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Abstract
In this paper, we consider a positional numeration system in R" called the rotational beta
expansion. The expansion of an element z € R” is a sum of the form

2= BM)'di + (BM) Pdy + -+,

where the radix is M for some fixed real number S > 1 and matrix M € O(n). We reformulate
the rotational beta expansion where M € SO(4) into the so-called g-expansion on the set H of
real quaternions. In particular, we obtain necessary and sufficient conditions for the g-expansion
of a quaternion to be periodic when the base ¢ is a Pisot quaternion.

1. Introduction

Letm € N. Letn := {n,...,nm} € R” be a set of linearly independent vectors over R.
Let L be the lattice of R™ with the fundamental domain

X = {i Xin; ’ x; € [0, 1)}

i=1
generated by the vectors ;. Let 1 < 8 € R and let M be an isometry in the orthogonal group
O(m) of dimension m. We define the rotational beta transformation map 7 : X — & with
parameters [, M, n] as the map given by

T(z) = pMz — d(2),

where d(z) is the unique element in £ satisfying SMz € X + d(z). The rotational beta
expansion of z € X (with respect to T') is the expansion D(z) := did,..., where d; :=
d(T™'z) for i € N. We have

— M~d;
z Z; G

The rotational beta expansion generalizes the beta expansion to higher dimensions (see
[2, 1, 14, 12, 13]). The beta expansion of a real number x € [0, 1) is obtained by setting
m=1, M =1andn = {1}. Thus, x = }7, ﬁ— where d; = |BT""'(x)]. In 1980, Schmidt
[16] showed that if S8 is a Pisot number, then the set Per(8) of real numbers x € [0, 1) with
eventually periodic beta expansion coincides with Q(8) N [0, 1). On the other hand, if all
the elements of Q(8) N [0, 1) have an eventually periodic beta expansion, then the base § is

either a Pisot or Salem number. It is an open problem whether Per(8) = Q(8) N [0, 1) when
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124 J. CaaLmv AND N. NOLLEN

B is a Salem number.

In this article, our goal is to provide an analog of the periodicity result of Schmidt for a
class of rotational beta expansions in dimension 4. We do this by reformulating the rotational
beta expansion in the setting of the ring H of quaternions, thereby, introducing quaternion
expansions in H.

2. Preliminaries
Define distinct elements 7, 7, k such that
P=pP==1k=-1.
The set H of real quaternions is the 4-dimensional vector space over R given by
H={a+bi+cj+dk:a,b,c,deR)}.

As vector spaces, H = R*. Fora,b,c,d € R, the quaternion x = a+bi+cj+ dk is identified
with the vector [a b ¢ d]T. Here, T denotes the transpose operator. We call a, b, ¢, d the
coordinates of x. We define the real part of x by Re(x) := a and the imaginary part of x by
Im(x) := bi + cj+dk. The modulus |x| of x is given by the 2-norm ||x|| = Va2 + b% + % + d2.
The (quaternion) conjugate of x € H is

x = Re(x) — Im(x).

Note that H is a noncommutative division ring. In particular, every nonzero quaternion has
a unique multiplicative inverse.

Our goal is to define a numeration system on H corresponding to the rotational beta
expansion on R* under some mild assumptions.

2.1. Matrix Representation of Elements of H. Note that H can be viewed as a 2-
dimensional vector space over C since, for any x € H, we can write x = p + ¢j for
some unique p,q € C. We associate the complex number z = a + bi to its matrix form

a —b
C,:= [b g }

The multiplication on H is noncommutative. For x € H, we distinguish between the

multiplication by x on the right and on the left. Define the maps -, g : H — My(R) by

—JCcT —
XL:[C,, ch]ande:[cp chj]

T T
jcty  cr

(1) _01]. Note that, if x = a + bi + ¢ + dk, where

a,b,c,d € R, then we can compute for x; and xg explicitly as

for x = p + gj where p,g € Cand J = [

a -b —c —-d a -b —c -d

b a -d c b a d -c
E a o | MRT g o0 |

d —c b a d ¢ -b a

The following result follows directly from the definition of x; and xg.
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Proposition 2.1. For any x,y € H, we have
Xy = Xy and YX = XgY.
Moreover, x; and xg are the only matrices with the above properties.
For x € H, we call x; and xg the left and the right matrix representations of x, respectively.

Proposition 2.2. Let x,y € H. Then

Lo (x+y)L = xL+yand (x + Yr = Xg + Yr
2. xp =ygifand only if x =y and x € R.

Proof. The first part is clear. Suppose x, y € H such that x; = yg. If y = 0, then x; and yg
are the zero matrix. So, x = y = 0. Suppose y # 0. Then

1

xy ' =xy =yry = 1

Hence, x = y. Moreover, for any z € H,
XZ = X[.Z = XRZ = ZX.

This means that x is an element of the center Z(H) = R. The proof of the converse is
straightforward. |

2.2. Isoclinic Matrices. An M € My(R) is called a left (right) pseudoskew matrix if
M = x; (if M = xg) for some x € H (see [7]). In such a case, M'M = |x|*I;, where
14 is the 4-by-4 identity matrix. We say that x is the quaternion representation of M. So,
det(M) € {£|x*}.

A matrix M € M4(R) is said to be isoclinic if M is a rotation about 2 orthogonal planes
such that the rotation angles are equal, up to sign (see [15]). Suppose M is a rotation matrix
about the planes P; and P, of angles a and 3, respectively. If @ = 8, then M is said to be left
isoclinic. If @ = —f, then M is said to be right isoclinic.

Note that if M € M4(R) is a left or right pseudoskew matrix and det(M) = 1, then M is
an isoclinic matrix [9, 7]. In what follows, we provide the details of this fact.

Note that if x € H is nonzero, then (x/lxl){(x/lxl)L = I, and det((x/|x]);) € {x1}. In the
next result, we determine the eigenvalues of a pseudoskew matrix.

Proposition 2.3. Let O # x € H. The eigenvalues of M are Re(x) £ ||[Im(x)||7 if M = x; or
XR.

Proof. Let A be an eigenvalue of x;. Then det(x; — Al;) = 0. We have (x;)"x; = |x[?1y.
Hence,

(xp = A" (xp = Aly) = (5 + 2% = 2ARe(x))y
= ((Re(x) = ) + [Im(x)[")14 € M (C).
Thus,
det(x; — ALy) = +([Re(x) — A1 + |[Tm0)|[H)* .

Hence, A = Re(x) + |[Im(x)||7. ]
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If x € R, then x;, = xp = xI4. Suppose x ¢ R. Since x; is normal, it is diagonalizable.
Then 4. = Re(x) + |[Im(x)||7 have algebraic and geometric multiplicities both equal to 2.

We now discuss the geometric properties of the matrices x; and xg. Let x € H\ R. Let
{v1,v2} € C* be an orthogonal basis for the eigenspace E(1,). Then {v],v3} is a correspond-
ing basis for the eigenspace E(A_), where * denotes the complex conjugation. For j = 1,2,
consider the plane

P :={zw; +z*vj- | z € C} C R
Observe that, for any z € C,
x(zvj + z*vj-) =zA40; + z*/l_v; =zAvj + (z/l+)*vj"f €P;.
Thus, x; fixes the orthogonal planes P, and P,. We now show that x; and x are rotation
matrices.

Proposition 2.4. Let x € H \ R such that |x| = 1. Let u € H and let 6y € [0, 1) be the
angle measure between u and xyu for N € {L, R}. Then, cos(6y) = Re(x).

Proof. Note that u” x;u = u”

xgu = Re(x)u” u. Thus,
Re(x)lul2 = Re(x)uTu =ul xu
= lullxpul cos(8r) = lullxul cos(8r) = lul* cos(8y).

The same argument applies for 6. m|

It follows that x; (and likewise, xg) is similar to p(6,) ® p(6,), where

_|cos(6;) —sin(6;)
(Gi)_[sin(ei) cos(e,»)]

for 0; € {+ cos™! Re(x)} and each p(6);) fixes the orthogonal planes P;.
Let x € H such that |[x| = 1. Hence, x; is left-isoclinic and is similar to the direct sum

A®A where A = [Re(x) —[Tm(x)|

Im()|  Re(x) ] Meanwhile, xz is right-isoclinic and is similar to

A AT.

2.3. Quaternion Expansions. We now introduce the notion of quaternion expansions.
Consider the rotational beta expansion in R* with parameters [3, M,7n]. Suppose M is left
(or right) isoclinic. We can associate the expansion

2= BIMd
=1

T
with an expansion in H. Let g := fMe; € H, where e; = [1 00 O] is the vector form
of 1 € H. Note that if x € H such that M = x; and y € H, then

q = Bxand BMy = B(xLy) = Bxy = qy.

The basis elements of i can be viewed as elements of H. Consequently, we can view £
as a lattice in H with corresponding fundamental domain X. By a lattice in H, we mean an
additive abelian group £ C H such that inf{|x — y| : x,y € £ and x # y} > 0. Moreover,



Per10DIC QUATERNION EXPANSION IN P1soT BasEs 127

given a lattice £ in H, a fundamental domain for £ is a subset X € H such that H can be
partitioned as

H= U(x +d).
del

Define the transformation 7 : X — X by T'(z) = qz—d(z) where d(z) € L is the unique digit
such that gz € X + d(z). Then D(z) = (dy,d>,...) € £ is the expansion of the quaternion

z € X and
= Zq_]d
j=1

where d; = d(T7'(2)). We call D(z) the quaternion expansion of z with respect to the base
q (or simply, the g-expansion of z). Similarly, starting with an expansion of the above form
with a base ¢ € H, we can obtain a related rotational beta expansion such that M = ¢;.
To proceed, let us first introduce the ring H; of Lipschitz quaternions and the ring Hy of
Hurwitz quaternions. The rings H; and Hy are lattices in H.
1. Hy :={a+bi+cj+dk|ab,c,deZ).
2. Hy := {wfﬂdk | a,b,c,deZanda=b=c=d mod 2}.

We provide some examples of g-expansions.

ExampLE 2.5. Letn = {1,1, J, lAc}. Then £ = H; and X = {a+bi+cj+df< |a,b,c,d € [0,1)}.
Letg = (1 + \/5) /2. The g-expansion of z = (1 + j)/2 is the purely periodic expansion

D) =(0,-2-2ji+k,~1—-ji+k—1-).

Correspondingly, with respect to the parameters 8 = (I + V5)/2 and M = (q—‘)L =
-1 0 0

, we have the following rotational beta expansion:

121 (0] [-2] [0 —1 0
ol [lof o] 1
1/2_0’—2’0’ 1]’ lo]’|-
ol {lof lo] 1 1

ExampLE 2.6. Letn = {1,1, k} Then £ = H; and X = {a—i—bi—i—cj—i—dfc |a,b,c,d € [0,1)}.
Letg=0—-j+2+ V2)k 2)k)/2. The g-expansion of (1 + J)/2 is eventually periodic. Indeed,

0

1 0 O
0 0 0 -1
0 0 1 O

1+

~>

=qg'a+q P+ q e+ q as + g as + Z g b,
=1

(\)

where
ay=—-i-j+k, ar = -2 +k, a3 =—1-1+]
as=-2-21—j+k, as=-2-1—-j+2k
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and
—27 + 2k, ifk=2 mod 4
by = -1+ ], A ifk=3 mod4
-1-J+k, ifk=0 mod 4

—1—-i-j+k ifk=1 mod 4.

The corresponding rotational beta expansion in R* has the parameters 8 = |g| = 2 + V2
and

0 -1 1 -p
1|1 o0 - -1
M = = —
@he=551y g o

g 1 1 0

Note that S is not a Pisot number.
ExampLE 2.7. Let n = {n1,72,73, 7} where (71, 72,73,74) = (1, V27, V2, k). Then the

lattice £ = {a + bV2i + ¢cV2j + dk : a,b,c,d € Z} is a ring distinct from H; and Hy. Let
g = —(1 + V2)i. The first few digits of the g-expansion of z = (1 + V37)/2 € X are

ay = =12 — 31, a =13, az = =12 — 2na,
as =0, as = —m — 14, ag =0,
az = —1m2 — 21, ag =0, ag = =12 — 4.

This expansion is, in fact, not eventually periodic (see Example 3.22).

3. Periodicity

In this section, we extend the notion of Pisot numbers to quaternions. We then consider
g-expansions where ¢ is a Pisot quaternion and provide necessary and sufficient conditions
for the g-expansion of a quaternion to be eventually periodic.

3.1. Pisot Quaternions. Recall that a real number 8 > 1 is Pisot if it is an algebraic in-
teger and all of its nontrivial conjugates 8’ over Z satisfy |8’| < 1. In this section, we define
Pisot numbers over a quaternion subring. To this end, we first study polynomials over a
skew field. Note that the set R[X] of polynomials with coefficients in a (possibly noncom-
mutative) ring R forms a ring under the usual addition and multiplication of polynomials
assuming that the indeterminate X commutes with the elements of R.

We now mention several useful results.

Proposition 3.1 ([6, Theorem 1]). Let D be a skew field. Let f(X) = ?:0 X'a i bea
polynomial of degree n such that a; € D for each j. If « € D such that

f@) =) ala; =0,
j=0

then f(X) = (X — a)g(X) for some g(X) € D[X].

Given a skew field D, we can define an equivalence relation ~ as follows: for a,b € D,
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we have a ~ b if and only if a = chc™! for some ¢ € D.

Theorem 3.2 ([6, Theorem 2]). Let D be a skew field. Let f € D[X] be a polynomial of
degree n. Then [{@ € D : f(a) =0}/ ~ | < n. Moreover, if

JX)=X-a)X -a) (X —a),
where aj € D and a € D such that f(a) = 0, then a ~ ay for some k.

Theorem 3.3 (Fundamental Theorem of Algebra for H, [10]). Let f(X) € H[X] be
nonzero. Then

l{e e H| f(@) = 0}/ ~ | = deg f.

Now, let R be a subring of H with unity. Let ¢ € H. Suppose that f(g) = 0 for some
monic polynomial f(X) € R[X]. Assume that f is the minimal polynomial of g over R, i.e.,
the degree of f is minimal. By Proposition 3.1, f(X) = (X — ¢)g(X) for some g(X) € H[X].
We say that ¢ is Pisot over R if |g| > 1 and whenever g(a) = 0 for a € H, we have |a| < 1.

We provide some examples.

ExampLE 3.4. Let R and R, be subrings of H with unity. If R € R, and g € H is Pisot
over Ry, then ¢ is Pisot over R,. Hence, we have the following.

1. If R is a subring of H with Z C R and 8 € R is a Pisot number (in the usual sense,
i.e., over Z), then 3 is also Pisot over R.
Let R be a subring of H with Z C R and 8 € R be a Pisot number with minimal
polynomial f(X) = Zl}zo Xjaj € Z[X]. LetB = B1,B2,...,B, be the roots of f in
R+ Ri. Let 6 € R with 6 = —1. Then

JX) =X =yDX =y2)-- (X =vn)

where y; := Re(8;) + Im(8;)6. Note that y; commutes with 6 for all j. Consider the
monic polynomial

g(X) = fXOHO" = (X = y10)(X = y20) - - - (X — 7,,0) € R[X].

So, y16 = [0 is integral over R being a root of the g. Moreover, the (possible)
nontrivial Galois conjugates of 56 over R have the form ;6 and observe that |y ;6] =
|8l < 1for j > 2. In other words, 63 is Pisot over R. For example, ¢f is Pisot over
H; with minimal polynomial X> — X6 + 1 where ¢ is the Pisot number (1 + V2)/5
and 0 € (%1, +, +k}.

2. Let ¢ € C\ R be a (nonreal) complex Pisot number, i.e., g is an algebraic integer
with |g| > 1 and the Galois conjugates of ¢ over Q distinct from ¢ and g have moduli
less than 1. Let R be a subring of H with Z € R. Then ¢ is integral over R, say
with the minimal polynomial u(X) = (X — ¢)g(X) € R[X]. Note that p(X) divides
the minimal polynomial of ¢ over Q. If g(g) # 0, then ¢ is Pisot over R.

ExampLE 3.5. Letg = (a + bT + cJ + dlAc)/2 where a, b, c,d € Z are odd such that 3a*> =
b* + ¢ + d*>. Then q € Hy \ Hy and g is Pisot over Hy (of degree 1). Now, q3 = —a,
i.e., ¢ is a root of f(X) = X* + a. Thus, ¢ is integral over H; of degree 2 or 3. Suppose
f(X) = (X —q)g(X) and @ € H is a root of g. By Theorem 3.2, @ ~ 8 for some root 8 of



130 J. CaaLmv AND N. NOLLEN

f. Thus, 1 < |a| = |8 = |a|’. This means that the roots of g have moduli greater than 1,
that is, g is not Pisot over H;. This example is rather interesting since H; and Hy have the
same skew field of fractions (see Section 3.2) and yet g has different degrees over the two
subrings.

Proposition 3.6. Let R be a subring of H containing Z C R. Let b,c,d € R such that
b? + ¢ + d? is a Pisot number (over R). Let g = bi + ¢j + dk. Then q is integral over R.
Moreover, if u(X) = (X — q)g(X) is the minimal polynomial of q over R and q is not a root
of g(X), then q is Pisot over R.

Proof. Lety = b? + ¢* + d*>. Then ¢* = —|g> = —y. Let f(X) € Z[X] be the minimal
polynomial of y over Z. Then f(—¢g*) = 0. Since the coefficients of f are real and the powers
of g commute, then g is a root of the polynomial f(—X?) € R[X] whose leading coefficient
is either 1 or —1. This implies that ¢ is integral over R. Let v,,, ¥n-1,...,¥2,¥1 =7y € C be
the Galois conjugates of y over Z. Observe that f(X) = (X — y)h(X) where h(X) € C[X].
Then

0= f(-X*) = (=X* = Ph(-X*) = =X — 9)(X — Ph(-X?).

Let u(X) = (X — g)g(X) be the minimal polynomial of g over R. So, u(X) divides f (-X?).
Assume that g(g) # 0. If @ € H is aroot of g, then @ ~ S for some 8 € H such that  is a root
of h(=X?). But, h(X) = H?:z(X — ;). Hence, § is a solution to X* = —y; for some j > 2.
Sola| = |B] = \/W < 1 and therefore, ¢ is Pisot over R. m|

ExampLE 3.7. Letg = 01— j+ (2 + \/5)7()/2. Then ¢ is integral over H; with minimal
polynomial

w(X) = X* = X©2k) + (G + j).

Note that |g> = 2 + V2 is a Pisot number and 1(q) = u(—q) # 0. Therefore, ¢ is Pisot over
H;.

3.2. Ore Domains and Polynomial Skew Field Extensions. Recall that if R is a com-
mutative ring with unity, then we can define its field K of fractions ab~! where a,b € R and
b # 0. First studied by Ore in [11], Ore domains allow the formulation of field of fractions
for noncommutative rings. A ring R (possibly noncommutative) with unity is an Ore do-
main if for any (r, s) € R X (R \ {0}), there exist (r{, 51), (2, 52) € R X (R \ {0}) such that
rs; = sr; and s,r = rps. To an Ore domain R, we associate a skew field & of elements ab™!
where a,b € R and b # 0.

Proposition 3.8. Let R be a subring of H with unity. Then R is an Ore domain.

Proof. Given r,s € R \ {0}, take (r, s1) = (rsr> — r’sr,c + r>s*> — (sr)?) and (r2, 57) =
(r*sr — rsr?, ¢ + r*s> — (rs)?) where ¢ = (rs — sr)°. ]

Let R be a subring of H with unity. By Proposition 3.8, the set £ = {ab™! | a,b €
R,b # 0} is the skew field of fractions of R, that is, K is the smallest subskew field of H
that contains R. Note that K is unique up to isomorphism. The skew fields of fractions of
H; and Hy are both equal to the set
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{a+bi+cj+dk|ab,cde Q)

Let g € H. Suppose f(g) = 0 where f(X) € R[X] is the minimal polynomial of g over R.
Let K(q) € H be the smallest skew field that contains both X and ¢. If R (and consequently,
K) is commutative, then K(g) is a field which is also a vector space over K of dimension
deg f. However, this is not always the case when K is not commutative. We say that X(g)
is a polynomial skew field extension (PSFE) of IC if

deg f—1
K(g) = { Z q'a; | aj e IC}.

J=0

In other words, {1, ¢, ...,¢%2/~!} is a right basis for X(¢g) over K. Note that K(g) is both a
left and right X-module.

In general, the problem of determining whether XC(g) is a PSFE of K is a difficult problem.
Interested readers may refer to [3, 8, 4, 5, 18]. When ¢ is integral over a skew field £ € H
of degree 2, we have the following result.

Theorem 3.9. Let g be integral over a skew field K C H of degree 2. Then K(q) is a
PSFE of K if and only if there exist additive homomorphisms Sy, S| : K — K such that, for
any a € K, the following “commutation rule” holds:

aq = So(a) + gSi(a).

Proof. The forward direction is Lemma 2.1 (b) of [18]. For the backward direction,
observe that g> = gA + B for some A, B € K where B # 0 since ¢ is algebraic over K of
degree 2. Using the commutation rule, we have

qgagb = BS1(a)b + q[S1(a)b + So(a)b]

for all a,b € K. It follows that {a + gb : a,b € K} is closed under multiplication. Moreover,
a nonzero element a + ¢b is invertible. Indeed, consider the case where a,b € K \ {0}. We
have

1 = (a+qgb)(x+qy),
where
x = =b'[S1(a) + So(b) + AS,(b)ly
and
y = [So(a) + BS1(b) — ab™'(S1(a) + So(b) + AS{(b))]™!
= [¢S1(b) = Si(a) - AS| (D) '™ +a gl a7

Note that one of b~! + a~'q and ¢S, (b) — Si(a) — AS;(b) being 0 implies that g € XC, which is
a contradiction. Hence, {a + ¢b : a,b € K} is a skew field and it is equal to X(g). The other
cases are easy. |

The “commutation rule” ag = So(a) + gS1(a) is relatively easy to verify when K and g are
given. We provide some examples of PSFE. We also give an example where K(g) is not a
PSFE of K.
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Exampie 3.10. By Example 3.7, g = (i — j+ (2 + V2)k)/2 is integral over H; of degree 2.
Let K be the skew field of fractions of H;. Let w, x,y,z € Q. Then

(w+ xi +yj+ zk)g = a + gb,

where a = 2y — 2x + 2wi + 2wj € K and b := w — xi — yj + zk € K. Thus, the set
{a+qgb|a,be K} is askew field and is equal to K(g). Hence, K(qg) is a PSFE of K.

ExampiE 3.11. The quaternion g = (1 + V5)1/2 is integral over H; with minimal polyno-
mial f(X) = X>-Xi+1=(X-¢g)(X -¢q"). So, g is Pisot over H;. Let K be the skew
field of fraction of Hj. It is easy to show that {a + gb | a,b € K} is a skew field. Thus,
K(q) ={a+qgb|a,be K}is a PSFE of K.

ExampLE 3.12. The quaternion g = \/E(i + )/2 is integral over the (skew) field K =
{r+ st| r,s € Q) with minimal polynomial f(X) = X + 1. Now, (ig)* = —k € K(g) but —k
cannot be written in the form a + bg where a, b € K. Hence, K(g) is not a PSFE of K.

3.3. Main Result. If X is a normed space with norm | - |, we say that X has the property
(BF) if for every A C X, we have that A is finite whenever sup,., la| < co. In other words,
every bounded subset of X is finite. The following are examples of subrings of H with the
property (BF): H;, Hy and {a + V2bi + V2cj + dk | a, b, c,d € Z}.

We fix the following parameters: a linearly independent set n = {1y, 172, 173, 74} of quater-
nions over R, the lattice £ = @j:] Zn; and its associated fundamental domain

4
X = {Za,m |a; €0, 1)}.

=1

From hereon, we let R be the ring (1, L) generated by the lattice L, together with 1. Then
R is an Ore domain containing the digits of the numeration system under consideration.
Let K be the skew field of fractions of R. Let g be Pisot over R with minimal polynomial
P(X) € R[X] of degree d such that X(gq) is a PSFE of K.

We follow the exposition of Schmidt in [16].

Proposition 3.13. Suppose K(q) is a PSFE of K. If @ € K(q), then aS = Z‘jj.;é q'p j for
some S, po, P1s- - -» Pa-1 € R.

Proof. Since a € K(g), there exist o, so; € R such that s; # 0 and

I\

-1 d-1
il -1 il
a= ) q'rojsy; =roosp + Z q'r0jsg, -
. P
Let S := R\{0}. Recall that R is an Ore domain. Since sop € R and sp; € Sforl < j < d-1,
then there exist ag; € R and by; € S such that soobg; = sojao;. Then sa} = ap jb(;; saé. Hence,

T
<)

d-1
_ -1 i bl
@ =TreSgy + ) q'T0jA000; S -
J=1
So,
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d—1
1

asogg = roo + Z qfrljs]
Jj=1

where 1y := rojag; and s1; := boj. Applying the same process,

d-1
-1 i1
asoo = roo + qriisy; + Z q~’r1js1j
j=2
d-1
_ -1 j plg]
=To0 +qriisy; t q’'rijai; ljsll’
J=2
for some a;; € R and by € S. So,
d-1
as = + + Iryjay by}
00511 = TooS11 + grii q'r1jaioy;.
=2

Continuing this process yields

a-2 -1 -1
@So = rooS1 +qruSa + -+ q° Tra—24-284-2+ G4 Ta-1.4-154_14

d-2
j d-1 -1
= qurjjsjﬂ +q" Ta1a-15,-1 4-15
j=0
S = T ) — yd-1 j. . _ -1
where S; = [];_, s; and each s; € S. Then aS = X%, ¢’p; where S = [] ) s;; and
pj = rjjSjs1- H

Once S is fixed, the tuple (po, ..., ps-1) € R4 that satisfies

d-1
as = Z q'p;
j=0

is uniquely determined since {1, ¢, ...,¢% '} is a right basis of K(g) over K.
From hereon, we assume that @ € K(q) has the form

1

a = qujS_l,

d_
j=0
where S, po,...,ps-1 € Rand S # 0. For eachn € N, set d; := d(T""(@)) and
p"@) :=T"(@) = ¢" (a -2 d,-}.
j=0

Lemma 3.14. Let @ € K(q) N X and n € N. Then there is a unique tuple
7,y e R

such that

d
p"@) = gt s
k=1
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Proof. This follows from the fact that {1, ¢, ...,¢% '} is a right basis of K(g) over . O

Lemma 3.15. Let n € N and vy be a root of the minimal polynomial of q over R. Then

d-1 n d
Y2 Y pST = Y v = )y s
=0 =0 k=1

Moreover, if ly| > 1 and « has a periodic g-expansion, then

d-1 0
D ¥pisT =) v,
=0 =0

Proof. For the first part, we replace y by the indeterminate X and multiply S on the right
to obtain a polynomial in X over R. Then ¢ and 'y are roots of this polynomial.
Now, if @ has a periodic g-expansion, then

¢ := sup max |r,£")| < o0,

neN 1<k<d
So,
d-1 n d
Z ,y]ij*I _ Z ,y*]dj — Z ,yfnfkr](cn)Sfl
=0 =0 =1
1 d
—(n+k),,.(n)
S — r
5 kzl )
d —n
<™ | 0
N
as n — oo, O

Theorem 3.16. Ler R be a subring of H with unity and the property (BF). Let K be its
skew field of fractions. Suppose K(q) is a PSFE of K. Let g € H with |q| > 1 be integral
over R with minimal polynomial P(X) = g(X)(X — q). If every z € K(q) N X has a periodic
q-expansion with digits in R, then |a| < 1 whenever g(a) = 0. In other words, q is Pisot or
Salem over R.

Proof. Suppose @ € H with g(o) = 0 and |@| > 1. Then @ ~ g for some § € H with
P(B) = 0. Also, |8] = |a| > 1. Note that 8 # g.

Let & := max{|g|™",|8"'} < 1 and D := max,y |d(z)|. Set0 < & < |¢g~! = B~!|. Choose
meN22suchthat% <$

Now, take z € KN X such that gz ¢ XbutqT/(z) € X when2 < j <m—2. Thend,(z) # 0
while d»(z) = d3(2) = -+ - = d,y—1(2) = 0 where dj(z) is the jth digit of the g-expansion of z.
Then z has periodic g-expansion by assumption. By Lemma 3.15,

t=q'd@+ ) qdi) =B i@ + ) B

J=m j=m

Since d;(z) € R and R has the property (BF), then |d;(z)| > 1. Otherwise, the sequence
{(d1(2))" | n € N} is finite but has a strictly decreasing modulus. Observe that
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s<ldi@lg™ =g

<D a7 -B i)

j=m
2D§’"
<2D /= < .
WE =<3
j=m
We have a contradiction. So, |a| < 1. O
Let Cy,C,,...,C4 be the distinct equivalence classes with respect to ~ containing the

roots of the minimal polynomial P(x) of g such that ¢; = g € C. For 2 < j < d, choose
q¥ e C; to be aroot of P(x).
Forl <i<dandn €N, set

d
pgn)(a) = Z(q(z))—krl({n)s—l )
k=1

Lemma 3.17. Suppose R has the property (BF). Then the following are equivalent:
(1) a has periodic q-expansion;
(2) maxicicq SUp,e ;" (@)] < 00;
(3) Sup,cy Maxi<k<q |r,(<")| < 0.
Proof. Note that (1) = (3) follows from the previous lemma. Meanwhile, (3) = (2)

is clear. We show (2) = (1).
Assume (2). Set

— n
S 2'( @) s= | qz
Y| eyt g (")
By (2), the set {v™ | n € N} is bounded. So, the set (r(”) ® .. fi") | n € N} is also
bounded. Thus, { 1((")} is bounded. By the property (BF) of R, the set {r,(cn)} is finite. Thus,
{T"(@)},en 1s finite. Therefore, a has a periodic g-expansion. O

Finally, we prove the main result.

Theorem 3.18. Let R = (1,L). Let K be the skew field of fractions of R. Suppose R
has the property (BF). If g € H is Pisot over R and K(q) is a PSFE of K, then « € X has
periodic g-expansion if and only if @ € K(q).

Proof. The forward direction is clear. Now, let @ € X N Kg). We show that (2) in the
previous lemma is satisfied.

Since X is bounded and 7"(a) € X, then sup,y |p(l")(a/)| = sup,y [T (@) < oo. Let
2 < i <d. Since g is Pisot over R, then |¢;| < 1. Let A := maxo<j<y|q;| < 1. By Lemma 3.15,

(@) = 1g”I" Z(q@) S - Z@“)) i

Jj=0
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d-1
< LS opip+ B gop
151 = =0
d-1
S?Z |+BZIq")I"
Jj=0
d-1
SEZ |+BZIq(’)I"
Jj=0
d-1
Z |+Bz/lk
j=0
(S B
51271 T3

where B = maxgy |d(z)]. Thus, sup,.y |pf.")(a/)| < oco. By the previous lemma, the g-
expansion of a is periodic. m|

This theorem can be translated into a rotational beta expansion version where M is left
(right) isoclinic.

Corollary 3.19. Let B > 1 and M be left (right) isoclinic of size 4. Let R = (1, L).
Suppose R has the property (BF). Let q be the vector representation of SM and K be the
field of fractions of R. If q is Pisot over R and K(q) is a PSFE of K, then the following are
equivalent:

1. z has a periodic rotational beta expansion with respect to the parameter 3, M, n];
2. z€ K(g).

We illustrate the previous theorem through the following examples.

ExampLE 3.20. We revisit Examples 2.5 and 3.11. Note that R = (1, £) = H; has the
property (BF). The quaternion base ¢ = (1 + V5)i/2 is Pisot over Hy. The set K = {a + bi +
cj+ dk | a,b,c,d € Q} is the skew field of fractions of H;. The set K(q) = {ga+b | a,b € K}
is a PSFE of K. Clearly, (1 + j)/2 € K(g) N X and it is expected that its g-expansion is
periodic.

ExampLE 3.21. We revisit Examples 2.6, 3.7 and 3.10. The quaternion base ¢ = (I—j+(2+
V2)k)/2 is Pisot over H;. Moreover, K(q) is a PSFE of K = {a+bi+cj+dk | a,b,c,d € Q).
Then (1 + j)/2 € K(g) N X and its g-expansion is expected to be periodic.

ExampLE 3.22. We revisit Example 2.7. The quaternion base ¢ = —(1 + V2)7 is Pisot over
the ring (lattice) R = {a + bV2i + c\/§j+ dk : a,b,c,d € Z} since it is a root of

puX) = X>+ XQ2V2) -1 = (X = )X - ¢)

where ¢ = (1 — \/i)i and |¢’| < 1. Note that R has property (BF) and the skew field of
fractions of R is

={a+bV2i+cV2j+dk:a,b,c,de Q).
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Moreover, observe that K(q) = {a + bi + cj+ dk : a,b,c,d € Q(V2)} = {a + gb : a,b € K}.
Hence, K(g) is a PSFE of K. Therefore, D((1 + \/§j) /2) is not periodic since (1 + \/gj) /2 ¢
K(q).

3.4. Quasi-Pisot Base. Let R be a subring of H with unity. We say that ¢ € H with
|gl > 1 is quasi-Pisot over R if ¢ is integral over R with minimal polynomial x(X) such that

u(X) = (X = )X = 9)g(X)

and |y| < 1 whenever y € H with g(y) = 0.

ExampLE 3.23. Let R be a subring of H with unity such that Z C R. Letg € C\Rbe a
complex Pisot number. Then ¢ is integral over R. Let u(X) = (X — ¢)g(X) € R[X] be the
minimal polynomial over g. If g(g) = 0, then g is quasi-Pisot over R. Otherwise, g is Pisot
over R.

ExampLE 3.24. Let R be a subring of H with unity. Observe that ¢ € H is quasi-Pisot
over R of degree 2 if and only if its minimal polynomial over R is u(X) = (X — ¢)(X — ¢).
Hence, g € H is quasi-Pisot over R if and only if ¢ ¢ R and 2Re(q), |g]* € R. For example,
let g € Hy \ H. Then g = (a + bi + ¢j + dk)/2 for some odd integers a, b, ¢, d. Then g is
quasi-Pisot over H; of degree 2.

Now, let 5, M and R be the same as in Corollary 3.19 and suppose g € H is integral over
R of degree d. Then for @ € K(g) N X and for each n € N, we have

d
Tn(a) — Z q_kr]((”)S_l
k=1
for some tuple (rﬁ”), R r;")) e R%and S € R\ {0}. If q is quasi-Pisot over R and the real
dimension of the span

Span{r{” | 1 <k <d,n €N}

is at most 1, then « has a periodic rotational beta expansion with parameter [8, M,n]. In
particular, this is the case when u(X) € R[X] and the digits of the g-expansion of « are all
real.

4. Quaternion Zeta Expansions

Let € H such that > = —1. Let g € C(f) := R+ RO = C. Fix £ € [0,1). The zeta
expansion [17] on the fundamental domain

D(e) :={a1 +ax(—q) : a1, a2 € [-&,1 — &)} C C(H)

is the rotational beta expansion with parameter [|g|, M, {1, —q}] where M is the 2 X 2 rotation
matrix form of ¢/|g| (as an element of C(6)). For z € D(¢e), the digits of the zeta expansion of
z are all integers. We drop the arguments 6 and & from C(0) and D(¢g), respectively, whenever
the context is clear.
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Exampie 4.1. Let0 = (T + J+ /2)/\/3 and € = 1/2. Let ¢ = 1 + 6. Then the zeta expansion
of 3 +60)/10 € D(¢) in base g is {1,-2,2}.

We say that ¢ € C \ R is a C-Pisot number if ¢ is an algebraic integer with minimal
polynomial u(X) € Z[X] such that the roots of u distinct from ¢ and g have moduli less than
1. On the other hand, we say that ¢ is a C-Salem number if ¢ is an algebraic integer with
minimal polynomial u(X) € Z[X] such that the roots of y aside from ¢ and g moduli less
than 1 with at least one root y with |y| = 1. Clearly, ¢ € C is C-Pisot (C-Salem) if and only
if g is C-Pisot (C-Salem).

Proposition 4.2. Let g € C(0) and 0 # ¢ € H with |c| = 1. Then
1. g is C(0)-Pisot (C(0)-Salem) if and only if cqc™" is C(cOc™")-Pisot (C(cOc™")-Salem);
2. in particular, q is C-Pisot (C-Salem) if and only if Re(q) + Im(q)? is complex Pisot
(complex Salem).

Proof. For (1), it is enough to show one direction. Let u(X) € Z[X] be the minimal
polynomial of g over Z. Then u(X) = g(X)h(X) where h(X) = X? —2Re(¢)X + |g|* for some
g(X) € R[X]. Then cgc™" and cqgc~! are roots of & and p. This implies that cqgc™ € C(cOc™")
is an algebraic integer whose possible Galois conjugates distinct from cgc™' and cqc~! are
roots of g. By Theorem 3.2, if y € C(c6c™") is a root of g, then y ~ ¥’ for a root y* € C(6) of
g. Hence, the moduli of the roots of g in C(#) and the moduli of the roots of g in C(cfc™") are
the same. Thus, if y € C(cfc™") is a root of g, then [y| < 1 (Jy| < 1) because g is C(6)-Pisot
(C(#)-Salem).

For the second part, suppose 6 = x7+yj+zk for some x, y,z € R. Then |2 = X2+ 2 +22 =
1. If = =i, then we are done since —7 = jij~'. Suppose |x| < 1. Then x + 1 > 0. We have
i = cc™! where

_ (x+ Dityj+zk

V2(x + 1)

We have the following result.

Theorem 4.3 ([17]). Let g € C and € € [0, 1).
1. If g is C-Pisot, then for any z € D(¢), the zeta expansion (with base q) of z is periodic
if and only if 7 € Q(g).
2. If 7 has periodic zeta expansion (with base q) for any z € Q(q), then 7 is either
C-Pisot or C-Salem.

We now consider the extension of the zeta expansion on H. Let ¢ € H such that Re(¢) =
0,|¢| = 1. Suppose ¢ - 6 = 0, that is, ¢ and 6 are perpendicular when viewed as elements of
R3.

We have H = C + C¢. Let (171, m2,113,m4) = (1,—¢, ¢, —q$). Thenn ={n; | 1 < j<4}isa
basis for H over R. Fix & € [0, 1). Consider the fundamental domain generated by 7:

4
D =Y(e) = {Zajnj ’ aj € g1 —8)}.

J=1

Note that ¥ = D + D¢ where D is the fundamental domain of the zeta expansion on C(6)
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with base ¢g. For z € 2, define d(z) € £ = @j:] Zn;j to be the unique element of .#" such
that gz — d(z) € 4. Let T(z) := gz — d(z). The quaternion zeta expansion of z € & is given
by

q'd;

Me

~.
I
<N

where d; = d(T/"(z)) for j € N. If z = z; + z2¢ where z1,2, € D, then the jth digit of the
quaternion zeta expansion of z is

dj = dl,j+d2,j¢

where dy ; is the jth digit of the zeta expansion (on C(6)) of z; with respect to the base g for
k=1,2.

ExampLe 4.4. Let @ = (i + J+ k)/V3. Then 6> = —1. Let ¢ = (i — /)/V2. Then ¢ is
perpendicular to 6 in R*. Moreover, H = C() + [C(0)]¢. Let ¢ = 1 + 6 € C(). Consider
21 = (3+6)/10 and z, = (2 — 26)/5. Then zeta expansion of z; in base ¢ is {1, —2,2} while
the zeta expansion of z, in base ¢ is {1, 0, 0, 0}. Therefore, the quaternion zeta expansion of
z=71+2¢inbase gis{l +¢,-2,2,-2,2 + ¢}.

We have the following results.

Proposition 4.5. Let z = z; + 20¢ € & where 71,7, € D. The quaternion zeta expansion
with base q of z is periodic if and only if the zeta expansions on C with base q of z; and z»
are both periodic.

Theorem 4.6. If g € C is C-Pisot, then the following are equivalent:
1. z € D has periodic quaternion zeta expansion with base q;

2. ze (DN Q(g) + (DN Q(g)¢.

Theorem 4.7. Ifevery z € (DNQ(q))+(DNQ(q))¢ has periodic quaternion zeta expansion
with base g, then q is either C-Pisot or C-Salem.
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