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H I G H L I G H T S

• We introduce the signature transform to characterise the stochasticity in the current continuous neural networks.

• Our framework integrates the signature transform of stochasticity into the weight of an infinitely Bayesian neural network.

• Our RDE model outperforms current SDE networks in reliability and robustness while capturing the inherent randomness.
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A B S T R A C T

This work introduces a novel partially infinitely deep Bayesian neural network, particularly where the weights in 

each layer are governed by differential equations driven by the signature of Brownian motion. By leveraging the 

advantages of randomness compression for stochastic processes through signature transforms, our architecture 

is designed to overcome the limitations of current continuous deep Bayesian neural networks under stochastic­

ity, particularly in terms of reliability and robustness. Additionally, we present a comprehensive mathematical 

framework that integrates the signature transform of stochasticity into the weight evolution of the Bayesian neu­

ral network. To approximate the true posterior, we adopt the approximate Bayesian computation method. Finally, 

empirical results across image classification tasks (CIFAR-10, CIFAR-10C) demonstrate that our model outper­

forms existing neural stochastic differential equation models in reliability and robustness while maintaining the 

memory-efficient training and accuracy of neural stochastic differential equations.

1 . Introduction

The residual neural network (ResNet) is a deep learning architecture 

where the layers learn residual functions with reference to the layer 

inputs [26], which helps mitigate the vanishing gradient problem to 

some extent. By extending the number of residual layers in a ResNet 

to infinity, the output of the network can be represented as the so­

lution to an ordinary differential equation (ODE), resulting in neural 

ODEs [8]. Neural ODEs offer a more flexible model structure and sig­

nificantly reduce memory requirements during training by dynamically 

computing the output. They have been widely applied in areas such as 

time series analysis, diffusion processes [31,45,54], and causal discovery 

[3,12]. Building on the foundation of neural ODEs, several continuous 

neural network frameworks have been proposed. For instance, the aug­

mented neural ODE which is a more expressive model, is empirically 

more stable and has a lower computational cost [11]. Additionally, a 

differentiable surrogate for the time cost of standard numerical solvers 

was proposed by using higher-order derivatives of solution trajectories 

[32]. Furthermore, improvements have also been proposed in the form 

of neural stochastic differential equations (Neural SDEs) [38,55], neural 

operators [34], and neural jump SDEs [30].

To address the challenge caused by the inherent limitations of 

conventional neural networks, such as overconfidence in predictions, 

vulnerability to adversarial attacks and lack of interpretability, Bayesian 

neural networks (BNNs) integrate uncertainty estimation into their pre­

dictive capabilities. In contrast to point estimates of neural network 

parameters, they represent the parameters as probability distributions 

and estimate them using Bayesian inference. The basis of BNNs is in­

deed compelling. Firstly, they define flexible hypotheses of predictive 

functions by providing a prior for all their weights and biases. Then, 

they perform inference to produce posterior distributions. This prob­

abilistic approach improves the model’s generalisability and helps to 

prevent overfitting (see references [2,6,28,41] for further details).
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\begin {equation}\label {ode} \frac {dh_t}{dt}=f_\theta (t,h_t)\end {equation}


$h_{t_0}=h_0$


$h_t$


$t$


$f_\theta $


$\theta $


$h$


$f_\theta $


\begin {equation}\label {sde} dw_t={f}_p\left (t,w_t\right )dt+{g}_p\left (t,w_t\right )db_t.\end {equation}


$b$


$d$


$f_p$


$w$


$g_p$


\begin {equation}\label {sde-posterior} dw_t={f}_q\left (t,w_t,\theta \right )dt+{g}_q\left (t,w_t\right )db_t.\end {equation}


${f}_q$


$\theta $


$\mu _p,\mu _q$


$g_q$


\begin {equation*}\begin {aligned} D_{{\textrm {KL}}}\left (\mu _q \| \mu _p\right ) & =\mathbb {E}_{q_\theta (w)}\left [\int _0^1 \frac {1}{2}\left \|u_\theta \left (t, w_t\right )\right \|_{2}^{2} dt\right ] \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} u_\theta \left (t, w_t\right ) & =g_p{\left (t, w_t\right )}^{-1}\left [f_q\left (t, w_t ; \theta \right )-f_p\left (t, w_t\right )\right ]. \end {aligned}\end {equation*}


$q_\theta $


$[a,b]\subset [0,T]$


$\Delta _{[a,b]}:=\{(s,t)\in \mathbb {R}^2|a\leq s\leq t\leq b\}$


$\Delta $


$[a,b]=[0,T]$


$\eta \in (0,1]$


$\mathcal {C}^{\eta -\operatorname {hld}}([a,b],\mathbb {R}^d)$


$\eta $


$\varphi :[a,b]\to \mathbb {R}^d$


\begin {equation*}\|\varphi \|_{\eta -\operatorname {hld},[a,b]}:=\sup _{a \leq s<t \leq b} \frac {|\varphi _t-\varphi _s|}{{(t-s)}^\eta }<\infty .\end {equation*}


$\mathcal {C}^{\eta -\operatorname {hld}}([a,b],\mathbb {R}^d)$


$|\varphi _a|_{\mathbb {R}^d}+ \|\varphi \|_{\eta -\operatorname {hld},[a,b]}$


\begin {align*}\mathbf {X}=\big (1, \mathbf {X}^{1}, \mathbf {X}^{2}\big ): \Delta \rightarrow T^{2}(\mathbb {R}^d)=\mathbb {R} \oplus \mathbb {R}^d \oplus {(\mathbb {R}^d)}^{\otimes 2},\end {align*}


$\mathbb {R}^d$


$2$


$s \leq u \leq t$


\begin {equation*}\mathbf {X}_{s, t}=\mathbf {X}_{s, u} \otimes \mathbf {X}_{u, t}\end {equation*}


$\otimes $


$\|\mathbf {X}^{1}\|_{\alpha \mathrm {-hld}}<\infty $


$\|\mathbf {X}^{2}\|_{2\alpha \mathrm {-hld}}<\infty $


$0$


$1$


$\mathbf {X}=(\mathbf {X}^{1}, \mathbf {X}^{2})$


$\mathbb {R}^d-$


$1/3<\alpha <1/2$


$\Omega _{\alpha }(\mathbb {R}^d)$


\begin {equation*}\mathbf {X}^{2}_{{s, t}}-\mathbf {X}^{2}_{{s, u}}-\mathbf {X}^{2}_{{u, t}}=\mathbf {X}^{1}_{{s, u}}\otimes \mathbf {X}^{1}_{{u, t}}\end {equation*}


$s \leq u \leq t$


${\left \vert \kern -0.25ex\left \vert \kern -0.25ex\left \vert \mathbf {X} \right \vert \kern -0.25ex\right \vert \kern -0.25ex\right \vert }_{\alpha -\operatorname {hld}}:=\|\mathbf {X}^{1}\|_{\alpha \mathrm {-hld}}+\|\mathbf {X}^{2}\|^{1/2}_{2\alpha \mathrm {-hld}}$


$\mathbf {X}=(\mathbf {X}^1,\mathbf {X}^2)\in \Omega _\alpha (\mathbb {R}^d)$


$\tilde {\mathbf {X}}=(\tilde {\mathbf {X}}^1,\tilde {\mathbf {X}}^2)\in \Omega _\alpha (\mathbb {R}^d)$


$\rho _\alpha (\star , \cdot )$


\begin {equation*}\rho _\alpha (\mathbf {X}, \tilde {\mathbf {X}}):=\|\mathbf {X}^1-\tilde {\mathbf {X}}^1\|_{\alpha \mathrm {-hld}}+\|\mathbf {X}^2-\tilde {\mathbf {X}}^2\|^{1/2}_{2\alpha \mathrm {-hld}}.\end {equation*}


$({Y}, {Y}^{\dagger }, {R}^Y)$


$\mathbf {X} \in \Omega _\alpha \left (\mathbb {R}^d\right )$


\begin {equation*}Y_t-Y_s=Y_s^{\dagger } \cdot \mathbf {X}_{s, t}^1+R_{s, t}^Y {\quad }(0 \leq s \leq t \leq T)\end {equation*}


${Y} \in \mathcal {C}^{\alpha -\operatorname {hld}}\left ([0,T], \mathbb {R}^n\right ),$


$Y^{\dagger } \in \mathcal {C}^{\alpha -\operatorname {hld}}\left ([0,T], \mathcal {L}\left (\mathbb {R}^d, \mathbb {R}^n\right )\right ),$


$R^Y \in \mathcal {C}^{2\alpha -\operatorname {hld}}\left (\Delta , \mathbb {R}^n\right ).$


$\mathcal {L}(\mathbb {R}^d, \mathbb {R}^n)$


$\mathbb {R}^d$


$\mathbb {R}^n$


$\mathcal {Q}_{\mathbf {X}}^\alpha ([a, b], \mathbb {R}^n)$


$(Y, Y^{\dagger }, R^{Y})\in \mathcal {Q}_{\mathbf {X}}^\alpha ([a, b], \mathbb {R}^n)$


\begin {equation*}\|\left (Y, Y^{\dagger }, R^{Y}\right )\|_{\mathcal {Q}_{\mathbf {X}}^\alpha ,[a, b]}=\|Y^{\dagger }\|_{{\alpha -\operatorname {hld}},[a, b]}+\|R^{Y}\|_{{2\alpha -\operatorname {hld}},[a, b]}.\end {equation*}


$(Y, Y^{\dagger }, R^{Y})$


$(Y, Y^{\dagger })$


$(Y, Y^{\dagger })\in \mathcal {Q}_{\mathbf {X}}^\alpha ([a, b], \mathbb {R}^n)$


$(\tilde {Y}, \tilde {Y}^{\dagger })\in \mathcal {Q}_{\tilde {\mathbf {X}}}^\alpha ([a, b], \mathbb {R}^n)$


$d_{\mathbf {X}, \tilde {\mathbf {X}}, 2 \alpha }\big (Y, Y^{\dagger } ; \tilde {Y}, \tilde {Y}^{\dagger }\big ) \stackrel {\text {def }}{=}\big \|Y^{\dagger }-\tilde {Y}^{\dagger }\big \|_{\alpha -\operatorname {hld}}+\big \|R^Y-R^{\tilde {Y}}\big \|_{{2\alpha -\operatorname {hld}}}$


$\mathbf {X}$


$\mathbf {X}=\left (\mathbf {X}^1, \mathbf {X}^2\right )\in \Omega _\alpha (\mathbb {R}^d)$


$0<\beta <\alpha $


$f$


$g\in \operatorname {Mat}(n,d)$


$g\in C_b^{3}$


$C^3$


$3$


\begin {equation}\label {1-31} Y_t=\xi +\int _{0}^{t}f\left (Y_s\right ) ds+\int _{0}^{t}g\left (Y_s\right ) d \mathbf {X}_s.\end {equation}


\begin {equation*}\int _0^1 g\left (Y_s\right ) d \mathbf {X}_s \stackrel {\text {def }}{=} \lim _{|\mathcal {P}| \rightarrow 0} \sum _{[s, t] \in \mathcal {P}}\big (g\left (Y_s\right ) \mathbf {X}_{s, t}+g{\left (Y_s\right )}^{\dagger } \mathbf {X}^2_{s, t}\big ),\end {equation*}


$g{\left (Y_s\right )}^{\dagger }:=\nabla g\left (Y_s\right ) g\left (Y_s\right )$


$\mathcal {P}$


$[0,1]$


$|\mathcal {P}|$


$\mathcal {P}$


$(Y_t,Y_t^{\dagger })\in \mathcal {Q}_{\mathbf {X}}^\beta \left ([0, T], \mathbb {R}^{n}\right )$


$Y_t^{\dagger }=g(Y_t)$


$i\in \{1,\ldots ,n\}$


\begin {align}\int _0^T \sum _{j=1}^{d}g_{i,j}\left (Y_s\right ) d \mathbf {X}^j_s &\stackrel {\text {def }}{=} \lim _{|\mathcal {P}| \rightarrow 0} \sum _{[s, t] \in \mathcal {P}}\big (\sum _{j=1}^{d}g_{i,j}\left (Y_s\right ) \mathbf {X}^{1,j}_{s, t}\nonumber \\ &\quad {} +\sum _{j=1}^{d}\sum _{l=1}^{d}\sum _{k=1}^{n}\nabla ^{k}g_{i,j}\left (Y_s\right )g_{k,l}\left (Y_s\right ) \mathbf {X}^{2,j,l}_{s, t}\big ).\label {1-32}\end {align}


$\Box $


$\xi \in \mathbb {R}^n$


$\mathbf {X}=\left (\mathbf {X}^{1}, \mathbf {X}^{2}\right )\in \Omega _{\alpha }(\mathbb {R}^d)$


$1/3<\alpha <1/2$


$(Y; \sigma (Y))\in \mathcal {Q}_{\mathbf {X}}^\beta ([0, T], \mathbb {R}^n)$


$1/3<\beta <\alpha $


\begin {align}\label {2-39} dY=f(Y_t)dt+\sigma (Y_t) d \mathbf {X}_t, {\quad } Y_0=\xi \in \mathbb {R}^n.\end {align}


$f$


$\sigma \in C_b^3$


$(\tilde {Y}; \sigma (\tilde Y)) \in \mathcal {Q}_{\tilde {\mathbf {X}}}^\beta ([0, T], \mathbb {R}^n)$


$\tilde Y_0=\tilde \xi $


${\left \vert \kern -0.25ex\left \vert \kern -0.25ex\left \vert \mathbf {X} \right \vert \kern -0.25ex\right \vert \kern -0.25ex\right \vert }_{\alpha -\operatorname {hld}},{\left \vert \kern -0.25ex\left \vert \kern -0.25ex\left \vert \tilde {\mathbf {X}} \right \vert \kern -0.25ex\right \vert \kern -0.25ex\right \vert }_{\alpha -\operatorname {hld}}\le M<\infty $


\begin {align}\label {2-40} d_{\mathbf {X}, \tilde {\mathbf {X}}, 2 \beta }(Y, \sigma (Y) ; \tilde {Y}, \sigma (\tilde {Y})) \le C_M\big (|\xi -\tilde {\xi }|+\rho _\alpha (\mathbf {X}, \tilde {\mathbf {X}})\big ).\end {align}


\begin {align}\label {2-41} \|Y-\tilde {Y}\|_{\beta -\operatorname {hld}} \le C_M\big (|\xi -\tilde {\xi }|+\rho _\alpha (\mathbf {X}, \tilde {\mathbf {X}})\big ).\end {align}


$C_M=C(M,\alpha ,\beta ,L_f,\|\sigma \|_{C_b^3})>0$


$M,\alpha ,\beta ,L_f,\|\sigma \|_{C_b^3}$


$\alpha ,\beta $


$1/2$


$L_f$


$\|\sigma \|_{C_b^3}$


$f$


$\sigma $


${\left \vert \kern -0.25ex\left \vert \kern -0.25ex\left \vert \mathbf {X} \right \vert \kern -0.25ex\right \vert \kern -0.25ex\right \vert }_{\alpha -\operatorname {hld}},{\left \vert \kern -0.25ex\left \vert \kern -0.25ex\left \vert \tilde {\mathbf {X}} \right \vert \kern -0.25ex\right \vert \kern -0.25ex\right \vert }_{\alpha -\operatorname {hld}}\le M<\infty $


$C_M$


${\mathbf {B}}:=({\mathbf {B}}^1,{\mathbf {B}}^2)$


$b$


${f}_Y$


$g_Y\in C_b^3$


$\mathbf {B}$


\begin {equation}\label {2} dY_t={f}_Y\left (Y_t\right )dt+{g}_Y\left (Y_t\right )d{\mathbf {B}}_t {\quad } Y_0=y\in \mathbb {R}^d.\end {equation}


$b$


$\alpha $


$\alpha \in (\frac {1}{3},\frac {1}{2})$


${\mathbf {B}}:=({\mathbf {B}}^1,{\mathbf {B}}^2)$


$\mathbf {B}^1$


$\mathbf {B}^2$


${f}_Y$


$g_Y\in C_b^3$


$X:[0,T]\mapsto \mathbb {R}^d$


$N$


$\operatorname {Sig}^N:=(S^1, S^2,\ldots , S^N)$


$S^k$


$1\le k\le N$


\begin {align}\label {exm3} S_{s, t}^k=\int _{s<t_1<\cdots <t_k<t} {~d} X_{t_1} \otimes \cdots \otimes {~d} X_{t_k}\end {align}


\begin {align}\label {exm4} S_{s, t}^k=\lim _{m(D) \rightarrow 0} \sum _l \sum _{i=1}^{k-1} S_{s, t_{l-1}}^i \otimes S_{t_{l-1}, t_l}^{k-i}\end {align}


$\otimes $


$m(D)$


$1/3<\alpha <1/2$


$N: =\lfloor \frac {1}{\alpha }\rfloor =2$


$\lfloor a \rfloor $


$a$


$b$


$b$


$b$


\begin {equation}\label {34} dw_t={f}_\theta \left (w_t\right )dt+{g}_\theta \left (w_t\right )d\operatorname {Sig}^2{(b)}_t.\end {equation}


$\operatorname {Sig}^2$


\begin {align}\label {38} dw_t={f}_\phi \left (w_t\right )dt+{g}_\phi \left (w_t\right )d\operatorname {Sig}^2{(b)}_t.\end {align}


\begin {equation*}{h}_{t+\varepsilon } = h_t+ \varepsilon {f}_h\left (h_t,w_t\right )\end {equation*}


$t=1,\ldots ,T$


$h_t\in \mathbb {R}^{n}$


$t$


$w_t\in \mathbb {R}^{m}$


$t$


${{f}_h}$


$h_0$


$\varepsilon =1/T$


$T\to \infty $


\begin {equation}\label {1} \left \{\!\!\begin {array}{l} dw_t={f}_w\left (w_t\right )dt\\ dh_t={f}_h\left (t,h_t,w_t\right )dt, \end {array}\right .\end {equation}


$w_{t_0}=w_0$


$h_{t_0}=h_0$


$t$


$w_t$


$f_w$


$w_t$


$w:=(\hat w, \tilde w)\in \mathbb {R}^m$


$\hat w$


$\tilde w$


$w$


\begin {align}\label {43} \left \{\!\!\begin {array}{l} d\hat w_t=\hat {f}_p\left (\hat w_t\right )dt+\hat {g}_p\left (\hat w_t\right )d\operatorname {Sig}_t^2(b)\\ d\tilde w_t=\tilde {f}_p\left (\tilde w_t\right )dt, \end {array}\right .\end {align}


$\operatorname {Sig}^2=(\operatorname {Sig}^{2,1}, \operatorname {Sig}^{2,2})$


$\operatorname {Sig}^{2,1}$


$S^1$


$\operatorname {Sig}^{2,2}$


$S^2$


\begin {align}\label {29} \left \{\!\!\begin {array}{l} d\hat w_t=\hat {f}_p\left ( \hat w_t\right )dt+\hat {g}_p\left (\hat w_t\right )d\operatorname {Sig}^{2,1}{(b)}_t+\nabla _{\hat w} \hat {g}_p\left (\hat w_t\right )\hat {g}_p\left (\hat w_t\right )d\operatorname {Sig}^{2,2}{(b)}_t,\\ d\tilde w_t=\tilde {f}_p\left (\tilde w_t\right )dt. \end {array}\right .\end {align}


$\operatorname {Sig}^{2,1}(b)$


$\operatorname {Sig}^{2,2}(b)$


$\operatorname {Sig}^{2}(b)\in T^2(\mathbb {R}^d)$


$w_0\in \mathbb {R}^m$


\begin {align}\label {25} dw^p_t &=&{f}_p\left (w^p_t\right )dt+{g}_p\left (w^p_t\right )d\operatorname {Sig}^{2,1}{(b)}_t+\nabla _{\hat w} \hat {g}_p \hat {g}_p\left (w^p_t\right )d\operatorname {Sig}^{2,2}{(b)}_t\end {align}


\begin {align*}f_p:={(\tilde f_p, \hat f_p)}^{T},{\quad } g_p:=(\hat g_p, 0).\end {align*}


$h$


\begin {equation}\label {27} \left \{\begin {array}{l} dw^p_t={f}_p\left (w^p_t\right )dt+{g}_p\left (w^p_t\right )d\operatorname {Sig}^{2,1}{(b)}_t+\nabla _{\hat w} \hat {g}_p \hat {g}_pd\operatorname {Sig}_t^{2,2}(b)\\ dh_t={f}_h\left (t,h_t,w_t\right )dt. \end {array}\right .\end {equation}


$Z_t:={(w_t,h_t)}^T$


$Z_0:={(h_0,w_0)}^T$


$Z$


\begin {align}\label {3} dZ_t=F(t,Z_t)dt+G(Z_t)d\operatorname {Sig}_t^2(b)\end {align}


\begin {align*}F(t,Z)={({f}_w(w),{f}_h(t,h,w))}^T,{\quad } {G(Z_t)={( {g}_w(w),0)}^T},\end {align*}


${f}_h,{f}_w,{g}_w$


$f_w$


$g_w$


\begin {align}\label {33} \left \{\begin {array}{l} d\hat w^{p,i}_t =\hat {f}^i_p\left (\hat w^p_t\right )dt+\sum _{j=1}^{d}\sigma \sin (1+\xi (\hat w))d\operatorname {Sig}_t^{2,1,j}(b)\\ {\quad }{\quad } \qquad +\sigma ^2\sum _{j=1}^{d}\sum _{k=1}^{d}\sin (1+\xi (\hat w_t))\cos (1+\xi (\hat w_t))d\operatorname {Sig}_t^{2,2,j,k}(b)\\ d\tilde w_t=\tilde {f}_p\left (\tilde w_t\right )dt. \end {array}\right .\end {align}


$f_p$


$g_p$


$m_1$


$d$


$b$


$f_p(w)=-w$


$\hat g^{i,j}_p(w)=\sigma \sin (1+\xi (\hat w))$


$\xi (w)=\frac {1}{m_1}\sum _{i=1}^{m_1}w^i$


$i=\{1,\ldots ,m_1\}$


$j=\{1,\ldots ,d\}$


$i\in \{1,\ldots ,m_1\}$


\begin {align}d\hat w^{p,i}_t &=\hat {f}^i_p\left (\hat w^p_t\right )dt+{\{\hat {g}_pd\operatorname {Sig}_t^{2}(b)\}}^i\nonumber \\ &=\hat {f}^i_p\left (\hat w^p_t\right )dt+\sum _{j=1}^{d}{\hat g}^{i,j}_p\left (\hat w^p_t\right )d\operatorname {Sig}_t^{2,1,j}(b)\nonumber \\ &\quad {}+\sum _{j=1}^{d}\sum _{l=1}^{d}\sum _{k=1}^{m_1}\nabla _{\hat w^k}{\hat g}^{i,j}_p\left (\hat w^p_t\right ){\hat g}^{k,l}_p\left (\hat w^p_t\right )d\operatorname {Sig}_t^{2,2,j,l}(b),\label {eq21}\end {align}


$\nabla _{\hat w^k}{\hat g}^{i,j}_p$


${\hat g}^{i,j}_p$


$\hat w$


$\hat f_p(\hat w)=-\hat w$


$\hat g_p(\hat w)=\sigma \sin (1+\xi (\hat w))$


$\nabla _{\hat w^k}{\hat g}^{i,j}_p=\frac {\sigma \cos (1+\xi (\hat w))}{m_1}$


$1\le k\le m_1$


\begin {align}d\hat w^{p,i}_t &= \hat {f}^i_p\left (\hat w^p_t\right )dt+{\{\hat {g}_p\left (\hat w^p_t\right )d\operatorname {Sig}_t^{2}(b)\}}^i\nonumber \\ &=\hat {f}^i_p\left (\hat w^p_t\right )dt+\sum _{j=1}^{d}\sigma \sin (1+\xi (\hat w_t))d\operatorname {Sig}_t^{2,1,j}(b)\nonumber \\ &\quad {}+\sigma ^2\sum _{j=1}^{d}\sum _{k=1}^{d}\cos (1+\xi (\hat w_t))\sin (1+\xi (\hat w_t))d\operatorname {Sig}_t^{2,2,j,k}(b).\label {22}\end {align}


\begin {align}f_q(w_t)&=NN_\phi -f_p(w_t),\nonumber \\ {g}_q(w_t)&=NN_\psi -\hat g_p(w_t)\nonumber \\ G_q(w_t)&=NN_\kappa -\nabla \hat g_p(w_t)\hat g_p(w_t)\label {26}\end {align}


$NN_\phi $


$NN_\psi $


$NN_\kappa $


$\phi $


$\psi $


$\kappa $


\begin {align}\label {37} d w^q_t&=f_q( w^q_t)dt+g_q( w^q_t)d\operatorname {Sig}^{2,1}{(b)}_t+G_q( w^q_t)d\operatorname {Sig}^{2,2}{(b)}_t.\end {align}


\begin {align}d w^q_t&=(NN_\phi -f_p( w^q_t))dt+(NN_\psi -\hat g_p(w^q_t)\operatorname {Sig}^{2,1}{(b)}_t\nonumber \\ &\quad {}+(NN_\kappa -\nabla \hat g_p(w^q_t)\hat g_p(w^q_t))d\operatorname {Sig}^{2,2}{(b)}_t.\label {28}\end {align}


$x$


$\hat {\theta }$


$\hat {h}$


$h$


$\hat {h}$


${h}$


$\rho ( h,\hat h)$


$w_p$


$(\hat w_t,\tilde w_t,h_t)$


$h$


$\operatorname {Sig}^N(b)$


$i=0,\ldots ,N$


$(\hat w^0_{0},\tilde w^0_{0})=(\hat w_p,\tilde w_p)$


$h^0_0=h_0$


$k(t)=0,\Delta (t),2\Delta (t),\ldots ,1$


$\hat w^i_{k(t)+\Delta (t)}=\hat w^i_{k(t)}+f_{q}(\hat w^i_{k(t)})\Delta (t)+g_{q}(\hat w^i_{k(t)}){{\operatorname {Sig}_{{k(t)}, k(t)+\Delta (t)}^2}(b)}$


$\tilde w^i_{k(t)+\Delta (t)}=\tilde w^i_{k(t)}+f_{q}(\tilde w^i_{k(t)})\Delta (t)$


$h^i_{k(t)+\Delta (t)}=h^i_{k(t)}+f^i_{h}(h^i_{k(t)},w^i_{k(t)})\Delta (t)$


$\Delta (t)$


$[0,1]$


$L=\rho (h,\hat h)$


$f_q,g_q,f_h$


$(\hat w,\tilde w,h)$


$f_q$


$g_q$


$f_h$


$w_t$


$w$


$\dag $


$\uparrow $


$\times 10^{-2}$


$\downarrow $


$\text {ResNet32}^\dagger $


$\pm $


$\pm $


$\text {ODEnet}^\dagger $


$\pm $


$\pm $


$\text {HyperODEnet}^\dagger $


$\pm $


$\pm $


$\text {MFVI ResNet32}^\dagger $


$\pm $


$\pm $


$\text {MFVI}^\dagger $


$\text {Deep Ensemble}^\dagger $


$\text {HMC(``gold standard'')}^\dagger $


$\text {MFVI ODEnet}^\dagger $


$\pm $


$\pm $


$\text {MFVI HyperODEnet}^\dagger $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$26.7\%$


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$\pm $


$D = D_h + D_w$


$D_h$


$D_w$


$h_t$


$w_t$


$w_t$


$D_{w-input}$


$\mathcal {O}((F(D)+D_w)T)$


$\mathcal {O}((F(D)+D_w)T)$


$\mathcal {O}((F(D)+(D^2_{b}D_{w-input}))T_1)$


$d t$


$O(F(D)T)$


$T$


$F(D)$


$f_w$


$f_h$


$O(F(D)T_1)$


$T_1$


$T$


$db_t$


$\mathcal {O}(D_wT)$


$\mathcal {O}((D^2_{b}D_{w-input}) T_1)$


$D_b$


$(D^2_{b}D_{w-input})$


$T_1 < T$


$D^2_{b}D_{w-input}$


$D_w$
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By leveraging the advantages of Bayesian inference in the 

continuous-depth neural network, the continuous-depth Bayesian neu­

ral network was introduced, leading to the development of the Bayesian 

neural ODE [13,53]. This model was further extended by assuming that 

the network’s weights follow an Ornstein-Uhlenbeck stochastic process, 

which is updated using stochastic variational inference (SVI). In this ap­

proach, both the network parameters and the output layer’s state are 

jointly solved using a stochastic differential equation (SDE) solver, mak­

ing it also known as the BNN-SDE model [52]. This framework supports 

advanced applications such as the counterfactual ODE model [15], the 

Bayesian neural controlled differential equation (BNCDE) for estimating 

treatment effects in continuous time [25], and large eddy simulation 

(LES) in turbulence closure modeling [4].

However, full stochasticity in Bayesian neural networks (BNNs) can 

be computationally expensive during both training and inference, and 

it may not always be necessary [14,33]. Both theoretical and empir­

ical evidence suggests that partial stochasticity can effectively reduce 

computational complexity while preserving the benefits of uncertainty 

quantification associated with full stochasticity [49]. The challenge 

of selecting non-stochastic components within partially stochastic net­

works is addressed by the variational Bayesian last layers approach [24]. 

Building on these insights, the partially BNN-SDE model is proposed, 

which integrates the flexibility of continuous-depth networks with par­

tial stochasticity, offering a balance between computational efficiency 

and uncertainty estimation [10].

Nevertheless, the aforementioned neural SDE architecture introduces 

additional randomness, which may compromise the reliability and ro­

bustness of the model. Rough path (RP) theory was first proposed by 

Terry Lyons [39]. RP theory constitutes a new form of integral theory, 

which is in fact an extension of the Young integral theory. The objective 

is to resolve the issue of paths which are of “poor regularity”, with a par­

ticular focus on non-differentiable paths. Indeed, it is a well-established 

fact that the sample paths of stochastic processes are non-differentiable. 

To illustrate this point, consider the example of Brownian motion, a 

classic stochastic process that is non-differentiable. When we consider 

random problems from the perspective of RPs, we can see that they could 

provide a pathwise framework; in other words, they could effectively 

realize randomness compression for stochastic processes. Besides, the 

signature transform, which is a key tool from RP, could capture a com­

prehensive set of statistics from paths. This transformation offers several 

advantages, such as training speed-ups and reduced memory require­

ments especially when tackling long time series [35,36,40] and irregular 

time series [9]. Moreover, the signature method has been shown to 

outperform graph convolutional neural networks (GCNs) in analyzing 

slow earthquake sequences [47]. Based on this, the signature kernel 

is proposed. This signature kernel, which is treated as covariances for 

Gaussian processes, is also applied in Bayesian learning from sequen­

tial data [51]. The signature kernel is a symmetric positive semidefinite 

function defined for any pair of paths, providing a powerful tool for 

comparing path data [29,44,48]. Additionally, it has been shown that a 

recurrent neural network (RNN) can be formulated as a signature kernel 

method within a suitable reproducing kernel Hilbert space (RKHS) [20]. 

For further developments and applications of RP theory, more details 

can be found in [5,19].

Considering that RPs can reduce the instability caused by inher­

ent randomness while achieving the effects of stochastic processes, we 

propose a novel approach that combines the signature transform with 

partially Bayesian neural networks. Specifically, we assume that the 

weights in the input layer are governed by differential equations driven 

by the signature associated with Brownian motion, while the weights 

in other layers are governed by ordinary differential equations. These 

weights are updated using the approximate Bayesian computation (ABC) 

method [17,18]. Hence, our model accounts for the inherent randomness 

while preserving robustness which other SDE models lack, by leverag­

ing the signature method. The model class that we refer to is called the 

BNN-RDE model. With this approach, the state of the output layer and 

the network’ parameters can be computed by an Euler solver together. 

Our contributions to the field are summarised as follows:

• We introduce the signature transform to characterise the stochastic­

ity in continuous-time neural models, extending the current frame­

work of continuous Bayesian neural networks and their descendants.

• We present a comprehensive mathematical framework that incor­

porates stochasticity into the weight evolution of infinitely deep 

Bayesian neural networks via the signature transform.

• We demonstrate that our rough differential equation models outper­

form stochastic networks in terms of reliability and robustness while 

still capturing the inherent stochasticity, highlighting that a more 

efficient application of deep signature methods is possible.

In Section 2, we review the neural ODE and SDE models. Section 3 

introduces the rough path and related theory. Section 4 presents the 

proposed model: a partially infinitely deep BNN with the signature 

framework. Section 5 reports on the performance of our BNN-RDE model 

in image classification (CIFAR-10) and its robustness to input corruption 

(CIFAR-10C). Finally, Section 6 contains some conclusions and details 

of future work.

2 . Background

In this section, we recall the neural ODE model and the SDE model.

2.1 . Neural ODE

By taking the infinity of residual layers in the ResNet, Chen proposed 

a neural ODE model [8] which consists of a continuous-time hidden state 

given by a neural network, mathematically, 

𝑑ℎ𝑡
𝑑𝑡

= 𝑓𝜃(𝑡, ℎ𝑡) (2.1)

with ℎ𝑡0 = ℎ0. Here, ℎ𝑡 is the hidden state at layer 𝑡 and 𝑓𝜃  should be de­

fined by a neural network with parameter 𝜃 and preserve the dimension 

of ℎ. Note that 𝑓𝜃  should satisfy the Lipschitz condition. Hence, evolving 

these dynamics over a finite time interval is equivalent to propagating 

the input through a residual network with infinite depth. Specifically, 

the adaptive ordinary differential equation (ODE) solvers enable the 

balancing of evaluation speed and precision.

2.2 . Neural SDE

When a dataset is given, there are often many functions that can 

fit the data well, where a neural network with different parameters 

will express each one. Unlike traditional neural networks, the Bayesian 

framework does not provide point estimates of parameters, but rather 

portrays the uncertainty of these parameters through probability dis­

tributions, precisely, learning as posterior inference. To incorporate 

stochasticity into a continuous-time framework and make it well-suited 

to modeling infinitely deep networks in a Bayesian setting, the neural 

SDE model [52] is proposed in which the prior for parameters satisfies 

the following SDE, 

𝑑𝑤𝑡 = 𝑓𝑝
(

𝑡, 𝑤𝑡
)

𝑑𝑡 + 𝑔𝑝
(

𝑡, 𝑤𝑡
)

𝑑𝑏𝑡. (2.2)

Here, 𝑏 is standard 𝑑-dimensional Brownian motion, 𝑓𝑝 is assumed to be 

a linear function for 𝑤, and 𝑔𝑝 is assumed to be a constant matrix. Then 

the approximate posterior is parametrized by the following SDE: 

𝑑𝑤𝑡 = 𝑓𝑞
(

𝑡, 𝑤𝑡, 𝜃
)

𝑑𝑡 + 𝑔𝑞
(

𝑡, 𝑤𝑡
)

𝑑𝑏𝑡. (2.3)

𝑓𝑞  is also Lipschtiz and defined as a neural network with parameter 

𝜃. Then, 𝜇𝑝, 𝜇𝑞  are denoted the prior and posterior measures on the 

path space. Note that 𝑔𝑞  does not need to be updated only the con­

stant matrices. They adopted stochastic variational inference (SVI) and 
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Kullback–Leibler (KL) divergence to parameterise the weights on path 

space,

𝐷KL

(

𝜇𝑞‖𝜇𝑝
)

= E𝑞𝜃 (𝑤)

[

∫

1

0

1
2
‖

‖

‖

𝑢𝜃
(

𝑡, 𝑤𝑡
)

‖

‖

‖

2

2
𝑑𝑡

]

where

𝑢𝜃
(

𝑡, 𝑤𝑡
)

= 𝑔𝑝
(

𝑡, 𝑤𝑡
)−1 [𝑓𝑞

(

𝑡, 𝑤𝑡; 𝜃
)

− 𝑓𝑝
(

𝑡, 𝑤𝑡
)]

.

Here, the expectation is taken under the approximate posterior, denoted 

𝑞𝜃 . Here, the KL divergence, which aims to measure the difference be­

tween two probability distributions over the same random variable, has 

been popularly used [1,7].

3 . Rough path and rough differential equations

RP theory is a new form of integral theory and an extension of 

Young’s theory. The objective is to address the issue of “poor regularity” 

paths, especially non-differentiable paths. In this section, we review the 

RP theory.

3.1 . Rough path theory

Before introducing our model, we first provide the definition of RP. 

Here, we use the Hölder exponent to evaluate the level of roughness of 

the path. A smaller Hölder exponent indicates a rougher path, or “poorer 

regularity”. We will now define the Hölder norm.

Set [𝑎, 𝑏] ⊂ [0, 𝑇 ] and Δ[𝑎,𝑏] ∶= {(𝑠, 𝑡) ∈ R2
|𝑎 ≤ 𝑠 ≤ 𝑡 ≤ 𝑏}. We write Δ

simply when [𝑎, 𝑏] = [0, 𝑇 ]. For 𝜂 ∈ (0, 1], denote C𝜂−hld([𝑎, 𝑏],R𝑑 ) as the 

space of 𝜂-Hölder continuous functions 𝜑 ∶ [𝑎, 𝑏] → R𝑑 , equipped with 

the semi-norm

‖𝜑‖𝜂−hld,[𝑎,𝑏] ∶= sup
𝑎≤𝑠<𝑡≤𝑏

|𝜑𝑡 − 𝜑𝑠|
(𝑡 − 𝑠)𝜂

<∞.

The Banach norm in C𝜂−hld([𝑎, 𝑏],R𝑑 ) is |𝜑𝑎|R𝑑 + ‖𝜑‖𝜂−hld,[𝑎,𝑏].
Then, we give the definition of RP.

Definition 3.1. [[21], Section 2] A continuous map

𝐗 =
(

1,𝐗1,𝐗2) ∶ Δ → 𝑇 2(R𝑑 ) = R⊕ R𝑑 ⊕ (R𝑑 )⊗2,

is said to be an R𝑑 -valued RP of roughness 2 if it satisfies the following 

conditions,

(Condition A): For any 𝑠 ≤ 𝑢 ≤ 𝑡,

𝐗𝑠,𝑡 = 𝐗𝑠,𝑢 ⊗ 𝐗𝑢,𝑡

where ⊗ stands for the tensor product.

(Condition B): ‖𝐗1
‖𝛼−hld < ∞ and ‖𝐗2

‖2𝛼−hld < ∞.

Obviously, the 0-th element 1 is omitted and we denote the RP by 

𝐗 = (𝐗1,𝐗2). The set of all R𝑑−valued RPs with 1∕3 < 𝛼 < 1∕2 is denoted 

by Ω𝛼(R𝑑 ). The Condition A is equivalent to

𝐗2
𝑠,𝑡 − 𝐗2

𝑠,𝑢 − 𝐗2
𝑢,𝑡 = 𝐗1

𝑠,𝑢 ⊗ 𝐗1
𝑢,𝑡

for any 𝑠 ≤ 𝑢 ≤ 𝑡 which is according to the tensor product. We set 

|||𝐗|||𝛼−hld ∶= ‖𝐗1
‖𝛼−hld + ‖𝐗2

‖

1∕2
2𝛼−hld and for different RPs 𝐗 = (𝐗1,𝐗2) ∈

Ω𝛼(R𝑑 ) and 𝐗̃ = (𝐗̃1, 𝐗̃2) ∈ Ω𝛼(R𝑑 ), we denote its distance by 𝜌𝛼(⋆, ⋅)
which is defined as following:

𝜌𝛼(𝐗, 𝐗̃) ∶= ‖𝐗1 − 𝐗̃1
‖𝛼−hld + ‖𝐗2 − 𝐗̃2

‖

1∕2
2𝛼−hld.

In fact, the RP is the driving path in our model. According to the RP 

theory, the differential equations driven by RP are considered a type of 

controlled RP. We then provide the definition of controlled RP and more 

details can be found in [21].

Definition 3.2. A triple (𝑌 , 𝑌 †, 𝑅𝑌 ) is called a controlled path of refer­

ence RP 𝐗 ∈ Ω𝛼
(

R𝑑
)

, if

𝑌𝑡 − 𝑌𝑠 = 𝑌 †
𝑠 ⋅ 𝐗1

𝑠,𝑡 + 𝑅
𝑌
𝑠,𝑡 (0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 )

where

(1) 𝑌 ∈ C𝛼−hld ([0, 𝑇 ],R𝑛) ,
(2) 𝑌 † ∈ C𝛼−hld

(

[0, 𝑇 ],L
(

R𝑑 ,R𝑛
))

,
(3) 𝑅𝑌 ∈ C2𝛼−hld (Δ,R𝑛) .

Here, we denote L(R𝑑 ,R𝑛) as the set of bounded linear maps from R𝑑
to R𝑛.

Denote the controlled RP space by Q𝛼𝐗([𝑎, 𝑏],R
𝑛) and the semi-norm 

of the controlled RP (𝑌 , 𝑌 †, 𝑅𝑌 ) ∈ Q𝛼𝐗([𝑎, 𝑏],R
𝑛) as

‖

(

𝑌 , 𝑌 †, 𝑅𝑌
)

‖Q𝛼𝐗 ,[𝑎,𝑏]
= ‖𝑌 †

‖𝛼−hld,[𝑎,𝑏] + ‖𝑅𝑌 ‖2𝛼−hld,[𝑎,𝑏].

In the following, (𝑌 , 𝑌 †, 𝑅𝑌 ) is replaced by (𝑌 , 𝑌 †) for simplicity. For dif­

ferent controlled RPs (𝑌 , 𝑌 †) ∈ Q𝛼𝐗([𝑎, 𝑏],R
𝑛) and (𝑌 , 𝑌 †) ∈ Q𝛼

𝐗̃
([𝑎, 𝑏],R𝑛), 

their distance is denoted by 𝑑𝐗,𝐗̃,2𝛼
(

𝑌 , 𝑌 †; 𝑌 , 𝑌 †) def 
= ‖

‖

‖

𝑌 † − 𝑌 †‖
‖

‖𝛼−hld
+

‖

‖

‖

𝑅𝑌 − 𝑅𝑌 ‖‖
‖2𝛼−hld

.

Then we give the statement of the solution to the rough differential 

equation (RDE) driven by RP 𝐗.

Proposition 3.3. Let RP 𝐗 =
(

𝐗1,𝐗2) ∈ Ω𝛼(R𝑑 ) and 0 < 𝛽 < 𝛼. Assume 

𝑓  is Lipschitz continuous, 𝑔 ∈ Mat(𝑛, 𝑑) and 𝑔 ∈ 𝐶3
𝑏  (the set of 𝐶3-bounded 

functions whose derivatives up to order 3 are also bounded). There exists a 

unique solution to the RDE, 

𝑌𝑡 = 𝜉 + ∫

𝑡

0
𝑓
(

𝑌𝑠
)

𝑑𝑠 + ∫

𝑡

0
𝑔
(

𝑌𝑠
)

𝑑𝐗𝑠. (3.1)

where

∫

1

0
𝑔
(

𝑌𝑠
)

𝑑𝐗𝑠
def 
= lim

|P|→0

∑

[𝑠,𝑡]∈P

(

𝑔
(

𝑌𝑠
)

𝐗𝑠,𝑡 + 𝑔
(

𝑌𝑠
)†𝐗2

𝑠,𝑡
)

,

where 𝑔
(

𝑌𝑠
)† ∶= ∇𝑔

(

𝑌𝑠
)

𝑔
(

𝑌𝑠
)

, P is the partition of the time interval 

[0, 1] and the mesh |P| denotes the length of the largest element of P . Then, 

(𝑌𝑡, 𝑌
†
𝑡 ) ∈ Q𝛽𝐗 ([0, 𝑇 ],R𝑛) is a controlled RP, where the Gubinelli derivative 

is 𝑌 †
𝑡 = 𝑔(𝑌𝑡).
Precisely speaking, for every 𝑖 ∈ {1,… , 𝑛},

∫

𝑇

0

𝑑
∑

𝑗=1
𝑔𝑖,𝑗

(

𝑌𝑠
)

𝑑𝐗𝑗𝑠
def 
= lim

|P|→0

∑

[𝑠,𝑡]∈P

(

𝑑
∑

𝑗=1
𝑔𝑖,𝑗

(

𝑌𝑠
)

𝐗1,𝑗
𝑠,𝑡

+
𝑑
∑

𝑗=1

𝑑
∑

𝑙=1

𝑛
∑

𝑘=1
∇𝑘𝑔𝑖,𝑗

(

𝑌𝑠
)

𝑔𝑘,𝑙
(

𝑌𝑠
)

𝐗2,𝑗,𝑙
𝑠,𝑡

)

. (3.2)

Proof. Under above conditions, one can deduce the existence and 

uniqueness of the solution to the RDE with unbounded drift term, which 

is an application of [46, Theorem 3.1] or [37, Theorem 3.7]. □

Theorem 3.4. (Universal approximation theorem) Let 𝜉 ∈ R𝑛 and 𝐗 =
(

𝐗1,𝐗2) ∈ Ω𝛼(R𝑑 ) with 1∕3 < 𝛼 < 1∕2. Assume (𝑌 ; 𝜎(𝑌 )) ∈ Q𝛽𝐗([0, 𝑇 ],R
𝑛)

with 1∕3 < 𝛽 < 𝛼 be the (unique) solution to the following RDE

𝑑𝑌 = 𝑓 (𝑌𝑡)𝑑𝑡 + 𝜎(𝑌𝑡)𝑑𝐗𝑡, 𝑌0 = 𝜉 ∈ R𝑛. (3.3)

Here, 𝑓  is globally bounded and Lipschitz continuous and 𝜎 ∈ 𝐶3
𝑏 . Similarly, 

let (𝑌 ; 𝜎(𝑌 )) ∈ Q𝛽
𝐗̃
([0, 𝑇 ],R𝑛) with 𝑌0 = 𝜉. Assume |||𝐗|||𝛼−hld, ||||||𝐗̃||||||𝛼−hld ≤

𝑀 < ∞. Then, we have the following (local) Lipschitz estimates:

𝑑𝐗,𝐗̃,2𝛽 (𝑌 , 𝜎(𝑌 ); 𝑌 , 𝜎(𝑌 )) ≤ 𝐶𝑀
(

|𝜉 − 𝜉| + 𝜌𝛼(𝐗, 𝐗̃)
)

. (3.4)

and

‖𝑌 − 𝑌 ‖𝛽−hld ≤ 𝐶𝑀
(

|𝜉 − 𝜉| + 𝜌𝛼(𝐗, 𝐗̃)
)

. (3.5)

Here, 𝐶𝑀 = 𝐶(𝑀,𝛼, 𝛽, 𝐿𝑓 , ‖𝜎‖𝐶3
𝑏
) > 0 is a constant depending on 

𝑀,𝛼, 𝛽, 𝐿𝑓 , ‖𝜎‖𝐶3
𝑏
. In fact, 𝛼, 𝛽 are constants smaller than 1∕2. 𝐿𝑓  and 
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‖𝜎‖𝐶3
𝑏
 are Lipschitz constant for 𝑓  and bounded constant for the deriva­

tives up to 3 of the coefficient 𝜎 respectively. Therefore, the above can be 

controlled by a uniform constant. Then if |||𝐗|||𝛼−hld, ||||||𝐗̃||||||𝛼−hld ≤𝑀 < ∞, it 

is not too difficult to choose a constant that makes 𝐶𝑀  bounded.

Proof. The proof is a small extension of [21, Theorem 8.5]. □

Proposition 3.5. Let 𝐁 ∶= (𝐁1,𝐁2) be the RP lifted by standard Brownian 

motion 𝑏. Assume that 𝑓𝑌  satisfies Lipschitz condition and 𝑔𝑌 ∈ 𝐶3
𝑏 . Consider 

the following RDE driven by RP 𝐁, 

𝑑𝑌𝑡 = 𝑓𝑌
(

𝑌𝑡
)

𝑑𝑡 + 𝑔𝑌
(

𝑌𝑡
)

𝑑𝐁𝑡 𝑌0 = 𝑦 ∈ R𝑑 . (3.6)

In fact, the solution to (3.6) coincides with that to the SDE driven by Brownian 

motion.

Proof. It is well-known that the sample paths of standard Brownian 

motion 𝑏 are 𝛼-Hölder continuous (𝛼 ∈ ( 13 ,
1
2 )) almost surely. So the 

Brownian motion could be lifted to RP 𝐁 ∶= (𝐁1,𝐁2) [[21], Section 3. 

Here, 𝐁1 is called the first-level path which is the sample path of 

Brownian motion, and 𝐁2 is called the second-level path which could 

be well-defined by the Itô or Stratonovich integral. According to the 

Proposition 3.3, if the unbounded drift coefficient 𝑓𝑌  satisfies the 

Lipschitz condition and 𝑔𝑌 ∈ 𝐶3
𝑏 , there exists a unique global solution to

(3.6). According to the result [21, Proposition 5.1], the solution to (3.6) 

coincides with that to the SDE driven by Brownian motion. □

The above results show that it is reasonable to consider the system 

driven by Brownian motion under the RP framework.

3.2 . Prior process with rough differential equations driven by signature

For any continuous path 𝑋 ∶ [0, 𝑇 ] ↦ R𝑑  that satisfies the Lipschitz 

condition, one can construct its 𝑁-roughness path, denoted Sig𝑁 ∶=
(𝑆1, 𝑆2,… , 𝑆𝑁 ), where 𝑆𝑘 is computed as follows: for any 1 ≤ 𝑘 ≤ 𝑁 .

𝑆𝑘𝑠,𝑡 = ∫𝑠<𝑡1<⋯<𝑡𝑘<𝑡
𝑑𝑋𝑡1 ⊗⋯⊗ 𝑑𝑋𝑡𝑘 (3.7)

that is

𝑆𝑘𝑠,𝑡 = lim
𝑚(𝐷)→0

∑

𝑙

𝑘−1
∑

𝑖=1
𝑆𝑖𝑠,𝑡𝑙−1 ⊗𝑆𝑘−𝑖𝑡𝑙−1 ,𝑡𝑙

(3.8)

where ⊗ stands for the tensor product and 𝑚(𝐷) is the size of the par­

tition. We also provide an example of how to calculate the signature in 

Example 6.1 of the supplementary material.

According to the Kolmogorov continuity theorem, the sample paths 

of the Brownian motion are 1∕3 < 𝛼 < 1∕2-Hölder continuous almost 

surely. Then, based on the Proposition 3.5, to give the signature from 

Brownian motion, it is sufficient to choose 𝑁 ∶= ⌊

1
𝛼 ⌋ = 2 (⌊𝑎⌋ denotes 

the integer not greater than 𝑎). The signature of the linear interpola­

tion of Brownian motion 𝑏 (still denoted by 𝑏) could be constructed via

(3.7). Then, due to the result (3.6), it is natural to consider the stochastic 

system with Brownian motion under the RP framework.

Hence, we assume that the prior process satisfies the following RDE 

driven by the signature transform of Brownian motion 𝑏, 

𝑑𝑤𝑡 = 𝑓𝜃
(

𝑤𝑡
)

𝑑𝑡 + 𝑔𝜃
(

𝑤𝑡
)

𝑑 Sig2 (𝑏)𝑡. (3.9)

It is clear that the stochasticity is contained in the signature transform in 

the prior process. Sig2. Then, the approximate posterior will be given by

𝑑𝑤𝑡 = 𝑓𝜙
(

𝑤𝑡
)

𝑑𝑡 + 𝑔𝜙
(

𝑤𝑡
)

𝑑 Sig2 (𝑏)𝑡. (3.10)

We will use the ABC method to approximate the posterior distribution by 

running repeated simulations and comparing the results with observed 

data, avoiding the explicit calculation of the likelihood function.

4 . Our model: BNN-RDE model

The conventional discrete-depth ResNet model can be written as 

follows:

ℎ𝑡+𝜀 = ℎ𝑡 + 𝜀𝑓ℎ
(

ℎ𝑡, 𝑤𝑡
)

where 𝑡 = 1,… , 𝑇  are the layer index, ℎ𝑡 ∈ R𝑛 is a vector of hidden unit 

activations at layer 𝑡, 𝑤𝑡 ∈ R𝑚 is the weight matrix for each layer 𝑡 and 

𝑓ℎ is an arbitrary neural network. Here, ℎ0 is the input. Then, following 

the Neural ODE idea [8], it allows to construct the continuous analog of 

the ResNet: take 𝜀 = 1∕𝑇  and the number of layers 𝑇 → ∞, then 

{

𝑑𝑤𝑡 = 𝑓𝑤
(

𝑤𝑡
)

𝑑𝑡
𝑑ℎ𝑡 = 𝑓ℎ

(

𝑡, ℎ𝑡, 𝑤𝑡
)

𝑑𝑡,
(4.1)

with 𝑤𝑡0 = 𝑤0 and ℎ𝑡0 = ℎ0. The above process yields a differential 

equation that describes the evolution of the hidden unit as a function of 

the depth variable 𝑡. 𝑤𝑡 denotes the standard residual networks, which 

are characterised by different layerwise “weights” Here, a hypernetwork 

𝑓𝑤 is introduced that specifies the change in weights as a function of 

depth and the current weights. Finally, the evolution of the hidden state 

and weights can be combined using an ordinary differential equation 

that incorporates the sum of the dimensions of the hidden state and 

weights.

Prior process  Our approach involves performing Bayesian infer­

ence on the weight process 𝑤𝑡, which includes specifying a suitable prior 

process followed by approximate Bayesian computation. Hence, accord­

ing to Section 3.2, our prior process is assumed to be as in Eq. (3.9). 

However, full stochasticity is too heavy and not necessary in Bayesian 

neural networks [49]. Now we assume that only the input layer of the 

prior process is random but the other layers are fully deterministic. 

Denote the prior process by 𝑤 ∶= (𝑤̂, 𝑤̃) ∈ R𝑚 where 𝑤̂ and 𝑤̃ denote 

the input layer and other layers separately. We assume the prior process 

𝑤 follows differential equations driven by signature transform,

{

𝑑𝑤̂𝑡 = 𝑓𝑝
(

𝑤̂𝑡
)

𝑑𝑡 + 𝑔̂𝑝
(

𝑤̂𝑡
)

𝑑 Sig2𝑡 (𝑏)
𝑑𝑤̃𝑡 = 𝑓𝑝

(

𝑤̃𝑡
)

𝑑𝑡,
(4.2)

where the integral in the right-hand side of (4.2) is pathwise. Here, 

Sig2 = (Sig2,1,Sig2,2) where Sig2,1 could be constructed by 𝑆1 in (3.8), 

respectively, Sig2,2 could be constructed by 𝑆2 in (3.8). In other words, 

it could be rewritten as below:

{

𝑑𝑤̂𝑡 = 𝑓𝑝
(

𝑤̂𝑡
)

𝑑𝑡 + 𝑔̂𝑝
(

𝑤̂𝑡
)

𝑑 Sig2,1 (𝑏)𝑡 + ∇𝑤̂𝑔̂𝑝
(

𝑤̂𝑡
)

𝑔̂𝑝
(

𝑤̂𝑡
)

𝑑 Sig2,2 (𝑏)𝑡,
𝑑𝑤̃𝑡 = 𝑓𝑝

(

𝑤̃𝑡
)

𝑑𝑡.
(4.3)

Here, Sig2,1(𝑏) and Sig2,2(𝑏) are called the first-level path and second-

level path of signature Sig2(𝑏) ∈ 𝑇 2(R𝑑 ) separately. Note that 𝑤0 ∈ R𝑚.

Then the prior process RDE will be rewritten in the following sense,

𝑑𝑤𝑝𝑡 = 𝑓𝑝
(

𝑤𝑝𝑡
)

𝑑𝑡 + 𝑔𝑝
(

𝑤𝑝𝑡
)

𝑑 Sig2,1 (𝑏)𝑡 + ∇𝑤̂𝑔̂𝑝𝑔̂𝑝
(

𝑤𝑝𝑡
)

𝑑 Sig2,2 (𝑏)𝑡
(4.4)

where

𝑓𝑝 ∶= (𝑓𝑝, 𝑓𝑝)
𝑇 , 𝑔𝑝 ∶= (𝑔̂𝑝, 0).

By combining (4.4) and ℎ in (4.1), our proposed BNN-RDE model can 

be rewritten as follows, 

{

𝑑𝑤𝑝𝑡 = 𝑓𝑝
(

𝑤𝑝𝑡
)

𝑑𝑡 + 𝑔𝑝
(

𝑤𝑝𝑡
)

𝑑 Sig2,1 (𝑏)𝑡 + ∇𝑤̂𝑔̂𝑝𝑔̂𝑝𝑑 Sig
2,2
𝑡 (𝑏)

𝑑ℎ𝑡 = 𝑓ℎ
(

𝑡, ℎ𝑡, 𝑤𝑡
)

𝑑𝑡.
(4.5)

Considering the partial stochasticity, the number of parameters in our 

model is significantly.
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Fig. 1. BNN-SDE, BNN-RDE(our proposed) models.

Then, take 𝑍𝑡 ∶= (𝑤𝑡, ℎ𝑡)
𝑇  with 𝑍0 ∶= (ℎ0, 𝑤0)

𝑇 , and 𝑍 satisfies the 

following differential equations with signature,

𝑑𝑍𝑡 = 𝐹 (𝑡, 𝑍𝑡)𝑑𝑡 + 𝐺(𝑍𝑡)𝑑 Sig
2
𝑡 (𝑏) (4.6)

with

𝐹 (𝑡, 𝑍) = (𝑓𝑤(𝑤), 𝑓ℎ(𝑡, ℎ,𝑤))
𝑇 , 𝐺(𝑍𝑡) = (𝑔𝑤(𝑤), 0)

𝑇 ,

where 𝑓ℎ, 𝑓𝑤, 𝑔𝑤 are neural networks. To provide a more intuitive un­

derstanding of our proposed model and the baseline BNN-RDE model, a 

flowchart is provided in Fig. 1.

We can now provide the precise 𝑓𝑤 and 𝑔𝑤 in the prior process in 

our BNN-RDE model (4.7) which will be denoted by 𝑓𝑝 and 𝑔𝑝.

Proposition 4.1. Let 𝑚1 and 𝑑 denote the dimensions of the input layer and 

𝑏 respectively. If we assume that 𝑓𝑝(𝑤) = −𝑤 and 𝑔̂𝑖,𝑗𝑝 (𝑤) = 𝜎 sin(1 + 𝜉(𝑤̂))
with 𝜉(𝑤) = 1

𝑚1

∑𝑚1
𝑖=1𝑤

𝑖 for 𝑖 = {1,… , 𝑚1} and 𝑗 = {1,… , 𝑑}. Then for 

𝑖 ∈ {1,… , 𝑚1}, the prior process (4.3) could be rewritten as below:

⎧

⎪

⎨

⎪

⎩

𝑑𝑤̂𝑝,𝑖𝑡 = 𝑓 𝑖𝑝
(

𝑤̂𝑝𝑡
)

𝑑𝑡 +
∑𝑑
𝑗=1 𝜎 sin(1 + 𝜉(𝑤̂))𝑑 Sig

2,1,𝑗
𝑡 (𝑏)

+ 𝜎2
∑𝑑
𝑗=1

∑𝑑
𝑘=1 sin(1 + 𝜉(𝑤̂𝑡)) cos(1 + 𝜉(𝑤̂𝑡))𝑑 Sig

2,2,𝑗,𝑘
𝑡 (𝑏)

𝑑𝑤̃𝑡 = 𝑓𝑝
(

𝑤̃𝑡
)

𝑑𝑡.
(4.7)

Proof. By some direct computation, we could deduce that

𝑑𝑤̂𝑝,𝑖𝑡 = 𝑓 𝑖𝑝
(

𝑤̂𝑝𝑡
)

𝑑𝑡 + {𝑔̂𝑝𝑑 Sig
2
𝑡 (𝑏)}

𝑖

= 𝑓 𝑖𝑝
(

𝑤̂𝑝𝑡
)

𝑑𝑡 +
𝑑
∑

𝑗=1
𝑔̂𝑖,𝑗𝑝

(

𝑤̂𝑝𝑡
)

𝑑 Sig2,1,𝑗𝑡 (𝑏)

+
𝑑
∑

𝑗=1

𝑑
∑

𝑙=1

𝑚1
∑

𝑘=1
∇𝑤̂𝑘 𝑔̂

𝑖,𝑗
𝑝

(

𝑤̂𝑝𝑡
)

𝑔̂𝑘,𝑙𝑝
(

𝑤̂𝑝𝑡
)

𝑑 Sig2,2,𝑗,𝑙𝑡 (𝑏), (4.8)

where ∇𝑤̂𝑘 𝑔̂
𝑖,𝑗
𝑝  denotes the k-th partial derivative of function 𝑔̂𝑖,𝑗𝑝  with 

respect to function 𝑤̂. Since 𝑓𝑝(𝑤̂) = −𝑤̂, 𝑔̂𝑝(𝑤̂) = 𝜎 sin(1 + 𝜉(𝑤̂)), then 

Table 1 

Algorithm.

Training Algorithm(BNN-RDE)

1: Input: Prior processes 𝑤𝑝, dataset, model (𝑤̂𝑡 , 𝑤̃𝑡 , ℎ𝑡) and output ℎ, signature of 

Brownian motion Sig𝑁 (𝑏),
𝑁 ∶ number of simulations, 𝑤0 = 𝑤𝑝

2: for 𝑖 = 0,… , 𝑁  do

3: (𝑤̂0
0 , 𝑤̃

0
0) = (𝑤̂𝑝 , 𝑤̃𝑝)

4: ℎ00 = ℎ0
5:  for 𝑘(𝑡) = 0,Δ(𝑡), 2Δ(𝑡),… , 1 do

𝑤̂𝑖
𝑘(𝑡)+Δ(𝑡) = 𝑤̂𝑖

𝑘(𝑡) + 𝑓𝑞 (𝑤̂
𝑖
𝑘(𝑡))Δ(𝑡) + 𝑔𝑞 (𝑤̂

𝑖
𝑘(𝑡))Sig

2
𝑘(𝑡),𝑘(𝑡)+Δ(𝑡)(𝑏)

𝑤̃𝑖
𝑘(𝑡)+Δ(𝑡) = 𝑤̃𝑖

𝑘(𝑡) + 𝑓𝑞 (𝑤̃
𝑖
𝑘(𝑡))Δ(𝑡)

ℎ𝑖𝑘(𝑡)+Δ(𝑡) = ℎ𝑖𝑘(𝑡) + 𝑓
𝑖
ℎ(ℎ

𝑖
𝑘(𝑡) , 𝑤

𝑖
𝑘(𝑡))Δ(𝑡)

 (Δ(𝑡) denotes the length of the subinterval of the time interval [0, 1])
6:  end for

7:  Compute the loss 𝐿 = 𝜌(ℎ, ℎ̂) and train the model and update 𝑓𝑞 , 𝑔𝑞 , 𝑓ℎ.

8: end for

9: Return (𝑤̂, 𝑤̃, ℎ)

∇𝑤̂𝑘 𝑔̂
𝑖,𝑗
𝑝 = 𝜎 cos(1+𝜉(𝑤̂))

𝑚1
 for all 1 ≤ 𝑘 ≤ 𝑚1, so Eq. (4.8) could be rewritten 

as below:

𝑑𝑤̂𝑝,𝑖𝑡 = 𝑓 𝑖𝑝
(

𝑤̂𝑝𝑡
)

𝑑𝑡 + {𝑔̂𝑝
(

𝑤̂𝑝𝑡
)

𝑑 Sig2𝑡 (𝑏)}
𝑖

= 𝑓 𝑖𝑝
(

𝑤̂𝑝𝑡
)

𝑑𝑡 +
𝑑
∑

𝑗=1
𝜎 sin(1 + 𝜉(𝑤̂𝑡))𝑑 Sig

2,1,𝑗
𝑡 (𝑏)

+ 𝜎2
𝑑
∑

𝑗=1

𝑑
∑

𝑘=1
cos(1 + 𝜉(𝑤̂𝑡)) sin(1 + 𝜉(𝑤̂𝑡))𝑑 Sig

2,2,𝑗,𝑘
𝑡 (𝑏). (4.9)

The proof is completed. □

Approximate posterior over weights  Then the approximate pos­

terior on weights could be defined by another differential equation with 

different drift terms driven by the signature,

𝑓𝑞(𝑤𝑡) = 𝑁𝑁𝜙 − 𝑓𝑝(𝑤𝑡),

𝑔𝑞(𝑤𝑡) = 𝑁𝑁𝜓 − 𝑔̂𝑝(𝑤𝑡)

𝐺𝑞(𝑤𝑡) = 𝑁𝑁𝜅 − ∇𝑔̂𝑝(𝑤𝑡)𝑔̂𝑝(𝑤𝑡) (4.10)

where 𝑁𝑁𝜙, 𝑁𝑁𝜓  and 𝑁𝑁𝜅  are neural networks with parameters 𝜙, 𝜓
and 𝜅.

In other words, the approximate posterior should be

𝑑𝑤𝑞𝑡 = 𝑓𝑞(𝑤
𝑞
𝑡 )𝑑𝑡 + 𝑔𝑞(𝑤

𝑞
𝑡 )𝑑 Sig

2,1 (𝑏)𝑡 + 𝐺𝑞(𝑤
𝑞
𝑡 )𝑑 Sig

2,2 (𝑏)𝑡. (4.11)

It also could be rewritten as below:

𝑑𝑤𝑞𝑡 = (𝑁𝑁𝜙 − 𝑓𝑝(𝑤
𝑞
𝑡 ))𝑑𝑡 + (𝑁𝑁𝜓 − 𝑔̂𝑝(𝑤

𝑞
𝑡 ) Sig

2,1 (𝑏)𝑡

+ (𝑁𝑁𝜅 − ∇𝑔̂𝑝(𝑤
𝑞
𝑡 )𝑔̂𝑝(𝑤

𝑞
𝑡 ))𝑑 Sig

2,2 (𝑏)𝑡. (4.12)

Training the network  To evaluate our network with a given input 

𝑥, it must first solve the differential Eq. (4.6). Then, the ABC method 

is applied to update the approximate posterior of weights. Specifically, 

given a sampled parameter point 𝜃̂, a simulator dataset ℎ̂ is compared 

with the observed dataset ℎ. If the generated ℎ̂ is sufficiently close to the 

observed data ℎ, the sampled parameter is accepted; otherwise it will be 

discarded. The distance between the simulator dataset and the observed 

dataset 𝜌(ℎ, ℎ̂) is defined as a cross-entropy loss function.

Algorithm The algorithm of our BNN-RDE model is shown in 

Table 1.

5 . Experiments

In this section, we report the performance of our partially infinitely 

deep BNN with the signature framework on image classification and its 

robustness to input corruption. We also compare it with deterministic 
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Table 2 

Classification accuracy and expected calibration error 

(ECE) on CIFAR10 (across 3 seeds). Some baseline results 

are borrowed from [52] and indicated by †. Models are 

separated into different types: point estimates, stochas­

tic models, and partially stochastic models. There are also 

discrete-time and continuous-time models.

Model Accuracy (%) ↑ ECE (×10−2) ↓

ResNet32† 87.35±0.00 8.47±0.39

ODEnet† 88.30±0.29 8.71±0.21

HyperODEnet† 87.92±0.46 15.86±1.25

MFVI ResNet32† 86.97±0.00 3.04±0.94

MFVI† 86.48 1.95

Deep Ensemble† 89.22 2.79

HMC(“gold standard”)† 90.70 5.94

MFVI ODEnet† 81.59±0.01 3.62±0.40

MFVI HyperODEnet† 80.62±0.00 4.29±1.10

BNN-SDE 87.21±0.32 9.20±1.59

BNN-PSDE 86.93±1.51 5.17±0.94

BNN-RDE(Our model) 87.43±0.27 5.48±0.28

models, as well as infinitely deep BNNs with fully stochastic and partially 

stochastic structures. We set tanh as an activation function to ensure 

that 𝑓𝑞  and 𝑔𝑞  meet the associated conditions. Similar to the BNN-SDE 

[52] model and BNN-PSDE model [10], we also adopt the initialization 

method.

5.1 . Image classification

Similar to the BNN-SDE [52] and the BNN-PSDE model [10], the 

hidden state 𝑓ℎ is modified instantaneously by a convolutional neural 

network (CNN) where the strided convolution and the transposed convo­

lution layer are adopted for downsampling and upsampling respectively. 

The weights 𝑤𝑡 act as filters and biases for these CNN layers. However, 

different from the above models with SVI, in our model both the drift 

and diffusion coefficients of the weight 𝑤 are parameterised in order to 

minimize the distance between the simulator dataset and the observed 

dataset where the MLP includes bottleneck layers (e.g. 2–128–2).

We investigated the effectiveness of our proposed BNN-RDE model 

for training in terms of image classification for CIFAR-10. In particular, a 

multiscale approach is employed, consisting of several BNN-SDE blocks 

interspersed with invertible downsampling layers from [16]. The eval­

uation of the model, including accuracy and expected calibration error 

[22] is presented in Table 2.

From Table 2, it is found that the proposed BNN-RDE model exhibits 

better performance in terms of accuracy relative to another stochas­

tic framework, confirming the effectiveness of our proposed approach. 

Furthermore, the results are consistent with our theoretical analysis be­

low Theorem 3.4 in Section 3. The ECE is a widely used metric to assess 

whether the output scores of the model can accurately be interpreted as 

the true probability [42,43]. Reducing the ECE brings the model’s out­

put scores closer to the true probabilities, thereby enhancing the model’s 

reliability and applicability [43]. Compared with the BNN-SDE baseline 

[52], our BNN-RDE model also appears to exhibit obviously superior 

performance in calibration when the accuracy is relatively close. This is 

because the signature transformation employed is a kind of pathwise the­

ory, which means that its result almost surely holds, making it capable 

of compressing the instability inherent in the randomness of stochas­

tic systems. Besides, our BNN-RDE model exhibits a stronger trade-off 

between performance and calibration than the BNN-PSDE baseline.

The BNN-SDE proposed in [52] has limited practical applicability 

due to its excessively long training time. The other key point is that 

our model requires fewer solver steps than the BNN-SDE and BNN-PSDE 

models. To assess the efficiency of our model, we measure the average 

time per epoch required for 10,000 CIFAR-10 predictions. Our model 

requires less training time overall compared to the BNN-SDE model, as 

shown in Table 3. Using the same Tesla V100-SXM2-32GB server, the 

overall training time is 26.7% faster than the BNN-SDE model.

Table 3 

Epoch time.

Model SDE PSDE RDE

Epoch time 423s 360s 310s

5.2 . Robustness to input corruption

By deliberately corrupting the data (e.g., adding noise, blurring, 

masking, distortion, etc.), corruption experiments assess whether the 

model can still make accurate predictions despite imperfections or com­

plexities encountered in real-world scenarios. These experiments enable 

models to learn more robust features that are not solely dependent on 

perfect data, thus improving their ability to handle uncertainty in prac­

tical applications. Common corruption techniques include adding noise 

(e.g., Gaussian noise, salt-and-pepper noise), blurring, masking, or re­

moving parts of the information, and introducing data distortions (e.g., 

image rotation, scaling, color adjustments, etc.). We evaluate our BNN-

RDE model’s robustness using the CIFAR-10C dataset [23] which adds 

17 different types of corruptions (e.g. Gaussian noise, pixelation, blur, 

etc.) with 5 different intensity levels. The result for the average error 

for each intensity level is shown in Table 4. Even though the BNN-SDE 

model and our model are trained on such diverse forms or levels of cor­

ruption, our BNN-RDE model shows superior robustness to observational 

noise. Especially as the level of data corruption increases, for instance, 

when corruption reaches level five—our error rate is two percentage 

points lower than that of the BNN-SDE model.

5.3 . Computational complexity overview

We now provide a breakdown of the time complexities for each 

model. Let 𝐷 = 𝐷ℎ+𝐷𝑤 denote the dimension where 𝐷ℎ, 𝐷𝑤 denote the 

dimensions of the hidden state ℎ𝑡 and weights 𝑤𝑡 respectively. We also 

denote the dimension of the input layer of weights 𝑤𝑡 by 𝐷𝑤−𝑖𝑛𝑝𝑢𝑡. Then 

we give the time complexities for BNN-SDE, BNN-PSDE and our model 

BNN-RDE (Table 5):

1. Time complexity in deterministic part (i.e. induced by 𝑑𝑡): Both 

the BNN-SDE and BNN-PSDE models have the same complexity, which 

is given by the formula 𝑂(𝐹 (𝐷)𝑇 ), where 𝑇  is the total number of time 

steps and 𝐹 (𝐷) represents the cost of evaluating the functions 𝑓𝑤 and 

𝑓ℎ in (4.5) at each time step. Our model, BNN-RDE, has a complexity 

of order 𝑂(𝐹 (𝐷)𝑇1) for the deterministic part of the Euler discretisation. 

Here, 𝑇1 is the total number of time steps, which is smaller than 𝑇  in the 

BNN-SDE and BNN-PSDE models.

2. Time complexity in stochastic part (i.e. induced by 𝑑𝑏𝑡): Both the 

BNN-SDE and BNN-PSDE models have the same complexity, which is ex­

pressed as O(𝐷𝑤𝑇 ) for the stochastic part. Our BNN-RDE model shares 

the complexity O((𝐷2
𝑏𝐷𝑤−𝑖𝑛𝑝𝑢𝑡)𝑇1) for the stochastic part where 𝐷𝑏 de­

notes the dimension of Brownian motion. Here, (𝐷2
𝑏𝐷𝑤−𝑖𝑛𝑝𝑢𝑡) comes from 

the computation of the signature transform. 

The introduction of RPs lies in enhancing the calibration and robust­

ness to input corruption. However, RPs can also lead to an increase in 

computational dimensions, due to its inherent iterated integral compu­

tation, which are also presented at [40]. Therefore, to address this issue 

while maintaining the calibration and robustness, partial stochasticity is 

introduced, precisely, only the input layer is assumed as the stochastic 

process. By combining these two approaches, the proposed BNN-RDE 

model could enhance the calibration and robustness to input corrup­

tion without excessively increasing the computational complexity. In 

fact, from the Image classification experiment, compared to the standard 

BNN-SDE model, our BNN-RDE model not only enhances performance 

and calibration but also reduces computational complexity. In compari­

son to the BNN-PSDE model, our BNN-RDE model exhibits a stronger 

trade-off between the performance and calibration. From the input 

corruption experiment, our proposed BNN-RDE model achieves better 

robustness. Therefore, although using a smaller 𝑇1 < 𝑇  helps reduce 
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Table 4 

Error analysis on CIFAR10-C.

Model Level 1 Level 2 Level 3 Level 4 Level 5

SDE 0.184±0.005 0.238±0.010 0.290±0.014 0.357±0.017 0.449±0.018

PSDE 0.183±0.009 0.232±0.012 0.280±0.009 0.344±0.006 0.430±0.009

RDE(Our model) 0.176±0.005 0.223±0.004 0.272±0.006 0.339±0.009 0.428±0.008

Table 5 

Time Complexity.

Model Time Complexity

BNN-SDE O((𝐹 (𝐷) +𝐷𝑤)𝑇 )
BNN-PSDE O((𝐹 (𝐷) +𝐷𝑤)𝑇 )
BNN-RDE O((𝐹 (𝐷) + (𝐷2

𝑏𝐷𝑤−𝑖𝑛𝑝𝑢𝑡))𝑇1)

the computational complexity in the experimental part, the key reason 

for the reduction in computational complexity is that 𝐷2
𝑏𝐷𝑤−𝑖𝑛𝑝𝑢𝑡 in our 

BNN-RDE model is much smaller than 𝐷𝑤 in baselines.

6 . Conclusion and future work

We introduced a novel approach combining the signature trans­

form with Bayesian neural networks to characterise stochasticity in 

continuous-time neural models. Our model modifies neural ODEs, which 

represent the continuous form of the ResNet. The most widely rec­

ognized application of residual networks is in image classification. 

Therefore, the comparisons between baselines here are conducted on 

CIFAR-10, which is a typical dataset for evaluating model performance 

in image classification. From the experiment on the CIFAR-10 dataset, 

the BNN-RDE model exhibits better accuracy than another stochastic 

framework, and a stronger trade-off between performance and calibra­

tion than baselines. We also evaluated the robustness of our BNN-RDE 

model using the CIFAR-10C dataset. The results show that, despite being 

trained on diverse forms and levels of corruption, our BNN-RDE model 

is more robust to observational noise than the BNN-SDE model. This ex­

periment confirms the effectiveness of our proposed approach, which is 

consistent with our theoretical analysis in Section 3.

Due to its inherent properties, the rough path (so-called signature 

transform) can capture richer information from data and compress the 

intrinsic randomness within stochastic systems. Its first characteristic 

has led to current applications primarily in data augmentation for time-

series data [40] and learning fractional white noise in neural stochastic 

differential equations [50]. Its second characteristic enables its use in 

diffusion models for time series generation [27]. The exploration of 

rough path applications in machine learning remains in its preliminary 

stages. This constitutes our first endeavour to implement rough paths 

in Bayesian neural networks within this paradigm, and the experimen­

tal findings suggest encouraging outcomes. Through theoretical analysis, 

the application of rough paths to stochastic problems or diffusion models 

is indeed feasible. Subsequent research will concentrate on ascertaining 

whether this rough path theory can be extended to a greater number of 

scenarios.
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