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 a b s t r a c t

Evolutionary algorithms (EAs) are promising approaches for non-differentiable or strongly mul-
timodal topology optimization problems, but they often suffer from the curse of dimensionality, 
generally leading to low-resolution optimized results. This limitation stems in part from the diffi-
culty of producing effective offspring through traditional crossover operators, which struggle to 
recombine complex parent design features in a meaningful way. In this paper, we propose a novel 
crossover operator for topology optimization, termed Wasserstein crossover, and develop a corre-
sponding EA-based optimization framework. Our method leverages a morphing technique based 
on the Wasserstein distance—a distance metric between probability distributions derived from the 
optimal transport theory. Its key idea is to treat material distributions as probability distributions 
and generate offspring as Wasserstein barycenters, enabling smooth and interpretable interpola-
tion between parent designs while preserving their structural features. The proposed framework 
incorporates Wasserstein crossover into an EA under a multifidelity design scheme, where low-
fidelity optimized initial designs evolve through iterations of Wasserstein crossover and selection 
based on high-fidelity evaluation. We apply the proposed framework to three topology optimiza-
tion problems: maximum stress minimization in two- and three-dimensional structural mechanics, 
and turbulent heat transfer in two-dimensional thermofluids. The results demonstrate that candi-
date solutions evolve iteratively toward high-performance designs through Wasserstein crossover, 
highlighting its potential as an effective crossover operator and validating the usefulness of the 
proposed framework for solving intractable topology optimization problems.

1.  Introduction

Topology optimization, first proposed by Bendsøe and Kikuchi [1], offers a key advantage in its exceptionally high degree of design 
freedom. Its fundamental concept is to optimize the material distribution within a given design domain by mathematical programming 
under a computational model of physical phenomena. Typical topology optimization methods, such as the density-based method [2] 
and the level set method [3], update design variables sequentially based on the sensitivity to the evaluation functions. While these 
sensitivity-based approaches have high efficiency for convergence to reasonable optimized solutions, they inherently have significant 
challenges. One of the major limitations is the need for differentiability of the evaluation functions, which is often not satisfied in 
practical applications. For example, in stress-based topology optimization, the maximum stress is often approximated by 𝑝-norm 
or Kresselmeier-Steinhauser functions [4], which are differentiable and continuous ones for the sake of sensitivity analysis. Another 
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challenge is the optimization of strongly multimodal functions. A prominent example is turbulent flow in fluid topology optimization, 
where the complex physical phenomena lead to highly multimodal evaluation functions. In such cases, extensive parameter studies 
on optimization algorithms are often required to obtain a reasonable design, yet they still may be trapped in poor local optima. As a 
result, most studies in fluid topology optimization have focused on laminar flows under low Reynolds number conditions [5]. While 
such approximations have facilitated the application of topology optimization in a wide range of fields, there is potential to achieve 
even higher-performance designs through optimization approaches that can directly deal with the original evaluation functions and 
physics.

One of the promising approaches for solving such intractable optimization problems is the use of heuristic methods based on 
evolutionary algorithms (EAs) [6,7], which constitute a representative class of the broader field of evolutionary computation (EC). 
Genetic algorithms (GAs) [8], which are population-based methods inspired by the process of natural selection, are a typical example 
of EAs. In GAs, candidate solutions are encoded as chromosomes and handled as individuals within a population. The population 
evolves over successive generations through the repeated three genetic operators: selection, which favors individuals with higher 
fitness; crossover, which recombines features from selected parents to generate offspring; and mutation, which introduces random 
variations. In these optimization processes, the objective and constraint functions are evaluated as fitness values, without requiring 
their sensitivity information. Furthermore, compared to the local search behavior of sensitivity-based methods, the population-based 
emergent optimization mechanisms of EAs enable effective global search. As a result, they are well-suited for tackling intractable 
optimization problems that are non-differentiable or exhibit strong multimodality.

Recently, various EA-based topology optimization methods have been proposed, with innovations in both encoding material 
distributions as chromosomes and selecting appropriate algorithms, as summarized by Guirguis et al. [9]. The simplest approach, 
as developed by Chapman et al. [10], Jakiela et al. [11], and Wang and Tai [12], is GA-based topology optimization with bit array 
representation. As examples of GA-based approaches employing different encoding schemes, Madeira et al. [13] and Nimura and 
Oyama [14] proposed graph and quadtree representation-based methods, respectively. As other examples using different algorithms 
within the broader EC framework with bit array representation, Wu and Theng [15] and Luh et al. [16] employed differential evolution 
and particle swarm optimization, respectively. While these methods can also be applied to intractable problems due to the strength of 
EAs, EA-based topology optimization is typically constrained by a limitation commonly known as the curse of dimensionality, which 
refers to the exponential deterioration of search performance as the number of design variables increases. Due to this limitation, most 
EAs have been applied to optimization problems with relatively few design variables, typically on the order of a thousand or less, and 
EA-based topology optimization has likewise been carried out on coarsely discretized design domains. Sigmund [17] has emphasized 
that such coarse discretizations, imposed by the curse of dimensionality, inevitably lead to low-resolution optimized designs, and 
highlighted this limitation contrasting with the high-resolution designs achievable by the density-based method. Nevertheless, several 
pioneering works have sought to overcome this challenge by employing more sophisticated encoding schemes or advanced algorithms 
to achieve finer optimized designs. For example, Fujii [18] and Tanaka and Fujii [19] developed approaches that combine level set 
boundary representations with an advanced EA known as the covariance matrix adaptation evolution strategy (CMA-ES). In addition, 
Furuta et al. [20] incorporated a Karhunen-Loève expansion, which enables more compact representations of material distributions, 
into a differential evolution algorithm.

As discussed above, although a wide variety of EA-based topology optimization methods have been developed, most of them focus 
on how to represent material distributions as chromosomes and which algorithm to use. While these algorithmic aspects are important 
in EA-based approaches, it is also crucial to consider how effectively new candidate solutions can be generated within the algorithm. 
Especially, as crossover plays its central role in EA-based approaches, it is one of the key factors that largely determines the overall 
optimization performance of EAs. For example, the simplest crossover strategies, such as exchanging parts of material distributions 
represented as {0, 1} binary vectors, or linearly interpolating ones represented as [0, 1] continuous vectors in the manner of the density-
based method, often lead to disconnected designs. In other words, in topology optimization, traditional crossover operators struggle 
to recombine parent design features in a meaningful way. Therefore, we believe that the design of effective crossover operators is 
essential for the successful development of EA-based topology optimization.

As one of the pioneering works aiming to overcome the limitations in EA-based topology optimization through the development 
of crossover strategies, Yamasaki et al. proposed a framework called data-driven topology design (DDTD) [21]. Its basic concept is 
to combine EAs with the idea of data-driven design [22] by employing a deep generative model to perform the role of crossover. 
Deep generative models, such as variational autoencoders (VAEs) [23] and generative adversarial networks (GANs) [24], are capable 
of generating an arbitrary dataset similar to those in the training dataset. DDTD takes advantage of this property by employing the 
VAE as a crossover operator to produce new candidate solutions that inherit features from a parent dataset, and iteratively updates 
the population based on the GA. Leveraging the strength of EAs for intractable problems, DDTD has recently been applied to a wide 
range of topology optimization problems such as structural mechanics [21,25–28], thermofluids [28–32], and electromagnetics [33], 
including more advanced applications like solid-porous infill structure design [34] and concurrent optimization of multiple design 
variable fields [35]. While the use of VAEs serves as a rational crossover operator for topology optimization, their inherent nature 
poses certain challenges. Specifically, the latent space constructed by compressing the material distributions of the population typically 
corresponds to a limited subspace of the vast overall design space in topology optimization. Consequently, generating new candidates 
through sampling from this subspace raises concerns regarding its suitability as an emergent crossover mechanism capable of global 
search. Moreover, it is also known that VAEs have limitations in the data dimensionality which can be effectively learned [27,28], 
which requires incorporating auxiliary techniques such as principal component analysis (PCA) [27] or image fragmented learning [28] 
so that DDTD can be applied to three-dimensional topology optimization problems. Thus, a crossover operator based on generative 
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models does not fully resolve the challenges in EA-based topology optimization, and the development of more effective crossover 
operators remains an important issue.

In this paper, we introduce a novel crossover operator for topology optimization, termed Wasserstein crossover, which applies a 
morphing technique based on the Wasserstein distance [36]. The Wasserstein distance [37], which is also known as the earth mover’s 
distance [38], is a distance metric between probability distributions based on optimal transport theory [39]. Solomon et al. [36] 
developed a morphing technique for its application to graphics. This morphing approach involves treating pixel or voxel images as 
probability distributions and calculating their intermediate distribution based on optimal transport, i.e., the Wasserstein barycenter. 
Inspired by this idea, we adopt density-based representations of material distributions, following the density-based topology optimiza-
tion method, and generate offspring by computing Wasserstein barycenters of the parent distributions. Conceptually, this amounts 
to interpolating between parent material distributions, yielding a simple yet distinctive crossover operator for EA-based topology 
optimization. Owing to the unique interpolative behavior induced by optimal transport, Wasserstein crossover can effectively re-
combine parent design features and generate diverse candidate solutions, which are particularly advantageous for EAs. We propose 
a novel EA-based topology optimization framework incorporating Wasserstein crossover into DDTD under the multifidelity design 
scheme [40], where initial designs derived by solving a low-fidelity problem are updated through iterative cycles of high-fidelity eval-
uation, selection, and Wasserstein crossover. This paper applies the proposed framework to several topology optimization problems, 
which are known to be intractable in structural mechanics and thermofluids, including a three-dimensional case, and demonstrates 
its effectiveness.

The rest of this paper is organized as follows. Section 2 provides background on the Wasserstein distance derived from opti-
mal transport theory and its application to morphing, highlighting its potential as a crossover operator through comparison with 
other morphing approaches. Section 3 describes Wasserstein crossover and the proposed framework incorporating it into DDTD. Sec-
tion 4 presents the detailed numerical implementation of the proposed framework, including the overall algorithm and Wasserstein 
crossover. Section 5 demonstrates the application of the proposed framework to several intractable topology optimization problems 
and discusses the results. Finally, Section 6 concludes the paper.

2.  Preliminaries

In this section, we provide some prior knowledge on the Wasserstein distance and its application to graphical morphing. Subse-
quently, we compare it with other morphing methods, including a VAE-based one employed in DDTD, to highlight its potential as a 
crossover operator for topology optimization. We also review related works that have applied the idea of the Wasserstein distance to 
topology optimization and clarify the focus of this paper by highlighting the differences from those prior works.

2.1.  Wasserstein distance

The fundamental idea of optimal transport is to measure the minimal cost required to transform one probability distribution 𝜇
into another distribution 𝜈 defined on ℝ𝑑 (typically with 𝑑 = 1, 2, 3) [37], which is mathematically formulated as follows:

𝐶(𝜇, 𝜈) = inf
𝜋∈𝛱(𝜇,𝜈)∫ℝ𝑑×ℝ𝑑

𝑐(𝐱, 𝐲) d𝜋(𝐱, 𝐲), (1)

where 𝑐(𝐱, 𝐲) denotes the cost of transporting a unit mass from 𝐱 ∈ ℝ𝑑 to 𝐲 ∈ ℝ𝑑 , and 𝛱(𝜇, 𝜈) is the set of all transport plans with 
marginals 𝜇 and 𝜈. The Wasserstein distance 𝑊𝑝(𝜇, 𝜈) is defined as 𝑐(𝐱, 𝐲) with a cost function based on the 𝐿𝑝 norm ‖𝐱 − 𝐲‖𝑝, where 
𝑝 ≥ 1, to satisfy the axioms of a distance function, as follows:

𝑊𝑝(𝜇, 𝜈) =
(

inf
𝜋∈𝛱(𝜇,𝜈)∫ℝ𝑑×ℝ𝑑

‖𝐱 − 𝐲‖𝑝𝑝 d𝜋(𝐱, 𝐲)
)1∕𝑝

. (2)

𝑊𝑝 in Eq. (2) is the Wasserstein distance of order 𝑝, or simply the 𝑝-Wasserstein distance. In particular, the case of 𝑝 = 1 is also 
known as the earth mover’s distance [38]. By explicitly incorporating the ground cost ‖𝐱 − 𝐲‖𝑝𝑝 into its definition, the Wasserstein 
distance reflects the geometric structure of the underlying space, providing an intuitive interpretation as the minimal effort required 
to morph one distribution into another. Unlike the simple measures such as the Kullback-Leibler divergence, which can become 
undefined or infinite when the distributions do not overlap, the Wasserstein distance remains well-defined and captures differences 
both in location and shape of the distributions. These properties make it a particularly expressive and versatile metric for comparing 
probability distributions.

While the Wasserstein distance is such a powerful metric, it is also known to be computationally expensive. To address this issue, 
a regularized formulation is often used by augmenting the objective function in Eq. (2) with an additional regularization term [41], 
as follows:

𝑊𝑝,𝜀(𝜇, 𝜈) =
(

inf
𝜋∈𝛱(𝜇,𝜈)∫ℝ𝑑×ℝ𝑑

‖𝐱 − 𝐲‖𝑝𝑝 d𝜋(𝐱, 𝐲) − 𝜀𝐻(𝜋)
)1∕𝑝

, (3)

where 𝜀 > 0 is a regularization coefficient, and 𝐻(𝜋) is the entropy of the transport plan 𝜋, defined as follows:

𝐻(𝜋) = −∫ℝ𝑑×ℝ𝑑
(log𝜋(𝐱, 𝐲) − 1) d𝜋(𝐱, 𝐲). (4)
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𝑊𝑝,𝜀 in Eq. (3) is known as the entropy-regularized Wasserstein distance, and one of its advantages is that the regularization term 
𝐻(𝜋) renders the objective function strongly convex, which ensures smooth convergence to the optimal solution.

Another key advantage of the entropic regularization is that it enables much faster computation of the approximated optimal so-
lution using the Sinkhorn algorithm [41,42]. To describe this, we consider the discretized case of the entropy-regularized Wasserstein 
distance, where the input probability distributions 𝜇 and 𝜈 are represented as discrete vectors 𝐚,𝐛 ∈ ℝ𝑛, and the distance between 
discrete points is given by a cost matrix 𝐂 ∈ ℝ𝑛×𝑛. The regularized optimal transport problem corresponding to the continuous case 
in Eq. (3) can then be formulated as follows: 

minimize
𝐏∈ℝ𝑛×𝑛

∑

𝑖,𝑗
𝑃𝑖𝑗𝐶𝑖𝑗 + 𝜀

∑

𝑖,𝑗
𝑃𝑖𝑗 (log𝑃𝑖𝑗 − 1)

subject to 𝐏𝟏 = 𝐚,
𝐏⊤𝟏 = 𝐛,
𝑃𝑖𝑗 ≥ 0,

(5)

where 𝐏 is the transport plan corresponding to 𝜋 in the continuous formulation of Eq. (3), and 𝟏 ∈ ℝ𝑛 is a vector of ones. For the 
optimization problem in Eq. (5), the pseudocode of the Sinkhorn algorithm, derived from its Lagrangian dual formulation, is pre-
sented in Algorithm 1. In this way, the Sinkhorn algorithm solves the entropy-regularized optimal transport problem by iteratively 
updating the scaling vectors 𝐮 and 𝐯, with a computational complexity of (𝑛2) per iteration. In contrast, the original optimal trans-
port problem formulated without the regularization term in Eq. (5) becomes a linear programming problem, whose computational 
complexity is (𝑛3). Although the number of Sinkhorn iterations in Algorithm 1 depends on the strength of the regularization, in 
practice, convergence is achieved within tens or hundreds of iterations. Thus, the combination of the entropic regularization and 
Sinkhorn algorithm serves as an efficient approximation of the optimal transport solution with significantly reduced computational 
cost. Furthermore, as shown in Algorithm 1, the Sinkhorn algorithm essentially consists of simple matrix-vector computations, which 
makes it well-suited for GPU acceleration, as demonstrated by Ryu et al. [43]. In particular, when the cost function 𝑐(𝐱, 𝐲) is given by 
the squared Euclidean norm ‖𝐱 − 𝐲‖22, which corresponds to the case of the 2-Wasserstein distance 𝑊2,𝜀, the matrix 𝐊 in Algorithm 1 
becomes a Gaussian kernel matrix. As a result, the computations of 𝐊𝐯 and 𝐊⊤𝐮 are equivalent to convolutions with a Gaussian filter, 
which enables further acceleration through efficient convolution-based implementations. Thus, the Wasserstein distance, defined as 
a metric between probability distributions based on optimal transport, provides a theoretically grounded measure for which efficient 
computational methods have also been well established.

Algorithm 1 Sinkhorn algorithm for computing the entropy-regularized optimal transport.
Require: Probability vectors 𝐚,𝐛 ∈ ℝ𝑛, cost matrix 𝐂 ∈ ℝ𝑛×𝑛, entropic regularization coefficient 𝜀 > 0
1: 𝐊 ← exp (−𝐂∕𝜀) ⊳ Element-wise exponential
2: 𝐮 ← 𝟏, 𝐯 ← 𝟏 ⊳ Initialize with ones
3: repeat ⊳ Sinkhorn iterations
4:  𝐮 ← 𝐚⊘ (𝐊𝐯) ⊳ ⊘ denotes element-wise division
5:  𝐯 ← 𝐛⊘ (𝐊⊤𝐮)
6:  𝑟𝑎 ← ‖𝐮⊙ (𝐊𝐯) − 𝐚‖1 𝑟𝑏 ← ‖𝐯⊙ (𝐊⊤𝐮) − 𝐛‖1 ⊳ Marginal residuals, ⊙ denotes element-wise multiplication
7: until max(𝑟𝑎, 𝑟𝑏) < 𝜏 ⊳ Convergence criterion with tolerance 𝜏
8: 𝐏 = diag(𝐮)𝐊 diag(𝐯) ⊳ Transport plan
9: return ∑𝑖,𝑗 𝑃𝑖𝑗𝐶𝑖𝑗 ⊳ Wasserstein distance

2.2.  Wasserstein barycentric morphing

The concepts of the Wasserstein distance and optimal transport have been applied in various fields, including deep learning [44], 
image processing [38], and natural language processing [45]. Among these, one notable application is morphing proposed by Solomon 
et al. [36], where these techniques are used to interpolate between different shapes or distributions. It is based on the concept of the 
Wasserstein barycenter [46], which is defined as the weighted average of multiple probability distributions concerning the Wasserstein 
distance, given as follows:

𝜇∗ = argmin
𝜇

𝑁
∑

𝑖=1
𝜆𝑖𝑊𝑝(𝜇, 𝜇𝑖), (6)

where 𝜇𝑖 are the 𝑁 input probability distributions, 𝜆𝑖 are the weights satisfying 
∑𝑁

𝑖=1 𝜆𝑖 = 1. The Wasserstein barycenter in Eq. (6) 
is formulated as a minimization problem for the multiple Wasserstein distances, which themselves require solving optimization 
problems in Eq. (2). This suggests that computing the Wasserstein barycenter would require solving a nested or two-level optimization 
problem. However, similar to the regularized Wasserstein distance in Eq. (3), entropic regularization can also be considered for the 
barycenter computation, allowing for an efficient approximation by a matrix-based iterative algorithm proposed by Benamou et 
al. [47], as outlined in Algorithm 2. Owing to the regularization, the approximated Wasserstein barycenter can be obtained without 
solving complex nested optimization problems, instead relying on simple iterative matrix operations. In addition, as described in 
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Section 2.1, these matrix operations can be further accelerated using GPU implementations, and in the case of the 2-Wasserstein 
distance, convolution with a Gaussian filter can also be used to speed up the computation of 𝐊𝐯(𝑖) and 𝐊⊤𝐮(𝑖) in Algorithm 2. Note 
that the entropic regularization coefficient 𝜀 and the convergence tolerance 𝜏 in Algorithm 2 affect the number of Sinkhorn iterations 
and should be chosen to balance computational cost and the quality of the approximated barycenter.

Algorithm 2 Sinkhorn algorithm for computing the Wasserstein barycenter.
Require: Probability vectors 𝐚(1),… , 𝐚(𝑁) ∈ ℝ𝑛, weights 𝜆1,… , 𝜆𝑁 , cost matrix 𝐂 ∈ ℝ𝑛×𝑛, entropic regularization coefficient 𝜀 > 0
1: 𝐊 ← exp (−𝐂∕𝜀) ⊳ Element-wise exponential
2: 𝐮(𝑖) ← 𝟏, 𝐯(𝑖) ← 𝟏 (∀𝑖 = 1,… , 𝑁) ⊳ Initialize with ones
3: repeat ⊳ Sinkhorn iterations
4:  for 𝑖 = 1,… , 𝑁 do
5:  𝐮(𝑖) ← 𝐚(𝑖) ⊘

(

𝐊𝐯(𝑖)
)

6:  𝐯(𝑖) ←
(

∏

𝑗
(

𝐊⊤𝐮(𝑗)
)𝜆𝑗

)

⊘
(

𝐊⊤𝐮(𝑖)
)

7:  end for
8:  𝐸 ←

∑𝑛
𝑒=1 Std

(

{𝐯(𝑖) ⊙ (𝐊⊤𝐮(𝑖))}𝑁𝑖=1
)

𝑒 ⊳ Marginal deviations
9: until 𝐸 < 𝜏 ⊳ Convergence tolerance 𝜏
10: return 𝐚∗ =

∏

𝑖
(

𝐊⊤𝐮(𝑖)
)𝜆𝑖 ⊳ Compute barycenter

Any shape data represented in a pixel or voxel grid can be treated as a probability distribution by normalizing its sum to one. By 
gradually varying the weight 𝜆𝑖 in Eq. (6) for each input distribution 𝜇𝑖, the Wasserstein barycenters can be computed to interpolate 
between the original shapes, resulting in smooth morphing based on optimal transport. Benamou et al. [47] demonstrated this 
morphing technique using three 2D shapes (diamond, ring, and square), and Solomon et al. [36] extended it to 3D shapes.

2.3.  Comparison with other morphing methods

We compare the Wasserstein barycentric morphing described in Section 2.2 with two alternative morphing methods to examine 
their interpolation behaviors and verify their potential as a crossover operator for topology optimization. Fig. 1 shows the interpolated 
results obtained by morphing two different sample flow channels for the heat transfer problem in Section 5.2, together with their 
performance values. As comparison methods, we consider:
(1) linear interpolation, the simplest approach, which corresponds to Euclidean barycentric interpolation;
(2) VAE-based interpolation, obtained by linearly interpolating between two latent vectors.
(3) Wasserstein barycentric interpolation, proposed in this paper.
Comparing the three approaches in Fig. 1(b), linear interpolation results in a simple superposition of the two channels, whereas VAE-
based interpolation exhibits a more complex and gradual transition through their intermediate shapes. This behavior stems from the 
nature of VAEs: the encoder and decoder networks are trained on a certain dataset, and interpolations in the constructed latent space 
implicitly incorporate the influence of the entire training dataset—100 different flow channels in this case—even when two specific 
designs are interpolated. As a result, the generated intermediate shapes reflect not only the two sample designs but also the charac-
teristics of other flow channels in the training dataset. In contrast, the Wasserstein barycentric interpolation is derived from explicitly 
considering optimal transport between two sample designs. Compared to the grayscale-based transitions in the other two approaches, 
the Wasserstein barycentric morphing yields qualitatively different outcomes in that the fluid and solid regions (represented in white 
and black, respectively) remain relatively well distinguished throughout the transition. The resulting morphing involves a physically 
meaningful interpolation, in which the topology and branching patterns of flow channels are gradually transitioned.

Focusing on the performance values of the sample and interpolated channels shown in Fig. 1(c), we observe that the linear 
interpolated designs tend to exhibit mostly comparable performance values to those of the original samples. In contrast, the VAE-based 
interpolations are more scattered around the sample points, indicating slightly greater variation. Notably, however, the Wasserstein 
barycentric interpolations are more widespread in the objective space, including some designs that dominate the original samples 
in terms of Pareto optimality. These high-performance designs can be attributed to the distinctive interpolation behavior afforded 
by optimal transport, where the morphing in Fig. 1(b3) yields hybrid flow channels that effectively recombine the features of the 
samples.

These results demonstrate the potential of the Wasserstein barycentric morphing as a crossover operator, in that it enables the 
generation of offspring by shape interpolation between parents, some of which can have better performance compared to their parents. 
While the examples presented in Fig. 1 focus on two-dimensional flow channels for a heat transfer problem, we further investigate the 
performance of the proposed Wasserstein crossover through several numerical examples, including structural mechanics problems 
and three-dimensional cases, in Section 5.

2.4.  Novelty in this paper compared to related works

Representative prior works that incorporate the concept of optimal transport and Wasserstein distance into topology optimization 
include the use of deep generative models based on the so-called Wasserstein GAN [44]. Wasserstein GANs are a variant of generative 
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Fig. 1. Comparison of different morphing methods between two sample data for a heat transfer problem: (a) two sample flow channels; (b) morphing 
results for design domain using (1) linear interpolation, (2) a variational autoencoder (VAE), and (3) Wasserstein barycentric interpolation; (c) 
objective values (pressure loss versus negative heat exchange amount) of sample and interpolated flow channels.

adversarial networks in which the earth mover’s distance, i.e., the 1-Wasserstein distance, is used as the loss function. This formulation 
is known to improve learning stability and enhance the quality of the generated images. Recently, several topology optimization 
methods using Wasserstein GANs have been developed [48–52], but most of them aim to reduce computational cost by learning 
from a pre-topology-optimized dataset to predict optimized designs and eliminate iterations in topology optimization. This objective 
differs fundamentally from the aim of this paper, which focuses on developing a crossover operator within an EA-based topology 
optimization framework.

As an example of incorporating the idea of optimal transport into EAs, Sow et al. [53] proposed crossover and mutation operators 
based on Wasserstein barycenters. While their work focuses on the optimization of point clouds and considers wind-farm layout 
design as an engineering application, the design variables in their setting consist of the positions of only a few dozen points. This is 
fundamentally different from topology optimization, where the design variables typically involve material distributions over grids 
with thousands or more degrees of freedom.

Another example of applying Wasserstein barycenters to shape design is the framework proposed by Ma et al. [54] for the design 
of underwater swimming robots. They focused on the co-design of both the geometry and controller of swimmers, and successfully 
utilized Wasserstein barycentric interpolation to generate candidate designs of robots that are represented with tens of thousands of 
voxel resolutions. However, their approach remains centered on repeated simulation and interpolation between base designs given by 
the user, which is fundamentally different from the idea of EAs, where a population of candidate designs is evolved through genetic 
operations.

In this paper, we propose an EA-based topology optimization framework that introduces Wasserstein barycentric interpolation 
as an effective crossover operator for material distributions. The originality and novelty of this paper, compared with those related 
works, can be summarized as follows:

• Introduction of Wasserstein crossover as a dedicated and effective crossover operator for material distributions, based on the 
Wasserstein barycentric morphing.

• Development of an EA-based topology optimization framework capable of handling finely discretized continuum representations 
of material distributions with reasonable computational cost.

3.  Framework

In this section, we describe the proposed framework incorporating Wasserstein crossover. Our proposed framework is based on 
DDTD [21,29], and focuses on solving the general multi-objective topology optimization problem, which is formulated as follows:

minimize
𝛾(𝐱)

[𝐽1(𝛾), 𝐽2(𝛾)… , 𝐽𝑛o (𝛾)],

subject to 𝐺𝑗 (𝛾) ≤ 0 (𝑗 = 1, 2,… , 𝑛c),

𝛾(𝐱) ∈ {0, 1}, ∀𝐱 ∈ 𝐷,

(7)

where 𝛾(𝐱) is the binary material distribution defined on the design domain 𝐷 ⊂ ℝ𝑑 (𝑑 = 2 or 3), 𝐽𝑖(𝛾) and 𝐺𝑗 (𝛾) are the objective 
and constraint functions, respectively. To solve the optimization problem of Eq. (7) through the evolutionary process incorporating 
Wasserstein crossover, it is necessary to prepare a diverse set of initial candidate designs. Several approaches could be used for this 
purpose, such as parametrically generating designs based on predefined rules or heuristics [32], leveraging a database [21,55], or 
coarse optimization based on the multilevel mesh idea [56]. In this paper, we employ a multifidelity design approach [40] as a 
reasonable way to tackle the challenging topology optimization problems, although the proposed evolutionary process itself does not 
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Fig. 2. Schematic flowchart of the proposed framework and representation of material distributions in each process.

depend on this particular choice. Specifically, we treat the original formulation of Eq. (7) as a high-fidelity (HF) model and construct 
a low-fidelity (LF) model, which is formulated as a simplified pseudo-problem as follows:

minimize
𝜸(𝑘)

𝐽 (𝜸(𝑘), 𝐬(𝑘)),

subject to 𝐺𝑗 (𝜸(𝑘), 𝐬(𝑘)) ≤ 0 (𝑗 = 1, 2,… , 𝑛c),

𝜸(𝑘) ∈ [0, 1]𝑛,

for given 𝐬(𝑘),

(8)

where 𝐽 (𝜸(𝑘), 𝐬(𝑘)) and 𝐺𝑗 (𝜸(𝑘), 𝐬(𝑘)) are the objective and constraint functions of the LF model, respectively. Solving the optimization 
problem of Eq. (8) is referred to as LF optimization, whose primary aim is to derive candidate solutions for the original problem of 
Eq. (7). The vector composed of artificial parameters 𝐬 = [𝑠1, 𝑠2,… , 𝑠𝑛sd ]

⊤ is called a seeding parameter, and 𝐬(𝑘) with 𝑘 = 1, 2,… , 𝑁lf
represents the sample point of 𝐬, which serves to induce diverse candidate designs. Taking into account the compatibility with 
Wasserstein crossover, which interpolates between candidate solutions represented as probability distributions, the LF optimization 
problem is assumed to be solved using the density-based method [2]. Thus, the objective and constraint functions, 𝐽 (𝜸(𝑘), 𝐬(𝑘)) and 
𝐺𝑗 (𝜸(𝑘), 𝐬(𝑘)), are assumed to be differentiable with respect to the design variable 𝜸(𝑘), LF optimization problem of Eq. (8) should be 
easily solvable by gradient-based optimizers. Accordingly, the design variable 𝜸(𝑘) is defined as a continuous vector representing a 
material density distribution with values in the range [0, 1], in contrast to the original binary material distribution 𝛾(𝐱) defined in the 
continuous domain. In addition, the LF optimization problem of Eq. (8) is converted to a single-objective problem from the original 
multi-objective problem of Eq. (7) using the weighted sum method [57], 𝜀-constraint method [58], and so on.

Based on the above formulations, the overall flowchart of the proposed framework is illustrated in Fig. 2. In this framework, 
Wasserstein crossover plays a central role in the iterative evolutionary process, as new candidate designs are generated exclusively 
through this operation at every generation. Note that the multifidelity formulations of Eq. (7) and Eq. (8) play a supplementary 
role in solving intractable topology optimization problems efficiently, and the roles of LF optimization and HF evaluation are clearly 
separated. LF optimization is used only to generate an initial population, and the subsequent evolutionary process exclusively consists 
of HF evaluation, selection, convergence check, and Wasserstein crossover. In the following, we describe the details of each procedure 
in the proposed framework, including LF optimization, HF evaluation, selection, convergence check, and Wasserstein crossover. 
It should also be noted that mutation, which is implemented with LF optimization in DDTD proposed by Yaji et al. [29], is not 
incorporated into the proposed framework because its impact in DDTD has been observed to be limited, while it also incurs additional 
computational cost. The development of effective mutation strategies is left as a subject for future work.
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Low-fidelity optimization

The first step of the proposed framework is to solve the LF optimization problem of Eq. (8). The primary aim of this step is to derive 
a diverse and promising set of density distributions, which serves as the initial population for the subsequent evolutionary process. 
The key component of its role is the seeding parameter 𝐬 in Eq. (8). For example, by varying optimization algorithmic parameters 
such as filter radius or projection smoothness and threshold, the LF optimization problem can be solved multiple times to derive a 
diverse set of optimized density distributions. In addition, employing different weightings in the weighted sum method or varying 
constraint thresholds in the 𝜀-constraint method enables the derivation of certain results that reflect different trade-offs between the 
objectives, thereby providing a promising set of candidate solutions.

While the LF optimization step relies on a density-based topology optimization approach, the associated parameter setting dif-
fers substantially from the trial-and-error parameter calibration often required when applying density-based methods directly to the 
original HF problem. Because the goal of this step is to generate a diverse set of initial candidate solutions rather than a single high-
performance optimized design, uniformly sampled seeding parameters can be used without the need for fine manual tuning. This 
strategy avoids the extensive parameter studies typically associated with the density-based topology optimization for highly challeng-
ing problems. It should also be noted that parameters regarding LF optimization are not iteratively adjusted; once 𝑁lf candidates are 
generated, subsequent HF evaluation and selection yield 𝑁pop of them as the initial population, where 𝑁pop is the population size.

High-fidelity evaluation

In this step, each candidate solution is evaluated on the HF model to compute the objective and constraint values in the original 
optimization problem of Eq. (7). A crucial aspect of this step is that it only requires the numerical evaluation of those functions, without 
the need for sensitivity analysis concerning the design variables. This aspect allows the proposed framework to accommodate arbitrary 
evaluation functions, including non-differentiable and multimodal ones, thereby enabling the handling of minimax formulations and 
other complex optimization problems. Moreover, this property allows each candidate represented as a discretized density distribution 
𝜸 to be converted into a continuous material distribution 𝛾(𝐱), remeshed, and then evaluated on the HF model.

Selection

In this step, promising candidate solutions are retained for the next generation, while the others are eliminated from the population 
based on their performance values obtained in the previous step. Selection plays a crucial role in EAs, as it helps maintain population 
diversity and facilitates effective global search. Since the proposed framework targets the multi-objective optimization problem 
defined in Eq. (7), ensuring sufficient diversity becomes even more challenging. To address this, we adopt the selection strategy in 
DDTD proposed by Kii et al. [59], which is designed to preserve the intrinsic diversity of material distributions. This procedure is 
based on the non-dominated sorting genetic algorithm II (NSGA-II) [60,61], which is one of the representative multi-objective GAs, 
and ranks candidates according to a two-stage sorting strategy. The first stage is the non-dominated sorting, which assigns ranks to 
candidates based on their Pareto dominance relations. The second stage, unique to their approach, further sorts candidates within the 
same rank using the Wasserstein distance sorting. This is achieved by employing a topological data analysis method called persistent 
homology [62,63] to extract topological features from the material distributions, which are then quantified using the Wasserstein 
distance [64]. While the detailed explanation, including the implementation of these procedures, is left to the original paper [59], a 
predefined number of higher-ranked candidates are selected based on these two types of sorting, and the population for the current 
generation is formed accordingly.

Convergence check

In this step, the convergence of the optimization process is checked based on the hypervolume indicator [65], which is a repre-
sentative performance metric for multi-objective optimization. The hypervolume indicator quantifies the area or volume formed by 
the solution set  and a given reference point 𝐫 ∈ ℝ𝑛o , defined as follows:

HV(, 𝐫) = 

(

⋃

𝐚∈
{𝐛 | 𝐚 ⪯ 𝐛 ⪯ 𝐫}

)

, (9)

where (⋅) denotes the Lebesgue measure. In this paper, we set the reference point 𝐫 as 1.1 times the worst objective values among 
all the candidates in the initial population, which is a common practice in the literature [65]. The optimization is terminated either 
when the increase in hypervolume is deemed sufficiently converged or when a predefined number of iterations is reached.

Wasserstein crossover

This step constitutes the crossover operation proposed in this paper for integration into DDTD, where new offspring are 
generated from parent individuals using interpolation based on the Wasserstein barycenter. A key consideration here is how 
to interpret the discretized density distribution 𝜸 on the LF model in Eq. (8) as a probability distribution to compute the 
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Wasserstein barycenter in Eq. (6). To this end, the density vector 𝜸 is first normalized into a probability vector 𝐩 ∈ ℝ𝑛

as follows:

𝐩 =
𝜸

∑𝑛
𝑒=1 𝛾𝑒

. (10)

Then, the corresponding discrete probability measure 𝜇 is defined by

𝜇 =
𝑛
∑

𝑒=1
𝑝𝑒 𝛿𝐱𝑒 , (11)

where 𝛿𝐱𝑒  denotes the Dirac measure at the 𝑖-th grid point 𝐱𝑒, and 𝑝𝑒 represents the probability mass assigned to 𝐱𝑒, i.e., 𝜇({𝐱𝑒}) = 𝑝𝑒. 
Based on this method of interpreting the discretized density distribution as a probability distribution, the proposed Wasserstein 
crossover takes the following steps:

1. Randomly select two parents 𝜸(𝑖), 𝜸(𝑗) ∈ 𝛩(𝑡), where 𝛩(𝑡) is the current population at iteration 𝑡.
2. Convert the parents into probability distributions 𝜇(𝑖) and 𝜇(𝑗) using Eqs. (10) and (11).
3. Compute the Wasserstein barycenter 𝜇∗ of the two parental distributions 𝜇(𝑖) and 𝜇(𝑗) as follows:

𝜇∗ = argmin
𝜇

{

𝜆𝑊𝑝,𝜀(𝜇, 𝜇(𝑖)) + (1 − 𝜆)𝑊𝑝,𝜀(𝜇, 𝜇(𝑗))
}

, (12)

where 𝜆 ∈ [0, 1] is a randomly sampled weight parameter.
4. Convert the barycenter 𝜇∗ =

∑𝑛
𝑒=1 𝑝

∗
𝑒𝛿𝐱𝑒  back into a density distribution 𝜸∗ by applying min-max scaling to the probability vector 

𝐩∗ = [𝑝∗1 , 𝑝
∗
2 ,… , 𝑝∗𝑛]

⊤ as follows:

𝛾∗𝑒 =
𝑝∗𝑒 − min𝑒′ 𝑝∗𝑒′

max𝑒′ 𝑝∗𝑒′ − min𝑒′ 𝑝∗𝑒′
, for 𝑒 = 1, 2,… , 𝑛, (13)

where 𝑝∗𝑒 = 𝜇∗({𝐱𝑒}) denotes the probability mass at the 𝑒-th grid point in the barycenter 𝜇∗.

These sequential steps are repeated for a predefined number of offspring 𝑁xo, each time adding the resulting density distribution 𝜸∗
as a new candidate solution to the population.

4.  Numerical implementation

In this section, we describe the detailed implementation of the proposed framework. The overall procedure of the proposed 
framework, shown in Fig. 2, is summarized in Algorithm 3. Note that the LF optimization and HF evaluation steps in Algorithm 3 
are independent of the others, allowing for acceleration through parallel implementation as computational resources permit. The 
entire algorithm was implemented using MATLAB (version 2023b). In the following, we describe the implementation details of each 
operation in Algorithm 3.

4.1.  Low-fidelity optimization

The LF optimization problem of Eq. (8) is solved using the density-based method [2], which is a representative approach for 
topology optimization. To ensure the smoothness of the design variable 𝜸(𝑘) in Eq. (8), we employ a density filter [66,67] defined as 
follows:

𝛾̃ (𝑘)𝑒 =

∑

𝑒′∈𝑒
𝑤𝑒𝑒′𝛾

(𝑘)
𝑒′

∑

𝑒′∈𝑒
𝑤𝑒𝑒′

, for 𝑒 = 1, 2,… , 𝑛, (14)

where 𝑒 is the set of neighboring elements of the 𝑒-th element defined by:

𝑒 = {𝑒′ | ‖𝐱𝑒 − 𝐱𝑒′‖2 ≤ 𝑅}, (15)

and 𝑤𝑒𝑒′  is the weight assigned to element 𝑒′ with respect to element 𝑒, given by:

𝑤𝑒𝑒′ = 1 −
‖𝐱𝑒 − 𝐱𝑒′‖2

𝑅
, (16)

where 𝑅 is the filter radius. We use the method of moving asymptotes (MMA) [68] for updating the design variables, and the move 
limit is set to 0.05 for all calculations of LF optimization in this paper. The entire LF optimization process was implemented in 
MATLAB, while the finite element analysis and sensitivity analysis, based on the discrete adjoint method, were performed using 
COMSOL Multiphysics (version 6.3).
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Algorithm 3 Overall procedure of the proposed framework.
1: for 𝑘 = 1 to 𝑁lf do
2:  Solve the LF optimization problem of Eq. (8) for 𝜸(𝑘) on 𝐬(𝑘)
3: end for
4: Assemble a temporary dataset of the LF optimized density distributions, 𝛩tmp ← {𝜸(1),… , 𝜸(𝑁lf)}
5: for 𝑡 = 0 to 𝑡max do
6:  for 𝑘 = 1 to |𝛩tmp| do
7:  Calculate HF evaluation function values in Eq. (7), {𝐽 (𝑘)

1 ,… , 𝐽 (𝑘)
𝑛o } and {𝐺

(𝑘)
1 ,… , 𝐺(𝑘)

𝑛c }
8:  end for
9:  Remove candidates from 𝛩tmp that violate the constraints 𝐺(𝑘)

𝑗 ≤ 0 for all 𝑗 = 1,… , 𝑛c
10:  if 𝑡 = 0 then
11:  Set the current candidates, 𝛩(𝑡) ← 𝛩tmp
12:  else
13:  Augment the current candidates, 𝛩(𝑡) ← 𝛩(𝑡−1) ∪ 𝛩tmp
14:  end if
15:  Update 𝛩(𝑡) using the selection algorithm based on  (𝛩(𝑡)) ←

⋃

|𝛩(𝑡)
|

𝑘=1 {𝐽 (𝑘)
1 ,… , 𝐽 (𝑘)

𝑛o }
16:  if HV in Eq. (9) regarding  (𝛩(𝑡)) is converged then
17:  break
18:  end if
19:  Initialize a temporary dataset, 𝛩tmp ← ∅
20:  for 𝑘 = 1 to 𝑁xo do
21:  Randomly select two parents 𝜸(𝑖), 𝜸(𝑗) ∈ 𝛩(𝑡)

22:  Generate an offspring 𝜸(𝑘) as the Wasserstein barycenter of 𝜸(𝑖) and 𝜸(𝑗)
23:  Add the offspring to the temporary dataset, 𝛩tmp ← 𝛩tmp ∪ {𝜸(𝑘)}
24:  end for
25: end for
26: return the optimized solutions 𝛩(𝑡) and their performance values  (𝛩(𝑡))

Fig. 3. Pre-process for high-fidelity evaluation: (a) the density distribution 𝜸 on the low-fidelity model; (b) the filtered density distribution ̂𝜸; (c) 
the material distribution 𝛾(𝐱) on the high-fidelity model.

4.2.  High-fidelity evaluation

To compute the evaluation function values in the HF model of Eq. (7), it is necessary to convert the discretized density distribution 
𝜸 on the LF model into a continuous material distribution 𝛾(𝐱) on the HF model as a pre-processing step. The pre-processing procedure 
adopted in this paper is illustrated in Fig. 3. First, we compute the filtered density distribution ̂𝜸 using a partial differential equation 
(PDE)-based filter [69] defined as follows:

−𝑅2
h∇

2𝜸̂ + 𝜸̂ = 𝜸, (17)

where 𝑅h is the filter radius. Note that when solving the PDE in Eq. (17), Dirichlet boundary conditions are imposed on specific 
regions as necessary: for example, fixed and loaded boundaries in structural mechanics problems, or inlet and outlet boundaries in 
thermofluid problems, where ̂𝛾𝑒 = 1 or ̂𝛾𝑒 = 0 is prescribed accordingly. An isosurface at ̂𝛾𝑒 = 0.5 is then extracted from the filtered 
distribution field. This process yields a smooth boundary, from which a continuous material distribution 𝛾(𝐱) is obtained. The resulting 
material distributions are then discretized using appropriate meshes based on the problem settings, and the HF evaluation function 
values are subsequently evaluated. All of these HF evaluation processes were implemented in COMSOL Multiphysics.
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4.3.  Wasserstein crossover

In this paper, we use the 2-Wasserstein distance with entropic regularization in Eq. (12) for the barycentric computation, and 
replace certain matrix operations in Algorithm 2 with convolutions using a Gaussian filter to accelerate the computation as described 
in Section 2.2. In addition, the entropic regularization coefficient 𝜀, which controls the trade-off between the accuracy of optimal 
transport and computational cost, is adaptively adjusted based on the pair of parent distributions selected for crossover. Specifically, 
prior to the crossover step described in Section 3, we compute a distance matrix 𝐃 ∈ ℝ𝑁pop×𝑁pop , where 𝑁pop is the population size, 
defined as follows:

𝐷𝑖𝑗 = ‖𝜸(𝑖) − 𝜸(𝑗)‖2 =

√

√

√

√

𝑛
∑

𝑒=1

(

𝛾 (𝑖)𝑒 − 𝛾 (𝑗)𝑒

)2
. (18)

Using the maximum and minimum value 𝐷max, 𝐷min of the distance matrix 𝐃, the entropic regularization coefficient 𝜀 for crossover 
between two parents 𝜸(𝑖) and 𝜸(𝑗) is adaptively determined as follows:

𝜀 = 𝜀min + (𝜀max − 𝜀min)
𝐷𝑖𝑗 −𝐷min

𝐷max −𝐷min
, (19)

where 𝜀max and 𝜀min are the maximum and minimum values of the entropic regularization coefficient, respectively. In this paper, we 
determine 𝜀max and 𝜀min, and the convergence tolerance 𝜏 empirically based on preliminary numerical experiments for each problem 
setting, taking into account the trade-off between the degree of blurring introduced by regularization, the validity of the interpolated 
results, and the computational cost. By adaptively adjusting the entropic regularization coefficient in this manner, the Wasserstein 
barycenter can be computed more accurately when the parents are relatively similar within the population, while maintaining com-
putational efficiency when they are dissimilar, which enhances the crossover performance. The Wasserstein crossover procedure was 
entirely implemented in Python (version 3.10.16). To accelerate the computation of the algorithm described in Algorithm 2, we em-
ployed JAX (version 0.6.1) [70] and implemented it based on POT (version 0.9.5) [71], a Python library for numerical computation 
of optimal transport.

5.  Numerical examples

In this section, we demonstrate the effectiveness of the proposed framework for intractable topology optimization problems 
through three numerical examples in structural mechanics and thermofluids. The first example is a two-dimensional stress minimiza-
tion problem that includes a non-differentiable objective function in the formulation. We verify the effectiveness of the framework 
for structural mechanics problems and highlight the advantages of the proposed Wasserstein crossover by comparing it with the VAE-
based crossover employed in conventional DDTD. In addition, we investigate the usefulness of the proposed framework by comparing 
its optimized design with multiple designs optimized by the conventional density-based method under different parameter settings. 
The second example is a two-dimensional turbulent heat transfer problem, where evaluation functions exhibit strong multimodality 
due to the complex physics of turbulent flow. This example illustrates the applicability of the proposed framework beyond sim-
ple structural mechanics problems, extending it to complex thermofluid problems. We tackle a three-dimensional stress minimization 
problem as the final example, demonstrating the suitability for three-dimensional topology optimization problems. Finally, we discuss 
the computational cost for each example to evaluate the scalability of the proposed framework.

All numerical examples presented in this paper were computed on a Linux workstation with a 2.7GHz AMD Ryzen Threadripper 
PRO 3995WX 64-core processor with 512 GB RAM and an NVIDIA RTX A6000 GPU with 48 GB memory. For the two-dimensional 
cases, the LF optimization and HF evaluation processes were executed in parallel using 50 CPU cores, whereas 30 CPU cores were 
used for the three-dimensional case. In all examples, the Wasserstein crossover process was computed on the GPU.

5.1.  2D Stress minimization problem

5.1.1.  Problem settings
Let us consider a multi-objective topology optimization problem of a two-dimensional cracked plate design, which is often used 

as a benchmark for stress-based topology optimization [73–77]. The optimization problem is formulated as follows: 

minimize
𝛾(𝐱)

𝐽1 = max𝐱∈𝐷
{𝜎(𝐱)},

𝐽2 =
∫𝐷 𝛾(𝐱) d𝛺
∫𝐷 d𝛺

,

subject to 𝛾(𝐱) ∈ {0, 1}, ∀𝐱 ∈ 𝐷.

(20)

Herein, 𝜎(𝐱) is the von Mises stress at the point 𝐱 ∈ 𝐷 ⊂ ℝ2. It is formulated as a two-objective optimization problem of minimizing 
the maximum stress 𝐽1 and volume fraction 𝐽2. While the formulation of Eq. (20) is considered as the HF model corresponding to the 
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Fig. 4. Problem settings in the two-dimensional cracked plate design problem: (a) the design domain and boundary conditions; (b, c) a topology 
optimized configuration with (b) a density distribution 𝜸 discretized with structured meshes on the low-fidelity model, and (c) a material distribution 
𝛾(𝐱) discretized with body-fitted meshes on the high-fidelity model.

formulation of Eq. (7), the LF optimization problem corresponding to Eq. (8) is formulated as follows: 

minimize
𝜸(𝑘)

𝐽 =

( 𝑛
∑

𝑒=1
𝜎𝑃𝑒

)1∕𝑃

,

subject to 𝐺 =
𝑛
∑

𝑒=1
𝑣𝑒𝛾

(𝑘)
𝑒 − 𝑉

𝑛
∑

𝑒=1
𝑣𝑒 ≤ 0,

𝜸(𝑘) ∈ [0, 1]𝑛,

for given 𝐬(𝑘) = [𝑠1, 𝑠2]⊤.

(21)

Herein, 𝜎𝑒 and 𝑣𝑒 are the elemental von Mises stress and volume, respectively. Two seeding parameters, 𝑠1 and 𝑠2, are used to determine 
the filter radius 𝑅 in Eq. (14) and volume constraint 𝑉 , respectively. Each parameter is sampled uniformly from the interval [0, 1]
with 𝑛𝑠1  and 𝑛𝑠2  divisions. The filter radius 𝑅 is obtained by linearly interpolating between 𝑅min and 𝑅max according to 𝑠1, while 
the volume constraint 𝑉  is similarly interpolated between 𝑉min and 𝑉max using 𝑠2, resulting in a total of 𝑁lf = 𝑛𝑠1 × 𝑛𝑠2  parameter 
combinations. The objective function 𝐽 in the LF formulation of Eq. (21) is defined as the 𝑃 -norm stress, which is a differentiable 
approximation of the maximum stress. For the norm parameter 𝑃 , we set a constant value of 𝑃 = 8, which is often used from the 
perspective of the trade-off between accuracy and numerical stability [4]. The LF optimization problem of Eq. (21) is solved 𝑁lf times 
independently using the solid isotropic material with penalty (SIMP) method [78].

The design domain and boundary conditions of the cracked plate are illustrated in Fig. 4(a). Due to the symmetry, we define the 
right half of a 2 × 2 plate as the design domain 𝐷, where a symmetric boundary condition is imposed only on the lower half of the 
central boundary to represent a crack in the upper half. In the LF model shown in Fig. 4(b), the design variable field 𝜸(𝑘) is discretized 
using structured meshes with 200 × 100 quadrilateral elements, i.e., 𝑛 = 20000. In contrast, body-fitted meshes are employed in the 
HF model shown in Fig. 4(c), where the boundary between material and void regions is defined by an isosurface extracted through 
the pre-processing procedure described in Section 4.2. The maximum and minimum element sizes for the HF model are set to 0.04
and 1.5 × 10−4, respectively, and body-fitted meshes with quadrilateral elements are automatically built for each candidate solution. 
In the LF model, the design variable 𝜸(𝑘) is discretized using ℙ0 Lagrange finite elements, whereas the HF model employs ℙ2 Lagrange 
finite elements for structural analysis.

The parameters regarding overall procedures of the proposed framework are listed in Table 1. Note that the convergence check 
with the hypervolume indicator is not performed in this example, and the optimization is terminated after a predefined number of 
iterations 𝑡max.

Using this numerical example, we compare the VAE-based crossover employed in conventional DDTD and the proposed Wasserstein 
crossover. The settings for the VAE in this comparison are listed in Table 2. We determined these settings following the previous 
studies [25,26,59] where DDTD was applied to stress-based topology optimization problems similar to this example.

5.1.2.  Results and discussion
Fig. 5 shows the initial population obtained from the LF optimization problem of Eq. (21). Owing to the effect of the seeding 

parameters 𝑠1 and 𝑠2 in Eq. (21), density distributions on the LF model shown in Fig. 5(a) exhibit a variety of topologies under 
different volume fractions. These density distributions are then converted into binarized material distributions on the HF model, as 
shown in Fig. 5(b). Some disconnected structures are observed in Fig. 5(b), which results from the fact that the Heaviside projection 
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Table 1 
Overall parameters in the two-dimensional stress minimization problem.
 Description  Symbol  Value
 Maximum number of iterations 𝑡max  100
 Population size 𝑁pop  100
 Number of offspring 𝑁xo  100
 Number of LF optimized initial designs 𝑁lf  100
 Number of seeding parameters for filter radius 𝑛𝑠1  4
 Number of seeding parameters for volume fraction 𝑛𝑠2  25
 Minimum filter radius 𝑅min 0.03
 Maximum filter radius 𝑅max 0.12
 Minimum volume fraction 𝑉min 0.30
 Maximum volume fraction 𝑉max 0.60
 Filter radius for HF evaluation 𝑅h 0.01
 Minimum entropic regularization coefficient 𝜀min 1.0 × 10−6

 Maximum entropic regularization coefficient 𝜀max 1.0 × 10−4

 Convergence tolerance in Sinkhorn algorithm 𝜏 1.0 × 10−9

Table 2 
Parameters for the VAE-based crossover in the two-dimensional stress minimization prob-
lem.

 Description  Value
 Size of input and output data  20,000
 Size of latent space  8
 Architecture of encoder  [20,000, 512, 8] (fully connected)
 Architecture of decoder  [8, 512, 20,000] (fully connected)
 Activation function  Sigmoid (output layer)

 ReLU (other layers)
 Reconstruction loss function  Mean squared error
 Weighting coefficient for Kullback-Leibler (KL) divergence 0.01
 Optimizer  Adam [72]
 Learning rate 0.001
 Batch size  10
 Number of epochs  500

technique [79], commonly used to promote binarization in the density-based method, was deliberately not applied to prioritize 
stability in the LF optimization.

Fig. 6 shows the optimization results comparing the VAE-based crossover and the proposed Wasserstein crossover. The initial 
designs shown in Fig. 5 are progressively evolved through iterations using the VAE-based and Wasserstein crossovers. As shown 
in Fig. 6(a), Wasserstein crossover yields a significantly greater performance improvement. Specifically, the VAE-based crossover 
achieves an approximate 31% improvement from the initial value, whereas the Wasserstein crossover achieves an about 80% im-
provement. Fig. 6(b) further illustrates that the Pareto front obtained via the Wasserstein crossover exhibits a substantial advancement 
from the initial solutions and completely dominates the Pareto front via the VAE-based crossover.

Fig. 7 compares the optimized designs obtained via the VAE-based and Wasserstein crossovers. A common feature observed in 
both cases is that the population has converged to material distributions with almost the same topology, which also exists in the 
initial population in Fig. 5(b). As can be seen in Fig. 7(a), the optimized designs via Wasserstein crossover achieve a more significant 
reduction in volume.

To enable a more detailed comparison, Fig. 8 presents the comparison results of the initial, optimized via VAE-based crossover, and 
optimized via Wasserstein crossover designs under almost identical volume fraction conditions. While these designs indeed exhibit 
the same topology, a comparison of the maximum stress value 𝐽1 reveals that the optimized design via VAE-based crossover achieves 
an approximate 28% reduction from the initial design, whereas the optimized design via Wasserstein crossover further improves 
upon this, achieving a 40% reduction. This improvement can be attributed to subtle geometric modifications, such as changes in the 
outer shape and the rounding of holes, which lead to more uniform stress distributions. Notably, the optimized design via Wasserstein 
crossover particularly exhibits a more uniform stress distribution around the tip of the crack, which is typically prone to a high stress 
concentration. Fig. 9 next presents a comparison under approximately identical conditions in terms of maximum stress 𝐽1. Although 
all three designs exhibit similar outer shapes, it can be seen that the thin structure, which is barely continuous in the initial design, is 
removed in both the optimized designs. Focusing on the crack tip in Fig. 9(b), stress concentration is evident in the initial design and 
optimized design via VAE-based crossover. In contrast, the optimized design via Wasserstein crossover effectively redistributes the 
stress throughout the surrounding thin structures, resulting in a reduction in the volume fraction 𝐽2 by approximately 30% compared 
to the initial design.

In this numerical example, the LF optimization employs a conventional approach for stress-based topology optimization using a 
gradient-based method. Thus, comparing the initial designs with those optimized by the proposed method implicitly highlights its 
advantages over the conventional approach. However, it is well known that, in the formulation using the 𝑃 -norm stress in Eq. (21), 
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Fig. 5. Low-fidelity optimized initial designs in the two-dimensional cracked plate design problem: (a) density distributions on the low-fidelity 
model; (b) material distributions on the high-fidelity model.

Fig. 6. Optimization results in the two-dimensional cracked plate design problem: (a) convergence history of the hypervolume indicator normalized 
by the initial value; (b) objective space where the performance values of the initial and optimized designs by VAE-based and Wasserstein crossover 
are plotted.
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Fig. 7. Optimized designs in the two-dimensional cracked plate design problem: (a) optimized via VAE-based crossover; (b) optimized via Wasser-
stein crossover.

Fig. 8. Results comparison of initial (left), optimized via VAE-based crossover (middle), and optimized via Wasserstein crossover (right) designs 
under nearly identical volume fraction conditions in the two-dimensional cracked plate design problem: (a) material distributions; (b) stress dis-
tributions 𝜎(𝐱). Herein, these objective values are: 𝐽1 = 38.4, 𝐽2 = 0.325 (left); 𝐽1 = 27.5, 𝐽2 = 0.320 (middle); 𝐽1 = 23.0, 𝐽2 = 0.317 (right), where 𝐽1
and 𝐽2 are the maximum stress and volume fraction, respectively. Note that the color bar is normalized with respect to the maximum stress 𝜎max of 
each design. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 9. Results comparison of initial (left), optimized via VAE-based crossover (middle), and optimized via Wasserstein crossover (right) designs 
under nearly identical maximum stress conditions in the two-dimensional cracked plate design problem: (a) material distributions; (b) stress dis-
tributions 𝜎(𝐱). Herein, these objective values are: 𝐽1 = 50.9, 𝐽2 = 0.306 (left); 𝐽1 = 50.9, 𝐽2 = 0.301 (middle); 𝐽1 = 51.9, 𝐽2 = 0.212 (right), where 𝐽1
and 𝐽2 are the maximum stress and volume fraction, respectively. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)

Table 3 
Comparison of the objective values optimized using the density-based method and the proposed frame-
work with Wasserstein crossover.
 Index in Fig. 10  Optimization method  Norm parameter 𝑃  Maximum stress 𝐽1  Volume fraction 𝐽2
 (a)

Density-based method

 4  91.4  0.304
 (b)  6  65.8  0.303
 (c)  8  46.9  0.306
 (d)  10  44.2  0.305
 (e)  12  26.3  0.304
 (f)  14  25.1  0.308
 (g)  16  25.9  0.306
 (h)  Proposed framework  –  24.4  0.303

both the resulting design and its structural performance are highly sensitive to the choice of the norm parameter 𝑃 . Therefore, to 
further validate the effectiveness of the proposed framework, we solved the optimization problem in Eq. (21) with a fixed volume 
fraction constraint of 𝑉 = 0.30 using the density-based method for several different values of 𝑃  ranging from 4 to 16, and the resulting 
designs were then binarized and evaluated on the HF model following the same procedure described in Section 4.2. Fig. 10 and Table 3 
compare these results with the optimized design by the proposed framework at approximately the same volume fraction. Due to the 
nature of the norm, the 𝑃 -norm stress tends to well approximate the maximum stress as 𝑃  increases, resulting in lower maximum 
stress values 𝐽1 in Table 3 and more distributed stress distributions around the crack tip in Figs. 10(e)–(g). The deterioration observed 
at 𝑃 = 16 is likely due to the optimization being trapped in a poor local optimum. Nevertheless, as seen in Fig. 10(h), the optimized 
design by the proposed framework effectively redistributes the stress not only around the crack tip but also throughout other structural 
members, leading to the lowest maximum stress 𝐽1 among all designs despite its smallest volume fraction 𝐽2. This result demonstrates 
the advantage of the proposed framework, in which the maximum stress evaluated on the HF model using the body-fitted meshes is 
directly minimized through an EA, rather than relying on approximations such as the 𝑃 -norm stress. It should be noted that although 
we employed 𝑃 = 8 in this example for the LF optimization with the primary aim of stably generating diverse initial designs in the 
proposed framework, using a larger value or varying it through an additional seeding parameter could potentially yield even better 
optimized results.

These results suggest that the proposed framework can be effectively applied to stress-based topology optimization problems, 
particularly in handling non-differentiable objective functions such as the maximum stress. Furthermore, the proposed Wasserstein 
crossover appears capable of generating physically reasonable material distributions not only in fluid problems, as shown in Fig. 1, 
but also in structural mechanics problems. Its performance as a crossover operator seems to be superior to that of the VAE-based 
crossover, which is used in conventional DDTD.

Computer Methods in Applied Mechanics and Engineering 451 (2026) 118713 

16 



T. Kii et al.

Fig. 10. Comparison of stress distributions optimized using the density-based method (a–g) and the proposed framework with Wasserstein crossover 
(h) in the two-dimensional cracked plate design problem. In the results of the density-based method, each design was optimized under a different 
parameter setting in the 𝑃 -norm stress function: (a) 𝑃 = 4; (b) 𝑃 = 6; (c) 𝑃 = 8; (d) 𝑃 = 10; (e) 𝑃 = 12; (f) 𝑃 = 14; (g) 𝑃 = 16. The corresponding 
objective values are listed in Table 3. Note that the color bar is normalized with respect to the maximum stress 𝜎max of each design. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 11. Problem settings in the two-dimensional heat sink design problem: (a) the analysis domain composed of the design domain 𝐷 and non-
design domain 𝛺non; (b, c) a topology optimized configuration with (b) a density distribution 𝜸 discretized with structured meshes on the low-fidelity 
model, and (c) a material distribution 𝛾(𝐱) discretized with body-fitted meshes and boundary layer meshes on the high-fidelity model. The fluid 
comes from the inlet 𝛤in to the outlet 𝛤out. The boundary 𝛤sym is defined as a symmetric boundary. The remaining external boundary 𝛤wall is defined 
as a wall boundary.

5.2.  2D Turbulent heat transfer problem

Let us consider a heat sink design problem considering two-dimensional turbulent heat transfer. Fig. 11(a) illustrates the design 
domain 𝐷 ⊂ ℝ2 and an analysis domain  = 𝐷 ∪𝛺non with 𝐷 ∩𝛺non ≠ ∅, where 𝛺non is a non-design domain. Examples of the 
optimized configuration on the LF and HF models are shown in Figs. 11(b) and (c), respectively.

5.2.1.  Governing equations
First, we provide the governing equations and boundary conditions for both the HF and LF models.

High-fidelity model
The analysis domain  on the HF model is composed of the fluid domain 𝛺f and the solid domain 𝛺s =  ⧵𝛺f. Within the design 

domain 𝐷, the fluid domain 𝛺f and solid domain 𝛺s are indicated by 𝛾(𝐱) = 1 and 𝛾(𝐱) = 0, respectively, where 𝛾(𝐱) is the design 
variable field of a material distribution. The evaluation functions are given by the governing equations for fluid velocity 𝐮 ∶ 𝛺f → ℝ2, 
pressure 𝑝 ∶ 𝛺f → ℝ, and temperature 𝑇 ∶ 𝛺f → ℝ.

In this paper, we model the turbulent flow using the steady-state incompressible Reynolds-averaged Navier-Stokes (RANS) equa-
tions with the standard 𝑘 − 𝜖 model, which is a widely used approximate model for turbulent flow analysis. The governing equations 
for the fluid velocity 𝐮 and pressure 𝑝 in 𝛺f are given by the following dimensionless RANS equations:

∇ ⋅ 𝐮 = 0, (22)
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(𝐮 ⋅ ∇)𝐮 = −∇𝑝 + ∇ ⋅
( 2
𝑅𝑒

𝐒
)

+ ∇ ⋅ 𝐓, (23)

where 𝑅𝑒 is the Reynolds number. 𝐒 =
(

∇𝐮 + (∇𝐮)⊤
)

∕2 is the mean strain-rate tensor and 𝐓 = 2𝜈t𝐒 − 2𝑘𝐈∕3 is the Reynolds stress 
tensor based on the Boussinesq approximation. Here, 𝑘 is the turbulent kinetic energy and 𝜈t is the eddy viscosity, which is defined 
as follows:

𝜈t = 𝐶𝜇
𝑘2

𝜖
, (24)

where 𝐶𝜇 is a empirical constant, and 𝜖 is the energy dissipation rate. 𝑘 and 𝜖 are governed by the following equations:

𝐮 ⋅ ∇𝑘 = ∇ ⋅
(

𝜈t
𝜎𝑘

∇𝑘
)

+ 2𝜈t𝐒 ∶ 𝐒 − 𝜖, (25)

𝐮 ⋅ ∇𝜖 = ∇ ⋅
(

𝜈t
𝜎𝜖

∇𝜖
)

+ 𝐶1𝜖
𝜖
𝑘
2𝜈t𝐒 ∶ 𝐒 − 𝐶2𝜖

𝜖2

𝑘
, (26)

where the empirical constants are set as 𝐶𝜇 = 0.09, 𝐶1𝜖 = 1.44, 𝐶2𝜖 = 1.92, 𝜎𝑘 = 1.0, and 𝜎𝜖 = 1.3. The temperature 𝑇 ∶ 𝛺f → ℝ is 
governed by the following conjugate heat transfer equation in a dimensionless form:

𝐮 ⋅ ∇𝑇 = ∇ ⋅
((

1
𝑃𝑒

+
𝜈t
𝑃𝑟t

)

∇𝑇
)

, (27)

where 𝑃𝑒 is the Péclet number defined as 𝑅𝑒 ⋅ 𝑃𝑟 where 𝑃𝑟 is the Prandtl number, and 𝑃𝑟t is the turbulent Prandtl number. The 
parameters regarding these governing equations for the HF model are listed in Table 4.

The boundary conditions in the analysis domain shown in Fig. 11(a) are defined in dimensionless forms as follows:

𝐮 = −𝐧, 𝑇 = 0 on 𝛤in, (28)

𝑝 = 0, 𝐧 ⋅ ∇𝑇 = 0 on 𝛤out, (29)

𝐮 ⋅ 𝐧 = 0, 𝐧 ⋅ ∇𝑇 = 0 on 𝛤wall, 𝛤sym, (30)

−𝐧 ⋅ 𝐪 = 𝐵𝑖(1 − 𝑇 ) on 𝜕𝛺f ⧵
(

𝛤wall ∪ 𝛤sym
)

, (31)

where 𝐧 is the outward unit normal vector and 𝐵𝑖 is the Biot number. The heat flux 𝐪 in a dimensionless form is defined as follows:

𝐪 = −
(

1
𝑃𝑒

+
𝜈t
𝑃𝑟t

)

∇𝑇 . (32)

Table 4 
Parameters regarding the high-fidelity model in 
the two-dimensional turbulent heat transfer prob-
lem.

 Description  Symbol  Value
 Reynolds number 𝑅𝑒 5000
 Péclet number 𝑃𝑒 500
 Turbulent Prandtl number 𝑃𝑟t 0.1
 Biot number 𝐵𝑖 0.1
 Filter radius for HF evaluation 𝑅h 0.021

Table 5 
Parameters regarding the low-fidelity model in the two-dimensional turbulent heat trans-
fer problem.
 Description  Symbol  Value
 Inverse permeability 𝛼 1.0 × 104

 Prandtl number of fluid 𝑃𝑟f 0.1
 Prandtl number of solid 𝑃𝑟s 1
 Tuning parameter for inverse permeability 𝑞𝛼 100
 Tuning parameter for Prandtl number 𝑞𝑃𝑟 10
 Minimum Reynolds number 𝑅𝑒min 10
 Maximum Reynolds number 𝑅𝑒max 80
 Minimum volumetric heat transfer coefficient 𝛽min 0.1
 Maximum volumetric heat transfer coefficient 𝛽max 0.5
 Number of seeding parameters for Reynolds number 𝑛𝑠1  4
 Number of seeding parameters for volumetric heat transfer coefficient 𝑛𝑠2  25
 Filter radius 𝑅 0.06
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Table 6 
Parameters regarding the overall algorithm in the two-dimensional 
turbulent heat transfer problem.
 Description  Symbol  Value
 Maximum number of iterations 𝑡max  100
 Population size 𝑁pop  100
 Number of offspring 𝑁xo  100
 Number of LF optimized initial designs 𝑁lf  100
 Minimum entropic regularization coefficient 𝜀min 2.0 × 10−6

 Maximum entropic regularization coefficient 𝜀max 2.0 × 10−4

 Convergence tolerance in Sinkhorn algorithm 𝜏 1.0 × 10−9

Low-fidelity model
In order to stably solve the LF optimization problem and derive diverse and promising initial designs, we employ a laminar flow 

model under low Reynolds number conditions as the LF model, which is a common approach in the literature [5]. To enable density-
based topology optimization by representing both fluid and solid domains using a single design variable, we consider the following 
governing equations for the state variable fields 𝐮̃ ∶  → ℝ2, 𝑝̃ ∶  → ℝ, and 𝑇̃ ∶  → ℝ in the LF model:

∇ ⋅ 𝐮̃ = 0, (33)

(𝐮̃ ⋅ ∇)𝐮̃ = −∇𝑝̃ + 1
𝑅𝑒

∇2𝐮̃ − 𝛼𝛾̃ 𝐮̃, (34)

𝐮̃ ⋅ ∇𝑇̃ = 1
𝑅𝑒𝑃𝑟𝛾̃

∇2𝑇̃ + 𝛽𝛾̃ (1 − 𝑇̃ ), (35)

where 𝑅𝑒 is the Reynolds number for the laminar flow model. Note that the governing equations in Eqs. (33), (34), and (35) are 
formulated in dimensionless forms. The design variable-dependent parameters 𝛼𝛾̃ , 𝛽𝛾̃ , and 𝑃𝑟𝛾̃ are defined as follows:

𝛼𝛾̃ = 𝛼
1 − 𝛾̃
𝛾̃ + 𝑞𝛼

, (36)

𝛽𝛾̃ = 𝛽(1 − 𝛾̃), (37)

𝑃𝑟𝛾̃ = 𝑃𝑟f + (𝑃𝑟s − 𝑃𝑟f)
1 − 𝛾̃

1 + 𝑞𝑃𝑟𝛾̃
, (38)

where ̃𝛾 =
∑𝑛

𝑒=1 𝛾
(𝑘)
𝑒 𝜒𝑒(𝐱) is the design variable field converted from 𝜸(𝑘) to a continuous field, where 𝜒𝑒(𝐱) is the indicator function of 

the 𝑒-th element, i.e., 𝜒𝑒(𝐱) = 1 if 𝐱 is in the 𝑒-th element and 𝜒𝑒(𝐱) = 0 otherwise. The constants 𝛼 and 𝛽 denote the inverse permeability 
and volumetric heat transfer coefficient, respectively. 𝑃𝑟f and 𝑃𝑟s are the Prandtl numbers of the fluid and solid domains, respectively, 
and 𝑞𝛼 and 𝑞𝑃𝑟 are tuning parameters controlling the convexity of the interpolation functions. 𝛼𝛾̃ appears in the Navier-Stokes equation 
in Eq. (34) to model the solid domain [80], while 𝛽𝛾̃ is used in the energy equation in Eq. (35) to represent the heat source in the 
solid domain. The parameters regarding these governing equations for the LF model are listed in Table 5.

The boundary conditions in the analysis domain shown in Fig. 11(a) are defined as follows:
𝑝̃ = 1, 𝑇̃ = 0 on 𝛤in, (39)

𝑝̃ = 0, 𝐧 ⋅ ∇𝑇̃ = 0 on 𝛤out, (40)

𝐮̃ = 0, 𝐧 ⋅ ∇𝑇̃ = 0 on 𝛤wall, (41)

𝐮̃ ⋅ 𝐧 = 0, 𝐧 ⋅ ∇𝑇̃ = 0 on 𝛤sym. (42)

5.2.2.  Formulations
The optimization problem is formulated as follows: 

minimize
𝛾(𝐱)

𝐽1 = −
∫𝛤out 𝑇 d𝛤

∫𝛤out d𝛤
,

𝐽2 =
∫𝛤in 𝑃 d𝛤

∫𝛤in d𝛤
,

subject to 𝛾(𝐱) ∈ {0, 1}, ∀𝐱 ∈ 𝐷.

(43)

Herein, setting 𝐽1 and 𝐽2 as the objective functions corresponds to maximizing the heat exchange amount between the fluid and solid 
domains, and minimizing the pressure loss in the fluid domain, respectively. For given material distribution 𝛾(𝐱), these objective values 
are evaluated on the HF model by solving the governing equations in Eqs. (22)–(27) and the boundary conditions in Eqs. (28)–(31). 
As shown in Fig. 11(c), in the HF model, the analysis domain  is discretized using body-fitted meshes with triangular elements and 
five boundary layers with quadrilateral elements, which are automatically built with the maximum and minimum element sizes of 
6.6 × 10−2 and 2.9 × 10−3, respectively. All state variable fields are discretized using ℙ1 Lagrange finite elements.
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Fig. 12. Low-fidelity optimized initial designs in the two-dimensional heat sink design problem: (a) density distributions on the low-fidelity model; 
(b) material distributions on the high-fidelity model.
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Fig. 13. Optimization results in the two-dimensional heat sink design problem: (a) convergence history of the hypervolume indicator normalized 
by the initial value; (b) objective space where the performance values of the initial and optimized designs are plotted.

Fig. 14. Optimized designs in the two-dimensional heat sink design problem.

In contrast, the LF optimization problem is formulated as follows: 

minimize
𝜸(𝑘)

𝐽 = −∫𝛤out
(𝐮̃ ⋅ 𝐧)𝑇̃ d𝛤

subject to 𝜸(𝑘) ∈ [0, 1]𝑛,

for given 𝐬(𝑘) = [𝑠1, 𝑠2]⊤.

(44)

Herein, two seeding parameters, 𝑠1 and 𝑠2, are employed to seed the Reynolds number 𝑅𝑒 in Eqs. (34) and (35), and the volumetric 
heat transfer coefficient 𝛽 in Eq. (37), respectively. The Reynolds number 𝑅𝑒 is obtained by linearly interpolating between 𝑅𝑒min and 
𝑅𝑒max according to 𝑠1, while 𝛽 is interpolated between 𝛽min and 𝛽max using 𝑠2. Both 𝑠1 and 𝑠2 are sampled uniformly from the interval 
[0, 1] with 𝑛𝑠1  and 𝑛𝑠2  divisions, respectively, as in the numerical example in Section 5.1. Consequently, the LF optimization problem 
of Eq. (44) is solved independently 𝑁lf = 𝑛𝑠1 × 𝑛𝑠2  times. Compared to the original problem with a turbulent flow model under high 
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Fig. 15. Results comparison of initial (left) and optimized (right) designs with similar shapes in the two-dimensional heat sink design problem: (a) 
channel configurations; (b) velocity magnitude |𝐮| with stream lines; (c) pressure 𝑝; (d) temperature 𝑇 . Herein, these objective values are: 𝐽1 = −0.183, 
𝐽2 = 0.206 (left); 𝐽1 = −0.234, 𝐽2 = 0.129 (right), where 𝐽1 and 𝐽2 are the negative heat exchange amount and the pressure loss, respectively. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Reynolds number conditions, the LF optimization problem is formulated as a simplified pseudo-problem under the governing equations 
in Eqs. (33)–(35) and the boundary conditions in Eqs. (39)–(42), which can be stably solved under low Reynolds number conditions. 
Solving the LF optimization under these stably solvable conditions with seeding parameters allows us to efficiently derive diverse and 
promising initial designs for the original problem. It should be emphasized that the LF model is used solely for this initialization stage; 
the actual optimization is driven by the repeated cycle of HF evaluations under the turbulent flow model, selection, and Wasserstein 
crossover. Thus, although the LF model employs laminar flow conditions, the optimization itself progresses based on the thermofluidic 
performance under turbulent flow. As shown in Fig. 11(b), on the LF model, the design variable 𝜸(𝑘) is discretized using structured 
meshes with 10,368 quadrilateral elements, i.e., 𝑛 = 10368.

The parameters regarding the overall algorithm are listed in Table 6. As in the numerical example in Section 5.1, the convergence 
check with the hypervolume indicator is not performed in this example.

5.2.3.  Results and discussion
Fig. 12 shows the initial population obtained by solving the LF optimization problem of Eq. (44). As in the example in Section 5.1, 

seeding parameters 𝑠1 and 𝑠2 in Eqs. (44) yield diverse density distributions on the LF model shown in Fig. 12(a), which are then 
appropriately converted into flow channels on the HF model as shown in Fig. 12(b).

Fig. 13 shows the optimization results, including the hypervolume convergence history and the objective space. In Fig. 13(a), the 
steady increase in hypervolume over iterations indicates that the initial designs are progressively evolved by Wasserstein crossover, 
finally achieving a 60% improvement from the initial value. As shown in Fig. 13(b), both objective values have significantly improved 
from the initial designs, and the optimized solutions form a well-aligned Pareto front. It should be noted that the comparison between 
the initial and optimized designs in this numerical example implicitly serves as a baseline against gradient-based approaches with 
the density-based method, since the initial population is derived from LF optimization using a simplified laminar flow model, which 
has been widely used in the literature [5].

Fig. 14 shows the optimized population. Compared with the initial population in Fig. 12(b), the optimized population includes both 
designs that resemble the initial ones and others with entirely novel channel configurations. To further investigate their differences, 
Fig. 15 compares the initial and optimized channel configurations that share similar overall shapes. A particularly notable difference 
is in the streamlines shown in Fig. 15(b): while the initial design exhibits characteristic turbulent vortices near the top and bottom 
ends of the channel, the optimized design suppresses such vortices by narrowing these regions. As a result, there is a significant 
difference in pressure loss 𝐽2 between them.

Fig. 16 compares the initial and optimized designs under nearly identical pressure loss conditions. Focusing on the solid domains 
given as heat sources in Fig. 16(a), the initial design contains five such domains, whereas the optimized one has ten. As a result, the 
optimized configuration achieves approximately 40% better heat exchange amount 𝐽1 than the initial one. Nevertheless, as shown in 
Fig. 16(b), the pressure loss 𝐽2 remains comparable between them by arranging solid domains so as not to obstruct the flow.

Fig. 17 presents a comparison under approximately identical heat exchange amount conditions. As shown in Fig. 17(a), the 
initial and optimized designs exhibit entirely different channel configurations: the initial one resembles a pin-fin heat sink, while 
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Fig. 16. Results comparison of initial (left) and optimized (right) designs under nearly identical pressure loss conditions in the two-dimensional 
heat sink design problem: (a) channel configurations; (b) velocity magnitude |𝐮| with stream lines; (c) pressure 𝑝; (d) temperature 𝑇 . Herein, these 
objective values are: 𝐽1 = −0.359, 𝐽2 = 0.280 (left); 𝐽1 = −0.501, 𝐽2 = 0.281 (right), where 𝐽1 and 𝐽2 are the negative heat exchange amount and 
the pressure loss, respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 
article.)

Fig. 17. Results comparison of initial (left) and optimized (right) designs under nearly identical heat exchange amount conditions in the two-
dimensional heat sink design problem: (a) channel configurations; (b) velocity magnitude |𝐮| with stream lines; (c) pressure 𝑝; (d) temperature 𝑇 . 
Herein, these objective values are: 𝐽1 = −0.591, 𝐽2 = 0.670 (left); 𝐽1 = −0.595, 𝐽2 = 0.269 (right), where 𝐽1 and 𝐽2 are the negative heat exchange 
amount and the pressure loss, respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

the optimized one takes on a plate-fin-like configuration with an adjusted outer shape. This unique curved plate-fin configuration 
reduces the pressure loss 𝐽2 by approximately 60% compared to the initial design. In Fig. 17(b), the initial flow channel, originally 
optimized under a laminar flow model, shows minimal flow near the solid domains close to the inlet under the turbulent flow model. 
In contrast, the optimized flow channel maintains high flow velocity between all fins, indicating that effective heat exchange has 
been achieved with fewer solid domains than the initial one.
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Fig. 18. Problem settings in the three-dimensional cracked box design problem: (a) the whole domain; (b) the design domain and boundary 
conditions defined in the quarter domain.

Table 7 
Overall parameters in the three-dimensional stress minimization prob-
lem.

 Description  Symbol  Value
 Maximum number of iterations 𝑡max  150
 Population size 𝑁pop  60
 Number of offspring 𝑁xo  60
 Number of LF optimized initial designs 𝑁lf  120
 Number of seeding parameters for filter radius 𝑛𝑠1  3
 Number of seeding parameters for volume fraction 𝑛𝑠2  20
 Number of seeding parameters for norm parameter 𝑛𝑠3  2
 Minimum filter radius 𝑅min 0.04
 Maximum filter radius 𝑅max 0.12
 Minimum volume fraction 𝑉min 0.10
 Maximum volume fraction 𝑉max 0.30
 Minimum norm parameter for LF model 𝑃min  6
 Maximum norm parameter for LF model 𝑃max  8
 Filter radius for HF evaluation 𝑅h 0.025
 Minimum entropic regularization coefficient 𝜀min 1.0 × 10−4

 Maximum entropic regularization coefficient 𝜀max 1.0 × 10−3

 Convergence tolerance in Sinkhorn algorithm 𝜏 1.0 × 10−5

These results indicate the potential of the proposed framework to handle complex physical models such as turbulent flow. In par-
ticular, the emergence of novel flow channel configurations—absent from the initial population but introduced through Wasserstein 
crossover during the optimization process—appears to be a key factor in achieving significant performance improvements.

5.3.  3D Stress minimization problem

5.3.1.  Problem settings
Let us consider a three-dimensional stress minimization problem. Fig. 18 illustrates the analysis domain of the three-dimensional 

cracked box. In Fig. 18(a), two cracks are present in both the 𝑥 and 𝑦 directions, and the design domain 𝐷 ⊂ ℝ3 is defined as a 
quarter of the whole domain shown in Fig. 18(b), where the cracks are represented by applying symmetric boundary conditions on 
the bottom part. This problem can be regarded as a three-dimensional extension of the cracked plate design problem in Section 5.1. 
The formulations of HF and LF models are basically identical to Eqs. (20) and (21), respectively, except that an additional seeding 
parameter 𝑠3 is introduced to change the norm parameter 𝑃  in the 𝑃 -norm stress in Eq. (21). The norm parameter 𝑃  is obtained by 
linearly interpolating between 𝑃min and 𝑃max according to 𝑠3, where 𝑃min and 𝑃max are the minimum and maximum values of the 
norm parameter 𝑃 , respectively. The parameters regarding the overall algorithm are listed in Table 7.

In the LF model, the design variable field 𝜸(𝑘) is discretized using structured meshes with 40 × 40 × 80 hexahedral elements, i.e., 
𝑛 = 128000, whereas the HF model employs body-fitted meshes with tetrahedral elements whose maximum and minimum element 
sizes are set to 0.11 and 8.5 × 10−3, respectively. As in the two-dimensional case, the design variable 𝜸(𝑘) is discretized using ℙ0

Lagrange finite elements for the LF model, while the HF model employs ℙ2 Lagrange finite elements for structural analysis.
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Fig. 19. Optimization results in the three-dimensional cracked box design problem: (a) convergence history of the hypervolume indicator normalized 
by the initial value; (b) objective space where the performance values of the initial and optimized designs are plotted.

Table 8 
Breakdown of computational time for each numerical example (hours).
 Case  2D stress minimization  2D turbulent heat transfer  3D stress minimization
 LF optimization  0.39  0.46  19.01
 HF evaluation  6.36  19.58  80.02
 Selection  3.23  1.18  7.51
 Wasserstein crossover  21.76  21.52  24.54
 Total  31.74  42.74  131.08

5.3.2.  Results and discussion
Fig. 19 shows the hypervolume convergence history and the objective space as the optimization results. The hypervolume improves 

over iterations in Fig. 19(a), finally increasing by about 10% from its initial value. In Fig. 19(b), the Pareto front has also progressed 
from the initial solutions. These results suggest that even in three-dimensional cases, Wasserstein crossover can potentially lead to 
optimized designs with improved physical performance.

As in the previous numerical examples, we compare the representative initial and optimized designs under nearly identical volume 
fraction conditions in Fig. 20. The optimized designs shown in Fig. 20(a) and (b) are structurally characterized by smoother geometries 
that include rounded corners and edges, in contrast to the initial designs. Focusing on the stress distributions in Fig. 20(c), it can be 
seen that the optimized design removes the material at the intersection point of the two cracks, where stress concentration occurs 
in the initial design. As a result, the maximum stress 𝐽1 is reduced by approximately 13% in the optimized design compared to the 
initial one, while the volume fraction 𝐽2 remains nearly unchanged.

These results indicate the potential applicability of the proposed framework to three-dimensional topology optimization problems. 
As with the two-dimensional cases in Sections 5.1 and 5.2, the proposed Wasserstein crossover seems to produce physically reasonable 
material distributions that may lead to improved performance.

5.4.  Computational cost analysis

To assess the scalability of the proposed framework, we measured the computational time for each numerical example. Table 8 
summarizes the breakdown across the procedures described in Section 3. First, for the two-dimensional stress minimization problem 
in Section 5.1, the proposed framework required 31.74 hours, whereas the DDTD framework took 16.84 hours, indicating that Wasser-
stein crossover incurred approximately 1.9 times higher computational cost compared to VAE-based crossover. This result suggests 
that, under the conditions of Section 5.1, repeatedly computing the Wasserstein barycenter is more computationally expensive than 
the training and sampling process of the VAE. Nevertheless, in light of the striking difference in search performance, as demonstrated 
by the approximately 2.6 times improvement in hypervolume shown in Fig. 6(a), the increased computational cost of Wasserstein 
crossover appears to be acceptable. It should also be noted that further acceleration can be expected through parallel computing 
techniques with multiple GPUs, as the computation of the Wasserstein barycenter for each offspring is independent.

Next, comparing the computational times across the three numerical examples in Table 8 reveals that the total costs are highly 
dependent on LF optimization and HF evaluation. In other words, the computational load of the finite element analysis significantly 
influences the overall cost of the proposed framework. Regarding the Wasserstein crossover, its computational complexity primarily 
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Fig. 20. Results comparison of initial (left) and optimized (right) designs under nearly identical volume fraction conditions in the three-dimensional 
cracked box design problem: (a) material distributions; (b) projections from top and side views; (c) stress distributions 𝜎(𝐱). Herein, these objec-
tive values are: 𝐽1 = 175, 𝐽2 = 9.30 × 10−2 (left); 𝐽1 = 153, 𝐽2 = 9.43 × 10−2 (right), where 𝐽1 and 𝐽2 are the maximum stress and volume fraction, 
respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 21. Percentage of computational time within the main loop of the proposed framework for three numerical examples.

depends on the number of design variables 𝑛 and the number of offspring 𝑁xo. Consequently, the computational times for Wasserstein 
crossover in the two-dimensional problems are nearly identical. For the three-dimensional stress minimization problem, despite the 
quite larger number of design variables, the computational time for Wasserstein crossover is not substantially higher, which can be 
partly attributed to the smaller number of offspring 𝑁xo compared to the two-dimensional cases. In addition, the stronger entropic 
regularization achieved by larger values of 𝜀min and 𝜀max, together with a relaxed convergence tolerance 𝜏 in the Sinkhorn algorithm 
in Algorithm 2, led to a decrease in the number of Sinkhorn iterations, thereby reducing the computational cost.
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For a clearer comparison, Fig. 21 illustrates the proportion of computational time spent on each procedure within the main loop, 
consisting of HF evaluation, selection, and Wasserstein crossover, excluding LF optimization with relatively low computational costs. 
In all cases, the majority of the computational time was consumed by HF evaluation and Wasserstein crossover, while the time 
for selection was negligible. The relative contribution of Wasserstein crossover becomes particularly noticeable in relatively simple 
problems, such as the two-dimensional solid mechanics case in Section 5.1, where the finite element analysis is computationally 
inexpensive. In contrast, when HF evaluation becomes more computationally demanding, as in the turbulent heat transfer problem 
in Section 5.2 or the three-dimensional stress minimization problem in Section 5.3, its cost dominates the main loop, and the relative 
impact of Wasserstein crossover diminishes. This trend suggests that the proposed framework is especially advantageous for intractable 
topology optimization problems in which HF evaluations are substantially more expensive. For extending the proposed framework 
to such problems, it will be helpful to reduce the number of evaluations through adjustments in population size or the use of HF 
surrogate models, which will be explored in future work. At the same time, even if HF evaluations are inexpensive, it is worth 
emphasizing the advantages of the proposed framework for optimization problems involving non-differentiable or strongly multimodal 
evaluation functions. In such cases, the EA-based search mechanism, enhanced by Wasserstein crossover, remains beneficial despite 
its computational cost.

6.  Conclusions

In this paper, we introduced a Wasserstein crossover operator for material distributions in topology optimization and developed 
an EA-based framework. In the proposed framework, material distributions are represented as density fields following a density-based 
topology optimization approach. During the Wasserstein crossover, selected parent candidate solutions are interpreted as probability 
distributions, and their Wasserstein barycenter is computed to generate offspring. This approach allows for smooth and meaningful 
interpolation between parents based on the optimal transport theory, leading to a more effective crossover operator compared to 
conventional ones, such as the VAE-based crossover employed in DDTD. The proposed framework also incorporates the idea of 
multifidelity design: LF optimization, which is formulated as an easily solvable pseudo-problem, is used to derive initial designs, 
followed by iterative cycles of HF evaluation, selection, and Wasserstein crossover.

As numerical examples, we considered three topology optimization problems: a two-dimensional stress minimization problem, 
a two-dimensional turbulent heat transfer problem, and a three-dimensional stress minimization problem. In the first example, a 
comparison with the VAE-based crossover used in DDTD highlighted the superiority of the proposed Wasserstein crossover. Across all 
examples, the proposed framework effectively handled non-differentiable or strongly multimodal evaluation functions and success-
fully derived physically reasonable optimized designs with a computationally feasible effort. These results highlight the potential of 
Wasserstein crossover as a powerful crossover operator for topology optimization. Thus, a natural future direction is to further inves-
tigate its applicability to more complex topology optimization problems, such as those involving geometric nonlinearity or buckling, 
unsteady thermofluid problems, as well as other physics-related problems. Three-dimensional extensions of these problems will also 
be explored in future work, as they require substantially greater computational resources than those used in this paper.

One of the major challenges of Wasserstein crossover lies in its current limitation to problems with rectangular design domains. 
Although the computation of optimal transport is theoretically possible [81,82], the acceleration achieved via convolutional opera-
tions becomes restricted, leading to impractically high computational costs. To address this issue, normalization techniques such as 
design domain mapping [55] are expected to be beneficial, which will be explored in future work. Additionally, another challenge in 
the optimization framework is the need to formulate a pseudo-optimization problem that can be easily solved using the density-based 
method. Developing a systematic approach to construct the initial population in a problem-independent manner is a crucial topic, 
which will also be investigated in our subsequent studies.
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