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We construct an invariant for closed, oriented three-manifolds from the Kont-
sevich integral of framed links, and show that it includes Lescop’s generalization
of the Casson-Walker invariant. Combining this result and a formula for comput-
ing the Kontsevich integral in [17], we can compute the Casson-Walker invariant
combinatorially in terms of g-tangles (non-associative tangles in [3]).

Our invariant is obtained from the Kontsevich integral by imposing the three-
term (3T) relation, orientation independence (OI) relation, 0-vanishing relation
and 1-vanishing relation to the space of chord diagrams subjected to the four-term
relation. The 3T relation is given by

(3T relation) Pl o+ oo

Here, dotted lines present chords and the three chord diagrams are identical except
within the region where they are as above. The OI relation is given as follows. Let
D be a chord diagram and let D' be a chord diagram obtained by changing the

orientation of a string s of D. Then
(OI relation) D' = (-1)*®) D.

Here e(s) denotes the number of end points of chords on s. The 0-vanishing relation
means that a chord diagram having a string with no end points of chords is equal
to 0, and the 1-vanishing relation means that a chord diagram having a string with
only one end point of chords is equal to 0.

The Kontsevich integral Z; of a framed link has values in the space of chord
diagrams subject to the four-term relation [13, 2, 17]. Let v = Z +(Q) for the trivial
knot O, which is equal to the factor introduced in [2, 17] to normalize the effect of
maximal and minimal points. For an ¢-component oriented framed link L, let

Zf(L) = Zf(L)#(V’Vv"' 7V)‘

This means that we connect-sum v to each string of Z¢(L). Let A'(L) be
the image of Z;(L) by the quotient of the space of chord diagrams by 3T, O],
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0O-vanishing and 1-vanishing relations, and then normalize A’(L) by using the sig-
nature of the linking matrix of L, we get an invariant of 3-manifolds A(M) where
My is the 3-manifold given by the surgery on the framed link L.

We first define A(L) and prove that it is an invariant of 3-manifolds by showing
the invariance of A(L) under the Kirby moves in Figure 1 [12]. Any oriented 3-
manifold is obtained by the surgery on a non-oriented framed link in S® [23], and
the two oriented 3-manifolds obtained from two links are homeomorphic if and only
if one of the links are obtained from the other one by a sequence of Kirby moves.
In Figure 1, framings of the links are given by the blackboard framings and the
part of L] in L' parallel to L is actually parallel on the blackboard.

(KI)

split split
union union

Ly L, L
(KII) -
L=LiJLU---ULi~L =LyJLU---ULsk
FiGure 1. Kirby Moves

L,

S

In the latter half of this paper, we study A(L) concretely, and show that it
consists of the order of the first homology group and Lescop’s generalization of the
Casson-Walker invariant.

After finishing this work, the theory of the universal perturbative invariant of
three-manifolds is developed in [20] with this paper as a starting point.

The main results (contents of Section 1) are announced in [14].
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1. Construction of a 3-manifold invariant

We use notations in [17, 19]. Let C be a chord diagram with a distinguished
string s, and let k be the number of end points of chords on s. Let A(C) denote
the sum of 2 diagrams obtained by adding a string parallel to s and changing each
point on s as in Figure 2.

FIGURE 2. Parallel of a chord diagram

Proposition 1. Let L and L' be two framed oriented links as in Figure 3,
and let

(1.1) Zs(L) = > ix X.
X : chord diagram

Then Z;(L') is obtained from Z;(L) by

(12) Zy(L') = > ix X',
X : chord diagram

where ¢y is the same as in (1,1) and X' is obtained from X as in Figure 4.

L L, L

L,

S

L=LiULU---ULi~L =L UL - UL

FIGURE 3. KII move for oriented framed links

This is proved in Section 2.
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-

X X'

FIGURE 4. Difference of Z ¢ by the second Kirby move

FIGURE 5. © and ©,

Let A denote the C-linear space spanned by the chord diagrams on a disjoint
union of ¢ copies of S! subject to the four-term relation. Let

Aﬁ"’) =AY /(3T, OI, 0-vanishing and 1-vanishing relations).

Let A’(L) be the image of Z;(L) in .Age) for an ¢-component framed oriented link
L.

Proposition 2. A'(L) is invariant under the KII moves and the orientation
change of each component.

This is proved in Section 3.
The structure of .A(lf) is given as follows.

Proposition 3. A§‘) is a two-dimensional C-vector space spanned by the
two elements OUOU---LUO and O, LUO U ---UO, where ©y denotes the chord
~—_— N e’

¢ -1
diagram on a circle with two chords as in Figure 5.

This is proved in Section 4.

We normalize A'(L) for the KI moves. For ¢,,4, > 1, Agll) and A(IZZ) are
isomorphic by identifying the corresponding basis. Let .4; be a two dimensional
space spanned by e, and e;, and we identify Agl) with A; by identifying © U © U
- © with ey and @, U O LI --- U O with e;. The image of A’(L) in A; is also
denoted by A’(L). We give an algebra structure to A; by

€g €y = €y, €pe; =€ ey = e, e e; =0.
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Then, for a split union L; U L of two framed links L; and L, we have

(13) AI(Ll u Lz) = A,(Ll) Al(Lz) € A;.

For trivial knots cox; with +1 framings, we know (from (6.3) in Section 6) that
1 3 1 3

(1.4) A’(oo+1)=5eo+§el, A'(00—1):—§eo+§61-

These elements are invertible in A; and their inverses are

A(oo )t 2260—561, A(oo_;) ' =—2¢5— gel.
So we can modify A'(L) for the KI moves as in the case of the Jones-Witten
invariant. Let o4 (L) (resp. o—(L)) denote the number of positive (resp. negative)

eigenvalues of the linking matrix B of L, and let
(1.5) A(L) = 2877+ B0 (1) A (00, )77+ ) Al(00_) 7= (D) A'(L).

For a framed link L and the corresponding three-manifold M}, we have the
following,.

Theorem 1. A(L) is a topological invariant of the three-manifold M.

Let |H1(My)| denote the order of the first homology group of My, and b, (ML)
the first Betti number of M. Let A(ML) be Lescop’s generalization [22] of the
Casson-Walker invariant A\(My). If b, (M) = 0, it satisfies

A(My) = |Hi(Mg)| A(Mp).
Let Ag(L) and A;(L) be the coefficients of e, and e; in A(L), i.e.
(1.6) A(L) =Ao(L) ey + A1 (L) e;.

Then Ag(L) and A;(L) satisfy the following.
Theorem 2.
|Hy (My)] if by (M) =0,
1) Ao(L) =
0 if by (M) > 0.

(2) A1 (L) = =3 \(My).

Theorem 1 is a direct consequence of our construction of A;. To prove Theorem
2, we use the fourth author’s diagonalizing lemma given in [26, Corollary 2.5] and
[25, Lemma 2.2]. According to the diagonalizing lemma, we can reduce the proof
to the case of algebraically split links, for which we can prove (1). See Section 5
for detail. To prove (2), adding to the diagonalizing lemma, we use Dehn surgery
formula obtained in [10] and [22] which expresses the Casson-Walker invariant in
terms of linking numbers and coefficients of the Conway polynomial [22]. For
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algebraically split links, this formula is rather simple and we can prove similar
formula for our invariant. Comparing these formulas, we get (2). For detail, see
Sections 6 and 7.

2. Proof of Proposition 1

We prepare several lemmas. Suppose X is a one-dimensional oriented manifold
whose components are numbered. A chord diagram with support X is a set con-
sisting of a finite number of unordered pairs of distinct non-boundary points on X,
regarded up to orientation and component preserving homeomorphisms. We view
each pair of points as a chord on X and represent it as a dashed line connecting
them. Let A(X) be the vector space over C spanned by all chord diagrams with
support X, subject to the well-known 4-term relation (see, for example, [2, 17]).
The vector space A(X) is graded by the number of chords, and, abusing notation,
we use the same A(X) for the completion of this vector space with respect to the
grading. When X is n numbered lines, A(X) is denoted by P,. All the P,, are
algebras: the product of two chord diagrams D, and D, is obtained by placing D;
on top of Dy. The algebra P; is commutative [2, 13].

We recall the associator & € Pj in [16, 17], which is equal to Z;( [\ ), where
[\\| presents the trivial q-tangle on three strings with brackets ((x*)%) at the
top and (x(x)) at the bottom. Let ®351 = Z;(|,”| ), where || presents the
trivial g-tangle on three strings with brackets (x(x#)) at the top and ((xx)*) at the
bottom. These associators correspond to the associators of quasi-Hopf algebras in
[5, 6] and are also studied in [3]. For p = (p,, ---, p,), 9(P) = g is the length of
p, and |p| = p; +py + -+ +p,. For p and r with the same length g, p > r means
p; > T, p>rmeans p, >, p> 0 means p, > 0, and p > 0 means p; > 0 for
1 <3< g. Let ¢ be Zagier’s multiple zeta function defined by

(2.1) C(81,--+58;) = Z ;sa

msl mik
mp<--<mip€eN 1 %
and let
2.2)

T(plaqla"'vprNQn) :<(1,"'11aq1 +1’1a"~a17q2+1a'”7qn+1)'
N —r N

p—1 Py—1
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Then

-~ 1
(23) =1 +kZ=; n/oF > Y vHrpLe, - ,p,9,)

g>1 p>0, g>0,

|p|+]|al=k,
g9(P)=g(a)=g
g
Z (-—1)["1 (H (pi) (Qi> ) BlsIAPI="1 Bni=s1 | APsTTs BYs% Alrl,
9(r)=g(s)=g, i—1 \Ti/ \$8;

where A (resp. B) denotes the chord connecting the first and second (resp. the sec-
ond and third) strings. Another associator ®35; is obtained from & by substituting
B to A and A to B.

Let

where ¢; = 1 (resp. —1) if the i—th string is oriented downward (resp. upward).

Lemma 1. For any A € P, we have
L1 L1

A _ A ............
(2-4) A e - A :
T 1
Proof. This is a special case of Lemma 2.1 in [19]. O

Let Az be a mapping from Ps; to P4 applying A to the third (right most)
string of Ps. Let

E=f v}, F=WUS, a0, o=l b,

5 l Hrz_j g = J l[zi] B = l JL_‘Z:]

Lemma 2. EA3(®)=E, A3(®301) F = F.

Proof. Note that
Ea=Ed, EB=Ep, aF=dF, BF =p3"F.

Let X be an element of P3. By applying Lemma 1 with A =a’ or A = 3 to
each end point on the third string of X, we get

253)  Eals(X)=EAs(X)a', EBAs(X)=EAs(X)f.
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Similarly, we get

(2.5b) Asz(X)aF =a' A3(X)F, A3(X)BF =3 A3(X) F.
Since .
s = ] o +H
we have
(26) al ﬂl — ﬂl al — a/ /8” — ﬂll a/.

We use the above expression for ® and ®32;. In Az(®) and As(P301), As(A) =
a and As(B) = —f. By (2.4), (2.5) and (2.6), we have

EBslapr=m ghi=s1 | qPeTe Bl—5 olFl = Eo''P! lgllq‘,
O[|s| BP1TTL gt T8 BPeTTe g9 % ﬂ|r| F= allQl ,8”|p| F

Hence
o0

Q70) BEM@®)=E+Y g 3 Y o pp) X

k=2 g>1 p>0, g>0,
[p|+lal=k,
g(p)=g9(a)=g
g
Z (_l)lql (_1)|rl (H <1:z) (Zf))Ea’lpl IBI'Ql’
g(r)=g(s)=y, i=1 V¢ i
0<r<p, 0<s<q
— 1
(27b) As(@)F=F+Y ———=— Y 1(,q, P 4,) X
k=2 (27T' —l)k g9>1 p>0, g>0,
|p|+|al=k,
9(p)=g9(a)=g
g
S (Rl (] (ff) (Zl‘))a,mn gP g
g(r)=g(s)=g, i=1 \ ¢ i

=P, Y5>

However, we know that
q; q P D

_1\S: 7 — if g. —1)" i = if p, .
> () =0 ita>o, P () =0 itn>0

Therefore, all the terms except the first one of the right hand sides of (2.7a) and
(2.7b) vanish. Hence we get E A3(®) = F and Ag(®P391) F = F. a

Let v be an element in P, such that v=! = Z;( \_J ). By the remark at the
end of Section 5 in [19], we have

225 >=(@3 ZA>=L@3
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for some a and b in P, such that
(2.8) ab=AW) (v ' evl).
With these a and b, we have the following.

[ b ]
Lemma 3. zf(A[)z e, zf('\n)= E=at

Proof. By (2.7a) and (2.7b), we have

(2.9)
Zs A?((R)D )= (@:I, Z4( &3(*[ ‘[; ) = Eﬂ
¥ v fF 7 A(L)

As g-tangles,

—~~

A(ﬁ ) Yy v 4 4
3( \ ) ’ A(LJ) ’
v ¥ f 3 —
where the brackets aregiven as (*(x(¥x))). On the other hand, Z ¢ is obtained from
1/2 -1/2

Zs by adding v*/* at each maximal and minimal point. So, by multiplying v

at the outer strings of (2.9), we get Lemma 3. O

Proof of Proposition 1. Let
(2.10) Zs(L) = > éx X.
X : chord diagram
Then, from Lemma 3, Z;(L') is given by
(2.11) Zy(L') = > éx X',
X : chord diagram

where ¢y is given in (2.10) and X' is obtained from X as in Figure 6. Hence, Z(L)

X X!

FIGURE 6. Difference of Z ¢ by the second Kirby move
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is given by

(2.12) Zy(L) = > éx X#(v, - ,v).
X : chord diagram

and Z;(L') is given

(2.13) Z;(L) = Z éx X'#W, - ,v).
X : chord diagram

The difference of X#(v,---,v) and X'#(v,--- ,v) are given as in Figure 7. Ap-

1

X#(l/,“',l/) X’#(y,---’y)

FIGURE 7. Difference of Z; by the second Kirby move

plying Lemma 1 and (2.8) to X'#(v,--- ,v) in Figure 7, we have

L i :

Comparing the above last term and X #(v, - - - ,v) in Figure 7, we get Proposition 1.
O

3. Proof of Proposition 2

In this and the next sections, we extend the notion of chord diagrams by
introducing trivalent vertices of dashed lines (chords) satisfying the following STU
relation as in [2].

(STU relation)
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From this definition, the order of the edges around a trivalent vertex has
meaning and we have

(anti-symmetry relation) ' _ .

According to the four-term relations, an element with a trivalent vertex of chords is
well-defined in the space spanned by the chord diagrams subjected to the four-term
relations. From the STU relation, we have the following relation, which is called
the IHX relation in [2].

(THX relation)

(two legs reduction) _1

: 1 e
(three legs reduction) P, = 6 g

Proof of Proposition 2. According to the OI relation and the construction of
the Kontsevich integral, A’(L) does not depend on the orientation of components
of the link L. Hence A’ is an invariant of non-oriented framed links.

Next, we show that A’ is invariant by the KII move of non-oriented framed
links. Since A’ does not depend on the orientation, we may give orientations to the
links L and L' in Figure 1 as in Figure 3. So, we prove that

k chords
k chords

For k = 0, 1, this formula is satisfied by the 0 and 1 vanishing formulas. For k = 2,
the right hand side of the formula is a sum of four diagrams. However, three of
these four diagrams vanish by the 0 and 1 vanishing formulas, and the remaining
diagram is the same as the diagram of the left hand side of the formua. Therefore,
the formula is true for k£ = 2 case. The k > 2 cases are reduced to the above cases
by using the two and three legs reductions. So the above formula is true for all
k. O
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4. Proof of Proposition 3

Let A®© be the C-vector space spanned by trivalent graphs subjected to the
IHX relation and the anti-symmetry relation. Then we first show the following
lemma.

Lemma 5. The space Agl) is spanned by

¢
{DU(U®) | D : connected chord diagram in A with less than three vertices}.

Proof. By using the 3T relation, the two and three legs reductions, 0-vanishing
and 1-vanishing fomulas, and the anti-symmetry relation, we can reduce any chord

diagram to a linear combination of diagrams of the form D U (lfl@) with D € A,
Then, by using the 3T relation again, we reduce D to a linear combination of
connected diagrams.

Assume that D has 2d vertices with d > 1 and we will show that D vanishes
in A§£). From the IHX and 3T relations, we have

(4.1) = Y -
P S0 Y FI—
Focus on a cyclic path of D with n edges (n > 3). Replace an edge of the path by

(4.1), D is equal to a linear combination of a diagram having a cyclic path with
n — 1 edges and a diagram which is a connected sum of ¢'¢ and a diagram with
2d -2 vertices. Applying this process repeatedly, D is shown to be equal to a linear

combination of diagrams having a part .... Using (4.1) again, we have

Since ;[ .. = ....by the IHX relation, (4.2) implies
(4.3) N S IR

On the other hand, the IXH relation implies

(4.4) it = 2

Hence, (4.3) and (4.4) implies that 5.... = 0, and so .,.. = 0. Hence
D =0. O

Proof of Proposition 3. For a chord diagram D € A®), let deg(D) be
deg(D) = (number of vertices and end points of D)/2 — £,
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and we call it the degree of D. All defining relations of .A¢ are homogeneous with
respect to this degree. Lemma 2 shows that the degree 0 and 1 parts of A} are
both at most 1-dimensional and other parts are all 0-dimensional. Therefore, it is

¢ ¢
enough to show that the elements LU® and ©4 U (U@) do not vanish. To do this,

we list up all the non-zero chord diagrams of degree 0 and 1 in Ag” and show that
they are reduced uniquely to scalar multiples of Lﬁ@ and O, U (Tﬁ@ by the IHX,
3T, orientation independence relations and O vanishing formula. We write down
exactly all such non-zero diagrams as scalar multiples of Ifl@ and O, U (ZI:IIG)),

and check that all the relations are compatible with these elements.

Let D be a non-zero diagram in A% of degree 0 without vertices of chords.
Then, because of the 0 and 1 vanishing formulas, each string (real line) of D has
just two end points of chords. Hence D is a disjoint union of chord diagrams
with several components connected by chords as a chain as in Figure 8. For these
diagrams, we have

k
(4.2) D® =1/(-2)k1 <u@).
Hence,
Ny
D = (=2)"¢9) (u@) ,
where j is the number of connected components of D.

Let D be a non-zero diagram in Af of degree 1 without vertices of chords.
Then the total number of end points of chords is equal to £ 4+ 2 and the number of
end points of chords on each string is equal to 2, 3 or 4. Hence, D is connected,
or a disjoint union of one degree 1 component and other degree 0 components.

Non-zero connected diagrams of degree 1 are p¢ 1’k2), D,(fl’k” and Dgff’k?’ks) in
Figure 8. For these diagrams, we have

D(k17k2) — 1/(_2)k1+k2 0, L <k1Ek2@> ,

ki +k
(4.3) Dfk) = 1/(—2)kitha-1 9, 1 ( U 2@) ,

ki+ko+kg+1
Dgfllykz’k:s) = +3 (_2)—(k1+k2+k3+2) @2 U ( 1 2U 3 @) .

Therfore, combining (4.2) and (4.3), we get expressions for all the non-vanishing
diagrams.

Now we can check all the relation for the above non-vanishing elements. Com-
putation is rather elementally and we omit the detail. a
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FIGURE 8. Non-vanishing diagrams

5. Order of the first homology group

In this section, we prove the first part of Theorem 2. We first recall the fourth
author’s diagonalizing Lemma, by which we can reduce our work to simple cases.
For a framed link L, let By denote the linking matrix of L. A framed link L is
called an algebraically split link if By, is a diagonal matrix.

Lemma 6 (diagonalizing Lemma, [26, Corollary 2.5] and [25, Lemma 2.2]).
Let L be a framed link. There is an algebraically split link L' with a non-degenerate
linking matriz such that L U L' is equivalent to an algebraically split link by the
Kirby mowes.

Proof of Theorem 2 (1). Since Lo is additive for disjoint union of links,
it will be enough to prove for algebraically split links. Let L be an algebraically
split framed link. To prove (1), we compute the integral for L corresponding
to the configuration of disjoint union of D), We give a coordinate in R® by
(2,t) € CxR = R3, and call the t-coordinate level. Let L be an ¢-component Morse
link in C x R such that L is in the plane R x R except a small neighborhood of the
crossing points of L. Then L has a framing given by the normal vectors orthogonal
to the plane R x R, and we regard L as a framed link with this framing. Note that
every framed link can be given by this way.
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A set of k chords (dashed line segments) with end points on L, parallel to
C x {0} on different levels each other is called a horizontal configuration with k
chords. Two horizontal configurations P, and P are considered as the same one if
we can get P, from P; by sliding the chords of P; keeping them parallel to the plane
C x {0} and keeping their order with respect to the level. Then the Kontsevich
integral Z;(L) in [17] of L is written as follows.

(5.1) Z;L) =3 ) cp(L) D,

k=0 P :
horizontal configuration
with k chords

where Dp denote the chord diagram describing the configuration of the end points
of chords of P, and the coeflicient cp is given by the modified iterated integral
corresponding to P as in [17]. Let

(5.2) A'(L) = Ab(L) eg + A(L) e,

Then A{(L) is defined from Z;(L), which is given by adding several v’s to Z;(L).
Since A)(L) corresponds to the degree 0 part of Z;(L), and, by the argument for
the degree 0 part in the previous section, only chord diagrams with just two end
points of chords on each component contribute to Aj(L). Since, the non-trivial
terms of v have more than three end points, v does not contribute to Ay(L). More
precisely, A(L) is the image of

Z cp(L) Dp,

P : horizontal configuration with
two end points on each component of L

which is equal to

E ( E cP(L)> D.
D: P: Dp =D
chord diagram with two end points

on each component

We first assume that L is a knot. In this case, we need the coefficient of
DM (= @), which is equal to > p. pp = p cp(L). From the description of Z;
by using a tangle decomposition in [17, 18], we know that the coefficient of © in
Z¢(L) is a half of the writhe w(L) of L. Hence, we have

w(L)

(5.3) Ap(L) = =2

Next, we assume that L is a two component algebraically split link with com-
ponents L; and Lo. In this case, we need the coefficients of D(? and DM 1y DO,
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which are given by the following integrals: The coefficient of D(?) is

1
e / Z €, €164 6h dlog(zy — 21) Adlog(zy — 23),
27v-1) by <t z,€L1N{t=t, },21€LaN{t=t,}

zp€L1N{t=t,},zh€LaN{t=t,}
where ¢;, (resp. €%) is 1 if the link L is oriented upward at the point (¢, z;) (resp.
(t;,21)), and is equal to -1 if L is oriented downward at this point. This integral is

equal to

1

3 27r\/_ " £ € dlog(z, — 21)

z eLm{t t,}
z1€LaN{t=t,}

x €, h dlog(zy — 25)
2r V-1 v t2 , eLm{t t,}

z26Lgn{t to}

As in [13], we know that

(5.4) Z g, € dlog(z — 2') = 1k(Lq, L),

1 zeLin{t=t,},z' €LaN{t=t,}

1
21/ —1 ,/t
and so the coefficient is equal to
1
5 k(Ly,Ly)% =0,

since L is an algebraically split link. As in the case of knot, the coefficient of
D® u DM is equal to

’U)(Ll) 7.U(L2)
—
Hence we have ‘
ap(p) = WEaetle),
Now consider the case for £-component algebraically split link L with compo-
nents Ly, Lo, -+, Ly for £ > 3. We first compute the coefficient of D® whose
components corresponding to Ly, -- -, Ly are connected by chords in that order. It

is given by the following integral:

1
TV . 2 A dvste =)

' le,ELlr‘l{t t, },21,€Lan{t=t, } k=1
29,EL2N{t= t2} zzeLaﬁ{t o}

zy,ELeN{t= t,} zf,eLm{t t,}
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Let Ly denote Lj, then the above integral is equal to

£

H27r\/_/ dlog(z — 2').

b zELkﬁ{t—tk}
2'€Lp1N{t=t;}

Hence, the coefficient is equal to

¢
H (Lky Lr+1) =0,

since L is an algebraically split link. Next we compute the coefficient of a disjoint

union of several D(*)’s. In this case, the result is a product of coefficients corre-
sponding to every D(*) given above, and so only the coefficient of U¢D() does not

vanish. Hence we get

Ay = [T 2.

=1

Therefore, from (1.1) and (1.2), we have

B ~ 1 —o4+(L) 1 —o_(L) ¢ w(L; L
Ao(L) = 2t-7+(D)=o- (D) (5) (—5) II (2 ) - | [[we
i=1

= |det By,

since 04 (L) and o_(L) are equal to the number of components of L with positive
writhes and negative writhes respectively. This implies Theorem 2 (1) because
|det By | is equal to the order of the first homology group of My, if b,(Mg) = 0,
and is equal to 0 if b, (M) > 0. O

6. Coincidence with the Casson-Walker invariant

To show the equivalence of A; and X, it will be enough to show for knots and
algebraically split links since we can apply Lemma 6 (diagonalization Lemma) in
Section 4. For knots and algebraically split links, we derive skein relations of Ay,
and compare them with the Lescop’s formula for the Casson-Walker invariant.

Let L; and Ly be two framed links. Assume that the linking matrix of L, is
non-degenerate. Let L; U Ly denote the split union of these two links. Then we
have

(61) Al(Ll U Lg) = Ao(Lz) Aq (Ll) + Ao(Ll) A (Lz)
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On the other hand, [22] shows that, for a connected sum My, #Mp,, A satisfies
(6.2)
|Hy (ML) M(My) + |Hi (M, )IMMz,) i by (Mg,) =0,
AN Mp, #Mp,) =
IHI(MLz)lj\(MLl) if bl(ML1) > 0.
We already know that Ag(L) = |H1(My)| if b,(Mr) = 0, and Ao(L) = 0 if
b;(Mr) > 0. Therefore, if Theorem 2 (2) is true for certain link L, with non-
degenerate linking matrix, and for the split union L; U Lo, then it is also true for
L;. Hence, it is good enough to prove Theorem 2 (2) only for algebraically split
links.
Next, we introduce skein relations for A;.

Lemma 7. Let Ly and L_ be two framed knots which are identical except
in a small ball B where L. N B is a positive crossing and L_ N B is a negative
crossing. Let L_ be the knot obtained from L_ by adding a positive full twist as in
Figure 9. Let KO and K be the components of the two component link obtained
from L by the smoothing at the crossing in the ball B. Then Ay(L,) and A;(L-)
satisfy the following.

(skein I) Ai(Ly) = Ay(L-) = —6sign(w(Ly)) k(K1) K).

X

L_ L_

FIGURE 9. Adding full twist to L_.

Lemma 8. Let L,_ = Ls_l) U Lf)_ UL® U---L® be an L-component

algebraically split link with a positive crossing (resp. a negative crossing) consisting
of the strings Lg)_ and Lf)_ in a small ball By (resp. By). Let L_, = L(_l_)FUL(_QLU
LB U--- LY be a link obtained from L, _ by crossing changes in B, and By. Let

L, be the link obtained from L, _ by smoothing at the crossing in the ball By, and
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let Ly be the link obtained from L_. by smoothing at the crossing in the ball Bs.
Then A1(Ly_) and Ay (L—_4) satisfy the following.

(skein IT)
Ar(Lyo) = Aa(L—y) = —sign(w(LEL) w(LE) w(L1)) (A1 (L1) = Av(L2)) -

Proofs of Lemmas 7 and 8 are given in the next section.

For an f-component algebraically split link L = Ly U Ly U---U Ly, a Dehn
surgery formula for the Casson invariant is obtained in [10, 21, 22], which is given
by
(Dehn surgery formula)

£
ML) = =Y sign(uw(L:) (H (L)

J#i

(Jw(L:)| = 1) (Jw(Li)| = 2)
) 12 +

o2 <HSign(w(Li))> (H |w(Li)|) a41(UierLi).
£

Ic{1,2,, iel i@l

Here |I| denotes the number of elements in I, and a, (L) is the coefficient of t* in
the Conway polynomial V,(¢), which is defined by the following skein relation:

VL+ (t) - VL-(t) = _tvLo(t)a

where Ly, L_, Ly are links identical except within a ball at which they are a
positive crossing, negative crossing and their smoothing as usual. Note that there
is a minus at the right hand side of the relation. Recall that, if M}, is a rational
homology sphere,

¢
A(Mp) = |Hy (Mp)| A(Mp) = [ ] lw(L:)| A(My).

=1

Before proving Theorem 2 (2), we show some properties of A for three simple
cases.

Lemma 9. Lescop’s generalization of the Casson- Walker invariant X satisfies
the following.

(i) For any trivial framed knot L, —3 \(Mp) = A, (L).

(ii) For any knots Ly, L_, KM and K® as in Lemma 7,

AMyp,) = A(M; ) = 2sign(w(Ly)) k(KD K®).
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M L( ), L] and L:Z as iTL Lemma 8,

M (M, ) = ha(Mr_y) = =sign((L) w(Z ) w(La)) (% (Me,) = 2 (My,)) -

This lemma is proved after proving Theorem 2 (2).

Proof of Theorem 2 (2). For an ¢-component algebraically split link L with
non-degenerate linking matrix, we will prove that —3A(M) = A;(L). The com-
putation of A; is reduced to those for split links by the relation (skein II). By using
(6.1) and (6.2), the proof for a split link is reduced to the proof for each component.
Moreover, by using (skein I), A; of a knot is reduced to A; of trivial knots with
framings. Therefore, Lemmas 7, 8 and 9 show that A; and —3 X satisfy the same
recursive relations and the same initial conditions. Hence they are identical. O

Proof of Lemma 9. We first show (i). For a trivial framed knot L given by
vertical twist as in Figure 10,

Z) = O + 4B g wL)

5 3 O, + (terms with more than two chords),
and

v=0 + % (02 — ) + (terms with more than two chords).
Hence we have
Zy(L) = Zs(L)#vi#v
_ 0. w(2L) o0 (3w(L)2+2;f)2 _2

+ (terms with more than two chords).

In A;, we have

O =0, = —-20,,

by the 0-vanishing formula and the 3T relation. Therfore, in A;, we have
L L)? +2
W), | w(lP+2

(6.3) A(L) =

2 0 8 1y
and so
2 -1
A(L) = (“’(L) €0+ % el) (Sign(w(L)) S+ gel)
w(L)2
= (w(2L) €o (L)8 2 el> (2 sign(w(L)) eqg — gﬁ)

= [w(L)| eo + sign(w(L))
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N

N

FIGURE 10. trivial framed knot L with vertical twist

Hence

lw(L)[* — 3 |w(L)| +2
) 1 :
On the other hand, by the Dehn surgery formula of X described before, we have

A(My) = —sign(w(z)) B = lew(L)I +2

Ay (L) = sign(w(L)

Hence (i) is true.

Now we show (ii). Since w(Ly) = w(L_),
A(My,) = A(Mj_) =2 sign(w(Ls)) (az(Ly) - ay(L2))
From (4.7) in [7] and Theorem 2 in [8], we have
ay(Ly) — ay(L_) = ay(Ly) — ap(L_) = —a; (KW UK®) = k(KM K@),

These two formulas imply (ii).
It remains to prove (iii). We use the notations in (skein II). Then, we have

(64) AMp,)-MMp_,)=2 Y ( II |w(L<i>)|)x

JC{3,4,+ £} \i€{3,4, L}\J

(s (L2 UL U (UjesLD) = a5 (L ULEL U (Ujes L9))

since the other terms of A(Mf, +_) are identical to the correspoinding terms of

A(Mp_,). Similarly, we have

(6.5) AMgp,)—XMp,)=2 ) ( II lw(L(i’)I)x

JC{3,4, £} \i€{3,4, L}\J

(G|J|+2(L§1) U (Ujes L)) — a|J|+2(Lgl) U (UjeJL(j)))) ,
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where Lgl) and Lgl) are components of L; and L, such that L; = Lgl) uL®u--.u
L® and Ly =LY UL® U--- U L®. From the definition of V, we have

(6.6)
(1) (2) @My _ (1) L(z) L(j)
a43(LyZ UL U (ngL ) —ayg43(LZZULEZ U (ng )
- (1) (9)
= — Ly’U(UL ,
a|J|+2( 1 (jeJ )

(6.7)
a7 5(L UL U (

LGJJL(j))) —a5LYULP U (U L))
J

jEJ
- _ (1) (4)
apg42(Ly’ U (].LEJJL ))-
We also know that

(6.8)

wL) =w(Ld),  wril)=we?), wed)=wr)
Hence, normalizing by the signatures of the writhes of Lgl), L§2), Lﬁrl)_, L<_1>+, Lf)_
and L', we get (iii) from (6.4) ~ (6.8). O

7. Skein relation of A;
We prove the skein relations Lemmas 7 and 8. These two lemmas are obtained
from the following skein relations for A} by using the relation between A and A’.
Lemma 10. Let L, L_, KD and K@ be as in Lemma 7. Then
(skein T’) AY(Ly) = AY(L-) = =3lk(KY, K®).

Lemma 11. Let L,_, L_,, L, and Ly be as in Lemma 8. Then

(kein ) AJ(Lso) = AL(Loy) = —2 (A4 (L2) — AL (L))

Proof of Lemma 10. We separate A;(L,) and A;(L_) into the g-tangles corre-
sponding to the crossing points in B and the added full twist, and the contribution
from the other parts. Let Py be the invariant Z ¢ from the crossing, T' be that from
the full twist, and @) be that from the other part. Then, P;, P_ are given in [17]
and
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The contribution of T is given by the connected sum of O +0+0y+--- to
the integral of L_. For a sum X of chord diagrams, let X(*¥) denote the part of X
consisting of the terms with diagrams having k chords. Since Z;(K) = Z;(K)#v
for a knot K, we have

= PO (Q#1)® + PY QW 4 PR Q)

AY(Lo) = p (Q#v)? +pW (Q#v)® +p® (Q#v)©
= PO (Q#)® + PV QW + PP QO

AY(L-) = PO (Q#1)P TO 4 PV QU TO 4 p) Q) ()
+ PO QW T 4 p QO 7() 4 pO) GO 7(2)
+ (P_(_O) Q(l))#@ + (PEI) Q(O))#@ + (Pﬁo) Q(O))#®2/2,
Therefore, we have
A (Ly) = A (Lo) = (PO — PO (Q#0)® + (P - PD) QW) — (PO QW0

Since
(PY Q)20 = — 0,/2,
(P9 QO)%0, = 0,/2,
(PO - PO) = (P - PP) =,
we have

A(L4) = Ay (L) = (P = PO QW - (PO QW) %0

We compute Q) exactly. There are three kinds of chord diagrams in Q)
given in Figure 11. In this figure, s(!) and s(®) denote the two components of Q)
corresponding to KM and K® respectively. Let 0y, 0y, a5 be the coefficient of
the invariant Z ¢ of the configurations to Q?), le), él). Then, from (5.3) and
(5.4), we have

o =w(KM)/2,  a, =k(KY, K®) o, =w(K?)/2.
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(1 (1) (1)
2

FIGURE 11. Chord diagrams in Q®, where s() denote the string
corresponding to K (9.

Hence (A} (Ly) — AL (L)) g; is equal to the image in A; of

w(ED) +wK®) o e gy (@) -

2
w(K®M) + 21k(KD, K®) + w(K®)
2

0, = -3lk(KMW, K®)e,

Here we use the relation = —20,. So we get Lemma 10. O

Proof of Lemma 11.

Let Ly =L urP uL®u...uL®, L, =LY uL®, LB U---.uLO,
Ly, Ly, By and B; are as in Lemma 8 and let L__ = L(_l)_ UL(_2)_ uL®y...uL®
be a link obtained from Ly_ by a crossing change in B;. Note that L_, is an
algebraically split link since so is Ly _.

We first compute Aj(L4-) — Aj(L—_). We express Aj(Ly-) — Aj(L-_) in
terms of A}(Ly). Let Py, P_, P, denote Z ¢ of the g-tangles corresponding to the
parts of L., L_, Ly in By, and @ be Z s form the other part. Note that Q is the
same one for L, L_, L, because Ly, L_ and L, are identical in the complement
of B;. We know that

+_+_+..., P =

Let X(®) denote the part consisting of terms with diagrams having k chords as
before. Since, for any framed link L, Z;(L) is obtained from Z;(L) by adding v to
each component by the connect sum, we have

Ay (Ly-) = AY(L--) = S% U(Q#(, - ,w),
M@= | [U@#e, >>“’
by the linking number of two components of the link corresponding to the com-

ponent containing the end points of the middle chord. We assumed that L, _ is
an algebraically split link, hence the integral corresponding to a chord diagram
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the chord diagrams of (Q#(v, - -- ,I/))([) which do not vanish. In this figure, s(1),
5@ s() denote the compoents of (Q#(v,-- , 1)) corresponding to L) , L)
and L) respectively. Let Qgi’j), ceey Q33(D§2_2)) be the diagrams in Figure 12.
In this figure, ©% = L*O.

Case that the number of end points of chords on s() and s are equal to 4,

U e,

1 61—4,

LJ @l—3’

L @l—?»,

U ®£—3,

N @Z—S

(3) . -3
i1 - Uoes,

Q15 : @t U e
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Q17: b LO2, Qs
Qo : b LU O 2, Qo
Q21 : FLUO2, Qoo
Q23 : b UO2, Qo
Q25 : b L Of2,

—
i)

where Dik) is a non-vanishing chord diagram of degree 1 with k components.

FIGURE 12. Non-vanishing chord diagrams in Q* for an algebraically split link
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o+, Qa3(DYY), and let F™7) | ... F33(D{*=?) be diagrams obtained by inserting
| | to Q§i’j), ceey Q33(D¥_2)). By using relations in A(ll), E{i”), e F33(D§£_2))
are reduced as in Table 1. In the table, @ék) = (U*~1'0@) U O, and ©F = L*O.

Egi»]') - _

EY

E{Y

i 3 (- i - 1 -
e e I

Fu(DY"?) =D "?ue, Fu(D{?)=D{"?ue.

-20

)

B =

EY)

B

E{)

3 ) i
E@g)’ E.'g)
3 (e i
=_§@g)a E’g)
1 i
= Zeg)’ Eil)
= @(207 Ei5
3
= -390, By
= 0 ) Eos
3 i
_ Sef Y - -

1 (e
Z@g)’

3
563)7

1
—595),

B = —2ef,
By = -Zey,
B - Lo
B = %Gg),
Ey = @g)»
Ey = 0 )
B = -gey,

i - 1 - - 1 -
Eéﬁ)(Dgl 3)) - ZDge 3| o3, E31(D§£ 2)) _ _§D£l 2) |, 62,

(t-1)
2

)

Fz(i»j)
FY

Fyy)

(@)
Fyg

Ess(D"?) =0,

1 (- ;
= sy, R
ou-v g
1 _ .
- Lot £

= —20{"Y, F;

= oy, Fy
= oYM Py

3 ou-1) (i)
= _Zez y For =

Table 1

F4(i) — egl—l)’
Fs(i) — 632—1),
R = -Leg,
F16 - 2621-1),
F20 - 2(_)%[_1)7
F24 = @3_1),
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Let ag’j) (resp. af:), oy, aii) (D§1_3)), ay, (D§“2))) denote the coefficient of Z; of
the configuration Qgc”) (resp. QS), Qs QS) (D3, Qk(D§[_2))), then we have

ML) = AL (L) + 5 AL () =

(i,9) (i,5) (2) (3) (3) (3)

X Qy ) (ae Q7 Qg Qg )
g Rl e
s<ici<t ( 16 16 s<ict 8 8 8 8

Qg |, X7 Qg | Qoo Qoy
e
4 2 4 2 % %

2
2

+ Z (%2 D( )+ 0433(1);_2))).

(l 2)

We know that
(z D+ a (11 Ik(LE:)_,L(i)) lk(Lg_l)_,L(j)) lk(L(f)_, L) lk(Lf)_,L(j)),
and so it is equal to 0 because L _ is an algebraically split link. Similarly, we have
a(z) + a( + agi) + agi)
= (lk(Lg})—,LSf)-) - %) (L), LOY (LD, LO) (LD, L) = 0,
and
1\ 2
Q16 + Q13 = (lk(LS_l)_,Lf)_) - —) =0.

We also know that

T 1)y oo(L?
o — (H w(l;( ))) w(LJr_)4 @)

Jj=3
Moreover
s (1) ©w(LY) ) (2) w(LY)
Qap—2 0y = A ( + ) H D) ) Qpg—2 95 = Aj(LY) H 2 )
j=3 j=3
and
w(L. - N L?
> a0 = a@) MBS S ag o) = g U
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where L' = L® U LW U ... U L®. Hence, we have

ML) = (L) + 3 Ay (L)

_w@)we®) + 20 2) + 20,22 H w(LWY)
8 s 2

(w(L$>_) +w(L? )) .
Similarly, we have
1
AY(L—y) = A (L) + 3 A (Ly) =
w(L®) w@®) + 20, + 24,2 fI w(L))
8 2

Jj=3
A

+ —’lg‘]ﬁ (w(L(_llr) + w(L(fl)) :

Since LY and L(_’)+ are of the same knot type for 7 = 1 and 2, we get Lemma 11

by subtracting the above two formulas. O
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