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Abstract
We study the primitive integral representations of a quadratic form in n — 1 variables by a
reduced quadratic form in n variables. Our aim is to describe the orbits of such representations
under the action of the unit group of the reduced form. That description provides the mass
of the representations, considered by Shimura. A formula for computation of the mass is also
proved in the indefinite case.

Introduction

Let ¢ be a symmetric matrix in GL,(Q) and ¢ a symmetric matrix in GL,-1(Q). We
consider the set of the primitive integral representations of g by ¢ in the traditional sense:

0.1) g, ¢} =1ke Q" kg 'k =q, KZ} = Z}"}.

Here and throughout the paper we assume n > 3 and follow the notation and terminology in
Shimura [8]; see also §1.1 in the text. Put

S0(p) = {y € SLi(Q) | y¢- "y = ¢}, T(p) = SO(p) N GL,(Z).

Then I'(¢) acts on {g, ¢} on the right. Hence, if {g, ¢} # 0, we can consider the orbits of
{g, ¢} under the action of I'(¢). We denote by {gq, ¢}/T'(¢) the set of such orbits. It is noted
that {g, ¢}/T'(¢) is a finite set.

The purpose of this paper is to describe the I'(¢)-orbits of {g, ¢} in terms of the I'(¢)-
orbits of the set L[s, bZ] (defined below) for a given reduced symmetric matrix ¢. The term
reduced was introduced by Shimura in [9, (6.2)] and should not be confused with the same
term in the sense of Minkowski. We note a simple fact: If Lo is a Z-maximal lattice in Q!
with respect to a symmetric matrix ¢y, then the matrix ¢ representing ¢y with respect to a
basis of Ly is reduced and the lattice Z! is Z-maximal with respect to ¢; conversely, every
reduced matrix can be obtained in this fashion.

To state our result, we need some more notation. We put ¢(x, y) = x¢ -y, ¢[x] = ¢(x, x),
and

0.2) Lls, bZ) = {v € Q! | [v] = 5, (v, L) = bZ)}

for a Z-lattice L in Q! and s, b € Q*. Since I'(p) acts on L[s, bZ] on the right, the set
Ll[s, bZ]/T'(¢) is also defined. Suppose L is Z-maximal with respect to ¢; namely, L satisfies
¢[L] € Z and it is maximal among such lattices. For a fixed element v € L[s, bZ], by virtue
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92 M. MURATA

of [10, Theorem 2.2] we can define an injection of L[s, bZ]/T'(¢) into H\Ha /(Ha N C(L)),
which we denote by ul'(¢) — HE,(Ha N C(L)) with &, = 1,. Here W = (Qu)*, H = {y €
SO(p) | vy = v}, C(L) = {a € SO(¢)a | La = L}, and the subscript A means the adelization;
&, € Hy is given by

&= %71%

with v, € SO(¢) such that uy, = v and @, € C(L); see (1.6) in the text for details. For
the lattice LN W in W we also put C(LN W) = {a@ € Hyx | (LN W)a = LN W} and
I'(LnW)=HnC(LNW). Let U be a complete set of representatives for L[s, bZ]/I'(¢)
containing v. Consider A = {u € U | £, € HC(L N W)} and for u € A take a complete set
Z, of representatives for [(L N W)/(H N, '&,C(L)E;, 'n,) with an element 17, of H such that
&, € n,C(L N W). Then our main result of this paper is stated as follows.

Theorem. Suppose L = Z. and it is Z-maximal with respect to ¢. Let h be an element of
{q, ). Fix arbitrary numbers s, b € Q* satisfying b=%s = det(¢)~" det(q). Take v € L[s, bZ]
so that LN (Qu)t = Zrll—lh' Set W = (Qu)* and H = {y € SO(¢p) | vy = v} for this v and take
U, A, and Z,, as above. (Note that q is the matrix representing ¢, restricted to W = Q}%lh,
with respect to the basis of L N W determined by h.) Then {q, ¢} can be given by

(g, ¢} =| |T@mnv.' o) = | || | hn'v'To).
UEA ueA ez,
Here I'(q) = SO(q) N GL,_{(Z), which is isomorphic to U'(L N W) via y’ — vy defined by the
rule y'h = hy.

We can prove a similar result on the I'(L)-orbits in a general setting, which will be stated
and proved in Section 1. Theorem is derived by specializing that result. The maximality of
L in the assumption means that ¢ is reduced. Hence our theorem describes {g, ¢}/I'(¢) for
every reduced ¢ and every g as long as {q, ¢} # 0. It is nontrivial to find an element v in
the statement for a given & € {gq, ¢}. The existence of such an element can be seen from our
previous result [4, Theorem 2.1]; see §1.4 for details.

As an application, Theorem provides the mass of the set {q, ¢} in the sense of Shimura
in both definite and indefinite cases, which will be explained in Section 2. In fact, from the
decomposition of {g, ¢} into I'(¢)-orbits we have

(0.3) mlg, @) = ) #HZ T,

ueA
where m({gq, ¢}) denotes the mass of {g, ¢} and v(I'(¢)) is a quantity defined with the measure
of I'(¢)\ Z with respect to an invariant measure on a symmetric space Z on which SO(yp) acts;
in particular, v(I'(¢)) = [['(¢) : 117" and m({q, ¢}) = #lg, ¢} if ¢ is definite. By using (0.3)
in the definite case, we can get numerical examples of #{g, ¢} in §4.1, where ¢ is a reduced
matrix representing the sum of five squares.

In Section 3 we give a formula for v(I'(¢)) when ¢ is indefinite, involving the measure of
the unit group of 2¢ in the sense of Siegel [14]. This formula plays a fundamental role in
the proof of a relationship between the mass of the set of primitive solutions like L[s, bZ]
and the measure of primitive representations of an integer by an indefinite quadratic form,
considered by Siegel [13]; the relationship will be reported in [5].
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In Section 4 we present an example of {g, ¢}/I'(¢) for an indefinite form ¢ in 7 variables.
In addition, we give not only m({g, ¢}) but also the mass of the set L[s, 27'Z] by means of
the formula mentioned above.

1. Orbits of the solutions of a quadratic Diophantine equation

1.1. Preliminaries. We denote by Z, Q, and R the ring of rational integers, the fields
of rational numbers, and real numbers, respectively. If A is a commutative associative ring
with identity element, then we write A* for the group of all invertible elements of A and A’
the A-module of all (m X n)-matrices with entries in A. The transpose of a matrix x of A
is denoted by “x; the determinant and trace of x of AJ} are denoted by det(x) and tr(x). We
denote the identity element of A” by 1,,. We put GL,(A) = (A}))* and SL,(A) = {x € GL,(A) |
det(x) = 1}. We write diag[ay, --- , a,] for the matrix with square matrices aj, - - , a5 in
the diagonal blocks and 0 in all other blocks. For a finite set X, we denote by #X the number
of elements in X. If a union | J,¢; X; is disjoint, then we indicate it by writing | |;c; X;.

Let F be an algebraic number field of finite degree or its completion at a prime, and
let g be the maximal order of F. Let V be a vector space of dimension n over F and ¢
a nondegenerate symmetric F-bilinear form of V x V into F. The quadratic form on V is
defined by x — ¢[x] = ¢(x, x) for x € V. We let GL(V) act on V on the right. We denote
by O%(V) the orthogonal group of ¢ and put SO?(V) = {y € 0¥(V) | det(y) = 1}. Let Lbe a
g-lattice in V, that is, L is a finitely generated g-submodule of V that spans V over F, where
F is a number field or a nonarchimedean local field. We set L = {fv e V]2 L) C g}
We call L g-maximal with respect to ¢ if L satisfies ¢[L] C g and that if L’ is such a lattice
containing L, then L' = L.

Suppose F' is a number field. We denote by a and h the sets of archimedean primes and
nonarchimedean primes of F. For v € a U h we denote by F), the completion of F at v and
by g, the maximal order in F, if v € h. We also denote by ¢, the F,-bilinear extension of ¢
to the vector space V, = V ®f F, over F,; we write L, for the g,-lattice in V,, generated by L
over g, if v € h. We denote by G, the adelization of G = SO¥(V) and by G, for v € aU h the
localization of G at v. We put

(1.1 ClLy={aeGa|La=L}, T(L)=GnNCL).

Also put C(L,) = G, N C(L) for v € h. We note that I'(L) = F(Z).

Let X be a vector space of dimension n — 1(> 1) over F. Given k € Hom(X, V), we
denote by ¢[k] the quadratic form on X defined by x — ¢(xk, xk) for x € X. We also denote
by ¢(k, Z) the g-lattice in Hom(X, F) consisting of ¢(k, €) for all £ € Z, where ¢(k, {) is
defined by x — @(xk, €) for x € X. If ¢[k] is a nondegenerate quadratic form g on X, then k&
is injective.

Let W be the subspace {v € V | ¢(y, v) = 0} of V for a fixed y € V such that ¢[y] # 0 and
the restriction of ¢ to W. Suppose 4 is an element of Hom(X, V) such that LN W = M#h with
a g-lattice M in X. Then the special orthogonal group of the restriction of ¢ to Xh is SO¥(W).
Put g = ¢[h], which is nondegenerate on X because X4 = W and ¢ is nondegenerate on W.
Then we understand SO?(X) by the set of all the elements 7" determined by the rule 'k = hn
forn € SOY(W).
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1.2. Statement in a general setting. Let (V, ¢), L, and X be as in §1.1 for an algebraic
number field F. Hereafter until the end of this section, we put G = SO?(V). For a nonde-
generate quadratic form ¢ on X and a g-lattice B in Hom(X, F'), we shall consider the set of
solutions of a quadratic Diophantine equation ¢[x] = ¢ in the following type:

(1.2) Llg, B] = {k € Hom(X, V) | ¢lk] = g, ¢(k, L) = B}.

This set was introduced by Shimura in the theory of quadratic Diophantine equations [8,
Section 13] as a generalization of the set defined by

(1.3) L[s,b] ={xe V]p[x] =s, p(x, L) = b}

for 0 # s € F and a fractional ideal b of F.
We consider the orbits of L[s, b] or L[g, B] under the action of the stabilizer I'(L), that is,
we have the sets of I'(L)-orbits

L[s, b]/T(L),  Llg, B/T(L).

These are finite sets by [8, Theorem 13.3]. Hence if Z[q, B] is nonempty, there are a finite
number of I'(L)-orbits of L[g, B] such that

Llg, 8] = | |nT(D)

(eZ

with a finite subset Z of G for an arbitrarily fixed element i € Z[q, B]. Now assume
L[s, b] # 0 for s and b as in (1.3). We pick x( € L[s, b] and fix it. Put

W = (Fxo)" ={x e V| g(x, x) =0}

and let ¢ be the restriction of ¢ to W. We regard SO¥(W) as the subgroup H = {n € G |
xon = xo} of G. Let i be an element of Hom(X, V) such that

(1.4) LOW = Mh

with a g-lattice M in X. Put g = ¢[h] and B = ¢(h, Z). Then our aim of this section
is to describe the F(Z)—orbits of Z[q, B] in terms of the I'(L)-orbits of L[s, b] under the
assumption that L is g-maximal with respect to ¢. To state our result on Z[q, B], Proposition
1.2 below, we need some more notation.

Take a set {L;};,c; of representatives for the G-classes in the G-genus of L for which
Li[s, b] # 0. Note that I depends on s and b. Suppose L is g-maximal with respect to
©. Then by virtue of [10, Theorem 2.2] we have a bijection

(1.5) |_|{Li[s, b]/T(Ly)} 3 xI'(Ly) = HE[xI(Ha N C(L)) € H\Ha/(Ha N C(L)),
icl
where &[x] € Hy is given as follows:

Set L;a; = L with a; € G4 fori € I. For x € L;[s, b] there is ¥ € G such that xy = xj
by [8, Lemma 1.5(ii)] as ¢[x] = ¢[xo]. For each v € h observe that xy and x(«;), belong
to L,[s, by]. Since L, is g,-maximal, by [10, Theorem 1.3] there is @, € C(L,) such that
xo = x(a;),a,. Forv € a we put o, = (a,-);lyv. Let a be the element of C(L) whose v-
component is a, for every prime v of F. Then assigning y~'@;a to x, we have the bijection
given in (1.5) by [8, Theorem 11.6(i)]; see also [10, Theorem 2.2]. For our argument below,
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we denote such y and @ by y[x] and a[x], respectively; notice that y[x] and a[x] are not
uniquely determined by x € L;[s, b]. We then put

(1.6) Elx] = yIx] aialx].

For each i € I take a complete set U; of representatives for L;[s, b]/I'(L;). Then by (1.5) we
have

Hy=| || | HetulHA nC@y).

iel ueU;
Noticing that Hy N C(L) ¢ C(L N W), we further take a subset U; of U; such that
(1.7) U HEWC(L N W) = |_| HEWC(L N W).
uel; ueUlf

Put A; ={we U; | HE[w]C(LN W) = HE[u]C(L N W)} for a fixed u € Uj.
We identify the special orthogonal group of the restriction of ¢ to XA with H. Considering
the orthogonal group SOY(X) in the manner of §1.1, set

Ay = H N Eu]C(L N W)Eu] ™, A ={6 € SOUX) |6 €A}
for u € U;. We note that A, = H N C((L N W)é[u]™") = T((L N W)é[u]™).
Lemma 1.1. Let E be the subgroup of Ha defined by
(1.8) E={ccHy|&B =9
with the present h. Then E = C(L N W). Moreover, A, = H N E[u)EE[u]™" and
(1.9) [A, : HNEUCL)EuU]™ ] < [C(LNW) : Hy N C(L)]
foreveryu e U;andi € I.

Proof. Let € € E. Since ¢’B = B, we have p(xhe,, l:)) = p(xh, lT,J) for every x € M, and
v € h. Further since h satisfies (1.4), we have ¢(xh, I:,) C @(Ly, EU) c 27 'g,. Thus M,he, C
L,. From this it follows that (L N W)e ¢ L N W, which proves E € C(L N W). The opposite
inclusion can be seen in a straightforward way. Hence we have the first assertion. By using
this we see that H N é[u] EE[u]™" = A, € é[u) EE[u]™". Then the map x — &[u]' xé[u] gives
an injection of A,/(H N &[u]C(L)é[u]™") into E/(Ha N C(L)), which shows (1.9). ]

Forw € Ai, take an element p{w] of H such that é[w] € nlw]é[u]C(L N W) and a complete
set Z; of representatives for A, /(H N n[w] ™' E[wlC(L)E[w] ™ plw]).

Proposition 1.2. Assume that L is g-maximal with respect to ¢. Let xo € Ll[s, b], take h
as in (1.4), and put g = ¢[h] and B = @(h, L) with the notation above. Then for eachi € 1
there exists a bijection

(1.10) Lils, 0)/T(L) — | | {A\Lig, £u)'B)/T(L))]

uel;

and#{A;\E[q, §[u]/23]/F(I:)} = #(Afl)for u € U]. Consequently we have
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(L.11) Lig, 81 = | | | | aentwl™ ylwl ' T(Z)

weA! (€7,
foreveryu € Ul and i € I, where y[w] is an element of G such that wy[w] = xo.

1.3. Proof of Proposition 1.2. We first show that
(1.12) U {H\(H¢[u]E N GE[ulC(L)) /DY = {HEuID | u € Uy,

uel;
where E is as in (1.8) and D = Hy N C(L). Since &[u] € HEu]E N GE[u]C(L), we have
Héu]lD € H\(HE[u]E N GEu]C(L))/ D for every u € U;. Conversely, let o € HE[u]E N
G&[u]C(L) with u € U;. Since HE[ulE N GE[u]C(L) € Hay N Ga;C(L), by applying [10,
Theorem 2.2], o can be regarded as a representative of the image of some element xI'(L;)
under the bijection

(V N xoC(L)a; ") /T(L;) — H\(Ha N Ga;C(L))/D

defined in [10, Theorem 2.2(ii)] with xy, C(L), and «; in place of A, D, and y there. Here
xoC(L)e; " is meaningful as a subset of V ®¢ Fa. Thus we can put o = y'a;6~" with
v € G and § € C(L) such that xy = xp and x = xoéa/l.‘l. By virtue of [10, (2.5)], we have
Vn xOC(L)al.‘l = Li[s, b]. Hence x belongs to L;[s, b]. Take £[x] = y[x] 'a;a[x] in the
manner explained in (1.6). Then we see that o = Elxlalx]'o7! and xpa[x]7'67! = x@;07! =
xo. Hence we have oo € H¢[x]D. Since we can find u € U; such that Hé[x]D = HE[u]D via
(1.5), the desired (1.12) follows.

Let us take a subset U] in (1.7). Clearly U; can be given by U; = | |ucr; Al where
Al = {w € U; | HE[w]E = HE[U]E) for u € U;. We observe that (HE[u]E N GE[u]C(L)) N
(HEW]E N GE[w]C(L)) # 0 if and only if w € A!, for u, w € Uj;, in which case these two sets
coincide. Hence the left-hand side of (1.12) coincides with the disjoint union

(1.13) I_I {H\(H&[u)E N Ga;C(L))/D}.
uel;
Then (1.12) leads to the following fact:
(1.14) HEUE N Ga;C(L) = |_| Hé[w]D
weA,
for every u € U].
Now we put V = Hom(X, V) and consider the set
V N héu]EC(Lya;

for u € U]. Here hf[u]EC(Flj)alT1 is meaningful as a subset of V ®p F and C(Z) = C(L).
Suppose that {V 0 hE[ulEC(Lye; '} 0 {V 0 hé[w] EC(D)a; "} # 0 for u, w € U, Put hé[u] =
hélwlede, with g, g1 € E and 6 € C(L). By [10, (2.8)] we have &[u] = é[w]ede;. Observe
that § € D c E. Then Hé[u]C(L N W) = Hé[wledeC(L N W) = HEwW]C(L N W) as
E = C(LN W). Thus u = w by our choice of U;. Hence we have a disjoint union

| [{a\ 0 héetlECDa )T (@ai ).

uey;
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where A/ \(V N hé[u]EC (Z)a;l)/r(Za;l) is meaningful under the isomorphism of SOY(X)
onto H explained in §1.1. By [10, Theorem 2.3] there exists a bijection

(1.15) H\(HE[U]E N Ga,C(L))/D — ANV N hE[u)EC(Lya; ") /T(La; )

via o +— hn~'y with y € G and n € H such that o € né[u]E N ya;C(L). Furthermore, by
applying [10, (2.12)] with C(L) in place of D there, we have

V N EC(Lya; " = (La; Hlg, £lu]’ B].

Combining this with (1.15) and composing it with the bijection of L;[s, b]/I'(L;) onto the set
of (1.13), defined by the same map as (1.5), we obtain (1.10). This bijection can be given by

wl(Ly) - HE[w]D - A hnfw] ™ y[w]™'T(L)

for w € Al with u € U/, since ¢[w] = ylw]'e;efw] € plwlé[ulE N ylw]™'@;C(L) with
nlw] € H. Notice that hn[w]™'y[w]™" € Li(q, &[u)’B] for any w € AL, Then (1.10) concludes
that A’ \L;[g, £[u]’ B]/T(L;) consists of A hn[w]™"y[w]'T(L;) for all w € A. Thus we have
Lilg, €(u)'B] = yen, hAmlw] ™ ylw]™'T(L,) for every u € Uy,

To prove (1.11), observe that gn[w]"y[w]‘lr(l:) = §’n[w]‘1y[w]"F(Zi) if and
only if 7' € H n plw] "¢w]CL)éw] 'nlw] for £, . € A,. From this we have
Alw] 'y [w] ' T(L;) = L lgeze nlw] ™ y[w]™'T(L;) with Z* given before the statement.
Suppose h' € hinlw] 'y[w] 'T(L)ylwlnlw] with £, 7 € Z'  Then ' €
{nlw]™"y[w] ™ T(Ly)y[wlplw] by [10, (2.8)]. Since £~'¢’ € H N plw]™ é[wlCL)E[w] " plw],
it follows that ¢ = ¢’, which proves (1.11). This completes the proof of Proposition 1.2.

Proposition 1.2 is not valid for arbitrary & € Llg, B; it needs to take £ as in (1.4). Such
an h exists if L[s, b] # 0. Conversely, we can prove the following.

Lemma 1.3. Assume that F has class number 1. Let L be a g-maximal lattice in V with
respect to ¢. Suppose Z[q, B] # 0 with q and B as in (1.2). Let s and b be arbitrarily
fixed numbers of F* such that b=2s = det()~" det(q). For every k € Z[q, B] there exists
xo € L[s, ba] such that L N (Fxo)* = Mk with a g-lattice M in X.

Proof. With respect to a g-basis of L we may identify V with F!, L with g!, and ¢ with a
symmetric element of GL,(F). Also, fixing a g-basis of B and taking the dual basis of X, we
may identify B with 2~'g/~ and X with F! . Then L = g}(2¢)"" and L[g, B] coincides with
the set {g, ¢} in (0.1), where ‘g = g € GL,_1(F). Given k € {q, ¢}, through the mapping A of
[4, (1.5)] with m = n — 1, k corresponds to an element x of {r, ¢~'} with r = det(p)~! det(q),
where {r, ¢7'} = {x € F,l | xp™' - ix =7, xg] = g}. Setr = sb™? with s, b € F*. Then
bxyp™! belongs to L[s, bg]. Also if we put xo = bxy™!, k can be viewed as an inverse image
of x;(= x) under 4. Hence by [4, Theorem 2.1] we have L N (F x0)t = g,hk. This proves the
desired fact. ]

1.4. Proof of Theorem. Let V = Q! and let ¢ be a symmetric matrix in GL,(Q). We put
G = SO(p) = {y € SL,(Q) | y¢ - "y = ¢}. For the Z-lattice L = Z! in V and for s, b € Q* let
C(L)and I'(L) be as in (1.1) and L[s, bZ] as in (0.2). Taking X to be Q,l,l in the notation of
§1.1, we may put Hom(X, Q) = Qf', Hom(X, V) = Q;?, and p(k, ) = k¢ - "¢ for k € Q" and
teQl, wherem=n-1>1.

We assume that L is Z-maximal with respect to ¢; in other words, we treat a reduced
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symmetric matrix ¢ in the sense of [9, (6.2)]. Let us consider the set {g, ¢} in (0.1) and
prove Theorem in the introduction by applying Proposition 1.2 to Z[q, 2‘1Z’1"] for a given
q="q € GLy(Q). B B

We first observe that L = Z}(2¢)™". Then ¢(k, L) = 27'Z" if and only if k is primitive in
the sense that kZ = Z" for k € Q;'. Hence we have

(1.16) Lig. 27'Z}'] = 1q. ¢).
Assuming {g, ¢} # 0, pick & from {q, ¢}. By Lemma 1.3 there exists v € L[s, bZ] such that
(1.17) LNQu*=2Zh

with fixed s, b € Q* satisfying b~2s = det(p)~! det(q). We set W = (Qu)*, ¥ = ¢|w, and
H = SOW) = {y € G | vy = v}. Then Proposition 1.2 is applicable to i, where we take
L; to be L and take U as a complete set U; of representatives for L[s, bZ]/T'(L) containing
v; we may assume v € U’ and £[v] = 1, with the notation of Proposition 1.2. We write
simply A and Z, for A; and Z; also put & = €&[v], y, = vylul, and 1, = n[u]. Clearly
I'(L) = GNGL,(Z) = T'(p). As for I'(L N W), the map y + 7’ determined by the rule
v'h = hy fory € I'(L N W) gives an isomorphism of I'(L N W) onto I'(¢) = SO(q) N GL,,,(Z).
Thus from (1.11) our theorem follows.

2. The mass of Z[q, B]

2.1. Preliminaries for the mass. In this section we assume that F is totally real and keep
the notation of Section 1. We shall recall some notation to define the mass. If the readers
are familiar with this subject, we recommend them to proceed directly into §2.2 in which
m(Z[q, B]) is discussed.

We first represent ¢ by a symmetric matrix in GL,(F) with a fixed basis of V over F.
Then SO¥(V) is given by G = {y € SL,(F) | y¢ - 'y = ¢}. For each v € a we denote by ¢,
the image of ¢ under the embedding of F into R over Q at v; we put G, = SO(¢,) = {a €
SL,(R) | ag, - 'a = ¢,}. By a Witt decomposition, ¢, can be represented by

0o 0 -1,
@.1) 0 6 0],
-1, 0 0

where r, > 0 and 6, is an element of GL, (R) which is positive or negative definite. (If 7, = 0,
we ignore 6,.) We take k € F* so that «,¢, has signature (r, + t,, r,,) for every v € a. Further,
we fix o, € GL,(R) such that

(2.2) Kooy, - "oy 18 of the form (2.1) with 0 < 6, = ', € GL, (R).

Put ¢/, = k,0,¢, - '0,. We then define a set Z; by

1y

(2.3) zZ¥=2(r, 6,) = {[;] eR;™

xeRP, yeR), 'x+x> tyegly}.

When r, = 0, we understand that Z; consists of a single point written as 1,. Notice that Z}
depends on the choice of (2.2).
For @ € SO(y)) and z € Z? we can define a(z) € Z7 in the manner explained in [8,
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§16.3]. Then by [8, Proposition 16.6(1), (iii), and (v)], SO(¢) acts transitively on Z}, C/ =
{y € SO(¢;) | y(1,) = 1,} is a maximal compact subgroup of SO(¢)), and {& € SO(¢)) |

a(z) = zforevery z € Z§} = SO(¢)) N {x1,} if r, > 0, where 1, = [1(;} If r, = 0, we let

SO(¢)) act trivially on Z = {1,}.

We set

Z = l_[ Z(rv’ 91})7 Ga = nGuy Ca = l_[ Cu, Cu = O'JIC;}O'U.
vea vea vea

Since SO(k,p,) = SO(¢,) and O'USO(QDU)O';1 = SO(y;), we can define the action of G, on Z
by a(z) = (((J'va/UO',jl)(zv))vea for @ € G, and z € Z. Hence G acts on Z via the projection of
G into G,. Put 1 = (1,)ea.

Suppose G, is not compact for a moment. Let v € a such that r, > 0. Since Z} is

connected, this can be viewed as a Riemannian manifold with the G,-invariant metric defined
by

2.4) ds; =t ('dz, - £G@) " dz - £,

where z, = [(Zv)ij] = [;C:| € Z(rv’ Qv), dz, = [d(zv)ij]a g(zv) =x+"x~- t!/g;ly’ and g,(Zv) =

x+'x 'y

y 0,

]. Furthermore, Z?¥ is a symmetric space in the following sense:

Lemma 2.1. Z7 is a simply connected Riemannian globally symmetric space of the non-
compact type with the metric ds> and it is analytically diffeomorphic to the symmetric space
(Gy)o/C, under the map a,(1,) — «,C, for a, € G, if r, > 0. Here (G,)g is the identity
component of G,.

We omit the proof of Lemma 2.1 because this fact seems to be well known. As for the
proof, [2, II, Proposition 4.3(a), V, §2, Example 1, and VI, Theorem 1.1(iii)], and [8, (16.10a
and b)] may be referred.

Now, Z is a symmetric space on which G, acts transitively, where the G,-invariant metric
is defined by ds*> = Y, ds> withb = {v € a | r, > 0}. We define a G,-invariant measure on
Z by

(2.5) dz= | {det(21-§-‘(zu))"/2 ]—[ ]_[ d(z,))i,»} ,

veb =1 j=1
where z, is as in (2.4). Let I'(L) be as in (1.1). We have the image I" of I'(L) under the
projection of G into G,. Then I is a discrete subgroup of G, in the relative topology. Hence
I acts properly discontinuously on Z and I'\ Z is a locally compact Hausdorff space with
the quotient topology. We denote by vol(I'\ Z) the measure of I'\Z with respect to dz and
assume that vol(I'\ Z) is finite. We then put

(2.6) vD) =[CNT: 1] vol(T\2),

where T ={y € G|y =1id. on Z}.
To discuss the mass in §2.2 in a unified way, we employ the symbol v(I') also when G,
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is compact. Namely, we take the measure of G, to be 1 and set volI\Z) = [[": I'N T
Hence v(I') = [T : 117V if G, is compact.

Let {L;};c;, be a complete set of representatives for the G-classes in the G-genus of L.
Then the mass of G relative to C(L) is defined by

(2.7 m(G, C(L)) = Z v(I'(Ly)).
i€l
This is independent of the choice of {L;};c;,- Also when G, is not compact, m(G, C(L))
depends on the choice of (2.2).
Let X be a vector space of dimension m over F for n > m > 1 and put V = Hom(X, V).
Let us take a subset S of V such that
s=| |kpr.

BEB

Here k is a fixed element of V of det(p[k]) # 0, B is a finite subset of G, and ' = G N D
with an open subgroup D of G4 such that D contains G, and G, N D is compact. We regard
SO((Xk)*) as {y € G | ky = k} and observe that kBy = kB with some y € T if and only if
y € B1SO((Xk)*)B NT. Following [10, (3.4)], the mass of the set S is then defined by

(2.8) m(s) = Z V(SO((Xk)*) N BTB) /().
BEB

Here v(SO((Xk)*)NBIB~') is defined in a similar manner to (2.6). It can be shown that m(S)
is independent of the choice of B and I'; the latter means that m(S) defined with respect to a
decomposition of S into ["-orbits is equal to (2.8) for [’ = G N D’ with an open subgroup D’
of G such that D’ contains G, and Gy N D’ is compact; for the proof, see after [11, Theorem
10]. We note that m(S) depends on the choice of matrices equivalent to ¢ and the restriction
@lxi: over Ras in (2.2). Also by [10, (3.5)], m(S) = #(S) if G, is compact.

2.2. Results on the mass. We return to the setting of §1.2. With E, A’ , and Z" there, we
observe by noticing &[w] € nlw]é[u]E for w € AL that #(Z))) = [A, : HN Ew]C(L)éE[w] ™,
where A, = HN f[w]Ef[w]". Also, because of dim(W+) = 1,

V(SOW*) N Znlw] ™ ylw] ' T(L)ylwlnlwle™) = 1

forevery { € Z) and w € Afl. Thus by (1.11) with 4 of (1.4) the mass of E,»[q, &lu]’B] can be
given as follows:

(2.9) m(Lilg, €ul' B = > [A, : H 0 EwlCLEw]™ M)
weA!,

foru € U] and i € I. It is noted that the elements hinlw] ™ y[w] ™y with w € AL, ¢ €
Zi, and y € F(l:) constitute the set Zi[q, &[u]’B] without repetition. This is because if
henlw]™ ylwl ™'y = héglw]™ylw] ™! with y € T(L;), then y = 1 by [10, (2.8)] as dim(W*) =
1. Hence #{Z,-[q, E[ul'Bl} = Xyear #(Z;’})[F(E) : 1] if G, is compact, which is consistent
with (2.9).

We consider the set L;[s, b] = {x € V | ¢[x] = s, ¢(x, L;) = b}. Since L;[s, b]/T(L;) is
a finite set, the mass m(L;[s, b]) can be defined by (2.8) with dz and with the H,-invariant
measure on a symmetric space associated with ¢ = ¢|y in the sense of §2.1, where H =
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SOY(W) and W = (Fx)* with a fixed xo € L[s, b].

Lemma 2.2. For each u € U], {£[w] | w € Al} is a complete set of representatives for
H\(HEé[u)E N Ga;C(L))/(Ha N C(L)). Moreover,

VCL)M(Lils, B) = 3" v(A) Y [A, : H 0 EwlCLEw] ™.
uel; weA!,

Proof. The first assertion follows from (1.14) with D = Hpy N C(L). Put &, = {£[w] |
w € AL}. We observe that H\(Hx N Ga;C(L))/D coincides with | |, {H\(HE[U]E N
Ga;C(L))/D}. Hence | |, &, gives a complete set of représentatives for
H\(Hyx N Ga;C(L))/D. Then thé following equality is a special case of the equality in
the line 6 of page 347 of [10] with V, C(L), x¢, and «; in place of V, D, h, and y there:

VCL)M(LiLs, b) = D" )" v(H N EwlCLgw] ™).

LtEUlf weA,

Applying [11, Theorem 10(iii) and (iv)], we have further
v(H N Ew]C(LEw] ™)

[A, 1 H 0 Ew]CL)E[w] ™ v(A,)
[A, 1 H 0 Ew]CL)Ew] ™ (A

Combining this with the above equality, we have the second assertion. |

Proposition 2.3. Let the notation be as in §1.2. Suppose that {{[u] | u € U], i € I} is a
complete set of representatives for H\H /C(L N W). Then the following assertions hold for
everyue Ul andi€ I:

DAy H O EwlCLEw] ™ ] = [CLNW) : Hy 0 CWL)],
weA,
m(Lilg, £lul'B]) = [CALNW) : Hy 0 CLIMTEL)) ™
Proof. By applying [10, Theorem 3.2] to L[s, b] combined with [10, (3.3)], we obtain
(2.10) D LML, b]) = [E : DIm(H, E),
icl
where £E = C(LN W) and D = Hjy N C(L). The mass m(H, E) can be written as
Diel ey V(A,) by our assumption. On the other hand, by Lemma 2.2 the left-hand side of
(2.10) equals Yie; 2y V(AL Xyeai [Aw HNEw]C(L)E[w]™"]. Therefore, in view of (1.9),
2weailAw : HO E[w]C(L)é[w] '] must be equal to [E : D] for every u € U/ and every i € I.
This shows the first assertion. The second assertion follows from this combined with (2.9).
|

Let us apply Proposition 2.3 to m({g, ¢}) of (0.3) in Introduction. To do this, we assume
that
(2.11) He(Hya N C(L)) = HeC(LN W) forevery € € Hy.

Then Proposition 2.3 is applicable to (1.16) in the setting of §1.4 because U’ = U, for every
i € 1. Noticing that A(= A!) = {v} in our theorem in this case, we have the following.
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Corollary 2.4. In the setting of Theorem suppose (2.11). Then A = {v} and #(Z,) =
[C(LNW): Hy N C(L)]. Consequently the mass of the primitive representations of q by ¢
is given by

#q, o} = [C(LNW): HyNnCD]T(L) : 1] if ¢ is definite,
m({g, ¢}) = [C(LNW) : Hy N C(L)IVI(L))™" if ¢ is indefinite,

where v(I'(L)) is defined by (2.6) and I'(L) = I'(¢) in the introduction.

3. Formula for computation of the mass

This section is divided into three subsections; §3.1 is based on [8, §16.8] by Shimura;
§3.2 is based on [14, Chapters 3 and 4] by Siegel. In §3.3 we shall combine them.

3.1. Invariant measure on a ball /3. Let ¢ be an indefinite symmetric matrix in GL,(Q).
Let O(p) be the orthogonal group of ¢ and put O(¢)es = {y € GL,(R) | y¢ - 'y = ¢}. Set
S'={P=PeRI|P>0}forO<meZ.

We consider a Witt decomposition of ¢ over R and set

o 0 -1,
(3.1) Yo =kop-'c=0 6 0|, 0<0="0eGL(R),
-1, 0 O

as in (2.2) with « € Q* and o € GL,(R); we may assume « € {+1} with a suitable change of
o. Then ¢, has signature (r+¢, r) with r > 0. Put p = r+1. Since O(¢) acts transitively on
the space Z¥ defined by (2.3) with ¢.,, we have a diffeomorphism gCo, — g(1) of O(¢)w/C

onto Z¥, where Co, = {y € O(¢) | Y(1) =1} and 1 = [10r

Let Sy = [16’ _01 } and consider O(Sy) = {a € GL,(R) | @Sy - ‘“a = Sp}. We can let O(Sy)

act on the ball /3 defined by
B={xeRl|1,-"xx>0}.
To be precise, we put

V(So) = {Y € GL,(R) | 'YSoY = diag[A, —B] with A € S”, B S’},

_|l, x
B(x) = [’x 1,]
for x € B. Then the mapping (x, «, u) = B(x)diag[«, u] gives a bijection of B X GL,(R) X
GL,(R) onto Y(Sy). This can be shown in a similar way to the proof of [8, Lemma 16.2].
For @ € O(Sp) and x € B we have aB(x) € Y(Sy) and hence we can define a(x) € B by
the relation aB(x) = B(a(x))diag[k, p] with (k, u) € GL,(R) X GL,(R). Note that S(a(x)) =
(Ba)(x) for a, B € O(Sy). We denote by 0 the zero matrix of p X r, which belongs to .

Lemma 3.1. The above action is transitive. Also put Cy = {a € O(Sp) | a(0) = 0}. Then
Co = O(So) N O(1,), = O(1,) x O(1,), is a maximal compact subgroup of O(Sy), where
O(l,) ={y e Ry |y Ty = L).
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Proof. All assertions, except the last one, can be seen from the definition. The last
assertion is a well known fact. O

Take 7 € GL,(R) so that 7 - ‘7 = 26 and set

1, 0 1,
(3.2) s=o'l0 1 0.
-1, 0 1,

Then we see that 65 - 6 = k2¢, §0(Sp)0~! = O(¢)eo, and 6Cyd~" = C,. On the other hand,
by [8, (16.15b)] we have a diffeomorphism

t:BB[u]H
v

Clearly, t(0) = 1. The following can be verified in a straightforward way.

(1+uwd -u!
o(1 —u)™!

]EZ‘”.

Lemma 3.2. For a € O(Sy) we have t((0)) = 65~ (1).

From this lemma we obtain t(a(x)) = dad~!(t(x)) for @ € O(Sy) and x € B. Hence the
action of O(Sy) on B corresponds to the action of O(¢). on Z%.
Now we define an O(Sp)-invariant measure on /3 by

P r
(3.3) dx = det(1, — "xx)™/? l—[ 1_[ dx;j
i=1 j=1

for x = [x;;] € B. Then it can be found in [8, §16.8] that t sends the measure dz on Z¥ back
to 2”2 det(6)"/* times the measure dx on /3, which we denote by t*dz; namely,

(3.4) t*dz = 2™/ det(9)""*dx.

3.2. Measure of an unit group acting on a space $. For a symmetric element S of
GL,(Q) with the same signature as Sy we put

QS)={yeR,'ySy =5},  A=QS)NGL(Z).
Notice that Q(Sy) = O(Sp). Set
S§={PeS"|PS'P=5S), $9={PeS"|PS;'P =5

We let Q(S) act on $ by P — P[y] for y € Q(S) and P € 9, where P[y] = "yPy. (In this

section we do not use the symbol X[y] for yX - 'y.) It can be seen that this action is transitive

and A is discrete in (S). Then $ is a symmetric space on which A acts discontinuously.
There is a diffeomorphism @ of B onto 9, defined by

Apy—x-"0'A,+x-%)  =2(1,-x-"x)"'x

(O .
Tl 2, — x0Tt (4 + e, — ) !

Also, the mapping x — 6®(x) - '6 gives a diffeomorphism of B onto $, where ¢ is a fixed
element of GL,(R) such that S - ‘6 = S. In particular, the dimension of $ is pr.

For @ € Q(Sp) and x € B we define a[x] € B by ®(a[x]) = O(x)['a]. Then 6O(a[x]) 6 =
SO(x) - '§['(sas™")] and '671Q(Sy) - '§ = Q(S). Hence the action x — a[x] of Q(Sy) on B
corresponds to the action P — P[y] of Q(S) on $.
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An Q(Sp)-invariant metric on £ is defined by 8 'tr(P~'dPP~'dP), where dP = [dp; ;] for
P = [pijl € Ho. Its pullback under @ is given by

tr ((1,, —x- 0 dx(1, = xx)7" - ’dx)

with dx = [dx;;] for x = [x;;] € B. The corresponding €(Sp)-invariant measure on B is
then given by dx of (3.3). We define the Q(S)-invariant measure dP on $ by dx through
the mapping x — 6®(x) - ’6. It can be seen from [14, Chapter 3, Section 4 and Chapter 4,
Theorem 5] that there exists a fundamental domain for A in $ and it has finite measure with
respect to dP if n > 2. We denote this measure by vol($H/A).

Let us consider the mapping X +— S[X] for X € GL,(R) and denote the image S[X]
by W. By the inverse function theorem the n? variables of X can be given by differen-
tiable functions of n(n + 1)/2 independent variables in W and of n(n — 1)/2 new variables
Y= 1, Ynn-1)2)- Let J(W, y) be the Jacobian of this transformation of variables. Ob-
serve that yi, -+, Ynm-1),2 give local coordinates on (S, W) for a fixed W, where we put
Q(S, W) = {X € R | S[X] = W}. Then dv = det(WS™)Y2|J(W, y)ldy - - - dyn(u-1)/2 defines
a volume element on (S, W), which is independent of the choice of y and W. The group
Q(S) acts on Q(S, W) via X +— yX for y € Q(S) and dv is invariant under this action. Take a
fundamental domain for A in (S, W) and let u(S) be the volume of that set computed with
dv. Following Siegel [14, Chapter 4, (101)], we call u(S) the measure of the unit group A.

It is shown by [14, Chapter 4, Theorem 7] that

(3.5) 2u(S) = pporl det(S)"" P 2vol(H/A),

where p,, = [1}, 7/%/T(k/2). Also, u(S) equals the quantity p(S) treated in [12]. This fact
can be verified by comparing the equality in the line 6 from the bottom of [13, Page 609]
with [12, Hilfssatz 10]. Hence if S is integral and if the genus of S consists of a single class
with respect to O, u(S) can be stated by Siegel’s product formula [12, (3)] as follows:

-1
(3.6) pu(S) =2 {]_[ 2—1e,,(5)} :
P

Here the product is taken over all primes p and e,(S) is the representation density of S at p
defined by e,,(S) = lim,—co p™ "~V 2#{a € (Z,)/ p"(Z,)" | 'aSa — S € p"™(Z,)}.

3.3. Relationship between v(I'(¢)) and u(2¢). We shall apply the argument in §3.2 to
the case S = k2¢ with ¢ of (3.2).

The mapping aCy — Cy - 'a for a@ € O(Sy) induces the diffeomorphism a(0) — «[0] of B
onto itself. Thus the composition

¥z t7(2) = 2(0) — [0] — 5D([0]) - 'S

for z € Z¥ with @ € O(Sp) defines a diffeomorphism of Z% onto $. Then we observe that
Y(y(z)) = Y(2)['y] for ¥y € O(p)w, Where 'y € Q(¢). Therefore the action of O(¢)e on Z¢
corresponds to the action of Q(¢) on $. Also, we obtain (P~')*dz = 22 det(6)"/>dP by
(3.4).

PutI"(¢) = O(p) N GL,(Z). We then consider ["(¢)\Z¥ in a similar manner to §2.2 with
L = Z,ll. Since #(T N I"(¢)) = 2, by using [11, Theorem 10(iii)] we see that v(I'(¢)) =
27" () : T(@)Ivol(I" (9)\ Z9).
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Proposition 3.3. Let ¢ be an indefinite symmetric matrix in GL,(Q) with n > 2. Take a
pair (k, o) as in (3.1) so that 0 < '0 = 0 € GL,(R) and k € {+1} (n=2r+t) and define v(I'(¢))
by (2.6). Then v(I'(¢)) can be given by

V([(p)) = 22T () : T(p)] det(d) o, 07" det2) ™2 u(2¢).

Proof. Since x € Z*, the present $ and A are given by {P € S” | P(2¢)~'P = 2¢} and
Q(2¢) N GL,(Z), respectively. Let F be a fundamental domain for $/A. Then ¥~'(F) is a
fundamental domain for I"(¢)\ Z¥. By virtue of (3.5) we see that

f dz f (P~ *dz = 22 det(9)? f dpr
Y-1(F) F F

22 det(0)*p; ! ot det(x2¢) V2 2u(k2¢).
From this we obtain the desired formula. O

Corollary 3.4. In the setting of Proposition 3.3 suppose ¢ is semi-integral. If the genus
of ¢ consists of a single class with respect to SO (that is, #SO(p)\ SO(@)a/C(L)} = 1 with
L= Z,L ), then v(I'(¢)) can be given by

-1
v([(g)) = 2272 det(0) p; ! p; ' | det(2p) V2 {]_[ 2-1e,,<2<,o)} :
V4

where p runs over all prime numbers.

Proof. In view of [7, Lemma 5.6(1)] under the assumption on the genus of ¢ we see that
[["(¢) : I'(p)] = 2. Since 2¢ is integral, the assertion follows from Proposition 3.3 combined
with Siegel’s formula (3.6). ]

Let us apply this corollary to a Z-maximal lattice L in a (nondegenerate) quadratic space
(V, ¢) of dimension n > 2 over Q, where ¢ is indefinite. Let ¢ be the matrix representing ¢
with respect to a Z-basis of L. Then ¢y is semi-integral and Z! is Z-maximal with respect to
©o. Since ¢ is indefinite, we have #{SO‘”(V)\SOi(V)/ C(L)} = 1 by [8, Theorem 9.26] and
[10, Remark 2.4(5)]. Hence we can apply Corollary 3.4 to ¢y.

Since L is Z-maximal, the local density e,(2¢y) can be computed for each prime p. In
fact, by [7, Theorem 8.6(2)] the computation of e,(2¢() can be reduced to a group index,
which is given by [7, Proposition 3.9] if ¢, satisfies the condition that det(¢g) € Z;Q;,f2 if n
is odd. If ¢y does not satisfy this condition, [6, Lemma 2.5] gives the index in question. As
for det(2¢g), we have [Z : L] = |det(2¢p)|, which can be computed by using [9, Theorem
6.2].

4. Examples

4.1. A positive definite form in five variables. We shall consider the quadratic form
defined by
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0 0
1 0
0 1 1/2 0
/ 0
0 0 0 1

and L = Z;. It is known that ¢ is equivarent to 1s over Q, L is Z-maximal with respect to
¢, and the genus of L consists of a single SO(¢)-class. In [4, Introduction] we took up this
quadratic form and showed that

5 #gi o)
4.1) ; m =#L[29, Z] = 720.

Here v = (<2, =2, =2, 4, 5), 02 = (~4, =4, 2,8, 3), 03 = (-2, -2, -2, 8, 1); H; = {y €
SO(CP) | vy = Ui}, Wi = (QU,’)J', LN W,’ = Zél‘k, with

1000 O 1000 0 1000 -2
L _l0too0 0o fo1r 00 0f 0100 -2
""loo1r o o™ 0030 2" 0010 -2

0005 -1 0001 -1 0001 -5
and g; = ¢[k;] for i = 1, 2, 3 are given by
10 0 5/2 1 0 0 12
{0 1 0 5/2 1o 1 0 12
T=lo o 1 52" "To o 13 72|
5/2 5/2 5/2 26 12 1/2 7/2 2

5 4 4 212
4 s a4 2p

Bl s 4 5 22|
21/2 2172 212 26

These vy, vy, v3 form a complete set of representatives for L[29, Z]/T'(L). Also {qi}?zl is a
complete set of representatives for the SO-classes in the genus of ¢g;.

Let us determine the numerator #{¢;, ¢} in (4.1) for each i. To do this, we shall apply
Theorem to k; € {g;, ¢} with v; € L[29, Z]. We first observe that k; indeed belongs to
{gi, ¢} because it is primitive by [4, Corollary 2.3]. It can be seen from the proof of [8,
Theorem 12.14(iv)] that [C(L N W;) : (H)a N C(L)] = 2 and (2.11) is satisfied with W;
and H; in place of W and H there. From these together with Proposition 2.3 it follows that
[CLNW):H,NCW)] =[CLNW,):(H)s NC(L)] = 2. Then our theorem tells that

(g ¢} = |_|kdT (@),
¢
where { runs over a complete set of representatives for I'(L N W;)/(H; N C(L)). Thus in view
of [10, (2.8)], we obtain
(4.2) #qi, o} = #H{I(L N W)/(H; N C(L))} - #I'(¢) = 2304

for every i, since [I'(¢) : 1] = 1152 as noted in [4, §4.2]. As also mentioned there, it can be



TaE ORBITS OF PRIMITIVE REPRESENTATIONS 107

computed that #I'(g;) = 48, #I'(¢») = 8, and #I'(g3) = 6. By using these together with (4.2)
we can check equality (4.1).

We can also find that #{g, ¢} = 2304 for every odd prime number d with a fixed element
v € L[d, Z] in a similar and simpler way by applying Corollary 2.4 and employing [8,
Lemma 12.13 and Theorem 12.14], where g = ¢[k] and L N (Qu)* = Z}lk.

4.2. An indefinite form in seven variables. Let us consider the quadratic form defined

by
_|1ls O
90 - O ﬁo .
Here S is the norm form of a quaternion algebra B over Q ramified exactly at 2 and an odd
prime ¢, and f5° is the restriction of 5 to the 3-dimensional subspace B° = {x € B | x' = —x}

with the main involution ¢ of B; we identify 8° with the matrix representing it with respect
to a Q-basis of B°. It is noted that ¢ is isotropic, since every indefinite quadratic form in n
variables over Q is isotropic if n > 4.

Let L be a Z-maximal lattice in Q% with respect to ¢. We identify ¢ with the matrix
representing ¢ with respect to a Z-basis of L and L with Z%. Put G = SO(p).

Proposition 4.1. Let s be a squarefree positive integer and suppose that s is prime to
Cand s = 1 (mod 4). Pick v € L such that ¢[v] = s. Set W = (Qu)*, v = ¢ly, and
H=1{yeG|vy =v}. Take h € Zg so that LN'W = Zéh(mdputq = @lh]. Let
Z be a complete set of representatives for T(L N W)/(H N C(L)). Then v € L[s, 27'Z],
[T(LNW): HNC(L)] = 2", and

(4.3) (g, ¢} = T(@hl'(p) = |_| hiT (),

[eZ

where A is the number of prime factors of s.

The existence of v in the statement can be seen from Lagrange’s theorem that every pos-
itive integer is a sum of four squares. We also note that ¢ and g satisfy det(¢) = 27°¢% and
det(q) = 27*¢%s, which will be found in the proof.

Proof. We start with the invariants of ¢ in the sense of Shimura [9], which consist of the
four data denoted by {dim(Q;), Q(+v/—det(p)), O(¢), sw(p)}, where Q(¢p) is the character-
istic algebra of ¢ and s, (¢) is the index of ¢. We have A*(¢) = M4(Q(p)) by definition,
where A*(¢) is the even Clifford algebra of ¢. We may regard A*(p) as A*(diag[14, 5°]).
Then applying [9, Lemma 2.8(ii)] to 5°, we see that

AT (diag[ls, B°1) = AT(B°) ®q A(14) = B®g M2(B>, ) = Mu(Bi, ),

where B, (resp. By, ) is a definite quaternion algebra over Q ramified exactly at 2 (resp. £)
and it is known that A*(8°) = B and A(l4) = M»(B5, ). This shows Q(¢) = By, . Since the
signature of ¢ is (5, 2), the index sw(¢) is 3 by definition. Also det(¢) = 277[L : L] = 276¢2
with the discriminant ideal [L : L] of ¢ below. To sum up, the invariants of ¢ are

(4.4) {7, Q(W-1), By oo, 3}.

The invariants of ¢ are then given by
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4.5) {6, Q(W-9), 0, 2},

where Q is an indefinite quaternion algebra over Q of discriminant 2£P and P is the product
of all prime factors p of s satisfying p = 3 (mod 4); (4.5) will be verified below. We assert
that L N W is Z-maximal with respect to ¢. Indeed, the discriminant ideal of ¢ (resp. ¥) is
given by 26°Z (resp. 4st>Z) by [9, Theorem 6.2]. These combined with [3, (4.1) and (4.4)]
show that ¢(v, L) must be 27'Z. The maximality of L N W follows from this and [3, (4.2)].
At the same time, we have v € L[s, 27'Z]. It is known that the core dimension of ¢ at p is
3 if and only if p is ramified at Q(¢p), that is, p = £. In view of this together with (4.4) and
(4.5), by [6, Theorem 3.8] we see that

(4.6) [C(LAW): HyNC(L)] = ]_[[C(L,, NW,): H,NC(L,)]=2"".

pl2s
Now, both ¢ and ¢ are indefinite. Hence [8, Theorems 9.26 and 12.1(ii)] are applicable.
These (and the proof of Theorem 12.1) show that

4.7) #HG\Ga/C(L)} = 1,
#{L[s, 27'7] /F(L)} = #{H\Hyx/(Hs N C(L))} = 1.

From this it follows that #{H\HA/C(L N W)} = 1. Thus (2.11) is satisfied in the present
case. Hence Proposition 2.3 is applicable to v € L[s, 27'Z] and H; namely, we have

Al =), [[TILNW):HNCWL)] =[C(LNW): HyNC(L)],

v

where A! is as in Proposition 1.2 with L in place of L; and we may take £[v] to be 17. This
combined with (4.6) proves the second assertion. As for the last assertion, observe that
h € {q, ¢} by [4, Corollary 2.3]. Then Theorem in the introduction with y, = n,(= &) = 1y
gives (4.3).

To verify (4.5), let p be a prime number. If p { 2¢s, by [3, Theorem 1.1(2)] and by
noticing the discriminant of Q(+/~s), p is unramified in the characteristic algebra Q(\)).
Since ¢ is ramified in Q(p) by (4.4), the same theorem tells that £ is ramified in Q(¥) in both
cases (—4s/f) = +1, where (—4s/p) is the quadratic residue symbol. Also since s > 0 and
Seo() = 3, we have Q) ® R = M(R). For each p | s, we recall that —1 is a norm of
Q,(vV-9)/Q, if and only if (-1, —s), = 1, where (=1, —s),, is the Hilbert symbol over Q,,.
The well known formula shows that

-1 1 ifp=1 (mod4),
on-(3)-{,
p -1 ifp=3 (mod 4).

Combining this with [3, Theorem 1.1(2)], we see that p is ramified (resp. unramified) in
Q@) for every p | P (resp. p ¥ P). Since #P is even as s = 1 (mod 4), by the theory of
central simple algebras 2 must be ramified in Q(¢). Summing up these, we have Q) = Q
in (4.5), which completes the proof. O

Lemma 4.2. In the setting of Proposition 4.1 we have

24+l B 24-35-52-7(£+ 1)
vT(p) 2756 - 1)

(4.8) m(ig, ¢}) =
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for every squarefree positive integer s such that £ { s and s = 1 (mod 4), where m({q, ¢}) is

defined with Z¢ = Z(2, 2 - 13). Moreover, the mass of the set Lls, 27'Z] is given by

2H Y@ML N W) 20-32.5-7-$2L(3, )€ - x(0))
() m(2m)3 (63 + x(0)) ’

where L(s, ) is the L-function of the primitive Dirichlet character y corresponding to
Q(v=s) and m(L[s, 27'Z)) is defined with Z¢ above and Z¥ = Z(2, 2 - 1,).

(4.9) m(L[s, 27'Z)) =

Proof. Recall that ¢ = ¢[h], LN W = Zh, and W = (Qu)* for v € L[s, 27'Z], where
L is the Z-maximal lattice Zé with respect to ¢. The first equality of (4.8) follows from
Proposition 4.1 and Corollary 2.4. We can define Z¥ by Z(2, 2-13) with a matrix as in (2.2).
Then Corollary 3.4 is applicable to g with r =2, 6 =2 - 13, and « = 1:

-1
(4.10) v(I(p) = 2"p5'p;' 262 {]_I 2_lep(290)} :
p

We have ps = 2°7%/3, p» = 7, and e,(2¢p) = pTordr@21+ord, (@@ : D?] by [7, Theorem
8.6(2)]. Here ord, is the order function of the completion Q, of Q at p and [C¥ : D‘f] is a
group index depending on p; this is given by [7, Proposition 3.9] as follows:

[T.,(1 - p7%) iftp1e,

[C¥: DY] =2p”! o
! 20+ p) TIE,(1=-p%) ifp| e

Combining these with (4.10), we have

24.3(L0 - 1) I GE))
(€ +1) @) He©) = 35.52.7(L+ 1)

This proves the second equality of (4.8).

Let us next compute m(L[s, 27'Z]). We have L[s, 27'Z] = vI['(L) by (4.7). The first
equality of (4.9) follows from this and Lemma 2.2. Observe that g is the matrix representing
Y with respect to the basis 7 of L " W, and so Zé is Z-maximal with respect to g. Hence
we shall compute v(I'(L N W)) = v(I'(g)) = 2~ 'vol(T'(¢)\Z9), where Z9 = Z(2, 2 - 1,). By
Corollary 3.4 we have v(I'(q)) = 2'%p;'p5'(4st*)"/*{[1,2 "e,(29)}". For each prime p,
27'e,(2q) is given by

(4.11) v(l'(9)) =

(1= x(p)p~) Ty (1 = p~2) if p £ 2st,
péordp(2)+ord,,(det(2q)) 2 H,’2=1(1 _ p_zl-) ifp | 25,

20+ p)(1—x(pp™ ' 12,0 = p%) ifp|e.

We have thus
27 820 = () (* = x(0))
I = DC(A4)L3, x).
v(I(q)) Pt T LQALEG, x)
The second equality of (4.9) follows from this and (4.11). m]

We shall add a remark on the mass m(G, C(L)) of (2.7) in the present case. Since
#{G\GA/C(L)} = 1, the computation of v(I'(¢)) can be reduced to that of m(G, C(L)). If
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0 0 -1,
we define such a mass by fixing ¢/, = 0’0" =| 0 13 0 |witho’ € GL;(R) instead
-1, 0 O

of ¢ in the proof above, then m(G, C(L)) can be computed by the formula due to Hanke [1,
Theorem 5.1]. That formula is applicable to any isotropic quadratic form ¢ in n variables
over Q for which L is maximal under the condition that det(¢) € Z;;Q;f2 for every prime p
if nis odd (> 3), where Q* = {a* | a € Q}}. Hence we can check our result on the v(I'(¢))
computed with ¢/ by comparing with m(G, C(L)) computed by Hanke’s formula.

ACKNOWLEDGEMENTS. [ wish to express my thanks to the referee who read the manuscript
carefully and helped me improve the expositions of Theorem and Proposition 1.2.

Corrections to [4].

Page 420, line 11 from the bottom: ¢ should be read as ¢.
Page 426, line 11: L[s] should be read as #L[s].

Page 430, line 6: x.,u should be 2x.u.

References

[1] J. Hanke: An exact mass formula for quadratic forms over number fields, J. Reine Angew. Math. 584
(2005), 1-27.
[2] S. Helgason: Differential Geometry and Symmetric Spaces, Academic Press, New York-London, 1962.
[3] M. Murata: [Invariants and discriminant ideals of orthogonal complements in a quadratic space,
arXiv:1112.2454, 2011.
[4] M. Murata: Primitive solutions of nonscalar quadratic Diophantine equations, J. Number Theory 201
(2019), 398-435.
[S] M. Murata: On the measure of primitive representations of an integer by a quadratic form, preprint, 2024.
[6] M. Murata and T. Yoshinaga: On the solutions of quadratic Diophantine equations II, J. Math. Soc. Japan
70 (2018), 895-919.
[7]1 G. Shimura: An exact mass formula for orthogonal groups, Duke Math. J. 97 (1999), 1-66.
[8] G. Shimura: Arithmetic and Analytic Theories of Quadratic Forms and Clifford Groups, Mathematical
Surveys and Monographs, 109, Amer. Math. Soc., Providence, RI, 2004.
[9] G. Shimura: Classification, construction, and similitudes of quadratic forms, Amer. J. Math. 128 (2006),
1521-1552.
[10] G. Shimura: Integer-valued quadratic forms and quadratic Diophantine equations, Doc. Math. 11 (2006),
333-367
[11] G. Shimura: Quadratic Diophantine equations, the class number, and the mass formula, Bull. Amer. Math.
Soc. 43 (2006), 285-304.
[12] C.L. Siegel: U ber die analytishe Theorie der quadratischen Formen. II, Annals of Math. 37 (1936), 230—
263.
[13] C.L. Siegel: On the theory of indefinite quadratic forms, Annals of Math. 45 (1944), 577-622.
[14] C.L. Siegel: Lectures on Quadratic Forms, Tata Institute of Fundamental Research, Bombay, 1967.

Department of Electrical and Electronic Engineering
Ritsumeikan University

Kusatsu, Shiga 525-8577

Japan

e-mail: murata31@pl.ritsumei.ac.jp




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.53333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


