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Edge Sampling of Graphs: Graph Signal Processing
Approach With Edge Smoothness

Kenta Yanagiya , Member, IEEE, Koki Yamada, Member, IEEE, Yasuo Katsuhara, Tomoya Takatani,
and Yuichi Tanaka , Senior Member, IEEE

Abstract—Finding important edges in a graph is a crucial prob-
lem for various research fields, such as network epidemics, signal
processing, machine learning, and sensor networks. In this paper,
we tackle the problem based on sampling theory on graphs. We
convert the original graph to a line graph where its nodes and
edges, respectively, represent the original edges and the connections
between the edges. We then perform node sampling of the line graph
based on the edge smoothness assumption: this process selects the
most critical edges in the original graph. We present a general
framework of edge sampling based on graph sampling theory
and reveal a theoretical relationship between the degree of the
original graph and the line graph. We also propose an acceleration
method for edge sampling in the proposed framework by using the
relationship between the two types of Laplacian of the node and
edge domains. Experimental results in synthetic and real-world
graphs validate the effectiveness of our approach against some
alternative edge selection methods.

Index Terms—Graph signal processing, edge sampling, line
graph, graph sparsification.

I. INTRODUCTION

GRAPH signal processing (GSP) is a developing field of
signal processing [2], [3], [4], [5]. GSP targets graph

signals whose domain is represented as nodes of a graph. There
exist various promising applications of GSP since many real-
world signals have irregular underlying structures rather than
the standard uniform-interval relationships.

Examples of graph signals include signals on social, brain,
transportation, power networks, and point clouds [4], [6], [7],
[8], [9], [10], [11], [12], [13]. GSP aims to extend theories
and algorithms for standard signal processing like sampling,
filtering, restoration, and compression.
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Graph signal sampling is a counterpart of that for standard,
i.e., uniform-interval, signals [5]. Standard signals implicitly
assume their structure because the sampling period is determined
prior to sampling and is usually fixed throughout the sampling
process. In contrast, graph signals could have irregular struc-
tures, and their corresponding graph frequencies are unevenly
distributed. The optimal sampling of graph signals often depends
on graphs, especially for noisy cases. Therefore, sampling meth-
ods on graphs have been studied extensively [5], [6], [7], [10],
[14], [15], [16], [17], [18].

In graph signal sampling theory, the main theoretical target is
to build an analog of sampling theory for standard time-domain
signals for the graph setting. This includes the definition of
bandlimitedness and the perfect recovery condition. A particular
difference between standard and graph signal sampling is that
regular uniform interval sampling sometimes does not reflect
their node-wise relationships in the graph setting. Therefore,
we need to consider sampling set selection for node-wise sam-
pling [5], [14], [15], [16], [18], [19]. In a practical aspect,
the acceleration of graph signal sampling is key because we
sometimes encounter thousands and even millions of nodes. In
terms of that, various fast sampling set selection methods have
also been proposed [10], [14], [20], [21]. The details of graph
signal sampling are described in Section II-A.

However, most existing sampling methods on GSP consider
the sampling of nodes as an analogy of that in standard signal
processing. There exists another entity for sampling in GSP:
edges.

In this paper, we propose edge sampling based on graph signal
processing techniques. As an analogy to node sampling, edge
sampling refers to selecting the most essential edges from a
given set of edges in the original graph. A new graph comprises
the original nodes and sampled, i.e., selected, edges.

Edge sampling is required in various application fields. For
example, in network epidemiology, we need to select the essen-
tial edges for preventing disease spreading by removing these
edges [22], [23]. This technique is important for policymakers
to determine an effective lockdown policy [24]. For network
science, we often need to obtain a good abstraction of graphs,
i.e., edge sparsification [25], [26], [27], to save computation and
storage burden.

In this paper, we view edge sampling from a GSP perspective.
In the proposed approach, we assume the smoothness of edge
weights. The smoothness of edge weights refers to the similarity
of the weights of adjacent edges, i.e., edges connected to the
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same node. As we will show later, this edge smoothness can be
found in various graphs. We utilize graph frequency to measure
the smoothness. However, the smoothness in GSP usually refers
to the smoothness of the signal on the nodes. To properly regard
edge smoothness as signal smoothness, we convert the original
graph into a line graph that represents the edge connection
relationship of the original graph. We select nodes in the line
graph based on a GSP technique. As a result, selecting impor-
tant nodes in the line graph is regarded as selecting important
edges in the original graph. We can use various effective and
high-quality node sampling methods of GSP by converting to
the line graph [10], [14], [18].

We also propose an acceleration method of edge sampling.
Edge sampling often requires matrix multiplication(s) to recon-
struct edge weights by filtering similar to the signal sampling
counterpart. Since we treat edge weights as graph signals in
the edge sampling, the size of the filter matrix is identical to the
number of edges: it is generally larger than the number of nodes.
As a result, the most calculation-intensive part of the edge sam-
pling process is filtering. We propose an approximation method
for the filtering process to avoid large matrix multiplication that
does not require explicit line graph conversion.

In the experiments of synthetic and real-world graphs, our
proposed edge sampling method outperforms alternative edge
selection methods regarding several measures.

The remainder of this paper is organized as follows. Section II
reviews the sampling of graph signals and edge sparsifica-
tion/reduction. In Section III, the framework of the proposed
method is described along with a smoothness prior in the edge
domain. An acceleration method for edge sampling is proposed
in Section IV. Section V presents numerical experiments on syn-
thetic and real data. Finally, conclusions are given in Section VI.

Notation: A graph is denoted as G = (V, E), where V and
E are the sets of nodes and edges, respectively. The number
of nodes is N = |V| unless otherwise specified. The adjacency
matrix of G is represented as W, where its (i, j)-entry [W]ij
is the edge weight between nodes i and j; [W]ij = 0 for un-
connected nodes. In this paper, we consider undirected graphs
without self-loops, i.e., [W]ji = [W]ij and [W]ii = 0 for all
i and j. The degree matrix D is a diagonal matrix whose ith
diagonal element [D]ii = di :=

∑
j∈Ni

[W]ij where Ni is the
neighbors of node i. In addition to the (weighted) degree, the
number of edges connecting to the node i, i.e., unweighted
degree, is defined as ki := |Ni|.

For an unweighted graph, the incidence matrix B ∈ RN×|E|

is defined as follows:

[B]iα =

{
1 Edge α is incident to node i,

0 Otherwise.
(1)

In other words, each column in B represents an edge, and
two nonzero elements in each column correspond to the nodes
connected by the edge. The incidence matrix for a weighted
graph B̃ is similarly defined with replacing 1in (1) by

√
wα,

where wα is the weight of the edge α. In this paper, in addition
to the incidence matrix described above, we also define a directed

incidence matrix as follows:

[B̄]iα =

⎧⎪⎨⎪⎩
√
wα Edge α is incident to node i,

−√
wα Edge α is incident to node j,

0 Otherwise.

(2)

Note that B̃ = |B̄| where | · | makes each element of the given
matrix into the absolute value. Directed incidence matrices can
also be defined for undirected graphs by considering pseudo-
orientation1.

Graph Laplacian is defined as L := D−W. Note that L =
B̄B̄�. SinceL is a real symmetric matrix, it always has an eigen-
decomposition L = UΛU�, where U = [u0, . . . ,uN−1] is an
orthonormal matrix containing the eigenvectors ui, and Λ =
diag(λ0, . . . , λN−1) consists of the eigenvalues λi. These eigen-
values are assumed to be ordered as 0 = λ0 < λ1 ≤ λ2 · · · ≤
λN−1 = λmax without loss of generality. We refer to λi as the
graph frequency.

A graph signal x : V → R is a function that assigns a real
value to each node. Graph signals can be written as vectors
x ∈ RN whose ith element, [x]i, represents the signal value
at the ith node. The graph Fourier transform (GFT) is defined
as [x̂]i = 〈ui,x〉 =

∑N−1
j=0 [ui]j [x]j . The GFT projects a graph

signal onto the space spanned by its eigenbases, and the graph
Fourier coefficient x̂i measures the amount of contribution of
x at graph frequency λi. Therefore, GFT enables frequency
analysis of graph signals.

II. RELATED WORK

In this section, we briefly review existing approaches to
sampling theory on graphs and edge sparsification/reduction.

A. Graph Signal Sampling

Sampling of graph signals is a fundamental topic on GSP [5],
[14], [15]. Node sampling selects samples on S ⊂ V where S
is called a sampling set. Since there is no “regular sampling” in
general in the graph setting, the sampling quality depends on S ,
especially in the noisy case.

Theoretical study and practical algorithms for choosing S ⊂
V have been extensively studied. The review paper [5] describes
their fundamental concepts related to sampling in the standard
shift-invariant space. Below, we summarize representative graph
signal sampling algorithms.

Deterministic selection: Deterministic selection algorithms
aims to find the sampling set S to optimize a predetermined ob-
jective function [10], [14], [15], [21], [29], [30], [31]. In general,
the sampling set selection is combinatorial and NP-hard [32].
Therefore, many deterministic approaches choose the sampling
set in a greedy manner.

One of the advantages of the greedy deterministic algorithm is
that we can add or remove the sampled nodes without rerunning
the selection algorithm. Furthermore, the sampling set is fixed
unless the network structure changes.

1The pseudo-orientation is induced by the lexicographic order of incident
nodes i and j, i.e., edges are oriented from the node i to the node j (i < j) [28].
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Many works find the optimal sampling set by minimizing the
reconstruction error in the presence of noise. Based on the op-
timal design of experiments [33], different optimization criteria
can be selected to minimize reconstruction error. For example,
the A-optimality criterion minimizes the average error, while
the E-optimality criterion minimizes the worst-case error [10],
[15]. While early methods are based on bandlimitedness of graph
signals, sampling set selection with signal models beyond the
bandlimited assumption has also been proposed [5], [17], [19],
[31].

Selection algorithms often require eigendecomposition or sin-
gular value decomposition. Since those decompositions require
a high computational cost, sampling set selection algorithms
without those decompositions have been proposed [10], [14],
[21], [30], [31]. Some methods avoid the decompositions with
polynomial approximation of spectral graph filters or error co-
variance matrix [10], [14], [30]. In [21], Gerschgorin disk-based
sampling set selection is proposed to avoid eigendecomposition.

Random selection: Random selection chooses nodes ran-
domly based on a predetermined/precomputed probability dis-
tribution [20], [34], [35]. Once the distribution is determined, the
selection itself can be quickly realized in a distributed manner.
This is one of the advantages of random selection, in contrast
to deterministic selection. In practice, random sampling may
provide adequate performance on average, but it often requires
more samples than deterministic approaches to achieve equiva-
lent reconstruction performance [20].

Random selection that does not consider the underlying graph
allows for quick selection of important nodes; however, the num-
ber of nodes sampled tends to be higher than graph-dependent
approaches [15], [20], [34]. In graph-dependent sampling, the
importance of nodes varies depending on the graph, i.e., it is
assumed that important nodes are connected to many other nodes
with large edge weights [34], [35].

Note that, for our proposed edge sampling, we can use any of
the abovementioned methods according to applications, signal
models, and/or computational complexity.

B. Edge Sparsification and Reduction

Removing edges in a graph has been studied in many fields,
such as graph theory and network science. There are various
methods with different motivations.

In graph theory, the reduction of edges is often called edge
sparsification [25], [26], [27]. The motivation of edge sparsifi-
cation is to preserve characteristics of the original graph, e.g.,
eigenvalue distribution and connectivity, in the modified graph.
For example, sparsification is often performed to optimize the
following objective function [25], [26].

min
F⊂E

|F| s.t. (1− ε)x�L0x ≤ x�L1x ≤ (1 + ε)x�L0x, (3)

where F is the edge set of sprsified graph, Ll (l ∈ {0, 1}) is
the graph Laplacian corresponds to the original graph G0 and
sprsified graph G1, and ε ∈ [0, 1] is a small constant.

Although there exist theoretical guarantees, edge sparsifica-
tion methods have three major issues in real applications. First,
they often have to modify edge weights, i.e., the edge weights in
the sparsified graph are changed. Second, the number of removed

edges cannot be determined before sparsification. Even under
the same parameter(s), the number of removed edges can vary
due to randomness in the algorithms. Third, when a random
selection method is considered, the importance of selected edges
is not ordered. In other words, if further edges are added/removed
in a manipulated graph, the importance of previously selected
edges is not available, and the whole process of random selection
should be performed again. These are not desirable, especially
for large graphs.

There have been several methods for reducing edges from a
graph in the context of network analysis [25], [26], [27]. While
some works utilized spectral properties of graphs [25], [26],
random sampling is often used similarly to edge sparsification.
Therefore, the same issues as edge sparsification can be found.

In network epidemiology, the reduction of edges is utilized
to prevent the spreading of disease by restricting connections
between regions, e.g., points-of-interest and cities [22], [23],
[24]. Disease could spread along the underlying network, and
it is known that the largest eigenvalue of its network topology
greatly influences whether or not the infection spreads, as well
as the infectiousness and infection rate of diseases [22], [36].

For example, the optimal edge reduction to prevent the spread
of infection is considered by solving the following objective
function to minimize the largest eigenvalue of the adjacency
matrix [34].

min
F⊂E

λ̃1 s.t. |F| = |E| −Nr (4)

where λ̃1 is the largest eigenvalue of the adjacency matrix
corresponding to the sparsified graph G1, and Nr is the number
of removed edges. Although reduction algorithms can efficiently
reduce the edges that contribute to the spread of infection, they
are often application-specific.

In summary, 1) existing graph signal processing methods
only focus on sampling nodes, not edges, and 2) edge sparsi-
fication/reduction also faces challenges mainly due to its ran-
domness or ad-hoc designs. In contrast, our method is the first
deterministic and generic edge sampling method based on GSP,
which can utilize various specifications of sampling set selection
on graphs.

III. EDGE SAMPLING USING GRAPH SAMPLING THEORY

In this section, we describe our proposed edge sampling
method. First, the formulation and overview of our method are
presented, and then the details of the selection algorithm are
discussed.

A. Formulation and Assumption

Suppose that the original graph G0 = (V, E) is given. In
general, edge sampling can be represented as the following
problem:

find F ⊂ E s.t. min f(G1), (5)

where G1 := (V,F) and f(G1) is some objective function. As
mentioned in Section II-A, (5) is generally NP-hard [32]. We
thus consider solving (5) approximately with a GSP technique.
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Fig. 1. (a) Histogram of the distribution of the difference between adjacent
edge weights, i.e., ([W]ij − [W]ik)

2, of random sensor networks (N = 100).
Average of 100 trials. The horizontal and vertical axes represent the difference
in the edge weights and their frequency, respectively. (b) An example of a used
random sensor network.

In this paper, we consider the following objective function:

f(G1) := ‖w − Interp(wF + n)‖2, (6)

wherew ∈ R|E| is a vector whose [w]α is the edge weight of edge
α, wF is the subvector which has the elements of w specified
by F , n ∼ N (0, σ2

n) is i.i.d. white Gaussian noise with the
varianceσ2

n, and Interp(·) is a (linear) interpolation function cor-
responding to the chosen edge sampling method. In this paper,
we assume that Interp(·) can achieve the (approximately) perfect
reconstruction of the original edge weight w from sampled ones
wF in the noise-free case and also yield small errors in the
noisy case. This is done by various graph signal interpolation
methods [37], [38], [39], [40]. (6) leads to finding a good edge
subset so that it well estimates the removed edge weights under
the noisy condition. Furthermore, edge weights in a physical
measurement are often perturbed or unstable during the sensing
process, such as sensor networks and biomedical information
processing [3], [28], [41]. Therefore, we consider the robustness
against edge weight perturbation.

In this paper, we assume the smoothness of edge weights in
E . This can be formulated as follows:∑

i∈V

∑
j,k∈Ni

([W]ij − [W]ik)
2 ≤ εe, (7)

where εe is a small positive constant. The smoothness of edge
weights (7) means the variation of the edge weights for adjacent
edges is small. We call this edge smoothness in this paper.

1) Edge Smoothness for Unweighted Case: Simply, edge
smoothness can be verified through unweighted graphs. An
unweighted graph has edges whose weights are 1, and therefore,
[W]ij − [W]ik = 0 between all adjacent edges j and k. In the
case of unweighted graphs, (7) is always satisfied regardless of
the value of εe.

2) Edge Smoothness for Weighted Case: We then consider
edge smoothness in weighted graphs. Here, we assume that εs
is set appropriately. For nodes distributed in space, we often
estimate edge weights by (Euclidean) distances between nodes
or some affinity (kernel) function. In such metric graphs, we
typically observe small edge weight variation over the network
since adjacent edges tend to have similar weights. The typical
examples are wireless sensor networks and point clouds.

Here, we show a simple example of the edge weight variation
between adjacent edges in the random sensor networks. Fig. 1(a)
shows the histogram of ([W]ij − [W]ik)

2 for random sensor

graphs constructed by kNN (k = 6) with 100 nodes (Fig. 1(b)),
where [W]ij = exp(−‖pi−pj‖2

0.3 ) is the edge weight determined
by the coordinates of nodes pi ∈ R2. Edge smoothness refers to
that ([W]ij − [W]ik)

2 is concentrated at the origin. As observed
from the figure, the assumption of edge smoothness is reasonable
even for weighted graphs whose weights are determined by
distances.

Many (but not all) physical networks also have edge smooth-
ness. Representative examples are scale-free networks like 1)
airline networks, 2) the Internet, 3) power grids, 4) water dis-
tribution systems, and 5) protein-protein interactions. It is well
known that the number of edges in a scale-free network follows
the power law [42]. In a scale-free network, many nodes only
have a small number of connections. It is also well known that a
scale-free network has a small number of hubs that are strongly
connected (i.e., large edge weights).

The edge weights of physical scale-free networks often reflect
the structural properties of edges or nodes connected to each
edge, such as the edge centrality and node degree [43], [44], [45],
[46]. For example, in water distribution networks, the diameters
of water pipes connecting hubs are very large, but the other pipes
have similar (but sometimes slightly different) diameters [47].
In this case, edge weight differences in (7) can be small, which
leads to edge smoothness. Urban traffic networks and power
grids also have similar tendencies because the road-segment ca-
pacities or impedances of transmission lines vary slowly across
neighboring edges and demand continuity [48], [49]. This is a
characteristic of real networks: its theoretical aspects are beyond
our scope of this paper and left for future work.

3) Edge Smoothness in Frequency Domain: To introduce
graph frequencies for the edge domain, we first define the GFT
in the edge domain. By using the right singular vector matrix V
obtained from the singular value decomposition B̄ = UΣV�,
the GFT of the edge domain is defined as follows:

ŵ = V�w, (8)

where ŵ is the graph Fourier coefficients. Note that, since B̄B̄�

is positive semidefinite, the corresponding singular values, de-
noted asσi =

√
λi, are real and non-negative. As in the definition

of eigenvalue decomposition, the singular values are ordered in
ascending order as 0 ≤ σ0 ≤ σ1 ≤ σ2 · · · ≤ σN−1 = σmax and
the corresponding singular vectors are sorted accordingly.

Similar to smoothness in the node domain, smoothness in the
edge domain can be viewed as the energy of ŵ being dominant
at the small singular value of B̄ [28], [50]. Therefore, we utilize
the established definition of signal smoothness on graphs [5],
[14], [15] for edge smoothness as follows:

w�Qw =

|E|−1∑
α=0

[q(ΛL)]α[ŵ]2α ≤ εs, (9)

whereQ := Vq(ΛL)V
� is an arbitrary graph filter with spectral

kernel q(·) and εs is a small positive constant. In Appendix A, we
show the mathematical relationship between edge smoothness
in the edge domain (7) and in the frequency domain (9).

Based on the above assumptions and observations, if we can
flip roles of the nodes and edges, we can use a node sampling
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Fig. 2. Overview of the proposed method. The original graph is first converted
into a line graph (red nodes correspond to the original edges). The important
nodes (blue) are then selected from the line graph: this extracts the most
important edges in the original graph.

method to select important edges. In the following, we describe
our graph conversion and edge selection method.

B. Framework

The overview of the proposed edge sampling method is
illustrated in Fig. 2. In contrast to existing edge sparsification
and reduction approaches, we first convert the original graph
G0 into a line graph GL [51] and then perform sampling set
selection on nodes of the line graph. A node in the line graph
represents an edge in the original graph, and the edge weight
of the line graph indicates the relationship between neighboring
edges in the original graph. Therefore, the node selection of the
line graph can be regarded as the edge selection of the original
graph.

Since the nodes in the line graph refer to the original edges,
the edge weight of the edgeα can be regarded as the signal value
on the node α of GL.

C. Graph Conversion

The original graph and its converted version have a concrete
relationship. First of all, we formally define the line graph.

Definition 1 (Line graph): Suppose that the original graph
G0 = (V, E) and its incidence matrix B̃ are given. The adja-
cency matrix of the line graph WL ∈ R|E|×|E| is defined as
follows [51]:

[WL]αβ =
∑
i

[B̃�]αi[B̃]iβ(1− δαβ)

=
∑
i

[B̃�]αi[B̃]iβ − 2[C]αβ , (10)

where α and β are edge indices of the original graph (and
therefore, they are node indices in GL), δαβ is Kronecker delta,
and C := diag(w) in which w ∈ R|E| is the edge weight vector
sorted by the edge indices. For unweighted graphs, the line graph
is also obtained using (10) by replacing B̃ and C with B and
the identity matrix I|E|, respectively.

Fig. 3 shows the illustrative example of the line graph con-
version in Definition 1. The graph Laplacian LL of the line
graph can be introduced as LL = DL −WL where DL is the
degree matrix of GL. In addition to the graph Laplacian LL, we
also use edge Laplacian as a possible operator for signed line
graphs, where directed edge weights can also be considered.

Fig. 3. Example of the line graph conversion. Red nodes in the line graph refer
to the edges in the original graph.

Definition 2 (Edge Laplacian): Suppose a directed incidence
matrix B̄ in (2) is given. The edge Laplacian is defined as
follows [52]:

Le = B̄�B̄. (11)

Note that the graph Laplacian LL and edge Laplacian Le are
different graph operators but have the same network structure.

Here, we present the relationship between the degrees of the
line graph and the original edge weights.

Proposition 1: Suppose that the incidence matrix B, B̃, or
B̄ of the original graph G0 = (V, E) is given, and the adjacency
matrix or the edge Laplacian of the line graph is given by (10)
or (11). Then, the degree of the node α in the line graph, dα,
that corresponds to the edge α connecting the nodes i and j in
the original graph is obtained as follows.

dα =

⎧⎪⎨⎪⎩
ki + kj − 2 for unweighted graphs,√
wα(d̃i + d̃j)− 2wα for weighted graphs,√
wα(d̄i − d̄j) for directed graphs,

(12)

where wα is the weight of the edge α = (i, j), ki is the number
of edges connecting to the node i, and d̃i and d̄i are the weighted
degree of the node i calculated by

∑
j
√
wij .

The proof of Proposition 1 is shown in Appendix B. Propo-
sition 1 indicates that the high-degree nodes in the line graph
correspond to the original edges connecting high-degree nodes.
In sampling set selection based on signal smoothness, selected
nodes often have high degrees. Hence, selecting important nodes
in the line graph can be regarded as selecting important edges
in the original graph.

D. Node Sampling of Line Graph

As previously mentioned, we can use an arbitrary sampling
set selection for the line graph. The important property of GSP-
based sampling set selection methods is that many of them are
designed to be robust to noise [5]. This satisfies the requirement
of (6).

While any sampling set selection algorithm can be utilized,
two issues should be considered according to the applications.
The first property is the distribution of the sampled edges.
Especially for sensor networks, an edge distribution without
increasing communication costs is desirable [53], [54], [55],
[56]. Communication costs typically depend on the shortest path
length between two nodes and thus, it is preferable to have a
small graph diameter (i.e., the maximum shortest path length
within the graph) [53]. Random graphs are known to have small
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Algorithm 1: Edge Sampling via the line Graph using the
FastGSSS.

diameters [57]. That is, an edge distribution similar to that of a
random graph is beneficial for sensor networks.

On the other hand, in applications such as epidemiology, an
edge distribution with isolated nodes is preferable [22]. This
could be achieved by using a centralized selection algorithm.

The second property is computational complexity. The num-
ber of nodes in the line graph is |E|, which is often greater
than that of the original graph N . Hence, fast selection methods
are preferred, especially for edge sampling. We summarize the
proposed edge sampling framework in Algorithm 1.

IV. ACCELERATED NODE SAMPLING OF LINE GRAPH

In this section, we consider graph sparsification as an appli-
cation of edge sampling. Here, we consider FastGSSS [10] as a
fast node sampling method for the proposed method since the
sampled nodes are spatially uniform and appropriate for graph
sparsification.

FastGSSS does not require the eigendecomposition of graph
operators by using a Chebyshev polynomial approximation
(CPA) of the filter kernel. However, we still need a high com-
putation cost for edge sampling even if we use CPA because
it requires the matrix multiplications of size |E| × |E|. In the
following, we describe the further acceleration method of Fast-
GSSS for edge sampling.

A. Acceleration by Filtering on Original Graph

FastGSSS selects a node α of GL by repeating |F| iterations
of the following equation [10]:

α∗ = argmax
α∈Sc

m

〈
R

⎛⎝η1|E| −
∑
β∈Sm

|T g,β |
⎞⎠ , |T g,α|

〉
, (13)

whereT g,α is theαth column of the localization operatorTwith
the spectral kernel g(·), Sm and Sc

m are the selected nodes in the
mth iteration and its rest of nodesE\Sm,η is an aribtrary positive

Algorithm 2: Accelerated edge sampling via the line graph
using the FastGSSS.

value, and R(·) is the ramp function satisfied with [R(x)]α =
[x]α if [x]α ≥ 0 and 0 otherwise.

Let g(x) be the spectral kernel; then, the localization operator
T of the line graph is defined as follows [35]:

T =
√

|E|g(Le) =
√

|E|g(B̄�B̄) =
√

|E|Vg(Λe)V
�, (14)

where Λe and V are the eigenvalue matrix of Le and its corre-
sponding eigenvector matrix (also singular vector matrix of B̄),
respectively.

Even when simply using the graph Laplacian LL of GL, fast
edge sampling can be achieved by using fast node sampling
methods such as FastGSSS that do not require eigenvalue de-
composition. Further acceleration of edge sampling is also possi-
ble when the edge Laplacian is used in the proposed framework.

The graph Laplacian of the original graph and the edge Lapla-
cian of the line graph have the same nonzero eigenvalues [41].
In other words, the filter response of the L and the Le are
identical, and we assume that filtering in the edge domain can
be approximated by filtering in the node domain of the original
graph. The following method focuses on this relationship and
designs g′(·) such that B̄�g′(L)B̄ approximates g(Le).

Since the singular value decomposition of B̄ is B̄ = UΣV�,
(14) in the graph frequency domain can also be represented as
follows:

T =
√

|E|Vg(Σ�Σ)V�

=
√

|E|Vdiag(g(Σ�
NΣN ), 0)V�

=
√

|E|VNg(Λ)V�
N , (15)

where ΣN and VN are the singular value matrix with nonzero
singular values of B̄ as diagonal elements and the singular vector
matrix corresponding to them.

By using the spectral kernel2 g′(Λ) = (ρIN +Λ)−1g(Λ)
with a small positive constant ρ and the identity matrix IN , (15)

2ρIN is used to ensure invertibility.
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TABLE I
COMPUTATIONAL COMPLEXITIES OF EDGE SAMPLING METHODS.

PARAMETERS: |F|: NUMBER OF SAMPLED EDGES; p: APPROXIMATION ORDER

OF THE CHEBYSHEV POLYNOMIAL APPROXIMATION; J : NUMBER OF

NON-ZERO ELEMENTS OF THE LOCALIZATION OPERATOR [35].

can be approximated as follows:

T =
√

|E|VΣ�Σ−1
N g(Λ)Σ−1

N ΣV�

=
√

|E|VΣ�U�UΛ−1g(Λ)U�UΣV�

≈
√

|E|VΣ�U�Ug′(Λ)U�UΣV�

=
√

|E|B̄�g′(L)B̄. (16)

The approximation of the localization operator (16) reduces
computational complexity by replacing the filtering on the line
graph with the filtering on the original graph. We summarize the
accelerated edge sampling method in Algorithm 2.

B. Computational Complexity

In this subsection, we discuss the computational complexity
of the proposed method. Hereafter, the method using FastGSSS
in the proposed framework (Section III) and its faster version
(Section IV-A) are abbreviated as ESLG (Edge Sampling via
the Line Graph with the CPA) and A-ESLG (Accelerated Edge
Sampling via the Line Graph with the CPA), respectively. In
addition, the proposed methods with the naive eigenvalue de-
composition to calculate the localization operator T exactly are
abbreviated as ESLG-eig and A-ESLG-eig, respectively. Table I
shows the computational complexity required for edge sampling,
where p is the approximate degree of the CPA, J is the number
of nonzero elements of the graph localization operator, |F| is
the number of edges to sample, and |EL| is the number of edges
in the line graph. Since all the methods require the preparation
and selection phases, we separately compared them.

In the framework of the proposed method, the incidence ma-
trix has only two elements in each column; thus, the computation
of the graph Laplacian of GL requires O(|E|2). Then it takes
O(p|E||EL|) to compute the localization operator. In the case of
the faster method in Section IV-A, the computational complexity
is O(|E|2 + pN |E|) because the graph Laplacian of G0 is used
to compute the localization operator of GL. In general, since
N � |EL|, the computational complexity can be reduced. In the
proposed framework without the CPA, we require the eigenvalue
decomposition to calculate the localization operator in the sam-
pling process. Therefore, the computational complexity of the

Fig. 4. Examples of graph with N = 100.

localization operator in (13) and (16) increase fromO(p|E||EL|)
to O(|E|3) and from O(|E|2 + pN |E|) to O(N3), respectively.3

V. EXPERIMENTS

In this section, we perform the proposed edge sampling
method for graph sparsification both for synthetic and real-world
data to validate the effectiveness of the proposed approach.

A. Synthetic Data

1) Setup: In this experiment, we use the following weighted
graphs with N = 100:
� Random sensor network: |E| = 360,
� Random graph based on Erdős–Rényi model with a prob-

ability of connection of nodes 0.1: |E| = 238,
� Community graph with 5 communities: |E| = 754,
� kNN graph (k = 6) constructed from a point cloud with 2

clusters: |E| = 296.
Figs. 4(a)–(d) show the examples of graphs used in the ex-

periments. Edge weights in the frequency domain are generated
with a bandlimited signal model:

ŵ = [ŵ�
K ,0�

|E|−K ]� + n, (17)

where ŵK is a random vector RK×1 whose elements are drawn
from a normal distribution N (0,

√
0.2), K is the bandwidth of

w, and n is an i.i.d. additive noise vector with N (0, 0.1). We
set K to |E|

10 in all of the experiments with synthetic data. We
then transform the edge weights ŵ into the edge domain by
w = Vŵ, where V is the eigenvector matrix of the unweighted
line graph.

The accuracy of the sparsification is compared in four mea-
sures: 1) edge weight reconstruction error, 2) mean squared error
(MSE) of diffused random signals, 3) cluster inconsistency of
spectral clustering, and 4) execution time.

1) Edge weight reconstruction error: We recover the re-
moved edge weights with a graph signal reconstruction
method based on the bandlimited assumption. The edge

3This is the complexity for dense matrices, i.e., the worst-case scenario [58].
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Fig. 5. Graph sparsification and diffusion example: Community graph. Diffused signals are also shown.

weight reconstruction error is given by the objective func-
tion (6) of the proposed methods. Let Φ be the graph filter
on GL and be ordered as

Φ =

[
ΦF,F ΦF,Fc

ΦFc,F ΦFc,Fc

]
, (18)

whereΦK0,K1
∈ R|K0|×|K1| (Kk ∈ {F ,Fc}) is the subma-

trix of Φ, whose extracted rows and columns are specified
by the sets K0 and K1. The following interpolation func-
tion is used as Interp(·) in (6) [40]

Interp(wF ) = Φ̃Φ−1
F,FwF , (19)

where Φ̃ = [Φ�
F,F ,Φ

�
Fc,F ]

�. In this experiment, we adopt
the green function l(x) = 1

x+0.005 for the spectral kernel
of Φ [59].
If F in G1 is a good abstraction of E in G0, the recovered
edge weights should be close to the original ones.

2) MSE of diffused random signals: The MSE of diffused
random signals is computed as follows. Let L0 be the
graph Laplacian of G0 and L1 be that of G1. The diffused
signal on Gl (l ∈ {0, 1}) is represented as follows:

yl := h(Ll)x = Ulh(Λl)U
�
l x, (20)

wherex ∈ {0, 1}N is the input signal,h(Ll) is the lowpass
graph filter on Gl, and Ll := UlΛlU

�
l . We set h(λ) =

e−tλ where t > 0 is a parameter. Nonzero elements in x
are randomly chosen, and their number is set to be 20.
Finally, the MSE of the diffused signal is calculated by

MSE(y0,y1) =
1

N
‖y0 − y1‖22. (21)

If G1 preserves the original structure, the diffused signal
values on G1 will become similar to those on G0. This
results in a low MSE.

3) Cluster inconsistency of spectral clustering: Cluster in-
consistency C is represented as follows:

C = 1− 1

N

N−1∑
i=0

si, (22)

where si is the indicator element, in which si = 1 when
the cluster assigned to node i after edge sampling is the
same as that of the original graph, and 0 otherwise.
We utilize a spectral clustering method [60] for the experi-
ment. If the graph spectrum after edge sampling maintains
the original one, the clusters assigned before and after
sampling will coincide. Therefore, C is expected to be
small.

4) Execution time: We also measure the total execution time
required for the preparation and selection phases. In this
experiment, the number of the sampled edges |F| is fixed
to |E|

2 .
For the proposed methods, we set the reconstruction error

shown in (6) as the objective function f(G1) in (5). In the
proposed edge sampling method, we use FastGSSS [10] as
a sampling set selection of the line graph. For the proposed
methods, we set the approximation degree of the CPA to 6.

The performance is compared with the following edge sam-
pling methods:
� MaxDegree (deterministic): Greedy selection. Edges hav-

ing the largest ki + kj are selected one by one.
� NetMelt (deterministic) [34]: Edge selection based on the

score calculated from the eigenvectors of L0.
� GSparse (random) [25]: Graph sparsification based on

effective resistances, where a random selection of edges
is performed based on a probability proportional to the
effective resistance of G0.

The proposed methods and the first two alternative methods
are deterministic approaches: the number of edges is specified
before edge sampling, and the edges to be removed are fixed as
long as the graph is fixed. In contrast, [25] is a random approach
that requires a sparsification parameter between 1√

N
and 1. In

other words, the random method cannot determine the number
of removed edges. Note that, even under the same parameter,
the removed edge positions of GSparse are changed in each
realization, and their number can vary due to random selection
and replacement.

2) Experimental Results: Fig. 5 shows the sparsified graphs
by sampling the edges in half, as well as the diffused signals on
them. The proposed methods and GSparse are almost connected,
while MaxDegree and NetMelt often isolate nodes. It is also
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Fig. 6. Comparison of objective performances of sparsified graphs. (a)–(d) Normalized edge weight reconstruction errors. (e)–(h) MSEs of diffused signals in
dB. Averaged results after 10 runs are shown. The horizontal lines of GSparse denote the variations of |F| (i.e., the minimum/maximum number of edges) in the
experiment.

observed that the diffused signals of Fig. 5(b)–(d), and (g) are
similar to each other.

Fig. 6(a)–(d) show f(G1) in (6) as functions of |F|. As
previously mentioned, the number of removed edges by GSparse
varies even under the same parameters. Therefore, we also
illustrate such a variation in the figure. The proposed methods
show consistently lower edge weight reconstruction errors than
the other methods.

Fig. 6(e)–(h) show the average MSEs of the diffused signal
according to |F| in the sparsified graph. As observed in the
sparsified graphs, the proposed methods and GSparse present
comparable MSEs and are better than MaxDegree and NetMelt.
The proposed methods enable a wide range of edge sparsification
factors because they can specify the number of edges, thanks
to deterministic sampling. In contrast, GSparse has a small
admissible range of |E|. As previously mentioned, the number of
removed edges by GSparse significantly varies under the same
parameter, where its range sometimes exceeds 200, which is
about one-third of |E|.

Fig. 7 compares the cluster inconsistency C for each number
of sampled edges |F|. The proposed methods have a lower incon-
sistency rate due to sampling than the other alternative methods.
In other words, the proposed methods select the important edges
in the original graph and reduce the change of the graph spectrum
due to sparsification. The results by ESLG and the A-ESLG
oscillate due to the use of the same parameters regardless of the
number of sampled edges |F|.

Fig. 7. Comparison of cluster inconsistency of sparsified graphs. Averaged
results after 10 runs are shown. The horizontal lines of GSparse denote the vari-
ations of |F| (i.e., the minimum/maximum number of edges) in the experiment.

Table II shows the average execution time of each edge
sampling method on 10 independent runs. While MaxDegree
and NetMelt are fast because of their heuristic approaches, the
accuracies are sacrificed as mentioned previously. The com-
putation times for GSparse and ESLG without the CPA are
comparable despite the differences between the deterministic
and random methods. A-ESLG shows a consistent acceleration
against ESLG due to the approximation of the localization
operator by replacing the filtering on GL with the filtering on G.
This is particularly significant for community graphs. Even if the
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TABLE II
AVERAGE EXECUTION TIME (×10−2 SEC) FOR SYNTHETIC DATA ON 10 INDEPENDENT REALIZATION. EACH DETERMINISITRC SAMPLING METHODS SELECT

|E|
2

SAMPLED EDGES. GSPARSE RANDOMLY SELECTS THE SAMPLED EDGES. WE ALSO SHOW THE STANDARD DEVIATION OF THE NUMBER OF SAMPLED EDGES |F|
AND THE EXECUTION TIME OF A 10 REALIZATION.

Fig. 8. Graph sparsification and diffusion example: USAir97 dataset. Diffused signals are also shown.

whole graph is sparse, LL becomes dense when its subgraph is
densely connected [61]. In the dense graph, a large computation
burden is required for the matrix product of the graph Laplacian
LL in CPA. A-ESLG can avoid this computation by using the
matrix product of L; thus, the effective acceleration is achieved.
Note that, in a few cases, A-ESLG-eig is the fastest among the
proposed methods. This is because the naive eigendecomposi-
tion for small matrices works well with a sophisticated numerical
computation library.

B. Real-World Data

We also perform sparsification experiments through edge
sampling with real data.

1) Setup: We use the USAir97 dataset [62] as the actual
network. USAir97 is a dataset whose nodes and edges represent
airports and the flights between them. The number of nodes and
edges is 332 and 2162, respectively. The graph is an undirected
weighted graph, where the edge weights represent the number
of flights between airports.

In this experiment, we setK in (17) and the number of nonzero
elements in the input signal x in (20) to |E|

300 and N
5 , respectively.

The other parameters were set to the same values as in the
experiments with synthetic data. We compare the performance
of the proposed method with the same method on synthetic
data experiments. As evaluation criteria, we use the edge weight
reconstruction error and the MSE of the diffused random signal
(see Section V-A).

2) Experimental Results: Fig. 8 shows the visualization
of graph sparsification results and diffused signals on these

Fig. 9. Comparison of objective performances of sparsified graphs.
(a)Normalized edge weight reconstruction errors. (b)MSE of diffused signals
in dB. Averaged results after 10 runs are shown. The horizontal lines of GSparse
denote the variations of |F| (i.e., the minimum/maximum number of edges) in
the experiment.

sparsified graphs. As in the experiments on synthetic data, both
of the proposed methods can remove half of the number of edges
(i.e., 1081 edges) without isolated nodes. Fig. 9(a) and (b) show
the edge weight reconstruction error and the MSE of the diffused
random signals, respectively. Overall, our proposed methods
present satisfactory results in MSEs and flexibility on the number
of edges.

VI. CONCLUSION

In this paper, we propose an edge sampling method based on
graph sampling theory. We first convert the original graph into a
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line graph and perform a sampling set selection of graphs. The
edge smoothness characteristic is converted to signal smooth-
ness via graph conversion. In this paper, we also propose a further
acceleration method for our edge sampling approach by using
a spectral relationship between the graph Laplacian of the line
graph and the edge Laplacian. The experimental results on edge
sparsification reveal the effectiveness of the proposed method
against some alternative approaches.

APPENDIX A
RELATIONSHIP BETWEEN EDGE DOMAIN SMOOTHNESS AND

GRAPH FREQUENCY DOMAIN SMOOTHNESS

Many GSP algorithms assume that a graph signal x is
smooth [5], [7], [14]. In Section III-A, we introduced the smooth-
ness of edge weightw by using the edge-domain assumption (7)
and the frequency-domain assumption (9). Here, we provide a
relationship between (7) and (9).

Suppose that the original graph G and its corresponding line
graph GL are given. Then, the edge smoothness (7) can be
rewritten using the Laplacian quadratic form as follows [57]:

w�LLw = ŵ�ΛLŵ =

|E|−1∑
α=0

λα[ŵ]2α ≤ 1

4
εe, (23)

where LL = ULΛLU
�
L and ŵ = U�

Lw. The scaling term on
the RHS comes from the double count of edge weight differences
in (7).

The graph frequency domain smoothness (9) can reduce to
the edge domain smoothness (7) if q(λα) in (9) is chosen
appropriately. We show two representative examples below.

Linear high-pass filter: Here, we assume a graph high-pass
filter with a linear response q(λα) = λα. Under this assumption,
Q = LL: (9) reduces to (23) and εs =

1
4εe.

Ideal high-pass filter: The ideal high-pass filter is another
example. It is defined as

q(λα) =

{
λα α ≥ K,

0 α < K
(24)

where K is the cutoff graph frequency. The edge smoothness in
the frequency domain (9) in this case can be rewritten as

w�Qw =

|E|−1∑
α=K

λα[ŵ]2α ≤ εs. (25)

Since λα ≥ 0 for allα, the frequency domain smoothness (9) can
be upper bounded by edge domain smoothness (23) as follows.

|E|−1∑
α=K

λα[ŵ]2α ≤
K−1∑
α=0

λα[ŵ]2α +

|E|−1∑
α=K

λα[ŵ]2α

= w�LLw ≤ 1

4
εe. (26)

The inequality in the second line coincides with (9) when εs :=
1
4εe.

APPENDIX B
PROOF OF PROPOSITION 1

In this section, we provide the proof of Proposition 1.
Proof: The degree of the node i of the original graph d̃i can

be expressed using the incidence matrix B̃ as follows.

d̃i =
∑
α

[B̃]iα, (27)

where α is the edge index. Furthermore, the degree dα of the
node α on the line graph is given by

dα =
∑
β

[WL]αβ . (28)

The degree of the node α in (28) can be further rewritten as
follows:

dα =
∑
β

[WL]αβ

=
∑
β

(∑
i

[B̃�]αi[B̃]iβ − 2[C]αβ

)

=
∑
β

∑
i

[B̃�]αi[B̃]iβ − 2
∑
β

[C]αβ

=
∑
i

[B̃�]αi
∑
β

[B̃]iβ − 2wα

=
∑
i

d̃i[B̃
�]αi − 2wα. (29)

Since i and j are the nodes connected to the edge α, (29) is
rewritten with wα as follows:

dα =
√
wαd̃i +

√
wαd̃j − 2wα

=
√
wα(d̃i + d̃j)− 2wα. (30)

This is identical to (12) for weighted graphs.
If the original graph G0 is an unweighted graph without a

pseudo-orientation, thenwα = 1 and d̃i = kj . Hence, the degree
of the edge α is dα = ki + kj − 2.

When G0 is a directed graph (or introduces a pseudo-
orientation), the line graph is represented by the edge Laplacian.
In this case, the line graph is derived from B̄�B̄ instead of
B̃�B̃− 2C: the second term in (29) becomes 0.

In addition, as mentioned in the Notation, B̄ has positive and
negative elements in each column; thus, the degree of the edge
α is dα =

√
wα(d̄i − d̄j). This completes the proof. �
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