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Abstract
Developingmethods for detecting tipping phenomena at an early stage is an important problem in variousfields such as ecology,
medicine, and economics. A tipping phenomenon is characterized by a rapid transition resulting from the accumulation of
small parameter changes, and is known to be related to the bifurcation theory of dynamical systems. However, few studies
have examined how nonlinear properties near bifurcation points affect early warning signals (EWSs) performance. In this
study, we apply the Koopman operator, which describes the time evolution of dynamical systems in an infinite-dimensional
function space, to generalize stochastic resilience the theoretical basis of EWSs such as variance-based ones. As a result, we
develop a novel signal capable of more accurately predicting tipping events by separately isolating stochastic fluctuations
induced by noise and contributions from a continuous spectrum emerging immediately above tipping points. Our experiments
indicate that our proposed method provides robust early warning detection across diverse datasets and is notably resilient to
observation noise, often performing competitively with conventional indicators.

Keywords Tipping phenomena · Early warning signals · Local bifurcation · Koopman operator · Data-driven analysis ·
Residual Dynamic Mode Decomposition

Mathematics Subject Classification 37G10 · 37M20

1 Introduction

Some real-world dynamical systems undergo sudden and
rapid state changes driven by variations in key parameters.
These phenomena, often called tipping points or critical
transitions[25], have been documented in various fields,
including ecology, medicine, economics, and physics. In par-
ticular, severe environmental issues resulting from human
activities, such as global warming and desertification, exhibit
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such tipping behaviors. Therefore, detecting early warning
signals (EWSs) is a crucial research challenge[7, 18, 24].

Among these tipping phenomena, some are directly
related to the bifurcation theory in dynamical systems.
Accordingly, various EWSs have been proposed based on
dynamical behaviors near bifurcation points. For exam-
ple, conventional EWSs include recovery rates after small
perturbations[28], variance[13], and lag-1 autocorrelation[7,
10], each reflecting critical slowing down [31]. Critical slow-
ing down denotes the progressively slower return to an
equilibrium as a system approaches a bifurcation point. This
stochastic effect appears as a decrease in resilience to noise,
providing a basis for using variance as an EWS. However,
most of these indicators are derived from locally linearized
models in a data space, so they represent approximate lin-
earization and do not exclusively capture the stochastic
effects arising from the system’s temporal evolution.

We have therefore developed a novel approach for EWSs
based on the Koopman operator. Our method success-
fully generalizes stochastic resilience associated with critical
slowing down. The Koopman operator, originally introduced
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by Koopman[15], is a linear operator that represents a time
evolution of a system through observables. In the 2000s, it
was extended to a dissipative system by Mezić[21]. It pro-
vides a globally linearized time evolution by lifting a time
evolution of a system into an infinite-dimensional function
space; it has attracted considerable attention as a powerful
analytical technique for nonlinear systems[2]. It is known
that the Koopman operator can be approximated from time-
series data using Extended Dynamic Mode Decomposition
(EDMD)[30]. More specifically, Gaspard et al.[9] show that
the Liouville operator, which is the adjoint operator of the
infinitesimal generator of the Koopman operator, has a con-
tinuous spectrum in the vicinity of a bifurcation point. Their
research implies that learning the Koopman operator via
EDMD becomes more difficult near a bifurcation point.
Therefore, for predicting tipping phenomena,we focus not on
how accurately the Koopman operator can be approximated,
but rather on the approximation error of the Koopman oper-
ator.

In addition, our approach can be implemented via Resid-
ual DynamicModeDecomposition (ResDMD), an algorithm
introduced by Colbrook et al.[4], to quantify the estimation
error of the Koopman eigenvalues and eigenfunctions. In
general, ResDMD is used to detect spectral pollution aris-
ing from factors such as data quality and the accuracy of the
estimation algorithm. However, it can also capture compo-
nents that cannot be represented due to the projection onto
a finite-dimensional space. In our method, we approximate
the reconstruction error of the Koopman operator by apply-
ing ResDMD to all the estimated eigenvalue – eigenfunction
pairs. Our experiments confirmed that the proposed method
can indeed anticipate tipping phenomena.

Our contributions are as follows.

– Nonlinear and spectral mechanisms captured in an EWS:
We cast EWSs in the stochastic Koopman framework
and show that the Koopman operator residual provides
a principled signal that blows up near local bifurcation
points, extending Ives’ stochastic resilience[13] beyond
local linearization (Theorem 2). This connects tipping
prediction directly to operator spectra.

– Interpretability by variance-spectrum separation:
We derive a decomposition of our EWS into a stochastic
covariance term and an approximation error to the point
spectrum restriction, explicitly exposing the role of the
continuous spectrum that arises around bifurcation points
(Eq. (29)). This clarifies why classical variance-based
EWSs succeed or fail.

– Data-driven, online-computable methodology:
Using ResDMD[4], we turn the definition into a practical
estimator. The average residual per eigenvalue - eigen-
function pair approximates the desired operator residual
(Eq. (46)).We implementWindowDMDwithdelay coor-

dinates, enabling sliding windowmonitoring suitable for
streaming data (Algorithms 1, 2).

– Practical advantages:
The approach is pre-training free, compatible with stan-
dard DMD toolchains, and yields diagnostic insight (how
much of the dynamics cannot be represented by point
spectra), which is crucial for decision making near tip-
ping points. In the result, our methods (especially with
RBF/Laplacian kernels) achieve consistently strongROC
curves andmaintain performance across different param-
eter change rates, while a deep learning based EWS
requires extensive pre-training (Fig. 3).

The remainder of this paper is organized as follows.
In Sect. 2, we review known results on EWSs for tipping
phenomena induced by local bifurcations, along with the
definition and properties of the stochastic Koopman operator.
Based on these discussions,we introduce the stochastic resid-
ual of the Koopman mode decomposition (ResKMD) as an
EWS, representing the approximation error of the Koopman
operator based on its point spectra, in Sect. 3. Section4 then
presents a numerical algorithmbased onResDMD. In Sect. 5,
we provide experimental examples of EWSs using both
artificial and real-world datasets, comparing conventional
methods with the proposed approach. Finally, Sect. 6 con-
cludes the paper. Some proofs are included in the Appendix.

2 Preliminaries

The list of symbols used in this paper is provided in Table 1.

2.1 Critical slowing down and stochastic resilience

Consider a discrete-time stochastic dynamical system given
by

xt+1 = F(xt ;β) + ωt � Fω(xt ;β), (1)

where t ∈ N
+ denotes a time step, X ⊆ R

N is a state space,
xt = (x1,t · · · xN ,t )

T ∈ X is a state vector, � is a sample
space,ωt ∈ � represents a systemnoise, andβ ∈ R is a bifur-
cation parameter. Also, F : X → X is a (possibly, nonlinear)
smooth vector field. We assume that the noise sequence {ωt }
is independent and identically distributed (i.i.d.) Gaussian
white noise with a density ρ(ωt ) = N (

0, �ω

)
, where ρ is a

probabilistic measure on �. We denote E[·] the expectation
with the density ρ by

E[x] �
∫

�

xdρ(ω). (2)
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Table 1 Table of Mathematical
Symbols N Set of natural numbers N

+ Set of natural numbers (except for zero)

R Set of real numbers C Set of complex numbers

| · | Absolute value of · ·̄ Complex conjugate of ·
O Zero matrix diag Diagonal matrix

·T Transpose of · ·∗ Adjoint of ·
·−1 Inverse matrix of · ·† Moore–Penrose pseudoinverse matrix of ·
◦ Composition operator ⊗ Kronecker product

span Linear span L2 Squared integrable function space

‖ · ‖2 Euclidean norm of · 〈·1, ·2〉2 Euclidean inner product between ·1 and ·2
N Gaussian distribution Re· Real part of ·

Also, the variance, covariance, and autocovariance are
denoted by

Var[x] �
∫

�

(x − E[x])2dρ(ω), (3)

Cov[x1, x2] �
∫

�

(x1 − E[x1])(x2 − E[x2])dρ(ω), (4)

(
Cov[x])i j � Cov[xi , x j ], (5)

where x, x1, x2 are some scalar-values, x is a vector-value
and xi , x j are the elements of x.

First, by setting the noise-free limit �ω = O , the system
(1) reduces to a purely deterministic map, which is useful
to discuss the local bifurcation properties of the system. We
further assume that, for β < β∗, where β∗ is some real
value, this system admits an asymptotically stable fixed point
x∗ ∈ X , that is, limt→∞ xt = x∗. Denote by A the Jacobi
matrix of F at x∗, i.e.

A � ∂F
∂x

∣∣∣∣
x=x∗

, (6)

whose eigenvalues λjacobi,1, · · · , λjacobi,N lie strictly inside
the unit circle in the complex plane:

1 > |λjacobi,1| ≥ · · · ≥ |λjacobi,N | > 0. (7)

As β tends to β∗ − 0, the dominant eigenvalue λjacobi,1
approaches the unit circle, |λjacobi,1| → 1, and x∗ loses sta-
bility. This local stability change at β = β∗ is known as local
bifurcation, and β = β∗ is called a bifurcation point[17]. Far
from the bifurcation point, the trajectory of the system con-
verges exponentially to x∗. However, near the bifurcation
point, a "resilience" toward x∗ weakens substantially. This
phenomenon is known as critical slowing down[25, 31].

Next, consider a stochastic case, �ω 
= O . A linearized
system of (1) around x∗ yields

x̄t+1 = Ax̄t + εt , (8)

where x̄t = xt − x∗ and εt combine the noise ωt

with the higher-order terms of the nonlinearity F. Let the
eigenvalue decomposition of A be A = U�U−1, where
U is an N - dimensional invertible matrix and � =
diag(λjacobi,1, · · · , λjacobi,N ), and introduce modal coordi-
nates,

z̄t � U−1x̄t , et � U−1εt . (9)

Focusing on the dominant mode, z̄1,t satisfies

z̄1,t+1 = λjacobi,1 z̄1,t + e1,t . (10)

Furthermore, we assume that Eq. (10) is a stationary process
in z̄1,t , and that z̄1,t and e1,t are orthogonal. Under these
assumptions for z̄1,t , its variance is given by

Var[z̄1,t ] = Var[e1,t ]
1 − |λjacobi,1|2 . (11)

Hence, as |λjacobi,1| → 1, Var[z̄1,t ] diverges to infinity[13],
reflecting the weakened "resilience" via critical slowing
down.

2.2 Stochastic Koopman operator

Let g : RN → C be an observable. Its time evolution satisfies

g(xt+1) = g
(
Fω(xt ;β)

) = (g ◦ Fω)(xt ;β). (12)

Since g ◦ Fω is a random variable, its expectation is called
the stochastic Koopman operator[6],

U(1)g(x) � E
[
g ◦ Fω(x;β)

]
. (13)

We considerU(1) the operator on the squared integrable func-
tion space L2(X , μ), where μ is a positive measure on X .
Here we define the norm ‖ · ‖L2(X ,μ) and the inner product
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〈·, ·〉L2(X ,μ) on L2(X , μ) as

‖g‖2L2(X ,μ)
�

∫

X
|g(x)|2dμ(x), (14)

〈g1, g2〉L2(X ,μ) �
∫

X
g1(x)g2(x)dμ(x), (15)

where g, g1, g2 ∈ L2(X , μ). In �ω = O , one recovers the
deterministic Koopman operator:

U(1)g = g ◦ F. (16)

Since U(1) is a linear operator, its eigenvalue and eigen-
function can be defined, and their various estimationmethods
have been extensively studied[20]. Let λ ∈ C be a Koopman
eigenvalue of U(1) with the corresponding Koopman eigen-
function φλ ∈ L2(X , μ). Then, we have

U(1)φλ = λφλ. (17)

If the system (1) possesses a hyperbolic fixed point (not in the
vicinity of the unit circle), the Poincaré linearization theorem
guaranties a nonlinear coordinate that linearizes the flownear
the fixed point. Hence, in a suitable function space, U(1) has
only countably infinite point spectra {λ1, λ2, · · · }with |λ1| ≥
|λ2| ≥ · · · [19]. In particular, in �ω = O , the flow of the
system can be expressed as

Ut
(1)g(x) =

∞∑

n=1

λtnvλnφλn (x), (18)

where vλn ∈ C is the Koopman mode associated with λn .
In contrast, when the fixed point is nonhyperbolic, namely
some Koopman eigenvalues are dense on the unit circle,U(1)

exhibits a continuous spectrum[9, 19]. This emergence of the
continuous spectrum may be a hallmark of local bifurcation.

Moreover, since the action of the stochastic Koopman
operator is the expectation of the random variable g ◦ Fω,
it is natural to define its variance by analogy with broader
stochastic frameworks. To define the variance, we introduce
a batched observable h : RN × R

N → C and the batched
Koopman operator as follows,

U(2)h � E
[
h
(
Fω,Fω′

)]
, (19)

which is firstly introduced by Colbrook et al[5]. Then, the
variance along the trajectory through x is yielded by

Var
[
g ◦ Fω(x;β)

] = U(2)
(
g ⊗ g

)
(x, x) − ∣∣U(1)g(x)

∣∣2.
(20)

Integrating (20) over the state space, the global variance is
defined as follows

Var[g ◦ Fω] �
∫

X
Var

[
g ◦ Fω(x;β)

]
dμ(x). (21)

This variance (21) satisfies the following theorem[5], which
provides a foundation for estimating the variance given by
(21).

Theorem 1 Let g1, g2 ∈ L2(X , μ). Then,

E
[‖g1 ◦ Fω + g2‖2L2(X ,μ)

]

= ‖U(1)g1 + g2‖2L2(X ,μ)
+ Var[g1 ◦ Fω]. (22)

If we use g2 as an estimate of the eigenfunction of the
Koopman operator, the left-hand side of (22) represents the
integrated mean squared error (IMSE).

Also, covariance admits the similar formulation. For
g1, g2 ∈ L2(X , μ), the covariance operator is defined by

Cov[g1 ◦ Fω, g2 ◦ Fω]
�

∫

X
Cov

[
g1 ◦ Fω(x;β), g2 ◦ Fω(x;β)

]
dμ(x). (23)

3 Koopman framework for early warning
signals

In this section, we establish a novel Koopman framework
for adopting an EWS. Especially, we focus on an approxi-
mator of the stochastic Koopman operator U(1) by numer-
ical estimation methods such as Extended Dynamic Mode
Decomposition (EDMD)[30]. Then we consider a restriction
of the Koopman operator in the following invariant subspace
in L2(X , μ),


m = span{φλ1, · · · , φλm }, (24)

where m ∈ N
+ and φλn ∈ L2(X , μ) for n = 1, · · · ,m are

the Koopman eigenfunctions with the Koopman eigenvalues
λn . The restricted stochastic Koopman operator is denoted
by U(1),
m . Then, the time evolution of an M-dimensional
vector-valued observable g : X → C

M can be expressed
by[26]

U(1),
mg(x) =
m∑

n=1

λnvλnφλn (x). (25)

Here, a vector-valued observable is M collections of scalar-
valuedobservables in L2(X , μ). This expression (25) approx-
imates the trueKoopman operator through its dominant point
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spectra. However, for the emergence of a continuous spec-
trum at the bifurcation point, the corresponding part of U(1)

cannot be captured by U(1),
m and this phenomenon can be
considered as an EWS. To quantify this missing part, we
define the stochastic residual of the Koopman mode decom-
position (ResKMD) by

res
[
U(1),U(1),
m

]2 � E
[∥∥g ◦ Fω −U(1),
mg

∥∥2
L2(X ,μ)M

]
,

(26)

where ‖ · ‖L2(X ,μ)M is the norm on L2(X , μ)M defined by

‖g‖L2(X ,μ)M �
( M∑

n=1

‖gn‖2L2(X ,μ)

) 1
2

(27)

for g = (g1 · · · gM )T ∈ L2(X , μ)M . We examine properties
of ResKMD near the bifurcation point. To decompose the
residual,we extendTheorem1 for vector-valuedobservables.

Corollary 1 Let g1, g2 : X → C
M be vector-valued observ-

ables. Then,

E
[‖g1 ◦ Fω + g2‖2L2(X ,μ)M

]

= ‖U(1)g1 + g2‖2L2(X ,μ)M
+ Tr

(
Cov[g1 ◦ Fω]), (28)

where the autocovariance operator of a vector-valued
observable g = (g1, · · · , gM )T is defined by,

(
Cov[g ◦ Fω])i j � Cov

[
gi ◦ Fω, g j ◦ Fω

]
, 1 ≤ i, j ≤ M,

and Tr is a trace operator. Especially, choosing g1 = g and
g2 = −U(1),
mg yields the decomposition ofResKMDbelow,

res
[
U(1),U(1),
m

]2

= ‖U(1)g −U(1),
mg‖2L2(X ,μ)M
+ Tr

(
Cov[g ◦ Fω]).

(29)

Let us focus on the first term on the right-hand side of Eq.
(29). This quantity means the squared error between the true
Koopman operator U(1) and its restriction U(1),
m . For the
system (1) with a hyperbolic and asymptotically stable fixed
point, the following proposition holds.

Proposition 1 Let g : X → C
M be a vector-valued smooth

observable, and assume further that the set of Koopman
eigenfunctions forms an orthonormal basis. Then,

|λm+1|2‖vλm+1‖22 ≤ ∥∥U(1)g −U(1),
mg
∥∥2
L2(X ,μ)M

≤ |λm+1|2‖g‖2L2(X ,μ)M
. (30)

Sufficiently far from the bifurcation point, the norm of the
Koopman eigenfunctions andmodes vary little. Accordingly,
as the (m+1)-th largest eigenvalue gradually approaches the
unit cycle, Eq. (30) implies that the squared error between
U(1) and U(1),
m increases.

Next, we focus on the second term on the right-hand side
of Eq. (29), which captures the stochastic influence in the
evolution of observables. Since the autocovariance operator
is a Hilbert-Schmidt operator, we obtain

Tr
(
Cov[g ◦ Fω]) =

∞∑

n=1

λcov,n,

where {λcov,n}∞n=1 are the eigenvalues of Cov[g ◦ Fω]. For
each n ∈ N, the eigenvalue λcov,n quantifies the variance
injected by the noise along the Koopman eigenfunction φλn .
For every such φλn , we have the global evolution law,

φλn (xt+1) = λnφλn (xt ) + ηn,t , (31)

where the random variable ηn,t = φλn ◦Fω(x;β)−λnφλn (x)
represents the influence of noise ωt and the variance of φλn

is given by λcov,n . We assume that ηn,t is independent of
xt , repeating the argument that leads to Eq. (11) yields the
following result.

Tr
(
Cov[g ◦ Fω]) =

∞∑

n=1

Var[ηn,t ]
1 − |λn|2 . (32)

Hence, as the system approaches the bifurcation point and
the absolute values of the dominant eigenvalues λn tend to 1,
the second term in (29) increases.

In summary, the behavior of ResKMD in a neighborhood
of the bifurcation point can be formulated as the following
theorem.

Theorem 2 Consider the stochastic dynamical system (1). If
the system has a hyperbolic and asymptotically stable fixed
point, then

res
[
U(1),U(1),
m

]2 → ∞ as β → β∗. (33)

Theorem 2 can be regarded as an extension of Ives’ approach
to the resilience for the EWS[13]. Ives’ approach focused on
the local behavior of the linearized system near the bifur-
cation point. However, our Koopman-based approach can be
considered nonlinear features that cannot be embedded in the
linear term. (The graphical explanation is shown by Fig. 1.)
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Fig. 1 Conceptual diagram of ResKMD

4 Numerical method

4.1 Extended dynamic mode decomposition

Suppose that we are given a snapshot dataset {x(i), y(i)}Ti=1,
where T ∈ N is the number of snapshot data and each snap-
shot pair {x(i), y(i)} satisfies

y(i) = Fω(x(i);β). (34)

In EDMD[30], we need to prepare a dictionary of non-
linear functions �(x) = (ψ1(x) · · · ψM (x)) ∈ C

1×M for
x ∈ X , and any new observable g ∈ L2(X , μ) is expressed
via a coefficient vector ζ = (ζ1 · · · ζM )T ∈ C

M as

g(x) = �(x)ζ . (35)

Under this representation, the Koopman operatorU(1) is rep-
resented by

U(1)g(x) = �
(
Fω(x;β)

)
ζ = �(x)Kζ + R(ζ , x), (36)

where

R(ζ , x) � �
(
Fω(x;β)

)
ζ − �(x)Kζ . (37)

Minimizing Eq. (37) with respect to K yields the EDMD-
based approximation of the Koopman operator[30], namely:

K � (�∗
XW�X )†(�∗

XW�Y ), (38)

where Z† is the Moore-Penrose pseudoinverse of the matrix
Z ,W = diag(w1, · · · , wT ) is a weight matrix that quantifies
the relative importance assigned to each time step and

�X �
(
�(x(1))T · · · �(x(T ))T

)T ∈ C
T×M , (39)

�Y �
(
�(y(1))T · · · �(y(T ))T

)T ∈ C
T×M . (40)

As T → ∞, we have

lim
T→∞(�∗

XW�X )i j = 〈ψ j , ψi 〉L2(X ,μ) (41)

lim
T→∞(�∗

XW�Y )i j = 〈U(1)ψ j , ψi 〉L2(X ,μ). (42)

Therefore, as T tends to ∞, K becomes the true Koopman
operator U(1).

4.2 ResKMD by Residual Dynamic Mode
Decomposition

Colbrook et al.[4] proposed an evaluation framework called
Residual Dynamic Mode Decomposition (ResDMD), which
evaluates the reliability of the candidate of eigenvalue –
eigenfunction pairs by computing U∗

(1)U(1). For any pair
{λ, φλ}, ResDMD computes the following residual, denoted
by res[λ, φλ]2:

res[λ, φλ]2 �
‖φλ ◦ Fω − λφλ‖2L2(X ,μ)

‖φλ‖2L2(X ,μ)

. (43)

Next, similarly to Eqs. (41) and (42), we have

lim
T→∞(�∗

YW�Y )i j = 〈U(1)ψ j ,U(1)ψi 〉L2(X ,μ). (44)

Then, lettingφλ(x) = �(x)ξλ, where ξλ is the eigenvector of
the matrix K corresponding to the eigenvalue λ, the residual
(43) is approximated by

res[λ, φλ]2

≈ ξ∗
λ[�∗

Y W�Y − λ(�∗
XW�Y )∗ − λ̄(�∗

XW�Y ) + |λ|2�∗
XW�X ]ξλ

ξ∗
λ[�∗

XW�X ]ξλ

.

(45)

In the stochastic setting, the quantity (43) computed by Res-
DMD is equal to Eq. (22) with g1 = φλ and g2 = −λφλ.
This fact plays an important role in the numerical approxima-
tion of ResKMD. In fact, for candidate pairs {λn, φλn }mn=1,
ResKMD can be approximated by the following expression
using ResDMD (also see the Appendix):

res[U(1),U(1),
m ]2 ≈ 1

m

m∑

n=1

res[λn, φλn ]2. (46)

123



Generalized stochastic resilience for early warning signals… Page 7 of 13   246 

Algorithm 1: Early Warning Signal by Calculating ResKMD with Exact DMD

Require: Snapshot data {x(t), y(t)}t=1, quadrature weights W , positive integer Twindow, dhankel, r .
1: for i = 1, 2, · · · do
2: Extract window data {x(t), y(t)}i+Twindow

t=i and extend to {x(t)
hankel, y

(t)
hankel}i+Twindow−dhankel+1

t=i with delay coordinate (RN → R
dhankelN ).

3: Set �DMD(xhankel) = [e∗
1xhankel · · · e∗

dhankel×Nxhankel], where ei is the i th unit vector.
4: Compute a truncated SVD

1

Twindow − dhankel + 1
(�DMD(x(i)

hankel)
T · · ·�DMD(x(i+Twindow−dhankel+1)

hankel )T )T ≈ Ur�r V
∗
r .

5: Set two matrices

�X =

⎛

⎜
⎜
⎝

�DMD(x(i)
hankel)

.

.

.

�DMD(x(i+Twindow−dhankel+1)
hankel )

⎞

⎟
⎟
⎠ Vr�

†
r ,

�Y =

⎛

⎜⎜
⎝

�DMD(y(i)
hankel)

.

.

.

�DMD(y(i+Twindow−dhankel+1)
hankel )

⎞

⎟⎟
⎠ Vr�

†
r .

6: Solve eigendecomposition

(�∗
XW�X )†(�∗

XW�Y )ξλn
= λnξλn

, (n = 1, · · · , r).

7: Compute res[λn, φλn ] by Eq.(45) for all n.
8: ResKMD is given by (46).
9: end for
10: return ResKMD calculated at each time window.

Algorithm 2: Early Warning Signal by Calculating ResKMD with Kernel EDMD

Require: Snapshot data {x(t), y(t)}t=1, quadrature weights W , positive-definite kernel function S : X × X → R and positive integer
Twindow, dhankel, r .

1: for i = 1, 2, · · · do
2: Extract window data {x(t), y(t)}i+Twindow

t=i and extend to {x(t)
hankel, y

(t)
hankel}i+Twindow−dhankel+1

t=i with delay coordinate (RN → R
dhankelN ).

3: Generate gram matrices �X , �Y for {x(t)
hankel, y

(t)
hankel}i+Twindow−dhankel+1

t=i with kernel S and compute r -rank approximated SVD of �X and K̃

as follows,
√
W�X�∗

X

√
W = Ur�

2
r U

∗
r , K̃ = (�†

r U
∗
r )(

√
W�Y�∗

X

√
W )(Ur�

†
r ).

4: Compute the eigenvalues of K̃ and stack the corresponding eigenvectors column-by-column into Z ∈ C
(Twindow−dhankel+1)×r .

5: Apply a QR decomposition to orthogonalize Z with respect to Q = [Q1, · · · , Qr ].
6: Set the dictionary as follows,

ψselected, j (xhankel) =
[
S
(
xhankel, x

(i)
hankel

)
, · · · , S

(
xhankel, x

(i+Twindow−dhankel+1)
hankel

)]
(Ur�

†
r )Q j , 1 ≤ j ≤ r .

7: Solve eigenvalue decomposition

(�∗
selected,XW�selected,X )†(�∗

selected,XW�selected,Y )ξλn
= λnξλn

, (n = 1, · · · , r).

8: Compute res[λn, φλn ] by Eq.(45) for all n.
9: ResKMD is given by (46).
10: end for
11: return ResKMD calculated at each time window.
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4.3 Online estimation of ResKMD

In order to compute ReKMD for an EWS, we need to
calculate DMD in an online manner. These are two main
approaches for this purpose; Weighted Dynamic Mode
Decomposition (Weighted DMD), which incorporates a for-
getting coefficient for past data, and Windowed Dynamic
Mode Decomposition (Windowed DMD), which applies
DMD at fixed time intervals (time window)[1, 32]. In our
experiments, we choose an online approach using Window
DMD because of computational complexity. Over a rolling
window, we can track the temporal evolution of ResKMD.
In addition, we adopt time-delayed coordinates applied to
observed data to enhance the learning accuracy of Hankel
DMD[27].

Finally, Algorithm 1 and Algorithm 2 above present
the algorithms to calculate the EWS based on ResKMD.
Algorithm 1 uses ResDMD by estimating the Koopman
eigenvalue - eigenfunction pairs with exact DMD.Algorithm
2 estimates the pairswith kernel EDMD.Note that these algo-
rithms calculate the residual (45) following the procedure
proposed by Colbrook et al.[4].

5 Experiment

We evaluate the proposed EWS described in Sects. 3 and 4.
The most important aspect of EWSs performance is achiev-
ing both a high detection rate and a low false-positive rate.
Therefore, to compare the performance between the pro-
posed and conventional EWSs, we prepare two artificial
and three empirical data both for the tipping/non-tipping
cases, and construct a receiver operating characteristic (ROC)
curve by plotting the true positive rate (TPR) on the vertical
axis against the false positive rate (FPR) on the horizon-
tal axis. As conventional EWSs, we select variance[13],
lag-1 autocorrelation[7, 10], maximum eigenvalue of the
DMD matrix[8], and deep learning method[3]. As an indi-
cator for determining whether tipping occurs or not, we
employ Kendall’s rank correlation coefficient between time
and EWSs. This metric is appropriate when the bifurca-
tion parameter is assumed to vary monotonically with time.
(It should be noted that the parameters do not necessarily
change monotonically in real-world situations.) The win-
dow size is set to half the total number of data points.
For the DMD computation, the data is first embedded in
a 400-dimensional space using the delay coordinate. Also,
when computing ResKMD with kernel EDMD, we employ
three kernel functions: the radial basis function (RBF) ker-
nel krbf(x, x′) = exp(−γ ‖x − x′‖22), the Laplacian kernel
kLaplacian(x, x′) = exp(−γ ‖x − x′‖1), and the polynomial
kernel kpoly(x, x′) = (γ 〈x, x′〉2 + 1.0)d with appropriate
hyperparameter. The hyperparameter of the RBF and the

Laplacian kernel is selected from γ = 0.1, 0.01, 0.005,
0.001, 0.0005, 0.0001 by minimizing the ResKMD at the
first time window. Also, The hyperparameter of the polyno-
mial kernel is selected from γ = 1.0, 0.1, 0.01 and d = 2.0,
3.0, 4.0.

– Saddle-node and Subcritical Hopf Bifurcation The local
bifurcation introduced in Sect. 2 is known to retain their
essential characteristics in a one- or two-dimensional
dynamical system through the center manifold Theo-
rem.Now,we focus on two local bifurcation, saddle-node
bifurcation and subcriticalHopf bifurcation[17].Thenor-
mal form of saddle-node bifurcation is given by

ẋ = −β − x2. (47)

When β < 0, the system has a stable fixed point at
x = √−β and an unstable fixed point at x = −√−β.
As β approaches 0, these two fixed points move closer
together and collide at β = 0, after which the sys-
tem becomes unstable. Consequently, if the bifurcation
parameter β gradually increases over time, one observes
how the equilibrium slowly shifts toward 0 and eventu-
ally loses stability. Also, the normal form of subcritical
Hopf bifurcation is given by

ẋ = βx − y − x(x2 + y2)(x2 + y2 − 1),

ẏ = x + β y − y(x2 + y2)(x2 + y2 − 1).
(48)

When β < 0, the system has a stable fixed point at the
origin and an unstable limit cycle near the origin. On the
other hand, β > 0, the origin becomes unstable, and a
global stable limit cycle appears.
To examine the performance of our EWS, we generate
two artificial data related to the saddle-node and sub-
critical Hopf bifurcation and calculate the ResKMD by
applying Algorithms 1, 2. Time-series data of saddle-
node bifurcation is generated by

ẋ = −(x + 1)
(
(x − 1)2 − β

)
, (49)

where the initial state x(0) = 1.8 and initial bifurca-
tion parameter β = 1.0. We prepare some time-series
in which the parameter gradually decreases at different
rate. Time-series data of subcritical Hopf bifurcation is
generated by

ẋ = βx − 2π y − x(x2 + y2)(x2 + y2 − 1),

ẏ = 2πx + β y − y(x2 + y2)(x2 + y2 − 1).
(50)

where the initial state
(
x(0), y(0)

) = (0.1, 0.0) and
initial bifurcation parameter β = −1.0. Also, we pre-
pare some time-series in which the parameter gradually
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Fig. 2 Example of Subcritical Hopf Bifurcation: EWSs are computed
by sliding a time window along the data. Moreover, suitable EWSs are
expected to increase as the system approaches the bifurcation point.
Namely, this implies that Kendall’s τ between the EWSs and time

should approach 1. (Residual(vanilla) means ResKMD calculated by
Exact DMD. Also, residual(rbf, laplacian, polynomial) are ResKMD
calculated by EDMD with the RBF, Laplacian, and polynomial ker-
nels)

increases at different rate. (We show an example in
Fig. 2.) These time-series data are given by the explicit
Runge–Kutta method of order 5.

– Tipping for Thermoacoustic System Pavithran et al.[23]
investigated the subcritical Hopf bifurcation in a ther-
moacoustic system and discussed how the performance
of EWSs varies depending on the rate at which the bifur-
cation parameter is changed.

– Prediction of Climate Change In Dakos’ study[7], it
was reported that some EWSs can be detected for pale-
oclimate transitions, such as desertification in North
Africa and warming events during the ice ages. In this
experiment, because of the limited availability of data,
we increase the number of data points by means of
spline interpolation. In principle, interpolation should be
avoided in the computationofEWSsbecause itmay intro-
duce spurious correlations.

– MarineAnoxic EventsDue to environmental factors such
as global warming and eutrophication, the marine sys-
tem in the easternMediterranean can sometimes abruptly
transition into a state of oxygen depletion. Hennekam et
al.[11] have shown that some EWSs of this abrupt shift
can be identified from sediments present in the oceanic
region. In this experiment, we use the concentration of

molybdenum (Mo) and uranium (U) in the sediments to
calculate EWS, spline interpolation to increase the num-
ber of data points.

The results are shown in Fig. 3. Specifically, against
saddle-node bifurcation, various EWSs achieve a clear sep-
aration between positive (showing tipping) and negative
(not showing tipping) examples. Detecting a subcritical
Hopf bifurcation is more challenging because these sys-
tems exhibit a pronounced delayed bifurcation. However,
it can be seen that variance and ResKMD with the Lapla-
cian kernel are good indicators for detecting tipping in this
dataset. The remaining results show that the best performing
EWS strongly depends on the dataset: lag-1 autocorrelation,
ResKMD with the Laplacian kernel, and the deep learning
method attain the highest detection rates for the thermoacous-
tic, paleoclimate, and anoxic datasets, respectively. From
another perspective, across all datasets, ResKMD with the
RBF and Laplacian kernel delivers consistently robust detec-
tion. Whereas the deep learning method relies on extensive
pre-training to learn the systems near the tipping point,
ResKMD with the RBF and Laplacian kernel reach com-
parable performance without any pre-training by accurately
representing the latent systems close to the bifurcation point.
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Fig. 3 ROC curve (The Results for Saddle-node, Hopf, Thermoacoustic, Paleoclimate and Anoxic datasets are shown from top left to right)

Fig. 4 Behavior of EWSs against 1500, 5000, 10000 Window Size: This figure represents experimental results based on simulation data exhibiting
saddle–node bifurcation

Variance, lag-1 autocorrelation, and maximum eigenvalue of
the DMD matrix likewise do not require pre-training.

Other experiment results are shown in Figs. 4 and 5. Fig-
ure4 illustrates the variation ofResKMDwith theRBFkernel
when thewindow size is set to 1500, 5000, and 10000 against
the artificial data related to saddle-node bifurcation. In this
experiment, the data are embedded into an 800-dimensional

space using delay coordinates, and the kernel hyperparam-
eter is tuned according to the procedure described earlier.
What this result indicates is that ResKMD requires a large
amount of data for computation. This is consistent with the
well-known result experimentally demonstrated by Korda
et al.[16], namely that a sufficiently large number of snap-
shot data is required in DMD to accurately approximate the
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Fig. 5 Behavior of against Observation Noise σ 2
obs = 0.01, 0.1, 0.2: This figure also represents experimental results based on simulation data

exhibiting saddle–node bifurcation

spectra of the Koopman operator. However, this limitation
of ResKMD is inconvenient in the context of early warn-
ing of tipping phenomena. For instance, in the paleoclimate
or anoxia data, the available data may not be sufficient to
detect the tendencies of tipping phenomena. Although we
deal with this problem via spline interpolation in the exper-
iment shown in Fig. 3, more carefully considered solutions
are still required. Moreover, in kernel EDMD, it should be
noted that increasing the window size leads to the ”curse of
dimensionality”.

The experiment presented in Fig. 5 investigates how
performance changes when observation noise is added to
simulation data exhibiting saddle–node bifurcation. The
observation noise is generated based on i.i.d. Gaussian white
noise with density N (0, σ 2

obs) where σobs > 0. This result
confirms thatResKMDwith theRBFkernel serves as a robust
EWS against observation noise. On the other hand, variance
and lag-1 autocorrelation’s performance deteriorates signif-
icantly when observation noise is strongly mixed, because
variance and lag-1 autocorrelation directly measure stochas-
tic resilience in the data space. The deep learning method
also do not show good performance against data with strong
observation noise. This method can be interpreted as out-
putting the probability that the observed behavior resembles
that of tipping phenomena present in the train data. How-
ever, since the data are contaminated by observation noise
(strictly speaking, exhibiting behavior not included in the

train data), accurate prediction becomes difficult. This is a
weakness inherent to pre-training approaches.

6 Conclusions

In this paper, we newly propose an EWS based on the Koop-
man operator. Our EWS is developed by concerning the
spectral property of the Koopman operator near the bifurca-
tion point. As the absolute value of the dominant Koopman
eigenvalue approaches 1, the estimated error between the true
Koopman operator and the proxy of the Koopman operator
by its mode decomposition increases because of its contin-
uous spectrum. This mathematical fact shows that ResKMD
behaves as an EWS. In particular, we have proved that it can
be considered as generalized stochastic resilience and strictly
increases as the bifurcation point approaches. Moreover, it
can be numerically computed from data via ResDMD, and
we demonstrate its effectiveness through experiments on five
synthetic and real datasets. As noted at the end of Sect. 5,
the proposed method exhibits robust detection performance
across diverse data types.

Although our results are promising, several extensions
remain. First, we can change the method to estimate the
Koopman operator. For example, neural DMD[14] and jet
DMD[12] are able to estimate the Koopman operator more
accurately than exact DMD and kernel EDMD. By employ-
ing these methods, signs of the tipping point are expected to
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be detected with greater accuracy at an earlier stage. Second,
it is still an open challenge to devise a versatile EWS capa-
ble of detecting global bifurcation-induced tipping[17], such
as transitions to chaotic attractors, as well as rate-induced
tipping[29], which depends on the rate of parameter varia-
tion.

A Appendix

A.1 Proof of Corollary 1

For a fixed x ∈ X , the expectation of
∥∥g1(Fω(x;β)) +

g2(x)
∥∥2
2 is expanded as follows,

E
[∥
∥g1 ◦ Fω(x;β) + g2(x)

∥
∥2
2

]

= E
[∥∥g1 ◦ Fω(x;β)

∥∥2
2

]
+ 2Re

〈
U(1)g1(x), g2(x)

〉
2

+ ‖g2(x)‖22
= ∥∥U(1)g1(x) + g2(x)

∥∥2
2

+ E
[∥∥g1 ◦ Fω(x;β)

∥∥2
2

]
−

∥∥∥E
[
g1 ◦ Fω(x;β)

]∥∥∥
2

2

= ∥∥U(1)g1(x) + g2(x)
∥∥2
2 + Tr

(
Cov[g1 ◦ Fω(x;β)]

)
.

By integrating over x with respect to the measure μ, we can
obtain the result (28).

A.2 Proof of Proposition 1

Weassume that the eigenfunctions formanorthonormal basis
in L2(X , μ), we have

∥∥U(1)g −U(1),
mg
∥∥2
L2(X ,μ)M

=
∞∑

n=m+1

|λn|2‖vλn‖22. (51)

Here, the modes are given by vλn = 〈g, φλn 〉 and are satisfied

‖g‖2L2(X ,μ)M
=

∞∑

n=1

|〈g, φλn 〉|2. (52)

Therefore, we can bound ResKMD from the above as

∥∥U(1)g −U(1),
mg
∥∥2
L2(X ,μ)M

≤ |λm+1|2
(
‖g‖2L2(X ,μ)M

−
m∑

n=1

|〈g, φλn 〉|2
)

≤ |λm+1|2‖g‖2L2(X ,μ)M
. (53)

In addition, the lower bound can be established:

|λm+1|2‖vλm+1‖22 ≤ ∥∥U(1)g −U(1),
mg
∥∥2
L2(X ,μ)M

. (54)

A.3 The Proof of Eq. (46)

We present here the derivation of Eq. (46). By definition, we
have

U(1),
mg(x) =
m∑

n=1

λnvλnφλn (x) (55)

g(x) =
m∑

n=1

vλnφλn (x). (56)

So, the error between the true Koopman operator U(1) and
the restricted Koopman operator U(1),
m is

U(1)g −U(1),
mg =
m∑

n=1

vλn (U(1)φλn − λnφλn ). (57)

Hence, considering the norm of error (57) under μ, we may
exchange the integral and the summation ifU(1)φλn −λnφλn

are mutually orthogonal, leading to

∫

X
|U(1)g −U(1),
mg|2dμ(x)

=
m∑

n=1

|vλn |2
∫

X
|U(1)φλn (x) − λnφλn (x)|2dμ(x) (58)

Therefore, ResKMD is computed as

res[U(1),U(1),
m ]2 =
m∑

n=1

|vλn |2
∫

X
|U(1)φλn (x)

− λnφλn (x)|2dμ(x)

=
m∑

n=1

|vλn |2res[λn, φλn ]2, (59)

where in the last step, we have assumed that each φλn is
normalized. Proceeding analogously to Proposition 1, we
observe that the norm of the mode remains nearly constant.
Hence, Eq. (46) follows.
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trum for random dynamical systems. J. Nonlinear Sci. 30, 2007–
2056 (2020)

7. Dakos, V., Scheffer, M., Van Nes, E.H., Brovkin, V., Petoukhov, V.,
Held, H.: Slowing down as an early warning signal for abrupt cli-
mate change. Proc. Natl. Acad. Sci. 105(38), 14308–14312 (2008)

8. Donovan, G., Brand, C.: Spatial early warning signals for tipping
points using dynamic mode decomposition. Physica A 127152684
(2022)

9. Gaspard, P., Nicolis, G., Provata, A., Tasaki, S.: Spectral signature
of the pitchfork bifurcation: liouville equation approach. Phys. Rev.
E 51(1), 74 (1995)

10. Held, H., Kleinen, T.: Detection of climate system bifurcations by
degenerate fingerprinting. Geophys. Res. Lett. 31(23) (2004)

11. Hennekam, R., van der Bolt, B., van Nes, E.H., de Lange, G.J.,
Scheffer, M., Reichart, G.J.: Early-warning signals for marine
anoxic events.Geophys. Res. Lett. 47(20), e2020GL089183 (2020)

12. Ishikawa, I., Hashimoto, Y., Ikeda, M., Kawahara, Y.: Koopman
operators with intrinsic observables in rigged reproducing kernel
hilbert spaces. Nonlinearity 38(11), 115022 (2025)

13. Ives, A.R.: Measuring resilience in stochastic systems. Ecol.
Monogr. 65(2), 217–233 (1995)

14. Iwata, T., Kawahara, Y.: Neural dynamic mode decomposition
for end-to-end modeling of nonlinear dynamics. J. Comput. Dyn.
10(2), 268–280 (2023)

15. Koopman,B.O.:Hamiltonian systems and transformation in hilbert
space. Proc. Natl. Acad. Sci. 17(5), 315–318 (1931)
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