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Abstract
Let X and Y be horospherical Mori fibre spaces which are equivariantly birational with respect
to the group action. Then, there is a horospherical Sarkisov program from X/S to Y/T.
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1. Introduction

In this paper, we work over the field of complex numbers. Horospherical varieties are ex-
amples of complex varieties endowed with an action of a linear algebraic group, with finitely
many orbits. They are for example rational. An important class of horospherical varieties is
given by toric varieties, on which the group G/, acts. Similarly to toric varieties, horospher-
ical varieties admit a combinatorial description. Indeed, to a horospherical variety Z and an
ample divisor D one can attach a polytope Qp, called the moment polytope, describing the
geometry of the variety and of the action. For instance, some specific facets of Qp are in
bijection with the divisors of the variety which are stable by the group.

In [12] the second-named author described a minimal model program for horospherical
varieties, or horospherical MMP, completely in terms of moment polytopes by considering
a one-parameter family of polytopes of the form {Qp,ck,}eeq. For small values of e the
polytope Op.ek, still defines the same variety Z, but, since K is not pseudoeffective, as
€ grows, facets of the polytope start collapsing. Eventually, the dimension of the polytope
drops, defining a fibration to a variety of smaller dimension.

2020 Mathematics Subject Classification. 14E30, 14M25, 52B20, 14M17.



38 E. FLoris AND B. PasQuiErR

This process, for a suitable choice of D, is a minimal model program and ends with a
Mori fibre space X — S.

The natural question arises then of the relation between different horospherical Mori fibre
spaces which are outcome of two MMP on the same variety for two different ample divisors.

Two birational Mori fibre spaces, without any further structure, are connected by a Sark-
isov program by the cornerstone results of [3] and [8]. A Sarkisov program is a sequence of
diagrams, called links, of one of the following forms

1 1l 111 1V
X-—>Y X-—>Y X-—>Y X-———- -y
A O A A g
X T X Y S Y S T
¢l/ ¢l lw \lw \/
S S—— T T R

where W/ — W are extremal divisorial contractions, horizontal dashed arrows are isomor-
phisms in codimension 1 and all the other arrows are extremal contractions. In type IV, we
have two cases depending on wether S — R and T — R are fibrations (type IV};) or small
birational maps (type IVy).

If X/S and Y/T are two Mori fibre spaces carrying the action of a complex connected
group and which are birational equivariantly with respect to the group, then by [5] there is an
equivariant Sarkisov program, that is one in which all the arrows in the links are equivariant
with respect to the group.

In this work, we aim to produce a Sarkisov program in the spirit of [12] and prove the
following.

Theorem 1. Let G be a complex connected reductive algebraic group. Let X and Y
be horospherical G-varieties which are G-equivariantly birational. Assume moreover that
there are Mori fibre space structures X/S and Y/T. Then, there is a horospherical Sarkisov
program from X/S to Y/T.

Given two Mori fibre spaces that are horospherical varieties, a horospherical Sarkisov
program is a Sarkisov program that can be realized by deforming moment polytopes. More
precisely, if X/S and Y/T are Mori fibre spaces that are horospherical varieties, Z a horo-
spherical G-variety, D and D’ ample divisors on Z such that X/§ (resp. Y/T) is the outcome
of a horospherical K;-MMP with scaling of D (resp. of D’) as in [12], we construct a
2-parameter family of pseudo-moment polytopes

0,
{P*}5,0eq

with the following properties: there are &y and £; such that {PO’E}EE[O,EO] gives the K;-MMP

with scaling of D and {Pl’f}ee[oﬂ] gives the Kz-MMP with scaling of D’. Moreover, for every

§ € [0, 1] the divisor 6D + (1 — §)D’ is ample on Z and P°? is a pseudo-moment polytope for

Z. The Sarkisov program X/S --> Y/T is obtained by considering the polytopes P*€ for (6, €)

moving along a certain piecewise-linear curve, which we call the Mori Polygonal Chain.
More precisely, we set
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P :={xeQ" | Ax> (1 —6)B+ 6B +¢C},

where the matrix A corresponds to primitive elements of edges (in a lattice isomorphic to Z")
of the colored fan of the horospherical G-variety Z, the column matrices B and B’ correspond
to the divisors D and D’, and the column matrix C correspond to K. See also Definition 9
and Theorem 30.

We illustrate the intuitive idea behind the theorem with an example. Let X/S be the toric
variety P! x P! with the first projection to P!. We consider the polytopes P, defined by
Apx > By + €Cy where

1 0 1
0 1 0 1
A()— 1 0 , Bo— ) ,and C()— 1
0 -1 -1 1

For any € € [0, %[, the polytopes P, are rectangles and are moment polytopes of X =
P' x P!, and P 1 is a (horizontal) segment which is a moment polytope of P! (see Figure 1).

Now let Y/T be the projective bundle F, = P(O & O(2)). It is a two-dimensional toric
Mori fibre space. Consider the polytopes P., defined by A;x > B; + €C; where

1 0 0 1
0 1 0 1
Al— -1 0 , Bl— -1 ,and Cl— 1
2 -1 -1 1

For any € € [0, %[, the polytopes P, are moment polytopes of Y, and P 1 is a (vertical)
segment which is a moment polytope of P! (see Figure 1).

‘
G /
Py — o Py —
/I !
A
A
P 1 ! P/
1 --- | 1 1 -
fmmmmmmm o . 4 | 1 1
1 I ! '
............. X |
Lo ! [E—
P o Py
2 2

Fig.1. The families (P,) and (P.)

Thus we may add inequalities to the systems defining P, and P, or, equivalently, add
lines to the matrices in order to get Ag = A} = A and Cy = C; = C (then By becomes B and
By becomes B’). For example, we can consider
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1 0 0 0 1
0 1 0 0 1
A= -1 0 |, B=| -2, B =|-1|,and C_| 1
0 -1 -1 -3 1
2 -1 -1 -1 1
Then the two-parameter family (P‘s’f)((;,e)EQz defined by
P :={xeQ" | Ax> (1 - 6B+ 6B +€C},
is such that, for any € > 0, P, = P%€ and P, = Ple,
P%’O — p% 0 —
p3i --- pPi3 ---
P33 == P& -
P% % ....... P(% %) .......

Fig.2. The families (P2*) and (P7)

Note that the lines of A correspond to the primitive elements of the edges of the fan of a
two-dimensional toric variety W resolving the indeterminacies of X --» Y. Since we added
only one line to Ag (resp A;) to get A, we have p(W/X) = 1 (resp. p(W/Y) = 1). We get
therefore a type II link

W ———— W
P! x P! F?
Pl Pl

The variety W obtained here does not have terminal singularities, hence this is not a standard
Sarkisov link, but terminality can be achieved by considering higher resolutions. We do this
in Example 6.1.

Structure of the paper. We recall in section 2 basic definitions and properties of horo-
spherical varieties. In section 3 and 4 we describe the results in [12] and prove that the
ample divisors D such that the Kz-MMP scaled by D ends with X/S form an euclidian open
set. Section 5 contains the main technical results allowing to translate the MMP and Sark-
isov program into simple operation on polytopes. Those results rely on the study of certain
two-dimensional polytopes. All the details of this study are reported in the Appendix. In
section 6 we present two examples illustrating the horospherical Sarkisov program, and in
section 7 we give the proof of Theorem 1.
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2. Horospherical varieties

We begin by recalling very briefly the Luna-Vust theory of horospherical embeddings
and by setting the notation used in the rest of the paper. For more details on horospherical
varieties, we refer the reader to [11], and for basic results on Luna-Vust theory of spherical
embeddings, we refer to [10].

Let G be connected reductive algebraic group. A closed subgroup H of G is said to be
horospherical if it contains the unipotent radical U of a Borel subgroup B of G. This is
equivalent to say that ([11, Prop. and Rem. 2.2]), there exists a parabolic subgroup P
containing H such that the map G/H — G/P is a torus fibration; or to say that there exists
a parabolic subgroup P containing H such that H is the kernel of finitely many characters of
P.

Note that B € P = Ng(H). We also fix a maximal torus 7 of B. Then we denote by S the
set of simple roots of (G, B, T). Also denote by R the subset of S of simple roots of P. In
particular, if P is a minimal parabolic subgroup, then R consists of only one element. Let
X(T) (resp. X(T)*) be the lattice of characters of T (resp. the set of dominant characters).
Similarly, we define ¥(P) and X(P)" = X(P) N X(T)*. Note that the lattice X¥(P) and the
dominant chamber X(P)* are generated by the fundamental weights @, with @ € S\R and
the weights of the center of G.

We denote by M the sublattice of X(P) consisting of characters of P vanishing on H. The

rank of M is called the rank of G/H and denoted by n. Let N := Homz(M, Z).

For any free lattice L, we denote by Lg the Q-vector space L ®z Q.

For any simple root @ € S\R, the restriction of the coroot @ to M is a point of N, which we
denote by «,.

Moreover, we define the walls of the dominant chamber X(P)* in the following way. For
any @ € S\ R we set

Wep =X(P)" Nn{a" =0}.

DermniTion 1. A G/H-embedding is a couple (X, x), where X is a normal algebraic G-
variety and x a point of X such that G - x is open in X and isomorphic to G/H.
The variety X is called a horospherical variety.

By abuse of notation, we often forget the point x, so that we call X a G/H-embedding. But
there are several non-isomorphic G/H-embeddings (X, x) for the same horospherical variety
X. Two points x; and x, differ by an element of the torus P/H, which acts on the right on
G/H. Similarly to toric varieties (which are (C*)"-embeddings with the above defintion),
G/H-embeddings are classified by colored fans in Ng. For example, for the toric variety
P? we have different non-isomorphic (C*)?-embeddings, whose fans are the same up to the
action of SL,(Z). In this paper, since we define horospherical varieties by their colored
fans, or equivalently by some of their moment polytopes, we are implicitly fixing a G/H-
embedding up to isomorphism.

DEFINITION 2. (1) A colored cone of Ng is an couple (C, ) where C is a convex cone
of Ng and F is a set of colors (called the set of colors of the colored cone), such that
(i) C is generated by finitely many elements of N and contains {a), | @ € F},
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(ii) C does not contain any line and 7 does not contain any « such that ay, is zero.
(2) A colored face of a colored cone (C, F) is a couple (C’, F") such that C’ is a face of
C and F’ is the set of @ € F satisfying @, € C’. A colored fan is a finite set F of
colored cones such that
(i) any colored face of a colored cone of F is in F,
(i1) and any element of Ng is in the interior of at most one colored cone of F.

The main result of Luna-Vust Theory of spherical embeddings is the one-to-one corre-
spondence between colored fans and isomorphic classes of G/H-embeddings (see for ex-
ample [10]). It generalizes the classification of toric varieties in terms of fans, case where
G = (C*)"and H = {1}. We will rewrite this result in Section 2.1 for projective horospherical
varieties in terms of polytopes and describe explicitly the correspondence.

If X is a G/ H-embedding, we denote by Fy the colored fan of X in Ng and we denote by Fy
the subset U¢c ryer, T of S\R, which we call the set of colors of X.

We now recall the description of divisors of horospherical varieties.

We denote by X, ..., X, the G-stable irreducible divisors of a G/H-embedding X. For any
i € {1,...,r}, we denote by x; the primitive element in N of the colored edge associated
to X;. The B-stable and not G-stable irreducible divisors of a G/H-embedding X are the
closures in X of B-stable irreducible divisors of G/H, which are the inverse images by the
torus fibration G/H — G/ P of the Schubert divisors of the flag variety G/P. The B-stable
irreducible divisors of G/H are indexed by simple roots of S\R, we write them D, with
a € S\R.

We can now recall the characterization of Cartier, Q-Cartier and ample divisors of horo-
spherical varieties due to M. Brion in the more general case of spherical varieties ([1]). This
will permit to define a polytope associated to a divisor of a horospherical variety.

Theorem 2 (Section 3.3, [1]). Let G/H be a horospherical homogeneous space. Let X
be a G/H-embbeding. Then every divisor of X is equivalent to a linear combination of
Xi,..., X, and D, with @ € S\R. Now, let D = ¥\i_, a;X; + }ye5\r @a Do be a Q-divisor of X.

(1) D is Q-Cartier if and only if there exists a piecewise linear function hp, linear on
each colored cone of Fx, such that for any i € {1,...,r}, hp(x;) = a; and for any
@ € Fy, hp(a),) = a,.

(2) Suppose that D is a divisor (i.e. ay, ..., a, and the a, with « € S\R are in Z). Then D
is Cartier if moreover, for any colored cone (C,T) of Fx, the linear function (hp),c,
can be defined as an element of M (instead of Mq for Q-Cartier divisors).

(3) Suppose that D is Q-Cartier. Then D is ample, resp. nef if and only if the piecewise
linear function hp is strictly convex, resp. convex, and for any a € (S\R)\Fx, we
have hp(ay,) < aq, resp. < a,.

(4) Suppose that D is Cartier. Let Qp be the polytope in Mg defined by the following
inequalities, where y € Mqg: for any colored cone (C,F) of Fx, (hp) + x > 0 on
C, and for any a@ € (S\R)\Fy, X(%Vu) + a, > 0. Note that here the weight of the
canonical section of D is 1 := 2.aeS\R @a@q. Then the G-module H°(X, D) is the
direct sum, with multiplicity one, of the irreducible G-modules of highest weights
y + 0 with y in Op N M.

In all the paper, a divisor of a horospherical variety is always supposed to be B-stable, i.e.
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of the form }/_; a;X; + Y pes\g @aDa-

Corollary 3. A G/H-embbeding X is Q-factorial if and only if all the cones in Ex are
simplicial and for any « € Fx, ay, generates a ray of Fy.
Moreover, in that case, the Picard number of X is the number of their B-stable prime divisors
minus the rank n (Equality (4.1.1) [11]).

In what follows we denote by WDiv(X)q (resp. WDivy(X)q) the vector space of B-stable
(linearly equivalent to zero) Q-Weil divisors on a horospherical variety X and by Amp(X)
(resp. Nef(X)) the cones in WDiv(X)g of ample (resp. nef) divisors. Both cones are poly-
hedral and, if X is Q-factorial, full-dimensional.

2.1. Projective horospherical varieties and polytopes. In this section we recall how
many properties of G/H-embeddings can be formulated in terms of moment polytopes. The-
orem 2 gives the following

Proposition 4 (Corollary 2.8, [12]). Let X be a projective G/H-embedding and D =
i1 @iXi + Yaes\r AaDo be a Q-divisor of X. Suppose that D is Q-Cartier and ample.
(1) The polytope Qp defined in Theorem 2 is of maximal dimension in Mg and we have

Op ={me My | (m,x;) > —a;, Vi€ {l,...,r}and {m,ay,) > —a,, Va € Fx}.

(2) Let 1° := 2.aeS\R @Ga@q. The polytope Qp := 0 + Qp is contained in the dominant
chamber X(P)* of X(P) and it is not contained in any wall of the dominant chamber.

(3) Let (C, F) be a maximal colored cone of Fy, then the element v° — (hp)c of Mg is a
vertex of Qp. In particular, if D is Cartier, then Qp is a lattice polytope (i.e. has its
vertices in v’ + M).

(4) Conversely, let v be a vertex of Qp. We define C, to be the cone of Nq gener-
ated by inward-pointing normal vectors of the facets of Qp containing v. We set
F, = {@ € S\R | vthe corresp. wall of the dominant chamber}. Then (C,, F,) is a
maximal colored cone of Fy.

The polytope Qp is called the moment polytope of (X, D) (or of D), and the polytope Op
the pseudo-moment polytope of (X, D) (or of D).
The projective G/H-embeddings are classifed in terms of G/H-polytopes (defined below in
Definition 3), and we can give an explicit construction of a G/H-embedding from a G/H-

polytope.

DeriniTion 3. Let Q be a polytope in ff(P)(E2 (not necessarily a lattice polytope). We say
that Q is a G/H-polytope, if its direction is Mg and if it is contained in no wall W, p with
a € S\R.

Let Q and Q' be two G/H-polytopes in %(P)(&. Consider any polytopes Q and (0’ in Mg
obtained by translations from Q and Q' respectively. We say that Q and Q" are equivalent
G/H-polytopes if the following conditions are satisfied.

(1) There exist an integer j and 2; affine half-spaces M, ..., H} and H'},..., H'] of
Mg (respectively delimited by the affine hyperplanes H;,...,H; and H'y,..., H’))
such that Q is the intersection of the H;f , O’ is the intersection of the H’;’, and for
alli e {l,...,j}, H; is the image of H’;r by a translation.
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(2) With the notation of 1, for all subset J of {1,..., j}, the intersections N;c;H; N Q and
NiesH’; N Q" have the same dimension.
(3) Q and Q' intersect exactly the same walls of the dominant chamber.

Remark that this definition does not depend on the choice of O and 0’. We now give a
classification of projective horospherical varieties in terms of polytopes.

Proposition 5 (Proposition 2.10, [12]). The correspondence between moment polytopes
and colored fans gives a bijection between the set of equivalence classes of G/H-polytopes
and (isomorphism classes of) projective G | H-embeddings.

Proposition 6 (Proposition 2.11 and Remark 2.12, [12]). Let Q be a G/H-polytope. Up to
multiplying Q by an integer, there exists a very ample Cartier divisor D of the corresponding
G/H-embedding X such that Q = Qp. More precisely, X is isomorphic to the closure of the

G-orbit G - [Z)(G(UO+M)OQ U)(] in P(@){E(UO+M)HQV(X))‘

Lemma 7. Let X be a G/H-embedding and let D be a nef divisor on X. Then there is a
horospherical subgroup H C H' C G such that Qp is the polytope of a G/H’-embedding X’
and a suitable multiple of D defines a morphism X — X'.

Proof. If D is nef, the polytope Qp can be defined as in Proposition 4. The colored fan
that we can then construct is not necessarily Fy, but the colored fan of a horospherical G-
variety Y (not necessarily a G/H-embedding), where the G-equivariant map ¢p associated
to the nef divisor goes from X to Y.

Indeed, up to multiplying D or Q by an integer, the proof of [12, Proposition 2.11] and
[12, Remark 2.12] gives the projective G-equivariant map

¢p: X — PMHX,D))
x s s(x)]

whose image is the closure of the G-orbit G - [ X, c(0:m)ng Vi) 10 P(®yeworannoV (x)). This
closure is the variety Y by applying Proposition 6 to Q = Qp. Thus Q is a G/H’-polytope
with H € H’, and Y is the G/H’-embedding corresponding to Q. O

By the duality between colored fans and moment polytopes we easily get that if X is
a Q-factorial G/H-embedding then for every ample B-stable divisor D the polytope Qp is
simple. We can go further and give the following result, which is a translation of Corollary 3
in terms of polytopes, by using Proposition 4 3 and 4. The matrix inequality Ax > B comes
from Proposition 4 1.

Lemma 8. Let X be a G/H-embedding and let D be an ample B-stable divisor. The
polytope Qp can be defined by a matrix inequality Ax > B, where the lines of A are given by

Vv

the x;’s and the «,’s, and the column matrix B is given by minus the coefficients of D. For

M
any vertex v of Qp, denote I, the set of lines of A such that A; x = By,

Then X is Q-factorial if and only if A;, is surjective for any vertex v of Qp.
Similarly, we have the following result.

Lemma 9. Let X be a G/H-embedding and let D be an ample B-invariant divisor. Let
D’ be a B-invariant divisor of X and denote by B’ the column matrix is given by minus the



HoRroSARKISOV PROGRAM 45

coefficients of D’.
Then D' is Q-Cartier if and only if for any vertex v of Qp, B’ is in the image of A;.

Remark 1. The existence of G-equivariant morphisms between horospherical varieties
can be characterized in terms of colored fans [10] or equivalently in terms of moment poly-
topes [12, section 2.4]. In this text, we will rather use Lemma 7.

3. Minimal Model Program

In this section, we recall the results in [12] where the second-named author describes a
minimal model program from a horospherical variety in terms of a one-parameter family of
polytopes.

We start by recalling some standard terminology for the minimal model program for projec-
tive varieties. We refer to [9] for the basic notions on the minimal model program.

Let X be a projective variety with terminal singularities such that Ky is not nef. Then by
the cone and contraction theorem there is a morphism ¢: X — Y such that p(X) = p(Y) + 1
and for every curve C in X which is contracted to a point by ¢ we have Kx-C < 0. Moreover

e if dimY < dim X then ¢ is called a Mori fibre space;

e if dim Y = dim X and Exc(¢) has codimension 1 in X then ¢ is said to be divisorial;

e if dimY = dim X and Exc(¢) has codimension at least 2 in X then ¢ is said to be
small.

In the last case, by [6] and [7], there is ¢ : X* — Y such that Exc(¢*) has codimension at
least 2 in X* and for every curve C in X contracted by ¢* we have Ky - C > 0. The data of
@ and ¢* is called a flip.

In the second and third case Y is birational to X. We set X; = Y and ¢; = ¢ in the second
case and X; = X* and ¢; = (¢*)~! o ¢ in the third case. If K, is not nef, then by the cone
and contraction theorem there is again a morphism X; — Y;. An MMP, or minimal model
program, is a sequence of birational maps ¢;: X;_; --> X; obtained as above. We say that it
terminates if there is an integer k such that K, is nef or there is a Mori fibre space X; — T.
A proper morphism with connected fibres is called a contraction. A birational morphism
¢: X — Y such that p(X) = p(Y) + 1 is called an extremal contraction. We say that a
morphism ¢ is K-negative (resp. K-positive) if for every curve C in X which is contracted
to a point by ¢ we have Kx - C < 0 (resp. Ky - C > 0).

3.1. HMMP scaled by an ample divisor. Let (X, D) be a polarized horospherical va-
riety: X is a G/H-embedding and D is a B-stable ample Q-divisor of X. Write D =

ie1 biXi + Yges\r PaDo. An anticanonical divisor of X is —Kx = 377 Xi + Y pe\g @aDas
where a, are integers greater or equal than 2, and given by an explicit formula [2, Th. 4.2].

We consider the one-parameter family of polytopes (O defined by (x, x;) > —b; + €
foralli € {1,...,r} and (x, a}(4> > —b, + €a, for any @ € S\R. Equivalently, let A be the
matrix associated to the linear map ¢(m) = ({m, x;)i=1..,, (M, a'}(,[)(ye?)- Let B be the column
matrix whose coordinates are minus the coefficents of D; and C the column matrix whose
coordinates are the coefficents of —Ky.

We define (Q%)es0 by QF = OF + Y es\r ba — €da@y.
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Remark 2. For small € € Q, ¢ = QD+5KX and O° = Op.ek, 1s the moment polytope
associated to the ample divisor D + €K.

Theorem 10 (Corollary 3.16 and Section 4, [12]). For every ample divisor D over a
Q-Gorenstein horospherical variety X, there exists €,,, > 0, and, there exist non-negative
integers k, jo, ..., ji, rational numbers «; ; fori € {0, ...k} and j €{0,..., ji} and oy j 1 €
Q-0 U {+oo} ordered as follows with the convention that «; j41 = @410 forany i € {0, ..., k—
1}:

(1) @pp=0;

(2) foranyi€|0,...,k}, and for any j < j in{0,..., ji + 1} we have a; j < a; j;;
and such that the different G|H-embedding associated to the polytopes in the family
(0%ecqs, are given by the following intervals:

(1) Xio when € € [a;g, a1, withi € {0,... k};

(2) X;jwhen € €la; j, a; ji1l, withi € {0,...,k}and j€{1,..., ji};

(3) Yijwhene=a;jwithi€{0,...,k}and je{l,..., i}

(4) T such that dimT < dim X when € = @y j+1 = €nax-

Moreover we get dominant G-equivariant morphisms:

(1) ¢ij:Xijo1 — Yijforanyief0,... . k}and je{l,...,j};

2) gb;fj 1 Xij— Yijforanyi€{0,... k}and j€{1,...,]i};

() ¢i: Xij, — Xis1oforanyi€{0,...,k—1};

4) and ¢ : X j, — T.
For every i, j the morphism ¢, ; is K-negative, the morphism ¢Zj is K-positive and their
exceptional loci have codimension at least 2. For every i the morphism ¢; is a K-negative
divisorial contraction and ¢ is a fibration.

We can illustrate this result by the diagram in Figure 3: we draw the segment [0, €;,,.]
which is partitioned by points, and open or semi-open segments, so that each set of the
partition corresponds to a horospherical G-variety.

Xo,0 X1,0 X1 X0 Xige
{() G [ © { P—_O O_—E.* €maa
€ =
Yo Yo, Yin Y Yii Yeg T
Fig.3

We now give an example of the implementation of Theorem 10.

ExampLE 1. Consider a rank-one horospherical homogeneous space with two colors D,
and Dg such that oy, = 1 and 8}, = 2, a, = ag = 3. In particular, M = Z(@,, + 2@p).

Let X be the G/H-embedding without picked color, and let D = 2X; + 5X, + 5D, + 5Dg,
which is an ample divisor of X. Then the family (0% es0 is defined by 0° = {x € Mgy |
Ax > B + €C} where
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/

Fig.4. The family (Q%)eso fore =0, 1,1, 3, 3,2,  and 3 (from right to left).

1 -2 1
-1 -5 1
A= e B = 5 | and C = 3
2 -5 3

And the family (Q)eo is defined by Q€ := (5-3€)(w,+w@p)+ 0¢, and illustrated in Figure 4.
For any € € [0, 1[, the polytopes are associated to X = X .

For any € € [1, %[, the polytopes are associated to the G/H-embedding X with picked

color B. For € = %, the polytope corresponds to the (non-Q-factorial) G/H-embedding Y|

with the two picked colors.

For any € €] % %[, the polytopes are associated to the G/H-embedding X; ; with picked color

a

And for € = %, the polytope corresponds to the variety 7 = G/P(wp).

We first have a divisorial contraction, followed by a flip and we finish with a Mori fibre
space.

We will refer to the series of maps of Theorem 10 as HMMP, for horospherical minimal
model program.
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Remark 3. We notice that the algorithm described in Theorem 10 is not necessarily an
MMP, as the morphisms involved are not extremal contractions. Nevertheless, if X is Q-
factorial, it is an MMP for a general choice of D, in particular ¢ is a Mori fibre space.

RemMark 4. In Theorem 10, we can also use the family (Qe)eEon. By replacing the walls
of the dominant chamber by the inequalities in Ax > B + €C coming from an @ € S\R, the
study of the family and associated horospherical variety is simpler.

4. Resolutions and Horospherical MMP

The main goal of this section is to prove that if X/7 is a Mori fibre space and Z — X a
resolution of the singularites of X, then there is a euclidian open set in WDiv(Z)q of ample
divisors A such that the HMMP from Z with scaling of A ends with X/7'.

Lemma 11. Let X and Y be G/H-embeddings. Then there is a smooth G/H-embedding
Z and Z — X X Y a resolution of the indeterminacy of X --» Y.

Proof. The existence of a smooth resolution of the indeterminacy of X --» Y is a conse-
quence of the same result for toric varieties. Indeed, we can first unpick colors both for X
and Y to obtain toroidal varieties. Then, we can apply De Concini-Procesi theorem to the
corresponding fans, to get a commun smooth resolution of these two toroidal varieties (see
for example [4, Page 252]). ]

Lemma 12. Let X and Z be terminal and Q-factorial G/H-embeddings such that Z is a
resolution of the singularities of X.

Let Ey, ..., E; be the exceptional divisors of ¢: Z — X. Then, for any non-negative
rational numbers d,, . .., d;, we have Qp = Q¢*(D)+Zf:. A

Proof. Since X has terminal singularites, we have Ky = ¢*Ky + Zf.‘: 1 aiE; with a; > 0 for
every i.

We denote by Xj, ..., X, the G-stable irreducible divisors of X. For any i € {1,...,r},
we denote by x; the primitive element in N of the colored edge associated to X;. Then the
G-stable irreducible divisors of Z are Xi,...,X,, Eq, ..., Ex. We denote by e; the primitive
element in N of the colored edge associated to E;. Let D = }7_, b;X; + X e5\r boDo be an
ample B-stable divisor of X. Denote by c1, ..., c the rational numbers such that ¢*(D) =

o biXi+ Zl;‘:l C;Ej+3 hes\k baDo. Then, for any non-negative rational numbers i, . . . , dx,
the polytope Qp coincides with

Q¢*(D)+Z§;1diE,- ={me Mg | (m,x;) > —b;,(m,ej) > —c; —d;,(m, a/}(,l) > —a, forall i, j, a}.

By [1], the divisors D and ¢*(D) are the divisors associated to the same piecewise linear
function /p defined in Theorem 2. Therefore, the coeflicients d; are the values hp(e;). In
terms of polytopes, since D is ample, this means that H; := {m € Mg | (m,e;) = —c;}
intersects Qp along a face of Qp. In particular, intersecting Qp with the halfspace {m €
Mg | {m,e;) > —c; — d;} does not change the polytope. m|
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Lemma 13. Let X/T be a Mori fibre space such that X is a G| H-embedding. The set of
ample B-stable Q-divisors D of X such that the HMMP from X scaled by D gives X — T
is an open cone Cy in WDiv(X)q.

Proof. Let R be the extremal ray of NE(X) corresponding to the Mori fibration X — 7.
Let F be the dual facet of R in Nef(X)g. By abuse of notation we denote by F the facet
F + WDivy(X)q of the inverse image of Nef(X)g in WDiv(X)g.

Then the HMMP from X scaled by D gives X — T if and only if the half line D + Q, K
intersects the boundary of Nef(X)q+W Divy(X)g in the relative interior Fof F. Equivalently,
Disin C} := F - Q:Kx = Q.(F - Ky).

Note that =Ky - C > 0 for any [C] € R, so that —Ky is not in F and then C7 is of maximal
dimension. This implies that D’ — eKy is ample for any D’ € I and € > 0 small enough and
then C/ intersects Amp(X)q + WDivy(X)q non trivially.

Finally, the set C; = C| N Amp(X)q + WDivy(X)q is the sought open cone. ]

Proposition 14. Let X/T be a Mori fibre space such that X is a G/H-embedding. Let
Z — X be a resolution of singularities in the category of G| H-embeddings. Then there is an
euclidian open neighborhood Uy of WDiv(Z)q such that every divisor in Uy is ample and
for every A € Uy the Mori fibre space X/T is the outcome of the HMMP from Z with scaling
of A.

Proof. Let C; be the open cone in WDiv(X)q of Lemma 13. Let D € C,. Let  be small
enough such that D — nKx ample.

We have WDiv(Z)q = ¢*(WDiv(X)q) ® Vect(Ey, ..., Ey), and ¢*(Nef(X)) is a face of
Nef(Z) = Amp(Z). Set

k
A= ¢"(D - nKx) + Z biE;.
i=1
There exists an open polyhedron Polp of Q containing 0 in its boundary, such that for any
(b1,...,by) € Polp the divisor A is ample and d; := b; + na; > O forall j € {1,...,k}.

Since A + nKz = ¢*(D) + Z;‘zl d;E;, we have Qayk, = Op by Lemma 12. This, together
with Lemma 13, proves that the HMMP scaled by A ends with the Mori fibre space X/T.
Indeed, the inequalities coming from the exceptional divisors E; are necessary to define the
polytope Q4 but not the polytope Qa.yk, and the polytopes Qaek, With € > 1.

Choose Uy to be the set of divisors A = ¢*(D —nKx) + Zf-‘zl b;E;, with D € C1,n > 0 such
that D —nKy is ample and (b, ..., by) € Polp,. Remark that by construction, since Amp(X)
and Amp(Z) are polyhedral, the condition D—nKy ample is given by an inequality depending
linearly on the coefficents of D, and the polyhedron Polp is given by inequalities depending
linearly on the coefficents of D and ¢. In particular, Uy is also an open polyhedron. O

5. Two-parameters families of polytopes

In this section, we study some two-parameters families of polytopes. We present in this
section many auxiliary results whose proofs, mainly relying on linear algebra tools, are in
the Appendix.
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5.1. A two-parameters family of polytopes: definitions and first properties. Letn and
p be two positive integers. Denote by Iy the set {1, ..., p}. Then two matrices A € M ,x,(Q)
and d € M x;(Q) define a polyhedron

P={xeQ" | Ax>d).

ReEMARK 5. Suppose that P is non-empty. Then P is a polytope, that is a bounded polyhe-
dron, if and only if the following condition is satisfied.

Conprtion 1. There is no non-zero x € Q" satisfying Ax > 0.

Indeed, assume that there is a non-zero x € Q" satisfying Ax > 0. Let y € P. Then for
every t € Qo we get A(y + tx) = Ax + tAy > d, thus y + tx belongs to P. Conversely, if P is
not bounded, P contains at least an affine half-line, and x can be taken to be a generator of
the direction of this half-line.

Note that Condition 1 implies that A is injective.

To define a two-parameters family of polytopes, we fix A satisfying Condition 1 and we
define divisors depending on two rational parameters ¢ and e.
Let B, B' and C in M »1(Q). Set Iy := {1,..., p} and define

D: Q - Q°
(0,6) > (1-06)B+0d6B +€C.

Note that D is an affine map.

DermntTion 4. Given A, B, B’ and C as above, we define for any (6, €) € Q%

P :=|{x¢€ Q" | Ax = D(¢, €)}.

We do not exclude the case where some lines of A are zero. Notice that P*€ can be empty,
even for all (6, €) € Q.

Condition 1 implies that for any (8, €) € Q?, the set P>€ is a polytope (possibly empty).

Now, we want to describe some equivalence classes of polytopes in this family, looking
at their faces that correspond to lines of A. A face F%€ of P>€ is given by some equalities in
Ax > D(0, €) and then is associated to some I C [;. We formalize this below.

For any matrix M and any i € [), we denote by M, the matrix consisting of the line i
of M. More generally, for any subset I of Iy we denote by M, the matrix consisting of the
lines i € I of M. For any subset [ of Iy, we can identify D; with the affine map

D]I Q2 e Q|I|
(6,6) > (1 -06)B;+0B)+eCy.

Let (6, €) € Q. Denote by Hf’f the hyperplane {x € Q" | A;x = D;(9, €)}. For any I C I,
denote by F7€ the face of P*¢ defined by

Fp<i= ()P 0 P,
i€l

Note that for any face F*€ of P>€ there exists a unique maximal I C I such that F€ = F' f’f
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(we include the empty face and P%€ itself).

DerINITION 5. Let I C I Define Q; to be the set of (6, €) € Q? such that F f’f is not empty.
Define w; to be the subset of Q; such that, if I’ C I satisfies F}S’E = Ff,’f, then I’ C I.

In other words,
Q; = {(8, €)] there is x € Q" such that A;x = D;(6,€) and Ax > D(6, €)}
and
wr = {(6, €)| there is x € Q" such that A;x = D;(5,€) and Ajx > Dy (6, €)}

where /¢ denotes the complement of / in /.
To simplify the notation, we often write i instead of {i}, for any i € I,.

REMARK 6. If (6, €) € wy, then the polytope P*€ is of dimension 7 (i.e. has a non-empty
interior). And, for any i € Iy, if (6, €) € w; and A; # 0, then F f’€ is a facet of P%¢.

The following lemma describes the first properties of the sets ; and w;. It follows from
Lemmas 32 and 33.

Proposition 15. Let I C I.
(1) The sets Q; and wy are convex subsets of Q.
(2) The set wy is open, for the euclidean topology, inside {(6,€)| D;(6,€) € ImA;} =
D;'ImA,.
(3) There are four cases: either w; is empty, or it is a point, or it is a convex part of an
affine line (a segment, a half-line or a line), or it is a non-empty open set in Q.
(4) If wy is not empty, we have w; C 5 = wy.

The next result will be useful in the next sections. It follows from Lemma 35.

Lemma 16. Let I C Iy be such that w; = {(d9, €)}. Suppose that the image of A; is of
codimension 2. There is i € I such that the image of Apy is of codimension 1. For any such
i, the point (09, €) belongs to Q]\{i}\a)]\{i}.

If B and B’ are general, then the sets w; and €, intersect “nicely”, as proved in the next

proposition.
We denote by Aff(S) the affine space generated by a set S.

Proposition 17. There is an open Zariski subset V of the ample cone such that for every
(B, B") € V XV the subsets Q; and w; of Definition 5 satisfy the following.

(1) If wy # 0, the dimension of wy equals 2 — codim Im A; (which is then at least 0).
(2) There is a finite union of convex parts of affine lines

L£=080 U U Q,cQ?
Icly dimQ;<1

such that if (5, €) & L then P>€ is an n-dimensional simple polytope or it is empty.
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3) Forany I,J C Iy such that dim w; = dimw; = 1,we have Aff(w;) = Aff(wy) if and
only if winy is a non-empty open convex part of an affine line. Moreover in this case,
we have winy 2 wr U wy.

(4) For any I,J C Iy such that dimw; = dimw; = 0, we have w; = wy if and only if
winy Is a singleton, equal to w; = w.

(5) Forany 1,J C Iy such that dim w; = 0 and dimw; = 1, Aff(wy) contains w; if and
only if winy is a non-empty open convex part of Aff(wy).

The proof of Proposition 17 is given in Section A.2.

Lemma 18. Let B, B’ be as in Proposition 17. Let I C Iy, such that w; # 0. There exists
J € I as above and such that dim w; = dim w; and J is minimal with the property.

Proof. Follows from Lemma 34(3). ]

Remark 7. Let I € I; be such that ImA; and Im A;, have codimension 1 and are defined
by the same equation }},; 4;X; = 0. Assume moreover that / = {i| 4; # 0}. Then for every
J € I the morphism induced by Ay} is surjective.

Notarion 1. Let B, B’ be as in Proposition 17.

(1) Let I C Iy be such that w; is one-dimensional. By Lemma 18 without loss of
generality we can assume that for any i € I, Ap is surjective. Then there are
rational numbers A/ with i € I such that ,c; A/A; = 0. We notice that A/ # 0 for
every i € I. Indeed, if there is j such that /lj. = 0, then Xy /I{Xi is a nontrivial
equation for the lines of Ap\(;;. We can assume that Y};c; A/C; is zero or one. We fix
such numbers.

(2) Let L C Iy be such that wy is a singleton. By Lemma 18 we can assume that L is
minimal with the property. As above, we get two independent relations )’ ,c; A¢ X, =
0 and Y yc; peXe = O on the lines of A;. Wesetl = {0 e L| A4y # 0}and J = {{ €
L| u, # 0}. We can choose the relations such that / and J are proper in L. Then, as
the image of A\, has codimension 1 for every ¢ € L, the images of A; and A; have
codimension 1 and we have / U J = L.

5.2. Polyhedral decomposition and the geography of models. Let G be a reductive
group and H C G be a horospherical subgroup. We choose a basis of Mg so that Mg = Q".
We fix a horospherical embedding Z of G/H and set p = r+|S\R|. Recall that, by the notation
given in Section 2, r is the number of G-stable prime divisor of Z and |S\R]| is the number of
B-stable prime divisor of G/H. In particular, p is the number of B-stable prime divisor of Z.
Let A be the p X n matrix associated to the linear map ¢(m) = ((m, x;)i=1._,, {m, aX,,)aeS\R).
Denote by Jy C I the set of indices S\R.

Let B = (—d,...,—d;, (=dg)aes\r) and B" = (=d’, ..., —=d,,(=d},)qes\r) be such that D =

16'1:1 diZi+ Y nes\g daDo and D" = 16'1:1 dZi+3 ges\r do D, are ample divisors on two varieties
X and Y respectively, in the sense that Qp and Qp are pseudo-moment polytopes for X and
Y respectively. Notice that it may occur that some D;’s are not divisors of X or Y as we
observe in Lemma 13. Let C = (cy,...,¢r, (Ca)aes\r) be such that ¢; > O for every i and
cq > 0 for every a.

Since X is projective, Op = {x € Mg | Ax > B} is a polytope and then Condition 1 is
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verified by A.
From now on, following remark 4, if a polytope Q is defined by {x € Mg | Ax > D},
with D = (—di,...,—=d,, (—dy)aes\r). We will say that it is the pseudo-moment polytope

associated to the moment polytope v° + Q with 1° = 2.aes\R a@q, Or similarly the pseudo-
moment polytope of the associated G/H-embedding as soon as v° + Q is a G/H-polytope
(Definition 3).

REMARK 8. Let (6, €) € wp, then P*€ is of maximal dimension in Mg and contains no
hyperplane defined as H}€ := {A X = Df.’f} with j € Jy associated to the simple root @. In
particular, if v%€ = 3 jedo D‘;’ewa, we can check that the polytope v>€+P%€ is a G/ H-polytope.

Consider now the case where (9, €) € Qp\wyp. Let M{Q be the linear subspace generated
by P%*€ and M’ the sublattice M@ N M of M, let R’ be the union of R with the set of simple
roots @ € S\R such that P*¢ ¢ H2¢, and define P’ to be the parabolic subgroup containing
B whose simple roots are R’; and H’ to be the kernel of characters of M’ c X(P’). Then, we
can also check that the polytope v*€ + P%€ is a G/H’-polytope.

We suppose that B and B’ belong to the open set V existing by Proposition 17.
Then we define the following locally closed subsets of €. Recall that by Aff(S) we
denote the affine space generated by a set S.

DeriNtTION 6. We set

Uy = {(6,€) € Q| (6,€) € w; = dimw; = 2}

U= {(6,¢6) € Q| (6,€) ¢ Us, (0,€) € wNwy = dimAff w; N Aff w; > 1}
Uo = {(6,€) € Q| 3L,{(6, )} = wi}
U6= Qp \ (U, U U; U Uy).

Note that Uy, U are finite sets as B and B’ are as in Proposition 17. By construction, £
is the disjoint union of these four sets.

Moreover, we have U, C wy. Indeed, by Proposition 15, Qp = wy, therefore Qp\wy is
a union of zero or one-dimensional w;’s. We also have U C wy, because points of U] are
intersections of non-colinear one-dimensional w;’s by Proposition 17. However, note that
points of U; and Uy can be either in wy or in Qy\wy.

We can now give the following notation, using Remark 8 and Proposition 5.

Nortation 2. Let (6, €) be such that P> is not empty.
(1) If (6, €) € U,, the polytope P>< is the pseudo-moment polytope of a G/ H-embedding
which we denote by X%¢.
(2) If (6,€) € Uy, there is H' 2 H such that P> is the pseudo-moment polytope of a
G/H'’-embedding which we denote by Y.
(3) If (6, €) € Uy, there is H' 2 H such that P> is the pseudo-moment polytope of a
G/H’-embedding which we denote by Z%¢.

REmARK 9. By Proposition 17(2), the generality assumption on B and B’ and Lemma 8
for every (6, €) € U, the variety X*¢ is Q-factorial. In particular, by Corollary 3, its Picard
number is



54 E. FLoris AND B. PasQuiErR
(M p(X>) = I} 1 Jo| = n

where If" ={i € Ih\Jy | (6,€) € w;}. Since (6, €) € Uy, we can replace I‘f’€ by 1‘25’5 ={ie
Ip\Jy | (0, €) € ©;} in the formula.

Let (6o, ) € Us. Let £: Q — Q? be the parametrisation of a rational affine line such that
£(0) = (6o, €). Let £ > 0 be the minimum such that £(7) € Qg \ U,. There is a G-equivariant
morphism from X% to the variety corresponding to P‘©. Indeed, for every ¢ € [0,7), the
polytope P‘® is the pseudo-moment polytope of a polarized variety (X‘®, D/®), and all
the P/® for t € [0,7) are equivalent. Thus the corresponding varieties are isomorphic to
X% The divisor D(£(f)) is nef, but not ample, on X%-%_ Hence, by Lemma 7 there is a G
equivariant morphism from X% to the variety corresponding to P‘®.

5.2.1. If £(r) € U,. We assume in this paragraph that £(f) = (8, €;) € U,. The main result
of this paragraph is Proposition 23, which describes the different sorts of G-equivariant
morphisms we can get from X% to Y€1 We start with some preparatory lemmas.

Lemma 19. Ler (6,¢€) € U,. Let I be such that (6,€) € w; and dimw; = 1. Assume
moreover that I is minimal with the property. Let {/l{ } be the coefficients defined in Nota-
tion/Construction 1. Denote by I, :={i € I | /l{ >0band I :={iel | /lf < 0}. Note that
I=1ul.

Then (6, €) € wy if and only if both I, and I_ are not empty.

Proof. Follows from Lemma 46 in the Appendix. m|

Lemma 20. Let (0,¢€) € Uy N wy. Let I be such that (6, €) € w; and dim w; = 1. Assume
moreover that I is minimal with the property. Let i € Iy\Jy. Then (6, €) € Q;\w; if and only
if I, or I_ equals {i}.

In particular, there is at most one i € Iy\Jy, such that (6, €) is in Q;\w;.

Proof. Follows from Lemma 47 in the Appendix. m|

Lemma 21. Let (6,€) € Uy N Qp\wgy. Let I be such that (6,€) € w; and dimw; = 1.
Assume moreover that I is minimal with the property. Let i € Ig\I. Then either (6, €) & Qi
or (0, €) € wyyi.

Proof. Follows from Lemma 48 in the Appendix. |

Corollary 22. Let (6,€) € U,.

(1) Assume that (5, €) € wy. If there is i € Iy\Jy such that I, or I_ equals {i}, then the
G-stable prime divisors of Y*€ are in bijection with I‘f’f = Ig’f\{i}. Otherwise the
G-stable prime divisors of Y€ are in bijection with If’e = Ig’e.

(2) Assume that (6, €) € Qo\wy. Then the G-stable prime divisors of Y€ are in bijection
with

tie I\ | (5, €) € wiyg} = (i € I\ | (6,€) € Quug} = NI N D).

Proof. The set of B-stable prime divisors of Y%€ is the union of G-stable divisors and
colors of the horospherical homogeneous space. The G-stable prime divisors correspond
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bijectively to the facets F ?’6 with i € Ip\Jy that are not equal to some F ?’f with j € Jp.

Assume that (6,€) € wy. Thus Y%€ is a G/H-embedding, colors are indexed by S\ or
equivalently by Jo. If there are i and j € Iy with i # j and such that F’ ;51,51 = Ff"fl is a facet,
then A; and A are colinear, one of i or jis in Jy, and / = i, j. Lemma 20 implies the claim.

Assume that (6, €) € Qy\wy. Then Y€ is a G/H’-embedding with H' ¢ H as explained
in Remark 8. In the proof of Lemma 46, we prove that P>¢ generates the affine subspace
{x € Mg | A;x = Dy(6,€)}, so that M" = ker(A;) N M. Moreover, the colors of G/H’ are
indexed by Jo\(Jo N I). If for some i, j € Iy, F?’E = Fj’f is a facet, then i, j ¢ I, A; and A;
are colinear modulo the vector space Né generated by the lines of A;. If i # j, it would
give another relation to the one given by 7 and then (9, €) is in a zero dimensional wg with
K > 1U{i, j}, that is a contradiction with (6,€) € U;. Then i = j. Note also that for any
i € I\, F = Fy5,, and if it is not empty then A; ¢ NJj. Indeed, if A; € NJj, we have
another relation to the one given by /.

Hence Lemma 21 implies the claim. m|

Proposition 23. Let (6, €)) € U,. Let £: Q — Q7 be the parametrisation of a rational
affine line such that £(0) = (89, €). Let t > 0 be the minimum such that €(f) € Qg \ U,.
Assume that €(f) = (61, €) € Uj.

Set I minimal such that (01, €;) € wy.

The morphism from X%% to Yo€ is an extremal contraction and one of the following
occurs.

(1) IfI = I, or I then dim Y€ < dim X°0%, Yo js Q-factorial and p(X) = p(Y) + 1.

(2) If\l| > 2 and I, or I_ is {i} with i € I)\Jy then Y9! is Q-factorial and X% — Y°1€
is an extremal divisorial contraction or an isomorphism.

(3) In the other cases X% — Y°v€ is a small extremal contraction.

Proof. Assume that / = I, or I_. By Lemma 19, we have (J1, €;) € Qy\ wp and by Remark
8 we have dim Y¢ < dim X%,

By Lemma 21, the B-stable prime divisors of Y°¢' are in bijection with (Ig"el LJo)\I. Let
F i"“ be a face of P!, choose J such that (6, €;) € w,. Then Im(A;) and Im(A ) have both
codimension 2 in Q! and Q! respectively. We can see Q' and Q\ as supplementary sub-
sapces of QV!, so that Im(A ;) ¢ Im(A;)®QV V. Since both subspaces are two-codimensional
subspaces of QV!, they are equal. We then deduce that the restriction of A ; to ker(A;) is
surjective. This implies, with Lemma 8 applied to the matrix of lines of Ay, restricted to
ker(A;), that Y°1€ is Q-factorial. Now, the dimension of ker(A;) is n — |I| + 1 and by Corol-
lary 3, the Picard number of Yot is [(3" L Jo)\I| = (n — |I| + 1) = |I3" U Jo| —n — 1. But,
since the Q;’s are closed, Igl A= Igo’fo, so that the relative Picard number of X% —s Yo
is 1.

Assume that I, or I_ is {i} with i € Iy\Jy and |I| > 2. By Lemma 19 we have (1, €)) € wp.
By Remark 8 we have dim Y°1€ = dim X%,

By Corollary 22, the B-stable prime divisors of Y°*“! are in bijection with (Ig"e1 \{ihuJy =
(1‘25"’50\{1'}) U Jo. For the sake of shortness we denote by K \ {i} the set K N (Ip \ {i}).

Let Fi"f' be a face of P, choose J such that (61, €;) € w;.

Suppose that A; is not surjective, then wy is of dimension 1 ( because (01, €;) € Uy). Then
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(01, €1) € Uy Nw; N wy implies that w; and wy are in the same affine line. We conclude by
Proposition 17 (3) and the minimality of / that / C J. Then by Remark 7, for any i € I, Ay
is surjective. This implies, with Lemma 8, that Y9! is Q-factorial. Then its Picard number
is |(Ig°’60\{i}) U Jo| — n. This is the Picard number of X%% minus one if i € Ig"’f“ and the
Picard number of X°>© if not. In that latter case, since P°" can be defined as well without
the line i, it is an equivalent G/H-polytope to P°-%, and then X%-< = yoi€

In the other cases, again by Lemma 19 and Remark 8 we have dim Y°1¢ = dim X%,

Corollary 22 implies that the B-stable prime divisors of Y°"¢! are the same as the ones of
X% they are therefore in bijection with Ig"’e" U Jo.

Let F i"e‘ be a face of P°", choose J such that (6}, €)) € w;. If A; is not surjective, then
wy is one-dimensional and I C J. Then a B-stable Q-divisor of Y€ is Q-Cartier if and only
if its coefficients satisfy the equation }¢; /lf X;. Also note that for I = J, A, is not surjective.

Then the relative Picard number of X% —s Y€ jg [, m|

RemMaRk 10. If I* = [ or I~ = I, for every i € I the polytope P%€ is contained in Hf’f =
{x e Q" | Aix = Df’e}. There are two possible cases for /. Either / = {i} and A; = 0, so
that P*€ has dimension n, the associated horospherical variety X has the same rank as G/H,
the same lattice M but its open homogeneous space has one color less (a;); or A; # 0 for
any i € I (and || > 2), so that P>¢ is of maximal dimension an affine subspace directed by
ker(Aj), then it has dimension n — |I| + 1, and the associated horospherical variety X has rank
n — |I| + 1, its lattice is M N ker A; and the colors of its open homogeneous space are the
colors of G/H whose index of line in not in /.

If I" = {i} or I" = {i}, then the condition A;x > D;(6, €) is superfluous in the definition of
Poe.

5.2.2.1f £(f) € Uyp. We assume in this paragraph that £(f) = (62, &) € Uy. We want to
study the morphisms from X% to Z%>€,

Let L be such that {(02, &)} = wy. By Lemma 16, there is I such that w; has dimension
one and (02, €) € ;. Then all but a finite set of points of w; are in w; N U;. Choose
(61, €1) € wy N Uj close to (02, &).

By Lemma 7 there are G-equivariant morphisms from X% to Y°'¢ and Z%»€, and from
Yor€ to Z%»€, Moreover the morphism from X% to Z%€ factorizes through Yo,

We suppose from now on that {(d2, &)} = w; C Qp\wyp.

Noration 3. Let L be such that w; = {(9, €)} € Qp\wg and & > 0. Then, by Propostion 17,
the image of A; has codimension two. By Lemma 18, we can suppose up to taking a subset
of L that for every ¢ € L the image of A\, has codimension 1 in Q.

We have two possible cases.

(1) If wy is a vertex of Qp\wy, by Notation/Construction 1(2) there exist / and J subsets
of L such that, for any i € / and any j € J, Apg; and Ay are surjective, wy, wy
have dimension 1 and are contained in Q¢\wy. By Lemma 19 we can fix two linearly
independent equations for the lines of Ay
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R) D AlX;=0, A>0Viel,
(R)) XjesAlX;=0, A/ >0Vjel

We suppose that w; C {6 < 6} and that w; C {6 > 6}.
We can moreover assume that )., /lfC,- =1land } e, /lfcj =1.

(2) If wy is not a vertex of Qp\wy, then there is I C L such that, for any i € / the matrix
Apy;) 1s surjective, and wy is a segment of Qp\wp containing w;. By Lemma 19, we
can fix two linearly independent equations for the lines of A,

R) X AXi=0, A >0Viel,
(RL) ZjerAiX;=0, AL#0VjeL\L

We verity that /le. # 0Vje L\I Indeed if the second equation has one zero coef-
ficient /l]L. for some j € L\I, then Ay,(;; would also have an image of codimension 2,
contradicting the minimality of L. Moreover, the coefficients with indexes in L\/ in
the relation (R ) do not have all the same sign.

Indeed, if not, we can suppose that that they are positive, and by adding to (R ) a
positive multiple of (R;), we would obtain a second equation, linearly independent
with (R;), with positive coefficients, associated to some J C /. By Lemma 19 the set
wy would be contained in Qg \ wy, contradicting the hypothesis on w;, as it would
be the vertex between the segments w; and w;.

With the same argument we can also suppose that /lJL. > 0 for any j € I but some

are zero.
We set (L \ ), = {jeL\Il/l]L.>0}and(L\I)_ ={jeL\1|/1§<0}.
We can moreover assume that ), /l{ Ci; = 1 and either } /lJLC i =1, 0r

Yjer A5C; = 0 and ¥ ;e A%(B; - Bj) > 0. Indeed if e, A%C; < 0 we take the
opposite and add a positive multiple of the first equation and we obtain the wanted
equation with )¢/ /le.Cj > 0. And if X ;e /lfcj = 0and X /le.(B;. -bj) > 0,
we take the opposite and add a positive multiple of the first equation and we obtain
Diel ﬂfci > 0.

Lemma 24. Let (5,¢) € Uy N Qp\wy and assume that (6, €) is a vertex. Let L C I
be a minimal subset such that w; = {(0,€)}. Leti € Ip)\L. Then either (6,€) ¢ Qru or
(6, €) € wruy-

Proof. Follows from Lemma 49 in the Appendix. |

Lemma 25. Let (6,¢€) € Uy N Qp\wy and assume that (6, €) is not a vertex of Qp\wy.
Let L C Iy be a minimal subset such that w; = {(5,€)}. Let I be a minimal subset such
that wy € wy and dimw; = 1. Leti € I)\l. If (6,€) € Qup\wyy then i € L\I and
either L\ I, = {i} or L\ I- = {i}. In particular, there are at most 2 indices i such that
(0, €) € Quupiy\wrugy. If there are 2 such indices, then |L| = |I| + 2 and the restriction of Ap\;

to ker(Ay) consists of twice the same line if L\I C Iy\Jy.

Proof. Follows from Lemma 50 in the Appendix. |

Corollary 26. Let (6, ¢€) € Uy N 0Qy. Let L be minimal such that w; = {(6, €)}.



58 E. FLoris AND B. PasQuiErR

(1) If wy is a vertex, the set of G-stable prime divisors of Z%€¢ is in bijection with
LI N L)

(2) if wr is not a vertex and there is i € Iy \ Jy such that either L\1, or L\I_ is {i}, the
set of G-stable prime divisors of Z%€ is in bijection with Ig’e \ {i},

(3) otherwise, the set of G-stable prime divisors of Z%€ is in bijection with 1‘25’6.

Proof. By Remark 8, the variety Z°¢ is a G/H’-embedding with H” ¢ H. We let M’ be
the lattice of characters vanishing on H and N’ its dual. Note that N@ is the quotient Ng /N(’i
where N(’i is the subspace generated by the lines of A;.

The G-stable prime divisors of Z*¢ correspond bijectively to the facets F f’f with i € I\ Jy
that are not equal to some F j’e with j € Jy.

Assume that wy, is a vertex. The polytope P*€ generates the affine subspace {x € Mg |
Apx = Dp(9, €)}, so that M’ = ker(A;) N M. Moreover, the colors of G/H’ are indexed by
Jo\(Jo N L). If for some i, j € I, Ff’e = Fj’f is a facet, then, i, j ¢ L, A; and A; are colinear
modulo N&. If i # j we would have another relation other than the two given by L. Thus we
have i = j.

Note also that for any i € Iy\L, we have F** = Fi’j{”. If the latter is non empty and if
A; € N& we would have another relation other than the two given by L so that A; ¢ N&.
Hence by Lemma 24 the G-stable prime divisors of the variety Z%¢ are in bijection with

(i€ I\L | (6.6) € wpu) = {i € I\L | (8,€) € Quupy) = NI N L).

Assume that w; is not a vertex. The polytope P>¢ generates the affine subspace {x €
Mg | Aix = Dy(6, €)}, so that M” = ker(A;) N M. Moreover, the colors of G/H’ are indexed
by Jo\(Jo N I). If for some i # j € Iy, F?’E = Ff’f is a facet, then A; and A; are colinear
modulo the vector space N(’Q generated by the lines of A;, and then L = I U {i, j}. Hence, by
Lemma 25, the G-stable prime divisors of the variety Z*¢ are in bijection with

i€\l | (6,€) € wiy) = °\{i)
if L\I, or L\I_ is {i} with i € Iy\Jy, and else with

{i e\l | (6,€) € wiuy} = Ig’e~ .

Proposition 27. Let (0, &) € Us. Let £: Q — Q? be the parametrisation of a rational
affine line such that €(0) = (6, ). Let t > O be the minimum such that £(t) € Qy \ U,.
Assume that £(f) = (62, &) € Uy N Qp\wy.

Let L be a minimal set such that {(6>, &)} = wy. The morphism from X% to Z%>€ has
relative Picard number at most 2.

Proof. Suppose first that w;, is a vertex.

By Corollary 26, the B-stable prime divisors of Z°>€ are in bijection with (132’62 U Jo)\L.
Let Fiz’fz be a face of P>©, choose J such that (65, ) € w;. Then L C J and w; = wy,
so that the restriction of A\, to ker(A) is surjective. This implies, by Lemma 8 applied to
the matrix of lines of Aj,\; restricted to ker(Ay), that 7% is Q-factorial. Then its Picard
number is

(15 L JO\L = (n — LI +2) = 2% U Jo| = n = 2.
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Since Igm ») Ig"’f", the relative Picard number of X%0% —s 7% ig at most 2.

Suppose now that wy is not a vertex. By Corollary 26, the B-stable prime divisors of Z°>€
are in bijection with a subset of (Igz’e2 U Jo)\I of cocardinality at most 1. Let F iz’fz be a face
of P%>©_ choose J such that (6>, €) € w;. Then I C J. Assume that w; is one-dimensional.
Then the restriction of A ,\; to ker(Ay) is surjective.

Assume that w; has dimension zero. Then w; = wg, so that the restriction of Ay to
ker(A;) implies the same equation for every such J.

If the cocardinality of a subset of (1‘252’EZ L Jo)\/ is one, then this equation does not occur
for B-stable divisors and then Z%>€ is Q-factorial. In any case,the Picard number of Z°>€ is
(1% W IO\ = (n = || + 1) = 1 = |I2% LU Jo| — n — 2. But I is either 15" or the union
of Igo’é" with i as in Lemma 25, so that the relative Picard number of X% —s 7Z%€ jg |
or 2. |

ReMARK 11. If w; = {(62, &)} is a vertex and the relative Picard number of X%% —s 7€
is not 2, then there exists i € Igz’fz\lgo’fo. In particular, w; is a vertex of €; that does not
contain (9o, €). Hence, there exists K C I, such that wg C wy is one dimensional with one
extremity equals to wy.

If wy is not a vertex, such wg exists by definition.

5.3. Mori polygonal chain. We start with the following definition.

DerNTION 7. The Mori polygonal chain of the family P%€ is
MPC := (Qp\wp) N {(S,€) € Q%] 0< S < 1}

Throughout this section we suppose that (0, 0) and (1, 0) are in wy, that for every i € Iy\Jy
there exist negative € and € such that (0, ) and (1, €)) are in w; and that C > 0. Then
{(6,€) e Q*| e<0and 0 < § < 1} is a contained in wy.

Note that, with the above hypothesis, the Mori polygonal chain is contained in the half
plane defined by € > 0. It is polygonal because €2y\wy is a union of one-dimensional €2;.

We say that wy is a segment of the Mori polygonal chain if dim w; = 1 and the intersection
of w; with MPC is not empty. If (6, €) € MPC, then either P*¢ is not of maximal dimension
or there exists i such that A; = 0 and D;(6, €) = 0.

By Lemma 19, if w; is a segment of MPC such that Ap(;) is surjective for every j € I,
then there is an equation ) ;¢; /lf X; = 0 for the lines of A; such that /lf > 0 foreveryi € I.

DeriniTion 8. Let K C [y be such that dim wg = 1 and the codimension of the image Ak
is 1. Let X ,cx /lei = 0 be an equation for the lines of Ag. The slope of wy is

Niex AKC;

L AK(B-B) .
SlK _ Z:el( /1[ (Bl Bl) lf Zl‘EK /llKCl i 0’
o lf ZiEK /llKCI = 0

RemARk 12. The segment wg is included in the line defined by

E(Z AfCi] + 5[2 AK(B) - Bi)] +> B =0

ieK ieK i€k
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and sl is the slope of this line.

The next result is the key technical step for the proof of the main theorem. It describes
the configuration of sets w; around a vertex of the Mori polygonal chain. We show in the
main theorem that these configurations correspond to Sarkisov link.

Proposition 28. Let (63, 6) € Uy N MPC and let L be minimal such that w; = {(67, &)}.
We refer to the notation of Construction 3. Then there is a partition L = K° U ... U K™,

with r > 0, such that
A
(1) forevery s € {0,...,r+1}, for every h,k € K* we have _/l_]} = _/l_§ =: v, € [—0,0];
forevery s < s’ €{0,...,r+ 1}, we have vy > vy. " ¢
(2) The set Ky = L\ K* is such that the codimension of the image of Ak, is 1 and for
every k € K the map Ak, is surjective. If K C L is such that the codimension of
the image of Ak is 1 and for every k € K the map Ag\ is surjective, then K = K;
for some s € {0,...,r+1}. Moreover, if (02, €) is a vertex then Ko = I and K,,| = J
and if it is not then Ky = I and K° = L\I.
Note that, by Lemma 16, wg, is not empty and with an extremity equals to wy.

(3) The slope of wk, is

Yiet LB, = Bi) + v Y je; A4(B, — B))
slg, = S
K 1 +dv;

withd = 1if (62, €) is a vertexand d = 3} ¢ /le.Cj otherwise.
(4) Up to a rotation, the slopes decrease when s increases (see picture below).

wKr+l

6. Two examples
In this section we present two examples illustrating the horosperical Sarkisov program.

6.1. A toric example. Set X := P! x P!, S = P!, Y the projective bundle P(© @ ©(2)) and
T =P'. Fans of X and Y are the following:
IFX IFY

0 0 \

Here G = (C*)? and coincides with the Borel subgroup.
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A resolution of X and Y is the toric variety Z given by the following fan, where we index
the edges as in the picture:

2
Fz
3 1
0
6
4 5

Welet p: Z — X and g: Z — Y be the two morphisms resolving the indeterminacy of
X -7

1 0

0 1

. . . . -1 0

We will consider the following matrix A := 0 -1
1 -1
2 -1

A G-stable divisor of Z is of the form D = Z?:I d;D;. Note that D, D>, D3 and D, are
also prime G-stable divisor of X and D;, D,, D3 and Dg are also prime G-stable divisor of
Y.

Let D = 21.6:1 d;D; be a divisor on Z and B = (—d), ..., —ds). The divisor D is ample if and
only if for any I C {{1,2},{2,3},{3,4},{4, 5}, {5, 6}, {1, 6}} we have AIL-(Al‘lBI) > By.

This inequality system reduces to the following system, thus defining the ample cone of
Z:

(2) d1+d5>d6, d2+d6>2d1, d3 +d5>d4, d4+d6>2d5.
The polytope Qp is the pseudo-moment polytope of (X, p.D) if and only if for every

I C {{1,2},{2,3},{3,4},{1,4}} we have AIC(AI‘IBI) > Bj. Equivalently, if and only if the
following inequalities are satisfied

(3) di+d3 >0, dy +ds >0, ds >d; +ds, do >2d; +ds.

Note that the first two inequalities correspond to the condition for p.D to be ample and the
last two other correspond to the fact that the lines 5 and 6 are not necessary to define Qp.

Similarly, Qp is the pseudo-moment polytope of (Y, g.D) if and only if for every I C
{{1,2},{2, 3},{3, 6}, {1, 6}} we have AIL-(AI‘IBI) > Bj. Equivalently, if and only if the follow-
ing inequalities are satisfied

(4) dl +d3 >0, d2+d6>2d1, d4 >2d3 +d6, d5 >d3+d6.

Note that the first two inequalities correspond to the condition for ¢.D to be ample and the
last two other correspond to the fact that the lines 4 and 5 are not necessary to define Qp.
To run the horospherical Sarkisov program, we have to choose D, D’ such that
(1) QOp and Qp are pseudo-moment polytopes of (X, p.D) and (Y, g.D") respectively;
(2) there exist € < 0 and €’ < 0 such that D + €Kz and D’ + €' K7 are ample over Z.
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(3) the HMMP with scaling of D (resp. D) ends with X/S (resp. Y/T).
Condition 1 is given by (3) and (4).

For condition 2, note that —K, = Z?zl D; and thus C = (1,...,1). Then D + €K7 is ample
over Z if and only if

d1+d5>d6+6, d2+d6>2d], d3+d5>d4+eandd4+d(,>2d5.

Hence, there exists € < 0 such that D + €K, is ample over Z if and only if d; + dg > 2d; and
dy + dg > 2ds. Similarly, there exists € < 0 such that D’ + €’ K, is ample over Z if and only
if d) + dg > 2d}| and d)) + d; > 2d;.

As for condition 3, note first that the HMMP from any ample divisor of Y ends with ¥ — §,
because only one extremal ray of NE(Y) is K-negative. If d| + ds < d +dy4 (resp. d +d3 >
d, + d,;) the HMMP from D gives the first (resp. the second) projection P! x P! — P!

Since D and D’ are given up to linearly equivalence, we can choose them such that d; =
dy = d} = d} = 0. In particular, Qp and Qp have a “south-west” vertex at 0 (but the same is
not true for Q% for € # 0). The conditions on D and D’ are then

1
d; >0, dg>dy>0and dy <ds < §(d4 + dg), with either d3 < d4 or d3 > dy;

1
dy >0, dg>0, dj>2d;+d; and d§+dg<dg<§(dg+dg).

0 0
0 0
-1 -1
For example we can have B :=| ) and B :=| 6
-5/2 =7/2
-4 -2

Here is a scheme of € for this choice of B, B'.

(0,0) o o (1,0)
),6
X = 'P>I % :I,I Y = 42
0,1/2) o o = o (1,1/2
(0,1/2) - o o1 o o1 (1,1/2)
P! P!

Here X’ is the blow-up of X at a point and Y’ is the blow-up of F; at a point in the (—1)-
section. Note that L; = {1, 3,4, 5} and L, = {1, 3,5, 6}. Also note that (1/2,0) is in U}).
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0

0

-6

-1
-3/2

-3
we obtain the following scheme. Note that the first Sarkisov link is the type IV link from
the first to the second projection P! x P! — P!,

In the above example, we have d; < dj. If we choose B := , then d5 > d4. Thus

(0,0)

Pl

le

{pt}

The fifth line of A does not correspond to a divisor of X or Y, but is added in order to get
Z to be smooth. The strategy given in the paper also works by chosing a (not necessarily
smooth) resolution of indeterminacies Z’, but non-terminal varieties can appear. In this
example, if we forget the fifth line of A, we can obtain a unique Sarkisov link of type II with
X =Y=7.

6.2. A rank one horospherical example. Choose a connected algebraic group G with
simple roots. Set

S\R = {a1, a2, a3, a4, as}

with the notation of section 2. Let y = @w; + @w, — w3 — w4 and H C P be the kernel in P
of the character y. In particular, M = Zy. We identify y with 1 in M ~ Z. Then N = Z,
afy =y, = 1,03, =ay,=-land al, = 0.

Since G/H is of rank one, projective G/H-embedding are uniquely determined by their
colors, that is, by subsets of {a1, @z, @3, @4}. Denote by Xx the projective G/H-embedding
such that Fx, = {ax | k € K}. In particular, Z := X is a common resolution of all Xk.

Denote by PX the parabolic subgroup of G containing B whose the set of simple roots is
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{ay | ke K} UR.

Let H' C Ps be the kernel in Ps of the character y. It is a horospherical subgroup as-
sociated to the same lattice M. Denote by Y the projective G/H’-embedding Y such that
Fy, ={ax | k€ K}.

Suppose that the coefficients a,,’s are respectively 2, 3,2, 3 and 2 forany i = 1,...,5.
We consider A to be the column matrix associated to

(ali/M’ a’;‘/M’ a:\g/Mv a’z\l/M’ a’;/M’ 17 _1) = (17 19 _19_1’07 17 _1)

Then C is the column matrix associated to (2,3,2,3,2,1, 1).

Let B and B’ be the column matrices associated to —(0,1,7,6,5,2,2) and —(2,0,6,7, 1,3,
7) respectively. Then the associated horospherical Sarkisov program gives a link of type
IV, followed by a link of type III, a link of type IV, and a last one of type I'Vy.

We then obtain the following scheme (only with € > 0 and 0 < ¢ < 1). In black we draw
the one dimensional w;’s giving fibrations and in grey the ones giving birational contrac-
tions. We dash the ones corresponding to flips.

(070) ° .’ ° (150)

7. Proof of the main theorem

Let G be a reductive group and H € G be a horospherical subgroup. We choose a basis
of Mg so that Mg = Q". We fix a horospherical embedding Z of G/H and set p = r + |S\R|.
Let A be the matrix associated to the linear map o(m) = ({m, x;)i=1._r, (M, aL)aeS\R). Denote
by Jy C Iy the set of indices S\R.

Let B = (-dy,...,—d,,—d,) and B’ = (=d},...,—d,,—d) be such that ), d;Z; + Y, d,D,
and }, d/Z;+3, d},D, are ample divisors. Let =Kz = }’ ¢;Zi+}, ¢oD,. Let C = (cy, ..., ¢py Co).

Suppose now that for any i € Iy\Jy there exist negative € and € such that (0, ) and
(1, €) are in w;. Then for any ¢, the intersection w; N {(d,€) | € > 0} is an open segment
(possibly empty) with one extremity at (5, 0). Then the family (P*€).cq., describes a HMMP.

Proposition 29. For any ¢ € [0, 1] in the complement of a finite set, the HMMP described
by the family (P‘S’E)EGQZO is an MMP.

Proof. By Theorem 10, the family (P‘S’f)feQZO describes an HMMP. Let U” be the set of
§ such that there is a 1-dimensional set w; included in {6} x Q. Let p;: Q> — Q be the
projection onto the first factor and let 6 € [0, 1]\ p1(Up U U()) U U”. By Proposition 23, the
HMMP described by the family (Q(S’E)EEQZO consists of extremal contractions. m|
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DermniTION 9. Let G be a connected reductive algebraic group. Let X and Y be horospher-
ical G-varieties which are G-equivariantly birational. Assume moreover that there are Mori
fibre space structures X/S and Y/T.

Let Z be a horospherical resolution of the indeterminacy of X --> Y, and let Ay and Ay be
ample divisors of Z.

We set

P*€:={xeQ" | Ax> (1 —6)B + 6B’ + €C}

and Q = {(6, €) € Q% | P> # (}. We say that the two-parameter family of polytopes {P*}s
is associated to (Z,Ax,Ay) and describes a horospherical Sarkisov program from X/S to
Y/T, if there exist €, €, in Q, and singletons wy,, ..., wr, € 0Q such that

(1) every point (6, €) € Q defines the horospherical variety of pseudo-moment polytope
Pé,e;

(2) X/S and Y/T are the outcomes of the horospherical Kz-MMP with scaling of Ax
and Ay respectively described by the one-parameter families (PO'G)EZGO and (PI’E)SZG()
respectively;

(3) every wy, defines a Sarkisov link involving horospherical varieties of pseudo-
moment polytope P> with (3, €) in a neighborhood of wy, in Q, including varieties
in the sequences of flips.

(4) the Sarkisov links defined by the wy,’s give a Sarkisov program from X/S to Y/T.

Theorem 30. Let G be a connected reductive algebraic group. Let X and Y be horo-
spherical G-varieties which are G-equivariantly birational. Assume moreover that there are
Mori fibre space structures X/S and Y/T.

For any horospherical resolution (smooth or with terminal singularities) of the indeter-
minacy Z of X --> Y, there exist two euclidean open sets Ux and Ux of WDiv(Z)q, such that
forany Ax € Uy and Ay € U, there is a two-parameter family of polytopes associated to
(Z,Ax, Ay) that describes a horospherical Sarkisov program from X/S to Y/T.

Recall that, since the birational map X --» Y is G-equivariant, X and Y are both G/H-
embedding with the same horospherical homogeneous space G/H; and by Lemma 11, there
exists horospherical resolutions of the indeterminacy of X --» Y. Then the second part of
Theorem 30 implies Thoerem 1.

Proof of Theorem 30. By Proposition 14 there are euclidean open sets Uy and Uy of
WDiv(Z)q such that every divisor in Uy (resp. Uy) is ample and for every A € Uy (resp. in
Uy) the Mori fibre space X/T (resp. Y/S) is the outcome of the HMMP from Z with scaling
of A.

Since the open set determined in Proposition 17 is Zariski open, we can now find open
subsets Uy C Uy and Uy C Uy, such that any (Ax,Ay) € Uy X Uy satisfies the generality
conditions of Proposition 17.

Let fix such a (Ax,Ay) € Ux X Uy.

Let B = (—dl, ey —dr, (_da)aeS\R) and B’ = (—d’, ey —d;, (—d;)(les\]e) and C = (C], ey
Cr, (Ca)aes\k) be such that
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Ay = Zd: diZi+ ) duD,
i=1

a€eS\R
d
Ay = Z d;Zl + Z d(;Da
i=1 a€S\R
d
-K; = Z cil; + Z coDy.
=1 aE€S\R

Let Q; and w; be the polytopes of Definition 5.

Thus there are two segments w; and w; of the Mori poligonal chain such that every (9, €)
in a euclidean neighborhood of w; satisfies X*€ = X and if (6}, €) € w; then Y4 = T. The
same holds for J.

The segments w; and w, disconnect the chain. Let C € M PC be such that w; U C U wy is
connected. Let wy, ..., wr, be the points in Uy N C. We notice that Uy NdQy = 0. Indeed, if
(0,€) € wy N wy and wy, wy are not aligned, then the convex hull of w; and w; is non-empty
and open (and thus of dimension 2), proving that (9, €) € wy.

We prove that every w;, describes a link. We write wy, for simplicity.

Let L = K% --- U K™ be the partition existing by Proposition 28. We fix a euclidean
neighborhood A of w;, and for any i € {0, ..., r}, let X; be the horospherical variety corre-
sponding to a point in the open set delimited by wg, and wg.,,. If w; is not a vertex, let X,
be the horospherical variety corresponding to a point in the open set delimited by wg.,,, and
wy. Let t be rif wy, is a vertex and r + 1 if not. We denote by Ty, respectively 7.1, the
horospherical variety corresponding to a point in MPC on the left, respectively on the right,
of wry..

We prove first that

Claim 31. the only possible divisorial contractions between two varieties X; and X;+| are
X - Xoand X;_1 — X,.

Recall that we have Mori fibrations Xy — Ty and X; — T,,. Let s € {1,...,r}. First
assume that wy, is a vertex. Then K is such that K; = KU --- U K*! and K} = K**'
-+ U K™, By Proposition 23, around wg, we have flips except if s = 1 and K° = {i} with
i €Ip\Joors=rand K™ = {i} with i € I)\Jp.

Assume now that w; is not a vertex. Let s € {1,...,f}, then K is such that K] =
KOUK'U---uK~'and K = KUK - --u K™ Since K9 and K° are non-empty (by
Notation 3), by Proposition 23 around wg, we have flips except if s = 1 and K° = {i} with
i€lp\Joors=r+1and K% = {i} with i € Iy\Jo. This finishes the proof of the claim.

Let R be the variety corresponding to w;. Notice that we have fibrations from 7y — R
and 7,41 — R. There are three cases:

() R=To=Tn;
(2) R=Tyor R =T,,, and we are not in case 1;
B)R#Tyand R # T,,,.

In case 1, by Remark 11, we have ¢ > 1. In particular, slk, < slk,, or slg, > slk,,, (with
the convention that K., = I if wy, is not a vertex). A priori, slk, and slg, could be co, but the
next paragraph proves that it cannot happen.
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If slg, < slk,, then the Mori fibration X, --»> R factors through Xy --> ¥ — R where Y is
the horospherical variety corresponding to a point of wg,. Then the map X, --» Y is either
an isomorphism or a K-negative contraction. It cannot be a K-negative contraction because
slg, < slg,. Then Xy = Y, which implies that X; — Xj is a divisorial contraction. Similarly,
if slg, > slk,,,, Xi-1 — X, has to be a divisorial contraction.
Thus there is i = 1 or i = £ — 1 such that p(X;) = p(R) + 2. Assume itis i = 1. By Proposition
27 and Claim 31, forevery i € {1,...,71—1} we have p(X;) = p(X;) so that p(X;—1) = p(Xp) +1
and thus X;_; — X, is also a divisorial contraction. We have a type II link.

In case 2, assume that R = T). Again by Proposition 23 the variety R is Q-factorial. Thus
R % Ty, implies p(T;41) = p(R) + 1 and p(X;) = p(R) + 2. By Proposition 27 and Claim 31,
foreveryi e {1,...,t} we have p(X;) = p(X;) = p(R)+2 = p(Ty)+2. Since p(Xy) = p(Ty)+1,
the map X; — X is a divisorial contraction and we have a type I link. Similarly if R = T,
we get a type III link.

In case 3 we have p(Ty) = p(R) + 1 and p(T++1) = p(R) + 1. Moreover p(Xy) = p(Ty) + 1
and p(X;) = p(T+1) + 1. By Proposition 27 and Claim 31, for every i € {0,...,f— 1} the map
X; --> X;;1 is an isomorphism in codimension 1 and we get a type IV link. ]

Remark 13. If w; is not a vertex then we cannot have a link of type IV with fibrations
To — R and T,;; — R. Indeed from w; (both side) to w; we get two birational maps, one
of the two can be divisorial (if we are in the hypotheses of Lemma 25 occurs), but not in
case 3.

Appendix A

A.1. A polyhedral partition of Q°. In this section we collect the proofs of the facts
quoted in Section 5.
The following lemma describes the first properties of the sets ); and w; defined in Definition
5.

Lemma 32. Let I C 1.

(1) The sets Q; and wy are convex subsets of Q.

(2) The set wy is open, for the euclidean topology, inside {(6,€)| D;(6,€) € ImA;} =
D;'ImA;.

(3) There are four cases: either w; is empty, or it is a point, or it is a convex part of an
affine line (a segment, a half-line or a line), or it is a non-empty open set in Q.

(4) If wy is not empty, we have w; C € C wy.

Proof. (1) Assume that Q; has at least two points, (1, €;) and (92, €). Then there exist
x1 and x, in Q" such that A;x; = Dy(6;, €) and Ajex; > Dye(6;, €) for i = 1,2. For any
rational number ¢ € [0, 1], we get A;(tx; +(1—-1)xy) = Di(te; +(1 -1, 161 +(1 —1)62)
and Ajec(tx;+(1-1)xp) = Dye(te+(1—-t)ey, t61+(1—1)0,), so that 101, €1)+(1—1)(02, €)
is in Q.

Replacing > by >, we prove the convexity of w.
(2) The inclusion w; C D,‘1 Im A; follows from the definition of w;.
If Dl‘l Im A; is a point or if w; is empty, there is nothing to prove.
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Let (69, €) € w;. Then there is xy such that A;xo = D;(d, €) and Arxg > Dy(do, €)).

Assume that Dl‘] ImA; is two-dimensional. Let (01, €;) and (6>, &) in D[‘1 ImA;
such that the three (0;, €)’s are not in the same line. Let x; and x, be such that
A[Xl = D]((Sl, 61) and A])Cz = D[(éz, 62). Then

A((1 =t = n)xo + t1x1 + 1axp) = Di((1 — 1) — )€ + 1€ + &, (1 — 11 —12)00 + 1161 + 1202)
and for (t,,t,) in a neighborhood of 0 in Q2, we have
A]r((l -1 - IQ)X() +Hx + lz)Cz) > D[c((l -1 - IQ)E() +1He +he, (1 - — 12)50 + 1151 + 1‘262).

The proof for the case dim DI‘1 ImA; = 1 is analogous. This concludes the proof
of the statement.

(3) It follows from the two previous statements.
(4) The first inclusion is obvious.

To prove the second one, remark that for all (61, €;) € w; and (62, &) € €y, the
segment {(1 —1)(01, €1) + 1(02, €)| t € (0, 1]} is contained in w;. Indeed, let x; and x;
be such that A;x; = D;(5;, €), Arexy > Dye(61,€1) and Apexo > Dye(67, €). Then, for
any t € (0, 1], we set x; := tx; + (1 —t)xp and (0, &) := (te; + (1 —t)er, t1 + (1 —1)I7).
Thus A;x; = Dy(6;, €) and Ajex; > Dye(6y, €).

This remark implies directly that if (63, &) € € then (0, &) € wy, as soon as wy
is not empty. O

RemARk 14. Lemma 32 is still true if we consider polytopes in an R-vector space. The
proof is the same after replacing Q by R everywhere.

Lemma 33. Let I C Iy be such that wy is not empty. Then Q; = w; and Q; is polyhedral
in Q2.

Proof. If wy is reduced to a point, by Lemma 32 we have nothing to prove, so we suppose
that w; contains at least two points.

For (6, €) € R? we also set
P :={xeR" | Ax> (1 —6)B+ 6B + €C).

and we define as before F ?’E.
For I C I we set

Q(R) = {(6,€) € R? | F° # 0}
and
wi(R) = {(6,€) € R? | if I' C I, satisfies F?° = F%<, then I’ C I}.

Since the matrices A, B, B’ and C have rational coefficients, if (5, €) € Q> and if there
exists x € R”, such that A;x = Dy(d, €), then there is X’ € Q", such that A;x" = D;(0, €);
and x’ can be chosen arbitrarily close to x. In particular, if A;ex > Dy (6, €), then x” can be
chosen such that A;-x” > Dj(8, €). Hence, w; = w;(R) N Q2.

Moreover, Q; = (J;cpcj, wr (over R and Q), then we also have Q;(Q) = Q;(R) N Q2.



HorosARKISOV PROGRAM 69

We first prove that €;(R) is closed. This, together with Lemma 32 will imply that Q;(R) =

Let (6%, € )rer be a sequence of elements in Q;(R) converging to (5, €) in R?. The elements
(6x, &) are contained in a compact set K of R%. Then, for every k € N, the polytope P is
contained in the polytope

PX = (x e R" | Ax > Ming ek D(5, €)}

where Ming ¢)ex D(0, €) is the vector whose i-th coordinate is Min eex D(6, €);. The set PX
is compact by Remark 5.

By definition, for any k € N, there exists x; € R” such that A;x; = D;(, &) and Ajexg >
Dy(6x, &). Since the x; € PX that is compact, there is {k,,}ex such that k,, — oo as m
tends to infinity, such that (x;, ) converges to X € R. Then ¥ satisfies A;x = D;(6, €) and
Ajpex > Dy(6, €). This implies that (0, €) is also in ;.

We now prove that ;(R) is polyhedral. If w;(R) is either empty, or a point, or a convex
part of an affine line, then there is nothing to prove. Suppose that w;(R) is open in R?. Then
the boundary of Q;(R) is

a®\w® = | ] o®= ] am.
Icrei, Icrci
But for every I’ such that I C I’ C Iy, the set Qp(R) is either empty, or a point, or a closed
convex part of an affine line. We proved that the boundary of ;(R) is a finite union of closed
convex parts of affine lines. Hence, ;(R) is polyhedral in R?.

To conclude, we have to prove that the vertices of Q;(R) are rational and that the maxi-
mal half lines in the boundary of Q,;(R) are rational half-lines, that is, they have a rational
extremity and rational direction.

A vertex of Q;(R) is (9, €) such that there is I’ # I with {(6, €)} = wy(R). By Lemma 32
we have {(6, €)} = D;,l ImA;®R. Since D; and A are defined over Q, we have {(5, €)} € Q.

In the same way, the boundary is a union of finitely many wr forj=1...rwith/ ; #+ I
Let I’ € {I{,...,I'} so that w;(R) has dimension 1. By Lemma 32, we have wy(R) C
DI‘,1 ImA; ® R open. The latter is an affine subspace defined over Q, thus its direction is
rational. The extremities are vertices of €Q;(R) and are then rational. ]

We now study inclusions between the w’s, generalizing the easy following fact: for any
J CICIy, wehave Q; C Q.

Lemma 34. Let J C I C Iy, such that w; # 0.

(1) If wy is not empty and has the same dimension of wy, then w; C wy.

(2) If the images of A; and A have the same codimension k, then w; is not empty.

(3) There exists J C I as above and such that w; C wy and for any j € J the codimension
of the image of Aj\yjy is less than k.

Proof. (1) If wy is not empty, Lemma 33 implies that w; is the interior part €2;. Since
wy is not empty, it is as well the interior part of Q;. As Q; C Q,, we conclude that
wr; € wy.
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(2) We prove the claim by induction on 2 = |[I'\ J|. If & = O the claim is true. We assume
now that the claim is true for /& and let J be such that |/ \ J| = h+ 1. Leti € I\J
and J' = J U {i}. By inductive hypothesis w, is not empty. Let (6, €) € w, and let
x € Q" such that Ayx = Dy (6, €) and A(yryex > Dy (6, €). Since the codimensions
of the image of A; and of the image of A, are equal to k, and A, is the product of
A; with the projection matrix onto the indices J € J’, also the codimension of the
image of Ay is k. By the rank theorem, we have dim Ker(4,) = dim Ker(A,) + 1.
Thus, there is y € Ker(A;)\ Ker(A;). We can choose y such that A;y > 0. Then
for t+ > 0 small enough, we have A;(x + ty) = D,(6,€), Ai(x + ty) > D;(6,€) and
Ay (x +ty) > Dy (6, €). This proves that (6, €) € w;.

(3) It is enough to take J minimal such that the images of A; and A; have the same
codimension, and apply the previous statement. O

Lemma 35. Let I C Iy be such that w; = {(0y, €)}. Suppose that the image of A; is of
codimension 2. There is i € I such that the image of Ay is of codimension 1. For any such
i, the point (0o, €9) belongs to Qp i \wni)-

Proof. Let i € I be such that there exists rational numbers A; for j € I\{i} such that
A; = Yjeny 4jA;j. Then the image of Apy; is of codimension one. Let (61,€) # (do, €)
such that Dp\;(61, €1) is in Im(Ap ;). Let x and y in Q" such that A;x = D;(do, €), Arex >
Dye(60, €0) and Ap sy = Dpyiy(01, €1). For any ¢ € Q, define z; := (1 — t)x + ty and (6, ) :=
(1 = 1)(60, &) + (1, €1). Then for any ¢ we have Apyz, = Dpyiy(9;, &) and for any ¢ small
enough we have Az, > Dye(0;, €;). Now if A;y > 0 we have A;z; > D;(0;, €) for any ¢ > 0;
and if A;y < 0 we have A;z; > D;(;, €) for any ¢ < 0. Hence, for any ¢ small enough, either
positive or negative, we have A\(iyz: > D\ ipe (0, €) and (64, &) 1s in wp ;. We have proved
that wy is in the closure of wp ;.

But w; = {(60, €)} cannot be in wp(;), because the relation A; = ' ;cp\(; 4;A; implies that
ifA]\mx = D]\{,-}(50, E()) then Alx = D1(50, 6()). Hence wr 1s in Q]\{,’;\Q)[\{i}. O

REmMARK 15. A similar result could be proved from a one-dimensional w;. Let I C I
such that w; is an open convex part of an affine line. Suppose that the image of A; is of
codimension 1. Then there exists i € I such that w; is a subset of Qp i \wpny;y and Apyyy is
surjective.

Lemma 36. Let I and J such that w; and w; are not empty. Then wjn; is not empty and
contains the strict convex hull of any element of w; with any element of w.

Proof. Let x and i in Q" be such that A;x = D;(61, €1), Ajex > Dye(81, €1), Ajy = D (62, €)
and Ay > D (02, €).
For any r €]0,1[, z; := (1 — H)x + ty and (0, ) := (1 — £)(01, €1) + 1(02, &) satisfy A;nyz, =
Dinj (61, &), Aunryze > Daniye(6r, €). Hence, wyn; contains the strict convex hull of (61, €;)
and (07, ). In particular, w;n; is not empty. O

Remark 16. If I = {i} and A; # 0, or more generally if A is surjective, Lemma 32 implies
that wy is open (possibly empty).
If I = {i} and A; # 0, for any (6, €) € Q;\wy, either the polytope P*¢ can be defined without
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the line i, in other words
Po€ = (x € Q" | Ayex = Dyy(6,€)},

or the polytope P%¢ is not of dimension n. Indeed, if (6,€) € Q;\w;, and P*¢ has maxi-
mal dimension, then F f’f is not a facet of P> or equals another F?’E and in both cases the
inequality A;x > D;(6, €) is superfluous in the definition of P%€,

If 7 is such that A; is invertible, then F ‘15’6 is either empty or a vertex of Po€. If (6, €) € Q,
then P%€ is simple at the corresponding vertex if (5, €) € w;. But the converse is false: it
can happen that P>¢ is simple but (6, €) ¢ wy if an inequality A;x > D;(6, €) with i ¢ I is
superfluous in the definition of P*€ and F0* = F (Isjli}'

A.2. Generality of the polarization. In this section we prove Proposition 17. Through-
out the section by general we mean in a Zariski open set.

By Lemma 32 (2), w; is one-dimensional implies that the codimension of Im(A;) is at
least 1, and wy is zero-dimensional implies that the codimension of Im(A)) is at least 2. The
lemma tells that, for general B and B’, equalities hold for any / in both cases.

Lemma 37. We can choose B and B’ general such that for any 1 C Iy, we have the
following.
e If the image of A; has codimension 1 in Q!, then wy is an open convex part of an
affine line (possibly empty).
e Ifthe image of A; has codimension 2 in Q', then wy is either empty or a point.
e Ifthe image of A; has codimension 3 in Q, then wy is empty.

Proof. The set {D;(6,€) | (d,€) € Q?} is the affine subspace passing through B; and
directed by B; — By and C;. Itis a plane for B and B’ general (that is, if B’ — B is not colinear
to C). Now, to have the three conditions above, it is enough to choose B and B’ such that:

e if the image of A; has codimension 1 in Q’, then B; and Bj are not in the image of
A
e if the image of A; has codimension 2 in Q’, then B} — By is not in the vector subspace
Im(A;) + QC; (of codimension at least one in Q'), and if C; is in Im(A;) then B is
not in Im(A;);
o if the image of A; has codimension 3 in Qf, B} — By is not in Im(A;) and B is not in
the vector subspace Im(A;) + QC; + Q(B; — By) (of codimension at least one in Qh.
This, together with Lemma 32, means that it is enough to choose B and B’ outside finitely
many proper linear subspaces of Q”, thus B and B’ in an open set of Q7. |

From now, we assume that B and B’ general in the sense of Lemma 37.

Corollary 38. There is a finite union of convex parts of affine lines

L£=00 U U Q, cQ?

I1Cly dim Q;<1

such that if (6, €) & L then P>€ is an n-dimensional simple polytope or it is empty.
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Proof. Assume that P>€ is not empty. If P*€ has of dimension 7 and is not simple, then
there exists a vertex v of P€ that is contained in at least n + 1 facets. Then there is I C I of
cardinality p > n + 1 such that the vertex is F f’f = {v}. In particular, if we choose / maximal
among the subsets I of I such that Ff’f = {v}, we have (9, €) € w;. But A; is a p X n matrix
with p > n + 1 so it cannot be surjective. By Lemma 37, wjy is either a segment or a point.

If Po€ is of dimension at most n, then (5,€) ¢ wy, which is open and non-empty by
hypothesis. Then (6, €) is in the boundary of g, which is a finite union of convex parts of
affine lines.

We set then

L£=0Qy U U Q. o
ICly dimQ;<1

Remark 17. Notice that the condition we impose on Qg \ L is stronger than the polytope
P°€ being simple. Indeed, the vertices of P*€ for (6, €) € Qg \ L are contained in exactly n
affine hyperplanes H; := {x € Q" | A;x = D;(0, €)}, while a vertex of an affine polytope is
contained in exactly n facets.

Nortation 4. Let I C I be such that the image of A; is contained in a hyperplane, and
such that for any i € I, Apy; is surjective. For the sake of clarity we repeat here Nota-
tion/Construction 1. Then there are rational numbers /l{ with i € [ such that },; /lfAi = 0.
We notice that A/ # 0 for every i € I. Indeed, if there is j such that /lj. =0, then ¥ A1 X
is a nontrivial equation for the lines of A; ;. We can assume that Y,c; A/C; is zero or one.
We fix such numbers.

Let I € Iy such that w; is not empty, the image of A; has codimension at least two and
such that for any i € I, the image of Ap(;) has codimension one. In particular, the image of
Ay has codimension exactly two. Then there are rational numbers /l{ and /1;’ with i € I such
that 3¢, /lfAi =0and }; /l;’A,» = 0 are two independent relations. For B and B’ general as
in Lemma 37, the point in wy is the only solution of the linear system

Qicr LCHE+ (Zies AAB, = B))S + Xt B = 0
Qs V'CHe+ (Zies (B, = B + s A'Bi = 0

therefore ), /1{ C;and ;¢ /1;1 C; cannot be simultaneously zero. After perhaps replacing
A" with 7 = AL, we can assume that Y,c; A/C; = 1 and Y., 2//C; = 0.

Moreover, for any i € 1, either A or A" is not zero. Indeed, if there is j such that /lj. =0
and 2/ = 0, then ¥;c;\(;; A/ X; and ¥iep () 4" X; are nontrivial linearly independent equations
for the lines of A[\{j}.

We fix such numbers.

Remark 18. Let I # J be such that the images of A; and A, have codimension d and for
any i € I and j € J, the images of Aj(; and A (;) have codimension d — 1. Then I € J and
J & I. Indeed if we had I C J, there would be j € J \ I and Im(A;) would have codimension
at most the codimension of Im(A ().

Now we prove that if B and B’ are general, two sets w; and w; of dimension 0 or 1
intersect or are aligned only in specific cases.
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Lemma 39. Let [ # J be such that w; and w; are non-empty open convex parts of the
same affine line, and such that for any i € I and j € J, Apy and Ajjy are surjective. Then
B and B’ satisfy a quadratic or linear condition.

Proof. Set B” := B’ — B. By remark 18 we have I € J and J ¢ I. Since w; and w, are
non-empty open convex parts of affine lines, the images of A; and A; have codimension at
least one. Since Ay ;) and Aj(;) are surjective, they have codimension exactly one.

The affine line containing w; (resp. wy) has as equation ) /I{Di(d, €) = 0 (resp.
Sier szj(a, €)=0),ie.

O ACe+ (O AIBS + Y ABi=0, resp. () AICpe+ (Y. AIB))s + Y AIB; =0,
i€l i€l iel jeJ jeJ jeJ
Those two equations by hypothesis define the same line. It follows from Construction 4 that
the coefficients of € are either both zero or both one.

If Yoy /l{ Ci=2jes /lf C; = 0, since the two equations define the same line, we have

1 nr J _ J pr 1
(D AIBNQ A1B)) = (3 4B LB,
iel jel jel iel
This condition is nontrivial: leti € / and j € J such thati ¢ J and j ¢ I, then the coefficient
in the quadratic condition in B} B; is /lf /lf and this is non zero by Construction 4.

If Yier /l,(Ci = Zje] /lfcj = 1, then X;g /I{Bﬁ’ = Zje] /lfB;-' and ey /l,(Bi = Zje] /l;Bj-
O

Corollary 40. Assume that B and B’ are general. Then for any I and J subsets of Iy such
that wy and wy are nonempty open convex parts of affine lines, w; and wy are contained in
the same affine line if and only if wjny is a non-empty open convex part of an affine line.
Moreover in this case, we have winy 2 wy U wy.

Proof. Let I and J be subsets of I such that w; and w; are non-empty open convex parts
of the same affine line L. By Lemma 34, there exist I’ C [ and J’ C J such that w; and
wy are non-empty open segments contained in L, and such that for every i € I’ and j € J’,
Ap\iy and A\, are surjective. By Lemma 39, for B and B’ general, we must have I’ = J'.
In particular / N J D I’ and w; C wjny € wp so that wjny is a non-empty open convex part
of an affine line.

Conversely, if w;, w; and w;n; are non-empty open convex part of an affine line, then
they are contained in the same affine line because w; C w;ny D wy. m]

Lemma 41. Let I # J be such that w; = wy is reduced to a point, and such that for any
i€land je€ J, the images of Apgy and Ay j, have codimension one. Then B and B’ satisfy
quadratic conditions.

Proof. Set B” := B’ — B. By remark 18 we have I ¢ J and J ¢ I. Since w; and w; are
points, the images of A; and A; have codimension at least two. Since Ay ;) and Ay ;) have
codimension exactly one, the images of A; and A; have codimension exactly two.

Let (89, €) be such that w; = w; = {(69, €)}.

By Notation/Construction 4, (dy, €) is the unique solution of the two following systems:
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{ €+ (Dies AIB)S + Vs ALB,;

0 ind €+ (Njes AIB))S + Xjes AJBj = 0
it 'B)S + i B

0 (X jes U/ BY)S + X jey A B,

Comparing the first and second equations of the two systems we get

) : QO ABNO ABy = A7BHO AlBY,

Il
-

i€l jeJ jeJ i€l
(Co) : ((Z B -] AjBf,.’)] > B - {Z AlB— > AIB ,-] > alBy =0,
i€l jeJ iel iel jeJ i€l

To conclude, one proves, with an easy but tedious computation that the conditions (C)
and (C,) cannot be both trivial. ]

Corollary 42. For B and B’ general we have the following: for any 1, J C Iy such that w;
and wy are singletons, we have w; = wy if and only if wjny is a singleton, equal to w; = wy.

Proof. Let I and J be subsets of I such that w; = w; = {(d0, €)}. By Lemma 34, there
exist I’ € I and J* C J such that wy = wy and for any i € I’ and j € J’, the images of
Apy and A ;) have codimension one. By Lemma 41, for general B and B’, we must have
I’ = J'. Inparticular INJ D I’ and w;ny € wyp = {(do, €)}. By Lemma 36 the set w;n, is not
empty, then it must be w;n; = {(do, &)}

Conversely, if w;, w; and wjn; are singletons then w; = w;ny = wy because w; C wyny D
wy. O

Lemma 43. Let I and J be such that w; = {(89, &)}, wy is an open convex part of an
affine line, and wy is contained in this affine line. Suppose that for every i € I, the image of
Aniy has codimension one and for every j € J, Ay is surjective.

Then either J C I or B and B’ satisfy a quadratic condition.

Proof. Set B” = B’ — B.
The affine line containing both w; and w; has equation

O ACpe+ Q- AIB)6+ Y AlB; =0,
jeJ jeJ jeJ
where )’ jc; /lJ! C; is zero or one and (6o, &) is the unique solution of the system
<. €+ (Cicr UUB)S + i AUB;
o { (Sier 4 BY)6 + Zier 4'Bi

0
0

If 3 je; AC; = 0 we have
O AIBHO 4By = AlBHY | A1B)).
i€l jeJ iel jeJ
And if 3} e, /lij =1, we have

OB, alB) = AB) AIBY).

i€l jeJ i€l jeJ
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In both cases, if there exists j € J that is not in I, then there exists i € [ such that the
coefficent of B;B;’ is non zero (it is /l;.’ /l; in the first case and /l{ /ljl. is the second case) so that
the condition is not trivial. O

Corollary 44. For B and B’ general we have the following: for any I and J subsets of I
such that wy is a singleton and wy is an open convex part of an affine line €, the affine line €
contains wy if and only if winy is a non-empty open convex part of £.

Proof. By Lemma 34, there exist I’ C [ and J’ C J such that wy = w;, w; C w, and for
any i € I’ and j € J’, the image of A\ has codimension one and A\, is surjective. Then,
by Lemma 43, , for general B and B’, we must have J’ C I'.

In particular, J € I N J and by Lemma 34 we have w;n; C wy, so that wyny is either
empty or an open convex part of an affine line (the same affine line as for wjy).

By with Lemma 36, the set w;n; is not empty. O

We end this subsection with the following lemma in order to avoid the case where three
affine lines intersect into a point except in only one situation.

Lemma 45. Let I, J and K be distinct subsets of Iy such that the images of A;, Ay and Ak
have codimension one, and such that for any i € I, j € J and k € K, Apyy, Apjy and Ag\xy
are surjective. If the three affine lines generated by wj, wy and wg intersect, then either B
and B’ satisfy some linear or quadratic conditionor [UJ =1UK =JUK =1UJ UK.

Proof. Set B” := B’ - B.

By Lemma 39, if the three lines are not distinct, we are done. Suppose then that the three
lines are not distinct and meet at the point (dp, €).

Let L =1, J, K. The affine line containing w; has equation ), /l’ng(cS, €) = 0. If we set

ap = ZfeL /lirCe
by, = Z{’eL /15732’
cL = Yer AEBe
then the equation becomes a; € + b0 + ¢, = 0. By hypothesis the point (a;, by, c,) belongs
to the plane aey + boy +c =0for L =1,J, K.
By Construction 4 we have a; € {0, 1}.
Assume that there is L such that a; = 0. Without loss of generality we can assume that L =
1. Notice that then only [ is such that a; = 0, because two affine lines distinct and parallel
do not meet.
Then b;(cy — cx) = ¢;(by — bg), that is,

O ABNO B = > 4By = O ABYO 1B = > ALBY).

icl jel kek icl jeJ kek

Assuming that we donothave /U J = TUK = JUK = [ U J U K we prove that this
condition is not trivial. There are three cases, either JUK # IUJUK,orIUJ # IUJ UK,
or /UK # [UJ UK. The last two cases are proved in the same way.

fJUK#IUJUKIletielIbesuchthati ¢ JUK. As J # K we can assume without
loss of generality that there is j € J, j ¢ K. Then the coeflicient of B! B; in the quadratic
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condition is /l{ /lf which is non zero by Construction 4.
fI1UJ#1UJUK letk € K such that k ¢ I U J. Then for every i € I the coeflicient of
B}’By in the quadratic condition is A/ /l’,j which is non zero by Construction 4.

Assume that a; = 1 for every L. Without loss of generality we can assume that / U J # [ U
J U K. With similar computations as above, we prove that the condition

(by = by)(cr —cg) = (by — bg)(c; — ¢y)

verified by the coefficients of the two linear equations is not trivial. |

A.3. Polyhedral decomposition and the geography of models.

Lemma 46. Letr (6,€) € Uy. Let I be such that (6,€) € wy and dimw; = 1. Assume
moreover that 1 is minimal with the property. Denote by 1, = {i € I | /l{ > 0} and
I_:={iel| A} <0} Notethar I =1, L.

Then (0, €) € wy if and only if both 1. and I_ are not empty.

Proof. Let }};; /le,- = 0 be a relation satified by the lines of A; as in Construction 4.
Notice that /1{ # 0 for any i € I by minimality of /. Indeed, if /lf = 0 then the image of Ap;
still have codimension 1 and w; € wp ;) by Lemma 34(3).

Fix x € Q" such that A;x = D;(6, €) and Ajex > Dje(0, €).

Assume first that /, and /_ are not empty. Let i € /., then

AL Al
AiI— Z A—;A]-l-ZA—IJAJ
JEL,j#i Tl jel- i
By the minimality of /, the matrix Ap; is surjective. Therefore, there exists y € Q" such
that Ay > O for any j € I\{i} and Ay big enough for j € I_ so that A;y is also positive. Then
for any ¢ > 0 small enough, we have A(x + ty) > D(6, €). This means that (3, €) € wy.
Conversely, suppose that /* = [ and I_ = (. First, we prove that )., /ll( D;(6,€) = 0. Since
(0, €) € wy, there is x € Q" such that Ax > D(6, €) and A;x = Dy(8, €). Thus 0 = > ;; /li'A,»x =
Sier U Di(6, €).
Now, let y € Q" such that Ay > D(6,€). Then 0 = Y;c; AlAjy > Yic; AIDi(S,€) = 0, so
that A;y = Dj(6, €). In particular, (6, €) € wy.
The same occurs if I~ = 1. O

RemARK 19. The proof implies in particular that, if both 7. and /_ are not empty, then
there is y € Q" such that A;y > 0.

Lemma 47. Let (6,¢€) € Uy N wy. Let I be such that (6, €) € w; and dimw; = 1. Assume
moreover that I is minimal with the property. Let i € I)\Jo. Then (0, €) € Q;\w; if and only
if I, or I_ equals {i}.

In particular, there is at most one i € Iop\Jy, such that (9, €) is in Q;\w;.

Proof. Let Y,c; AX; = 0 be a relation satified by the lines of A; as in Construction 4.
Notice that A/ # 0 for any i € / by minimality of /.

Suppose that there exists i € Iy\Jy such that (6,€) € Q;\w,;. Then there exists J C I
containing 7 such that (6, €) € wy. Pick such J minimal. By Lemma 34(1), since (9, €) ¢ w;,
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the image of A; has codimension either one or two. By assumption on (6, €), wy is not a
point, so that w; is one-dimensional and then by Corollary 40 and the generality assumption,
I c J. By minimality of J, we have J = I U {i}.

Assume by contradiction that i ¢ /. With Notation 4, we have /1{ =0, thatis, J and I give
the same relation.

Since (0, €) € wy, by Lemma 46 and Remark 19 and 7, there exists y € Q" such that
Ay > 0 and such that A;y = 0. Let x € Q" such that A;x = D;(6,€) and Ajex > Dje(9, €).
Then for any ¢ > 0 small enough A;(x + ty) = D;(d, €) and Ay;jc(x + ty) > Dy;e(6, €). This is a
contradiction with (6, €) ¢ w;. Thenie I and I = J.

By assumption the matrix Ap; is surjective. If 7\{i} is not contained in either I, or I_,
we can find y € Q" such that Ajy > 0 for any j € I\{i} and } jcp\(y /lj.Ajy = 0, which implies
that A;y = 0. Let x € Q" be such that A;x = D;(6,€) and Ajex > Dy (6, €). Then, for any
t > 0 small enough we have A;(x + ty) = D;(6, €) and Ay;c(x + ty) > Dy;c(9,€). This is a
contradiction with (9, €) ¢ w;. We conclude with Lemma 46 and the hypothesis (6, €) € wy,
that {i} = I, or I_.

Conversely, suppose that I, = {i}. Note that (0, €) € €; is obvious. Since there exists
A
x € Q" such that A;x = D;(6, €), we have D;(6, €) = X jep %Dj(é, €).
For any y € Q", such that Ajcy > Dy;-(6, €) we have '

- -l
— J J _
Aw = Z Ay Z E , 1 Di(6:€) =Di5,€).
JEN} T jel\liy “i

And we have equality if and only if Ap3y = Dp;)(9, €). Then (6, €) ¢ w.

For the last statment, note that if |[/| = 1 then A; is a zero line and i € Jy; and if |I| = 2
with |7, | = 1 then the two lines of A; generate the same ray of Ng and at most one could be
the primitive element of the ray, so that the other line has index in Jy. |

Lemma 48. Let (6, €) € Uy N Qp\wy. Let I be such that (6, €) € w; and dimw; = 1. Let
i € Ip\I. Then either (6, €) & Quyy or (6, €) € wruy).

Proof. Let i € Ip\I such that (6, €) € Q. There exists J C Iy containing i and [ such
that (9, €) € wy. By hypothesis on (6, €) the set w; is one-dimensional and Lemma 34 implies
that w; C wyyyy- In particular, (3, €) € wyyg- O

Recall that by Notation/Construction 3 if L is such that w; = {(9, €)} € Qg\wp and € > 0
and, for B and B’ are general, then there are either / and J subsets of L and two linearly
independent equations for the lines of Ay,

R) D AX;=0, A>0Viel
(R)) Yjes VX;=0, A/>0VjelJ
or there is / C L and two linearly independent equations for the lines of Ay
R) XigAlX;=0, Al>0Viel
(R1) e AX;=0, A5#0VjeL\I
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Lemma 49. Let (6,¢) € Uy N Qp\wy and assume that (6, €) is a vertex. Let L C I
be a minimal subset such that w; = {(0,€)}. Leti € Ip)\L. Then either (6,€) ¢ QL or
(6, €) € wruyy-

Proof. If (6, €) € Qpuji\wruyiy, there exists J C Iy containing i and L such that (6, €) € w;.
By Lemma 34, we have wyy; = wr = wy. In particular (6, €) € wryy). m]

Lemma 50. Let (6,€) € Uy N Qp\wy and assume that (9, €) is not a vertex of Qp\wy.
Let L C Iy be a minimal subset such that w; = {(6,€)}. Let I be a minimal subset such
that w; C w; and dimw; = 1. Leti € Ip\l. If (6,€) € Quiy\wruyy then i € L\I and
either L\ I, = {i} or L\ I = {i}. In particular, there are at most 2 indices i such that
(0, €) € Qi \wyugiy- If there are 2 such indices, then |L| = |I| + 2 and the restriction of Ay,
to ker(Aj) consists of twice the same line if L\I C Iy\Jo.

Proof. The proof is similar to the proof of Lemma 47.

If (6, €) € Qugiy\wrug). then there exists J C Iy containing i and / such that (6, €) € w; and
wy is one or zero-dimensional. The set w; cannot have dimension one, otherwise Lemma 34
would imply that (6, €) € w; € w)- Hence, wy = wp and J = L U {i}.

We prove that i € L. Assume that it is not the case. Since the coefficients /l]L. do not have
the same sign for j € L\I, there exist positive x such that ¥} j;\; A5} = 0. By Remark 7
there exists y € ker(A;) such that A;y = MJL. > 0 for any j € L\I and so that A;y = 0. Since
(6,€) € WL} thereis x € MQ is such that ALU{,-})C = DLU{i}(& €) and A(LU{,-})cx > D(LU{i})"((Sa €).
Thus for t small, we have A;y;(x + ty) = Dyy(0, €) and Ay (x + ty) > D\ (6, €) proving
that (6, €) € wyuy;), which is a contradiction. Thus i € L.

We prove now that all the /lf for j € L\({ U {i}) have the same sign. Again, by contra-
diction, if the /1]L. for j € L\({ U {i}) do not have the same sign, by Remark 7 we can find
y € ker(Ay) such that Ay > O forany j € L\(/U{i}) and A;y = 0. Let x € Q" such that A; x =
Dy (6,€) and Arex > Dyc(6, €). Then for any ¢ > 0 small enough Ay (x + ty) = Djy;(6, €)
and Ay (x + tx") > Dy (6, €). This is a contradiction, as (6, €) ¢ wyuyy-

Finally, as the coefficients of (R;) do not have all the same sign, /ll.L has opposite sign
than /l]L. for j € L\(1 U {i}).

The last statment is not difficult. |

Proposition 51. Let (63, 6) € Uy N MPC and let L be minimal such that w; = {(62, €)}.
We refer to the notation of Construction 3 and to Definition 8. Then there is a partition
L=K'u...uK"™! withr >0, such that

I I
(1) forevery s € {0,...,r+1}, for every h,k € K* we have —/l—ﬁ = —% =: v, € [—00,0];
forevery s <s' €{0,...,r+ 1}, we have vy > vy. ! ¢
(2) The set Ky = L\ K* is such that the codimension of the image of Ak, is 1 and for
every k € K the map Ak, \yy is surjective. If K C L is such that the codimension of
the image of Ak is 1 and for every k € K the map A\ is surjective, then K = K;
for some s € {0, ..., r+1}. Moreover, if (02, €) is a vertex then Ky = I and K| = J
and if it is not then Ky = I and K° = L\I.

Note that, by Lemma 35, wg, is not empty and with an extremity equals to wy.
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(3) The slope of wk, is

Diel /ll[(B: - B)+ v Zjej /l;(B; - Bj)
Sl[( =
’ 1+ dv;

withd = 1if (62, &) is a vertex and d = ¥ jc;, /le.Cj otherwise.
(4) Up to a rotation, the slopes decrease when s increases (see picture below).

Proof. Let K C L be such that the codimension of the image of Ak is 1 and for every
k € K the map Ak is surjective. Then there is an equation

(Rk) Z XX =0

satisfied by the lines of Ag.

Assume that (0,, &) is a vertex and let 7, J be as in Construction 3. The relation (R) is a
linear combination of (R ;) and (R ;). Thus there are y;, iy such that (Rx) = u(Rp)+us;(Ry).
We notice that if y; = 0, then by the minimality of K we have K = J and if ¢; = 0 then by
the minimality of K we have K = I.

Assume that (6>, &) is not a vertex and let / be as in Construction 3. The relation (Rg)
is a linear combination of (R;) and (R ). Thus there are y;, u; such that (Rg) = w;(Ry) +
ur(Rp). We notice that if ¢;, = 0 then by minimality of K we have K = I and if y;, # O then
L\l C K.

If (6,, &) is not a vertex, we set J = {j € L | /IJL. # 0}. Notice that J gives the relation (R ).

If ,ul/li + J/l,{ # 0 for every k, then the image of Ay, has the same codimension as the
image of A;, and this is a contradiction. Therefore the set {k] ,u[/lllc +u J/li = 0} is non-empty
and K is the complement of this set in L.

We set N = {-1;/4]} = {vo > ... > v,41} with the convention that v, = —co.
We set K = {k| —A;/4] =v,}and K, = L\ K*.
This proves 1 and 2.

As for 3, the slope slk, is

Skek, A (B, = By)

K,\'
ZkeKS /lk Ck
Since up to a multiple /lIIfS = /12 + vsﬁi, we get the third part of the statement, with the
assumption that, if (6, &) is a vertex, we have Y, A/C; = 1 and Y, /lej = 1, and

otherwise Y,e; A/C; = 1 and 3 ¢, /lfcj =1or0.

Set
a= Y /1{(B§ - By) = sy,

1if (65, &) is a vertex and

— X J - ) = =
b=2jes 4;(B; = B)) sty and d { el /le.Cj (which is 1 or 0) otherwise.

+b -1
To prove 4, set f(x) = aror Note that slx, = f(v;). And apply a rotation —— ( “ )

1 +dx’ e\ 1 a
in order to replace sl; = a by +oo (vertical direction). This way, the slopes slk are replaced
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Ik +1 2+ 1+x(ab+d
by relative slopes relslg := ML. Set g(x) = a Xa ) so that relslg = g(vy).
a— sl x(ad — b) !

We now prove that ad — b < 0. By Construction 3, if (63, &) is a vertex we have w; C
{0 < 82} and w; C {0 > 0,}. By the convexity of Qg the slope s/; is smaller that s/;, so that
ad — b < 0. If (62, &) is not a vertex and d = 1, similarily we have sl; < sl; = g , so that
ad — b < 0. And if d = 0, we have b > 0 (still by Construction 3).

In all cases, since g is increasing, relslk, is decreasing from +oco (s = 0 and v; = 0) to

b+d
Zdtb ( s = —OO), 0O

AckNowLEDGEMENTS. We would like to thank M. Brion for his comments on an earlier
draft of this paper and R. Terpereau for useful conversations. We are grateful to the anony-
mous referee for all the suggestions and remarks, which greatly improved the quality of the
paper. Both authors acknowledge support by the ANR Project FIBALGA ANR-18-CE40-
0003-01.

References

[1] M. Brion: Groupe de picard et nombres caractéristiques des variétés sphériques, Duke Math. J. 58 (1989),
397-424.
[2] M. Brion: Curves and divisors in spherical varieties; in Algebraic Groups and Lie Groups Austral. Math.
Soc. Lect. Ser. 9, Cambridge Univ. Press, Cambridge, 1997, 21-34.
[3] A. Corti: Factoring birational maps of threefolds after Sarkisov, J. Algebraic Geom. 4 (1995), 223-254.
[4] G. Ewald: Combinatorial Convexity and Algebraic Geometry, Grad. Texts Math. 168, Springer-Verlag,
New York, 1994.
[5] E. Floris: A note on the G-Sarkisov program, Enseign. Math. 66 (2020), 83-92.
[6] C.D.Hacon andJ. McKernan: Extension theorems and the existence of flips; in Flips for 3-folds and 4-folds,
Oxford Lecture Ser. Math. Appl. 35, Oxford Univ. Press, Oxford, 2007, 76-110.
[7] C.D. Hacon and J. McKernan: Existence of minimal models for varieties of log general type. II, J. Amer.
Math. Soc. 23 (2010), 469—490.
[8] C.D. Hacon and J. McKernan: The Sarkisov program, J. Algebraic Geom. 22 (2013), 389-405.
[9] J. Kollar and S. Mori: Birational Geometry of Algebraic Varieties, Cambridge Tracts in Mathematics 134,
Cambridge University Press, Cambridge, 1998.
[10] F. Knop: The Luna-Vust theory of spherical embeddings; in Proceedings of the Hyderabad Conference on
Algebraic Groups (Hyderabad, 1989), Manoj Prakashan, Madras, 1991, 225-249.
[11] B. Pasquier: Variétés horosphériques de Fano, Bull. Soc. Math. France 136 (2008), 195-225.
[12] B. Pasquier: An approach of the minimal model program for horospherical varieties via moment polytopes,
J. Reine Angew. Math. 708 (2015), 173-212.



HoRroSARKISOV PROGRAM 81

Enrica Floris

Université de Poitiers, Laboratoire de Mathématiques et Applications
UMR 7348 du CNRS, Batiment H3 - Site du Futuroscope

11 boulevard Marie et Pierre CURIE, TSA 61125

86073 Poitiers Cedex 9

France

e-mail: enrica.floris @univ-poitiers.fr

Boris Pasquier

Université de Poitiers, Laboratoire de Mathématiques et Applications
UMR 7348 du CNRS, Batiment H3 - Site du Futuroscope

11 boulevard Marie et Pierre CURIE, TSA 61125

86073 Poitiers Cedex 9

France

e-mail: boris.pasquier @univ-poitiers.fr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.53333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


