have

QP=Qp, ,dzA---Adz,

Then
LIgTols
HLESY %dzi Adz A+ AdZy=0.
i=p+l

Hence, forp+1<i <q, we haveanz___p/azi =0. Then

12 p(z) 12__p(zl,-..,Zp,o,...,0,2q+]_, ...,Zn)-

Put
_1 a
Q55 () ::/0 Q. o222, 0,..., 0,24, - . -, Z0) dE,
andQP 1= @l l (2)dz A -+ Adz,. Then
dyQP~t = QP.

Assume that the lemma holds fo~ 1,1 > p and

1
Qp:a Z Qu i, 4z, A A dz,

1<iy,...ip=l
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is a holomorphic form orC" such thatd, 2P =0. Since forl+1<i <q, 8szi‘i___ip/8zi =
0, we have

sziﬁ___ip(z) = sziﬁ___ip(zl, ey 2,0,...,0, 241, - - -, Z0).

Put
2
wi,.i,(2) = / Ql?z___ip(zl, o1, 6,0,...,0,Z441, . .., Z9) dE,
0
and
] 1
a).:m Z C()iz...ip(z)dZiz/\"'/\dZip.
P " 1<ip,.ipsl—1

Then

1 dwi,...i (2)
QF‘_dqa):E Z <Qi?---ip—p Isz:p >d31/\"'/\dzp-

" 1<iy,.ipsl—1

If we put QP = QP — dyw, we haved;Q'P = d;Q2P = 0. Then by the induction hy-
pothesis, we hav&'P~! satisfying @'P = d;Q@'P~1. HenceQP = dy(QP~1 +w) and the
lemma is proved. U

Next, we showIT in (2.14) defines a mapping;(C"/T, F%P) — ZP(T", H) which
induces an isomorphism for eagh> 1,

Hz(C"/T, FOP) = HP(T, H).
As in (2.7) and (4.11), we have two isomorphisms
I HP(C"/T, 0) = H)P(C"/T)
and
J: HP(C"/T, O) = Hz(C"/T, FOP).

Let {Vi} be a Leray covering o£"/T" for ©. Then HP(CP/T, O) is isomorphic onto
the Cech cohomology

ZP({Vi}, 0)

HP({Vi}, 0) = BA(V], O)°

We have the following (cf. Proposition 4 in [7] and Lemma 2m4[4])
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Lemma 5.2. Suppose Pe ZP({Vi},0), ¢ € Zz(C"/T,C%P) and§ € Z5(C"/T", FOP)
satisfy

(5.1) I([fPD=[¢] and J[fP)=[p], for p=>1,

where we denote bjw] the cohomology class of a cocyale Then there existy e
HO(C"/T, c%P-1) satisfying

(5.2) ©=0+0y.
In particular, if ¢ € B;(C"/T", C®P), then$ € B3(C"/T, FOP).

Proof. We also use the symbol as the coboundary for theCech co-
homology HP({V;}, S), whereS = O, C% or F%S, r,s> 0. For fP e ZP({V}, 0),
there existpP~1 € CP~1({\4}, €%% and in casep > 1, a sequence of cochains e
ck({wi}, coPk1), (k=p—-1,p—2,...,2,1,0) such that
(5.3) fP=5pP 1 and 9¢* =5p" L.

Since d¢° is a d-closedC>(0, p)-form on C"/TI", we get
(5.4) L([fP]) = [0¢°).

Similary there existpyP~t € CP~1({V;}, F°9) and in casep > 1, a sequence of cochains
¢ e CK((V}, FOP*1) (k=p—-1,p—2,...,2,1,0) such that

(5.5) fP=5pP% and 3¢k =591,
Then
(5.6) JFP) =09,

From (5.3) and (5.5), in casp =1,
(5.7) ° —¢% e HO(C"/T, C©9).

In casep > 1, we get a sequence of cochaigi§ € CK({\;},COP*2?), k=p-2,p—
3,...,1,0) such that

(5.8) PPt — Pt =5y P2 and - oK —ayk=sykt (k> 0.
Then

(5.9)  dp'—9pt =60y and ¢°—§° —Gy° e HOC/T, COPY,
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From (5.7) and (5.9), there exists' € HO(C"/T', c®P~1) such that

Combining this with (5.4) and (5.6), for anye Z;(C"/T",C°P) andg € Z5(C"/T, FOP)
satisfying (5.1), there existg € HO(C"/T", C®P~1) which satisfies (5.2). Next, sup-
pose ¢ € B3(C"/T", C®P). We take fP and ¢ satisfying (5.1), then by (5.2)p €
B;(C"/T, C®P). Hence fP € BP({V;}, ©) and ¢ € B;(C"/T", F%P). Thus the lemma
is proved. Ul

Then we have the following

Lemma 5.3. 7 in (2.14) defines a mapping ZC"/T, F%P) — ZP(T", H) which
induces an isomorphism for each>p1,

Hz(C"/T, FOP) = HP(T, H).

Proof. Suppose & Z3(C"/T', FOP). Sinceg € Z3(C"/T",C%P), [T € ZP(T, H)
is defined. Letf € ZP(I', H). Then from Proposition 3.5, there exis{s €
Z5(C"/1,C%P) such thatiTg = f. By Lemma 5.2, there exist & Zz(C"/T", 7%P) and
¥ € HO(C"/T, c%P~1) such thaty = $+8vy. ThenITg and ITy are §-cohomologous in
ZP(T', H). HencelT defines a surjective homomorphisH (C"/T', F%P) — HP(T", H).
SupposelT$ and IT¢’ are §-cohomologous, where, 9’ € Z5(C"/T', F%P). Then by
Proposition 3.4, there existg € HO(C"/T, C%P~1) such thaty"— ¢’ = 9y. Then by
Lemma 5.2, there existg € HO(C"/T", F%P-1) such thaty"— ¢’ = 3%. Hence the
above homomorphism is injective, and the lemma is proved. Ul

Hereafter we writep € Z5(C"/I", F°P) instead ofg” We put F"S = HO(C", 7*F"S).
Then CP(I", F"5), for p > 0, and the coboundary are defined similarly t2. Let
¢ € Zz(C"/T, FOP). Since HP(C", 7*F") = 0, for p > 1, we can construcp® e
ZK(r, FOP=K) for 0 < k < p, using ®® e CO(I", FOPk-1) as in (2.11) and (2.12).
Namely

(5.10) 00 = =300, oM =500,

(5.11) e®=30®  and o*V =500 for 1<k<p-—1.

Then [IT¢] = [¢(P]. For

1 =1 —_
0= DL Yaew, 0%y Ao ADZ,, € Z5(CT, FOP),

1<ai,...,ap=q
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put

Then we have the following

Lemma 5.4. Letg € Zz(C"/T, F%P), and P € ZP(T', H). Then

ag(P)

@i € ZE(CH/Fl }-O,p), and [H(pl] = [—}! for 1 < I =< q

07

Proof. Since

_ _ agp 0 _
dpi =0 — ) = —(d¢) = 0,
@i (82;) aZi(<p)

we haveg; € Zz(C"/T, F%P). From (5.10)

Ay PYoIY) 1) 9o 3¢)(l)
5.12 i =— =0 , and ¢ =48 = .
(5.12) Y=z 07, ¢ 9z, 07,
Continuing this for (5.11), we have
5K gkl
(5.13) oD =522 %% T tor 0<k<np.

! 9z, 9z,

Hence [T¢i] = [wi(p)] =[9¢(P /3z] and the lemma is proved.

O

In the proof of Lemma 5.4¢™ and (" are defined byd® (0 <k < p) and ¢{” =

3¢(P/0z. Hereafter we identifys® with 9¢(P/az. Then we have the following

Proposition 5.5. Let C"/T" be a toroidal group of type g Supposey €
Z;(C"/T, FOP). Theng; € B;(C"/T', FOP), for 1 <i <. Henceop® ¢ BP(T', H).

Proof. Put

1 = —
¢= ol Z Pouy--ap dzal ARRRAY dzotp [S ZE(Cn/F, fo'p),

" 1<ey,..,0p=q

m
Pi(m)ag-ap_
Pogoay = E (p";rl___ap, worz?---ap,l = oy 0 p_1 (m 7z 0),

ez 7 Ko m)
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and

1 _ _
ym = m Z 1//21...%,1 dz,, A---AdZ,,

1§a1,...,ap,1§q
Where|Km,i(m)| = Km- Then by (4-6)

¢™=9y™, for each m#0.

Let
. Kin,i 0o
yim, = _W m#0, and
(5.14) i
. L _ i i
A e BD DI AN SV SEY. W

1<ay,...,0p_1=q
Then by (4.5)
dpm
— =9 .m,
0z Vi
and applying (5.14) to (4.10), we s@e =3 ., y" converges. Hence
(5.15) @i = 0.

Then ¢” is s-exact, and there exists » ¢ CPX(T", H) such thate(® = sh{P~",
Hence the proposition is proved. ]

Further we have the following

Proposition 5.6. Let C"/T" be a toroidal group of type g Supposey €
Zg((C”/F, f‘O,p)‘
Then there exists H)_l) e CP~Y(TI, H) such that

8hi(p71) B ah(jp—l)

o® = shPD  and
0Z; 07

, for 1<i,j<aq.

To prove Proposition 5.6, we need some facts. Hét? be the space of holomorphic
r-forms onC". ThenCP(TI", H"% and the coboundary are defined similarly tc2.
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Lemma 5.7. Let C"/T be a toroidal group of type qSupposep € Z5(C"/T", FOP),
and p> 1. Then there exist

q
oP-1) = Z hi(p_l) dz e CP7Y(r, HYO)
i=1
and
1 _
QP2 = 5 Y hPPdz Adz e CPT, H2O)
1<i,j=<q
such that

o™ =shPV for 1<i<qg, and @QP V=52,

Proof. Let 1<i < g. From Proposition 5.6, we havg; ¢ H(C"/I", FO.P~1)
satisfying (5.14) and (5.15). Further, we ha®&) ¢ CO(I", FOP-1), (0<k<p-1)
satisfying (5.10) and (5.11). Then

—000  _

(5.16) 0= =0,

Since p > 1, there existsp® e CO(I", F%P~2) such that

3O _
(5.17) il 9o
1
Hence
od© _ _ooW
5.18 B =5 =55p0 =9——
( ) i 9z Lj z

In casep > 2, there existpi(l) e CYr, F%P~3) such that

Yoy
0z

(5.19) —5p =3,

Suppose we havp® Y e ck=(I, FO.p—k-1) for p*2 ¢ Ck-2(I, FO.P—%) p > 2 and
2 <k < p—-1 such that

an(k—l)

_ 5ol _ 7 (k1)
0z P P
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Then

aok-b o W
O =g =59p* P =—.
0z 0z

Hence if p > 3 andk < p — 1 there existsp® e CKI, FO.P*-2) for p ™ ¢
ck-Y(r, F%r-k-1) sych that

adp®

(5.20) -

k— 7 (K
_spk D =5,0,

From (5.19) and (5.20) we see inductively that (5.20) hollsif< k < p— 2. Since

B 9p(P—2) — _gpP-1)
i(p 1):5 :58,0(’) 2):3

0Z; : 9z

there existsh® P e CPY(T", H) such that

gdP-1) B B B
(5.21) — —5pP 2 =nP Y and ¢ =50V for p> 3.
i

From (5.18) and (5.19), (5.21) is valid fggr > 1. Then

—1 — —2 _
on{P gnP-Y __5<Bp§p " 9l 2)>

(5.22) =
07 0Z; 07 0z,

Next, we shall describ@v;/9z; (1 <i, j <), using (5.14). Put

wji,m — ‘valr:rlap—l - Km,j Km,i(pinEm)al---ap,l m ? 0 and
R 74 Kimi(m) ' ’
(5.23) .
‘wl-i = (p _ 1)| Z wclvll-’-rfxp,l dzoq A A dzap,l-

150l1,---,‘1p—15q
Then applying (5.23) to (4.10), we sefgi =} .., ¥ converges and

oV
lzl/’ji-

3Zj

From (5.23), we have/ji =y} for 1 <i, j <q. Hencey; =i and

(5.24) e
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Hence

7909 5,0
(5.25) (2 _ %) _ g
07 0Z;

Then there exist’ € CO(I', H) and o’ € C(I", F%P=3) (p > 2) such that

———:—h-@), for p=2
(5.26) az, 9z; Y
= 8p|(10), for p>2
Further from (5.20), we have
(K k) (k-1) (k-1)
_/0p; 90 Jo} 90
0z, 9z; 0z, 9z;

In casep > 2, from (5.26) and (5.27), we have

1) @)
_ [ 0p; 3,0- _
5.28 I —— — 5 ) = —53p@.
( ) ( 0z 3Zj ) Ay

Hence if p > 3, there existsoi(jl) e CHr, F%P~%) such that

(1) 1)
oy O 50,5,
9z 0z 4 E

(5.29)
Combining (5.29) with (5.27), inductively ok, we getp) € CK(I, FOP~-3) (1 <
k < p—2) such that

(k)
dp;”  op kD, 75 ®

5.30 —
( ) 0z 3Zj Y

for p> 3.

From (5.27) and (5.30), there exiﬂﬁép_z) € CP(T, H) such that
3,0103_2) B 9ptP2

5.31
( ) 0z 0z,

=60 —nP?, for p>3.

From (5.28), (5.31) is valid fop = 3. In casep > 2, from (5.22) and (5.31), we get

8hgpfl) ahi(p—l)
0z BZJ'

(5.32) = sh{P~2.
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From (5.22) and (5.26), (5.32) is valid fgy=2. Put

q

Q-1 .= Z h*Ydz, and QP2 := Z h(p 2dz Adz.

i 1<I i=q

Then (5.32) means that
dqQ(Pfl) — (SQ(P*Z),

and the lemma is proved. ]

Lemma 5.8. Let C"/T" be a toroidal group of type q and p 1. Supposep €
Zz(C"/T, FOP). Then there exist

hPD e CcP (I, H) (1<iy,...,ir<q andr=1,...,p),

Iq---1¢

which are skew-symmetric in all indicesuch that if we put

1
P == % hPPdz A adg e CPID, HYO),

r f-de

1<i1,...,ir<q
then
(5.33) P =5 i=1...,q (n caser=1),
(5.34) dqQ(p’”l) =8Q0P N r=2...,p
and
(5.35) dq Q@ =0 (in case r=p).

Proof. By Lemma 5.7, we have® ¥ € CP-}(I", H) satisfying (5.33). Suppose
hl(lp ,”11) e CP™ (T, H) is given ¢ > 2). We claim that for each (r > 2), there exist

,o,(f) i, € C(T, FOP=ST) for 1<iy,...,ii_1 <qands=0,..., p—r, which are
skew-symmetric in all indices, satisfying

h(P r+l)

B,O(p r)
(5.36) 2:( e = <§ e )
Yy 8,0.(0)5 :
k=1 Diedieie | _
(5.37) a<k§:lj( 1) o ) 0,
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and

~(~ k—1 apl(ls)fkl : K_1 ap|(137f:t)|
(5.38) 3 > _(-1) —) = D (Lt ), for 1ss=p-r.

k=1 k=1 k

In caser = 2, in the proof of Lemma 5.7, we have® e CS(I', FOP~5-2) for 1 <

i <qg, ands=0,..., p— 2 satisfying (5.22), (5.25), and (5.27). These conditions
correspond to our claims. Suppose (5.36), (5.37) and (5h88) forr (r > 2). Let

p > r. By (5.37), there exist$>i(10_)_ e CYr, F%P"-1) such that

-ir

(0)
(5.39) Z( 1)< 1 Ié---::---'r —apl(?)lr
Then by (5.38)
~(~ K 18pi(1) fii ©
5.40 0 —qt_lerdle ) = 5
(5.40) ;( ) 22, Di i, -

Hence, ifp > r +1, there exists,oi(ll_?_ir e CXI", FOP~"-2) such that

r ap(l)A
K— Py _ 0 1
(5.41) > (-1) 1—'5; = 5p0, +3p0, .
k=1 k

Continuing this, using (5.38), we geﬁf) e C3(I',FOP-r—s—1) fors=1,...,p—r—1,

“ir

such that
(S)
(542) Z( 1)k 1 |5..-I|k.--|r — Spll |r) + apl(ls) i
k

From (5.38) and (5.42), there exish§’.”) € CP~"(T", H), such that

(p-1)
)
(5.43) Z( 1)k 1 |1;k..-|, — Bpllp |: 1) hl(lp |r,)’ for (p>r+1).
k=1

From (5.40), (5.43) is valid fop > r. From (5.36) and (5.43), we have

h(p r+1)

(5.44) Z( 1)kt '1""k""f =sh" " (p>r).
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Namely if h,(lp |r+11) CP—*4I", H) is given with (5.36), (5.37) and (5.38), then we can

constructhi(ﬁ__irr) € CP~'(I", H) satisfying (5.44). Then (5.34) holds for(r > 2). Next
we show (5.36), (5.37) and (5.38) hold for+ 1. From (5.43)

r+1 ah{P-n r+1 ap (p—r-1)

(545) Z( 1)k 1 |1"'|k"'|r+1 =_5 Z( 1)k 1 |1'"|k'"|r+1 for p>r.

On the other hand, from (5.39)

r+1 ap 0)
5.46 1 k—1 |1"'|k"'|r+1 -0.
( ) <Z( ) i

Further from (5.42), fos=1,...,p—-r -1

r+1 © r+1 p (s-1)
(5_47) (Z( 1)k 1 |l...|k...|r+1> _8<Z( 1)k 1 .1....k.._,r+1)

Thus we haveh " with (5.36), (5.37) and (5.38) for + 1. Then similary to get-

[ir
ting (5.43), we can constructti‘jf_'i: which satisfies (5.44) in cage+ 1. Hence (5.34)

holds for 2<r < p. Next we show (5.35). Since= p, from (5.37), we have

e
K— l |l"'|k'"| _ (0)
Z( D =, M

Hence
ptl ah@ .
_1 Kk—1 |1"'|k"'|p+1 —
kZ:I‘( o
Thus (5.35) holds fop > 1, and the lemma is proved. [l

Then we begin to prove Proposision 5.6. In casel, from (5.16),hi(°) =90 /97 —
e CoT, H). Theng® =sh® and

on® o _aw oy _
8ZJ' 0z - 82] 0z -

Hence the proposition holds fgg=1. In casep > 1, by Lemma 5.8, we have holo-
morphicr-forms QP (r = 1,..., p) satisfying (5.33), (5.34) and (5.35). Hence by
Lemma 5.1, there exists a holomorphig € 1)-form ©©@ e CYT", HP~19 such that

d,0© = O,
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Then
dg(Q® —500) = 0.
Hence, there exist®® e C(I", HP~29) such that
dg(2® —s6M) = 0.
Continuing this, we ge®®-2 ¢ CP-(T", HY9) such that

dq(Q(p—l) _ 5@(13—2)) =0.

Put
~ q ~
QY= P D _ 502 =3[P Yz,
i=1
Then
sQ(P-1) = sP-1).
Hence
. aRP-D  ahP Y
o =shP D and =TT
8ZJ' 0z
Hence the proof of the proposition is completed. O

Proof of Theorem 2.2. By Lemma 5.3, for evefy? e ZP(I', H), there exists
¢ € Zz(C"/T, FOP) such thatp(® and f(P are §-conomologous. It suffices to prove

the theorem forp(®. Then for each ki < g, by Proposition 5.6 there exist? ) e
CP-Y(T, H) such that

ahi(pfl) B ah(jp—l)

o = sh"V  and
0Z; 0z

Put

q
Q-1 = Z hi(D—l) dz,
i=1

then dyQ(P~Y = 0. Hence by Lemma 5.1, there exist¥~ e CP~X(T", H) such that

dqh(p—l) = Qr-D),
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namely
%;1) =h" (1<i<q).
Hence
0 sh-D = o = 3‘.0('))_
0z 0z
Put
alP) = pP _ sh(P-D ¢ ZP(T", H).
Then
dalP .
Bz 0 (I<i=<q),
and we complete the proof of Theorem 2.2. ]
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