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Abstract
Applying a generalized do Carmo-Wallach theory based on a generalization of Theorem of
Tsunero Takahashi, we classify harmonic totally real maps of the 3-sphere into the complex
projective spaces. This means that we employ differential geometry of vector bundles with
connections and construct the moduli spaces of those maps explicitly.

1. Introduction

The purpose of the present paper is to classify harmonic totally real maps with constant
energy density of the 3-sphere S into the complex projective spaces CP". This work is mo-
tivated by Li’s result on isometric minimal totally real submanifold S* of CP" [5], in which,
he uses the Hopf fibration $***! — CP" and a Theorem of Takahashi on isometric mini-
mal immersions from S* into $?**!. Instead of the original one, we apply a generalization
of Theorem of Takahashi based on differential geometry of vector bundles and connections
and a generalization of do Carmo-Wallach theory [6] which are reviewed in §2. In §3, we
describe the (complex-valued) function space C*(S*) on S* as an SU(2) x SU(2)-module in
a standard way ([2] or [8]). Then the spectral decomposition of the Laplacian emerges and
the set of Hermitian endomorphisms on each eigenspace H* is decomposed into irreducible
components in which the moduli space will be realized.

In §4, a generalization of Theorem of Takahashi relates maps under consideration to an
eigenspace H* of the Laplacian. Then using H*, we introduce the standard map into P(H*")
which is an SU(2) x SU(2)-equivariant desired map (Proposition 4.2). Then a generalization
of do Carmo-Wallach theory requires a representation theoretic argument for an explicit
construction of the moduli spaces (Theorem 4.4). At this stage, our approach (Proposition
4.3) is similar to that in Toth-D’ambra [8]. Indeed, we have the direct relation of results of [8]
on moduli spaces of harmonic maps of S° into " with constant energy density. Since those
maps induce harmonic totally real maps with constant energy density of S* into CP" via the
two-fold covering §” — RP" and a totally geodesic and totally real embedding RP* — CP",
our moduli spaces include those by Toth-D’ambra (Theorem 4.7). Following Li, those are
called absolutey real. Li gave examples of absolutely real minimal submanifolds which are
standard maps in our terminology. Furthermore, he also obtains a totally real submanifold
of CP'! which is not absolutely real. We will show that the standard maps are unique
SU(2) x SU(2)-equivariant harmonic totally real maps with constant energy density of S°
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112 1. KoGa AND Y. NaGgaToMO

to CP" up to image equivalence (Proposition 4.2). Finally, we will obtain harmonic totally
real maps f; with constant energy density parametrized by ¢ € [0,1]. The map fj is the
standard map and the others are non absolutely real. The map f; corresponds to a point in
the boundary of our moduli space and is regarded as a map into CP!'!.

2. Preliminaries

2.1. Vector bundles. For a complex vector bundle V. — M, I'(V) denotes the space of
(smooth) sections of V. — M. Then for each x € M, we have a linear map ev, : I'(V) — V,
called the evaluation map defined by ¢ — t(x) for all t € I'(V), x € M. (see, for example, [1,
p-298]). If a (finite-dimensional) subspace W c I'(V) is given, then the restriction of ev, to
W is also called the evaluation map which is denoted by the same symbol ev, : W — V.

Generically, W — M will stand for a trivial (complex) vector bundle with fibre W over
a base manifold M: M x W — M. Thus the evaluation map is considered as a bundle map
ev:W-V.

We assume that a vector bundle V. — M has a Hermitian metric 4 and a connection V
compatible with the metric A, for which we write (V. — M, h, V) or (V,h,V). The curvature
form of V is denoted by R". In this article, a vector bundle V; — M is said to be isomorphic
to V, — M if there exists a bundle map ¢ : V| — V; such that ¢ is an isomorphism of vector
bundles preserving the metrics and the connections. Then ¢ is called a bundle isomorphism.

2.2. Geometry of Projective spaces. Let C"**! be a complex vector space of dimension
n+1and P" = Gr,(C™*") the complex projective space of hyperplanes in C"*!. Then we have
an exact sequence 0 — 7*(1) - C*™*! — (1) — 0 of holomorphic vector bundles over P"
where T is the holomorphic cotangent bundle and (1) is the line bundle of degree 1. By
using the natural projection C"*!' — (1), we can regard C"*! as a subset of ['(O(1)). By
fixing a Hermitian inner product on C"*! the holomorphic cotangent bundle and (1) inherit
metrics, and can be given the Hermitian connections (see, for example, [4, p.11,Proposition
4.9]). When the curvature 2-form of the Hermitian connection on (1) is denoted by RO,
the Kihler form w on P" is given as:

w=-V-1ROW.

Let f : M — P" be a map. If f satisfies f*w = 0, then f is called a rotally real map.
The real projective space RP" is realized as a totally geodesic and totally real submanifold
of P", which is the typical example. Following Li [5], when the image of a totally real map
f M — P"is included in a totally geodesic and totally real submanifold RP", f is said to
be absolutely real.

2.3. Evaluation homomorphisms and induced maps. Suppose that L — M is a line
bundle and consider a subspace W of I'(L). The line bundle L — M is said to be globally
generated by W if the evaluation is surjective. Under this hypothesis, there is a map f :
M — P(W™), defined by f(x) := Kerev,,= {t € W : #(x) = 0}. The map f is called the
induced map by (L — M, W), or simply by W if L — M is already specified.

2.4. Maps satisfying the gauge condition. Let f : M — P(W*) be a smooth map. The
map f : M — P(W~) is said to be full if the induced linear map W — I'(f*O(1)) is a
monomorphism. When the line bundle O(1) — P(W*) is equipped with a Hermitian metric
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h°Y and a connection VO, these are pulled back to a metric f*A°! and a connection
v/ on the pull-back bundle f*©O(1) — M.

We fix a complex line bundle (L, 4, V) over a manifold M. We will say that f : M —
P(W*) satisfies the gauge condition for (L,h,V) if there exists a bundle isomorphism
(L, h, V) = (frO(1), frhOM, v/ oM,

2.5. A generalization of do Carmo-Wallach theory. First of all, we introduce a general-
ization of Theorem of Takahashi [6] specialized to the case where the target is the projective
space.

Theorem 2.1. Let f : M — Gr,(C"™") = P" be a full map with constant energy density
from a Riemannian manifold M. Then f is harmonic if and only if C"*! is a subspace of an
eigenspace of the Laplacian A acting on sections of f*O(1) — M defined by the induced
connection V"N with e(f)/2 as the eigenvalue, where e(f) is the energy density of f.

Next, we develop a generalization of do Carmo-Wallach theory. Let Gr,(C") denote a
Grassmannian of p-planes in C". Suppose that f; and f, : M — Gr,(C") are smooth maps.
Then f is said to be image equivalent to f>, if there exists an isometry y € SU(n) of Gr,(C")
such that f, = ¥ o f.

Let G be a compact Lie group and W a unitary representation of G with an invariant
Hermitian inner product (, ). The set of Hermitian endomorphisms of W is denoted by
H(W). Then G naturally acts on H(W). If we equip H(W) with an inner product (-, -)y such
that (A, B) = trace AB, for A, B € H(W), then (-, )y is G-invariant. We define a Hermitian
endomorphism H(u, v) for u, v € W as:

1
H(u,v) = 3 (u (G, v)w+v (¢, u)w}.

If U and V are (complex) subspaces of W, we denote by H(U, V) a real subspace of H(W)
spanned by H(u,v) where u € U and v € V. In a similar fashion, GH(U, V) denotes the
subspace of H(W) spanned by gH (u, v), where g € G, and so GH(U, V) is a G-submodule of
H(W).

Let G/K be a compact reductive Riemannian homogeneous space with K-invariant de-
composition g = @ m, where g and f are the Lie algebras of G and K, respectively. On
the principal fiber bundle G — G/K with the fiber K, the canonical connection is defined as
taking the horizontal subspace as L,m, where g € G and L, means the left translation by g.

For an irreducible unitary K-module Vj, the vector bundle V = G Xk Vj is called an ir-
reducible homogeneous vector bundle. Then the canonical connection induces the covariant
derivative on V — G/K which is also said the canonical connection denoted by V°.

Let W c I'(V) be a G-invariant subspace of I'(V) with the evaluation map ev : W — V
and a G-invariant Hermitian inner product (-, -)y. Then we can realize V| as a subspace of
W by Frobenius reciprocity and the adjoint map ev* : V. — W of ev.

Denote by U the orthogonal complement of Vi in W. Then, the map fo : M — Gr,(W)
is defined as:

Jo(lgh = gUp c W, forall [g] e G/K, ¢gegq,

which is called the standard map. It is obviously an G-equivariant map.
In the sequel, Q — Gr,(C") denotes the universal quotient bundle [1, p.292]. A Hermitian
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inner product on C" induces the Hermitian metric 2p on Q — Gr,(C"). Since Q — Gr,(C")
is a holomorphic vector bundle, we have the connection V€ compatible with /2 and holo-
morphic vector bundle structure as the Hermitian connection.

Combining Theorem 5.12 with Theorem 5.30 in [6], we obtain

Theorem 2.2. Let G/K be a compact reductive Riemannian homogeneous space with
K-invariant decomposition ¢ = T ® m. Fix a rank q irreducible homogeneous vector bundle
(V =G xg Vo, h, VO) with an invariant metric h and the canonical connection V°. Since V°
is G-invariant, W can be regarded as g-representation o : § — End (W). We can realize V
as a subspace of W by Frobenius reciprocity and (-, -)y.

Iff :G/K — (Grp(C”), (s -)) (n = p+q) is a full harmonic map with the gauge condition
for (V,h,V°) and we fix a bundle isomorphism between (V,h,V°) and (f*Q, f*hQ,Vf*Q),
then there exist an eigenspace W C T(V) of the Laplacian with the L> Hermitian inner
product (-, -)w, a unique linear injection  : C" — W and a positive semi-definite Hermitian
endomorphism T on W such that
(a) T satisfies

@.1) (72 - 1dw. GH(Vo. Vo), = 0. (T%, GH(e(m)Vo, Vo)), =0,

(b) «(C™) = Ker T+ and (T, *Tt-) = o* (-, ).
©f:G/K— (Grp(C"), (s -)) is written as :

(2:2) £(Igh = T (fo(lgh) N Ker T*),

which is called the map induced by a triple (V, C", ¢ (:*Tv)).

Conversely, if a positive semi-definite Hermitian endomorphism T on W satisfies condi-
tion (a) and C" := (Ker T)* globally generates V. — M, then the map defined by (2.2) is
a full harmonic map into (Grp(C”), (G, -)W) with the gauge condition for (V, h,V°), where
t: C" — W is the inclusion.

Let f; : M — (Grp(C"), G, -)W) be the maps induced by those triples (V,C", 1 (t*T;t)) such
that 1 (C")* = KerT| = KerT,, where 1 : C* — W is the inclusion. Then, f, and f> are
gauge equivalent if and only if T\ = T».

Remark. In the above Theorem, we adopt gauge equivalence of maps to classify har-
monic maps. When the target is the projective space, the gauge equivalence can be replaced
by image equivalence [6] and we do not need the definition of gauge equivalence in this
article.

RemARk. If evev® = Idy or equivalently, the standard map is a full harmonic map with
the gauge condition for (V, h, V?), then we can show that trace 7> = trace Idy [6]. Hence
C=T?-1Idyis orthogonal to /dy from the definition of the inner product on H(W).

3. 3-sphere

Let S3 be the 3-dimensional sphere with the standard metric. The corresponding symmet-
ric pair is denoted by (SU,(2) x SU_(2), A), which is abbreviated to (SU, x SU_, A), where
A is a diagonal subgroup of SU,(2) x SU_(2). When we denote by S¥C? the k-th symmetric
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power of the standard representation C? of SU(2), S¥C? inherits an invariant Hermitian inner
product & and a real or quaternionic structure denoted by T = j*, where j is a quaternionic
structure on C2. The irreducible representation of SU.(2) and A are denoted by S’; and
S’g, respectively and the induced invariant structures are indicated by adding + and A to the
symbols, for instance, 7. and /ia.

By Clebsch-Gordan, Sﬁ‘ ®sk irreducibly decomposes as A-module:

ki ky _ gkitky ky+ky—2 lk1—ka|-2 k1 k2|
sk @54 = stk @ k2 g g k-2 g gkl

Hence S’f ® S© is a class one representation of (SU, X SU_, A) if and only if k; = k. Thus
H* = S’j ® S* is a class one representation of (SU, x SU_, A):

k k k 2k 2k—2 2 0
H =S s =% 2g...05 0.

Since every class one representation appears in C*(S*) with multiplicity one, we can
conclude that

C2($%) = i Sk o sk = i HE.
k=0 k=0

When we denote by V — $° a trivial bundle (SU, X SU_) X S, the evaluation map ev :
H* — V is written as evy,)(w) = ([g], mo(gw)), where g € SU, xSU_, w € H* and p : H* —
SZ is the orthogonal projection. We can see that H* is the eigenspace of the Laplacian with
eigenvalue k(k+2) and the L? Hermitian inner product (-, -); on H* is an SU, x SU_-invariant
inner product. Since H* is irreducible as an SU, x SU_-module, we can suppose that (-, -)
is induced by an invariant inner product /. on S’; and the restriction of (-, -); to Sg 18 hia.
Thus ev : H¥ — V satisfies evev* = Idy.

By the real or quaternionic structure T = j* on S¥C2, w — h(-, (w)) gives SKC? = S¥C?".
Thus we can induce the real structure o on H* and regard End H* with H* ® H*. From
Clebsch-Gordan, End H* has an SU, x SU_-irreducible decomposition:

End H' = ¥ @ * © s © 5*
= (o5t e 0sles)e(Fes? e 05 0s")
k k
=Pt e ¥ =(Psiesy
i.j=0 i,j=0

When S?H* (resp. A>H¥) denotes the space of symmetric (resp. skew-symmetric) product
of degree 2 on H*, End H* has another decomposition: End H* = S2H* @ A?H*. Since

(51 [51-1 cok—di2
. ; S k1 even
SZ(skCz) — @ SZk—4l’ AZ(Skc2) — @l[i(]) ' v
=0 i §P*=4=2 - odd

where [%] is the greatest integer which does not exceed %, we get

k
29k _ 21 2
SPHF = & §¥ @ 2,
1,m=0,|l-m|=0(mod2)
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k
3.1 AHE = @ §2 @ s,
1,m=0,]l-m|=1(mod2)

The corresponding Lie algebra homomorphisms into H* (resp. S?H* and A?H*) are denoted
by 03k, (resp. 05274+ and 0 274¢).

4. Moduli spaces

We can specialize Theorem 2.2 to the case where the domain manifold is the 3-sphere
SU, x SU_/A and f : §* — P" = P(C"*!") is a harmonic totally real map with constant
energy density. The canonical complement of the pair (SU,; x SU_, A) is denoted by m [7].

Since the Kéhler form on P” is the curvature form of O(1) — P" and the pull-back of the
Kihler form vanishes from f being a totally real map, the pull-back bundle of O(1) — P”
is a flat bundle on S3. It also has a Hermitian metric compatible with the connection. Since
S3 is simply-connected, f*©@(1) — S is a trivial bundle with a product connection and the
space of sections of f*((1) is identified with C*(S®). Thus f satisfies the gauge condition
for (V. — 83, ha, V%), where hy is now recognized as the fiber metric on V — S3 and
f*O(1) — S has a preferred trivialization. Notice that a trivial line bundle V — $° is
regarded as an irreducible homogeneous vector bundle and the product connection as the
canonical one V°. Since the energy density is constant, Theorem 2.1 yields that C"*! is the
eigenspace of the Laplacian.

DeriniTioN 4.1. Let £ @S2 — P* = P(C™*'") be a harmonic totally real map with constant
energy density. If C"*! is a subspace of the eigenspace with k(k +2) as the eigenvalue of the
Laplacian, then f is said to be of degree k.

Let H* be a class one representation of (SU, x SU_,A). We abbreviate S c H* to
Vo. From the identification S¥C? = S¥C2" by w +— h(-, 7(w)), H* can be regarded as
Hom(sk, 8%) = §k @ S*". Since Hom(S¥, S%) is End(S,SX) as A-module, Vj is identi-
fied with the subspace of H* generated by Idsg . When we denote by vy € H* the basis of
Vo corresponding to /dg: and by Wi, Wy, wE, H, w*, aunitary basis of S¥ with weight
k—2i(i=0,1,---,k), it follows from the definition of vy € H* = S’fr ® S** that

k

+ — *

o = Z Wi—2; ® Wy_;
i=0

— — — _ . . 3k . . .
where w *,w; ,",--- ,w”,,,",w”," is the dual basis of S**. From the identification, we can
see that

*

. o
W—oi = (D' o Wy = (=1 Wi

Thus, when H* is considered as S¥ ® S¥, vy is written as:

k
_ k=i + -
vo = Z(_l) Wi—2; ® W_y2;-
i=0

We consider H(#*) the set of Hermitian endomorphisms of ¥, when applying Theorem
2.2. Then, we need to specity GH(Vy, Vo) and GH(mVy, Vy) in H(H*). To do this, we
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complexify GH(Vy, Vo) and GH(mV,, Vo) and specify them in End *. The complexified
spaces are denoted by the same symbols.
Since Vj is a trivial representation and mVy = Si, H(Vy, Vp) is also trivial and H(mVj, V)

consists of vectors of weight +2 as A-modules. It follows from Frobenius reciprocity and
Clebsch-Gordan that

4.1 GH(Vy, Vy), GH(mVy, V)
k k
c P stesmeo PH Sesr
1,m=0,]l-m|=0 1,m=0,|l-m|=2
k k
= Pstes? e Psles? ot e
1=0 I=1

Proposition 4.2. The standard map fy : S> — P(H*") induced by a pair (S* x Vo, H¥) is
a harmonic totally real map of degree k with constant energy density.

Proof. Since the standard map is SU, x SU_-invariant, f; has constant energy density.
In Theorem 2.2, the standard map f; corresponds to Idy. For W = H*, (4.1) assures that
Idy satisfies (2.1). Theorem 2.2 yields that it is a harmonic map and the curvature of the
pull-back connection is flat. Thus f; is a totally real map. Since H* is the eigenspace with
eigenvalue k(k + 2), f; is of degree k. ]

We now see the decomposition End H* = S?H* @ A2H* in detail. Let Hﬁ denote the real
subspace of H* invariant by o = 7, ® 7_ on H*. Then the real Grassmannian of hyperplanes
in HE is a totally geodesic and totally real submanifold i : RP(HS ) — P(HY).

If C € S’H* (resp. C € A>H¥) is a Hermitian endomorphism of ¥, then, by the real
structure o~ on H*, we have that cCo = C (resp. 0Co = —C). For any w € H%, when
C € HH" n S*HF,

4.2) o(Cw) = o(cCoo(w)) = Cw,
and when C € H(H*) N A*H*,
4.3) o(Cw) = o(—oCoo(w)) = —Cuw.

Suppose that C € H(H*) N S?H*. For (4.2), C preserves Hﬁ and defines a symmetric
endomorphism on H{;. Then Toth-D’ambra classification [8] yields that C corresponds to a
full harmonic map with constant energy density of S° into the sphere. Since they adopt an
(image) equivalence relation by the orthogonal group, the target can be replaced by the real
projective space RP(Hf ).

Proposition 4.3. We have that

GH(Vy, Vo) ® GH(mV), Vy)

k k
=P s¥es? o Psles o e
1=0 =1
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Proof. It follows from do Carmo-Wallach [2] and Toth-D’ambra [8] that

k
GH(Vo, Vo) n S H* = (P s¥ @ 52
=0

We use induction on & to show the result. Since H! = S! ® S!,
NH' = $ @ S§%.
AsmV, = Si, the definition of GH(mV), V})) yields the result.
From (3.1), A>H* is decomposed as SU, x SU_-module:
(51 _ ‘
N = P (P 02 e 5T o %) @ ATHE
j=0
We would like to claim that
GH(mV,, Vo) N A*H*
=5% ® 5% @ 5777 @ $% @ (GH(mVy, Vo) N AH*).

Since, for Z, W € sl(2, C) and a non-negative integer p,

k )4
0r(Z W)Poy = D (=1 Y (’: ) (0@ wi ) ® (W) Wy ).
i=0 r=0
we get
(4.4) 01:(Z, =Z)* vy
k—1 ) k—1 k-1
=Y (=D Z( ; )(Q(Z)k—l—’w,:_z,-) ® (0(-2)w1,y;) -
i=0 r=0

We pick up an element Z € m¢ c si(2, C), where m© denotes the complexified space of m,
in such a way that

4.5) (D wi—2; = \(k — D) + Dwi—2i-2,

and put v; = or(Z, —=Z)vy. Since vy is o invariant by definition and o3+ commutes with o,
v; is also o invariant. This yields that vy A v; € GH(mVy, Vp) N N HE,
It follows from (4.5) that

k=il (i+q)
(4.6) oZ) 1wy = \/ (k_l._’q)! w2
and

k—i+q)! 1!
4.7) @(Z)‘Iw_k+2,~=\/ (k’_l.)f (l._lq)!w_k+2<i—q).

Since wy_p; and w_g42; € SKC2, we see from (4.6) and (4.7) that

02D w0 =0 & k-2i-2q<-k &= qg>k-1,
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0D W 112 =0 & —-k+2i-2g<-k = ¢g>i

Consequently,

o w0 =0 &= k-1-r>k-i & r<i-1.

Thus only the terms in the range i — 1 £ r < i in (4.4) remains:

11 ) (0@ wi ) ® (Q<Z>"‘1w‘k+2i)}

(4.8) 0n(Z,—=Z) vy
_ i(_l)k—i {(k - 1) ( (Z)k—i + ) ® ( (_Z)i—l — )}
= L i—1 Q Wi o W_py2i
+kZ_i(—1)k—" {(k 1)( @2 wi_y) ® (e(=2)'w” )}
L ; © k—2i Q —k+2i

k
[k
k-1 k-1 ' _
(=1 {( l. )(g(zf"‘lwz_zi)®(@<Z>’w:k+2,-)}-
i=0

It follows from (4.6) and (4.7) that

. k= )\k—1)!
o2)f le—zi N My

w
|
» (k — i)'k!
o2 wi ;= \/thk,

k=t

Q(Z)i_lw:k+2i = Ww—k+2’
; k!
o)W, = -0 Wy
Hence (4.8) reduces to:
(4.9) 0(Z,~2) vy

k
=(—=D""Vk(k - 1)! {Z (]:: 11)} whow,,,

i=1

o (k-1
+(—1)k\/E(k—1)!{Z( l_ )}wik+z®w:k

i=0
=(=D"Vktk = )12 (wh @ wy,, —whi, @ ul,).

It follows from o(Z)w_g4+2 = \/l;w_k that
(4.10) 01:(Z ~Z) vo =(= 1) k12! (~w?, @ wTy - wh @ ur)
=(-1Yk12*w* @ w’,

and o3+(Z, —Z)"vy = 0, when p > k. Then we have that

119
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001:(Z, =Z)* % (v A vy)
2k -1 _
=4(k - 1)( L )gm(z, -2)"Y0 A 01 (Z, - Z) vy

From (4.9) and (4.10), considering the weights, we can conclude that
0pe30(Z, =Z)* 72 (vy A vy) € S ® §%2 @ 522 @ §%,

and S ® §%*-2 @ §2-2 ® §% is a subset of GH(mV,, V). Combining this with (4.1), we
obtain the result. O

Theorem 2.2 with Propositions 4.2 and 4.3 yields the main result. To state the main
theorem, we adopt the convention that $2% ® S?/ stands for the real vector space invariant by
the real structure 7, ® 7_. For T € H(H*), we write T > 0 to indicate that T is positive
definite.

Theorem 4.4. If f : S° — P(C™) is a full harmonic totally real map of degree k with a
constant energy density, then n < (k + 1)> and C" is considered as a subspace of H*.

Let My, be the moduli space of full harmonic totally real maps of degree k with constant
energy density of S° into P(H*") modulo image equivalence of maps. Then M is identified
with a subset of @im=0,|l—m|22 S @ s2m:

k
Mi=ice P $'es™|ldy+C>0¢,

1,m=0,|l-m|=2

where @imzo,u—mzz S2' ® §2" is regarded as a subspace of H(H").

Let My, be the closure of the moduli My by topology induced from the inner product.
Every boundary point of M, distinguishes a subspace C" of H* and describes one of those
maps into P(C™) which can be regarded as a totally geodesic submanifold of P(H*"). The
Hermitian inner product on H* determines the orthogonal decomposition of H* : H* =
C" & C". Then the totally geodesic submanifold P(C**) can be obtained as the common
zero set of sections of O(1) — P(H*") which belongs to C"".

Finally, C € My, corresponds to (Idyy + C )_% Jfo, under the convention that the inverse of
Idyy + C is taken on Ker (Idy + C)*.

Corollary 4.5. Let f : S> — P(C™) be an SU, x SU_-equivariant full harmonic totally
real map. Then f is the standard map up to image equivalence.

Proof. If f is of degree k, Theorem 4.4 implies that f corresponds to C € M. Since f
is SU, x SU_-equivariant, C is also an SU, x SU_-equivariant linear endomorphism on #*,
Schur’s lemma yields that C is proportional to the identity. However, C is orthogonal to the
identity (see the remark after Theorem 2.2). We thus deduce that C = 0. Then the result
follows form Proposition 4.2. m|

In a similar vein, we can characterize SU. -equivariant harmonic totally real maps, a few
examples of which are given in [3]:
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Corollary 4.6. A full harmonic totally real map f : S* — P(C") of degree k is SU,
(resp. SU_)-equivariant if and only if the Hermitian transform C corresponding to f is in

m k
@];:2 89 ® 82 (resp. P, S¥ ® 5%).
We define the subset .AM; of the moduli space M by:
AM; = My 0 S*HE,

Theorem 4.7. The moduli space of absolutely real full harmonic totally real maps of
degree k with constant energy density of S> into P(H*") is identified with AMy.

Proof. In [8], Toth-D’ambra constructs the moduli space M;, of full harmonic maps from
S? into the sphere of degree k with constant energy density:

1,m=0,|[-m|=2i,iz1

k
Mk:={Ce @ Si’@SE’"IdeR+C>0},

where @;m=0,|l—ml=2i,i2 1 $2! @ §2m is considered as a subset of symmetric endomorphisms on
HII‘{. When 7-[1’; is com_plexiﬁed, C defines a Hermitian endomorphism of 2* and belongs to
AMq.

Suppose that C € AM;. Since C preserves Hl’; by (4.2), it defines a symmetric endomor-
phism on Hj. Thus we can identify My with AM.

To see the correspondence of maps according to M = AM,, we take a subspace U(I} =
Up N Hﬁ to define the standard map fOR of $? into RP(Hl’;*) as fOR([g]) = gUR, where
g € SU, x SU_. Then, by [8], C € Mj, corresponds to (IdHﬁ + C)‘% fg‘. Our identification
between My and AM yields (Idy + )72 fy = i o (Idyg + C)Y T fX.

Suppose that f is an absolutely real full harmonic totally real map with constant energy
density. By image equivalence relation, f may be supposed to be a map into RP(H{;*). From
Theorem 4.4 and our identification, there exists C € My such that f =i o (Id,_[lk1 +C )‘% f(}{.

O

ExampLE. Let M, be the moduli space of full harmonic totally real maps of degree 2 with
constant energy density of S into P(H?") modulo image equivalence:

M2={Cesi®s‘3eas‘j®s‘i Ide+C>0}.

From Theorem 4.7, all maps are absolutely real and from Corollary 4.6, those are SU, or
SU_-equivariant ones.

Li obtains an isometric minimal totally real immersion of S* into P!'! which is not abso-
lutely real [5]. This immersion is of degree 3. We also give such an example.

ExampLE. Let Mj; be the moduli space of those maps of degree 3 of S° into P(H>")
modulo image equivalence.

Ms={CeSeslas’esasos’as)est

05800 ®S8|Idys +C>0}.
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The unitary basis of ? is denoted by wi 5 ®ws 5, (LLm=0,---,3). If C =i(w] —w’) €
5° ®8°, then C satisfies cCo = —C. From (4.3), we see that C € H(H?) and it is written as:

o |lololid
o |olo| o
C=il—oTolol o
“ld,|olo] o

Hence Idys + tC has 1 and 1 + ¢ as its eigenvalues and each eigenspace is of dimension
4, which is equivalent to S3 as SU_-module. If ¢ € (0,1], then Idys + tC induces a full
harmonic totally real map with constant energy density, which is not absolutely real. When
t = 1, Idys + C has a kernel of dimension 4. By Theorem 4.4, it induces a full map into
P(C'?"), where C'> ¢ HMj is the orthogonal complement of Ker (Id;s + C). Corollary 4.6
yields that those maps are SU_-equivariant.

In a similar way, using w} +w*, € S$®S°, we obtain a one parameter family f; ( € [0, 1])
of harmonic totally real maps with constant energy density, which is absolutely real and f;
is a full map into P(R®"), where R® is a subspace of SU, x SU_- invariant real subspace R'°
of H3. From Corollary 4.6, we can see that f; are SU_-equivariant.
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