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1. Introduction

In 1996, L.H. Kauffman introduced the notion of a virtual knavhich was moti-
vated by the study of knots in a thickened surface and albgBauss codes, cf. [8, 9].
M. Goussarov, M. Polyak, and O. Viro [1] proved that the natumalp from the cate-
gory of classical knots to the category of virtual knots igdative; namely, if two clas-
sical knot diagrams are equivalent as virtual knots, theyy #re equivalent as classical
knots. Thus, virtual knot theory is a generalization of ktiwory. In [1], virtual knots
are used to study of finite type invariants.

Kauffman defined the Jones polynomial of a virtual knot, wihis also called the
normalized bracket polynomial or thg -polynomial (cf. [9lh this paper, according
to [9], we call it the f -polynomial instead of the Jones polyrial, since the definition
is different from Jones’ in [2, 3]. Finite type invariantsrived from the f -polynomials
are studied in [9]. For example, the follwing results appeaf9]: (1) If fx(A) de-
notes thef -polynomial of a virtual linkk , the coefficienf K ( ) of in the power
series expansion ofx e¢{ ) is a Vassiliev invariant of order .\(@)en the notionv,
for a “singular” virtual link G is generalized in the obviousaw the Vassiliev invari-
ant v, (G) depends only on the chord diagram associated @ith Qafollary 14 of
[9]).

The f -polynomial of a virtual link is quite different from thé-polynomial of a
classical link. For a Laurent polynomigf in the variabde , denote by EXPf )
the set of integers appearing as exponentsfof . For exanfplg,5 3A=2 + 6A —
7A5, then EXP{f ) ={-2, 1, 5}. For the f -polynomialf of a classical link with
components, it is well known that EXP( Q 4Z if nis odd and EXP{ ) 4Z + 2 if
n is even ([2], [7]). However, this is not true for a virtual KAk in general. In this
paper we introduce the notion otheckerboard coloringf a virtual link diagram as
a generalization of checkerboard coloring of a classicdt diagram.

Theorem 1. Let f be thef -polynomial of a virtual linlk. with components.
Suppose thaL has a virtual link diagram which admits a chdmbard coloring. Then
EXP(f)C 4Z if nis odd, and EXP(f)C 4Z + 2 if n is even.
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Fig. 1.

(b)

For example the virtual knot diagram illustrated in Fig. 3 @mits a checker-
board coloring, and thef -polynomial i4* + A2 — A6, So EXP(f )C 4Z. On the
other hand, the virtual knot diagram illustrated in Fig. } @mes not admit a checker-
board coloring, and thg -polynomial isAX®+ A® + A%, Theorem 1 implies that this
diagram is not equivalent to any diagram that admits a chiboked coloring.

If a virtual link diagram is alternating (the definition isvgn later), then the dia-
gram admits a checkerboard coloring. Thus we have the failpw

Corollary 2. Let f be thef -polynomial of a virtual link  with  components.
Suppose thaf. has an alternating virtual link diagram. THEXP(f) C 4Z if n is
odd and EXP(f)cC 4Z + 2 if n is even.

By this corollary, we see that the virtual knot representgdFig. 1 (b) is not
equivalent to any alternating diagram.

2. Virtual link diagram and abstract link diagram

A virtual link diagramis a closed oriented 1-manifold generically immersedin
such that each double point is labeled to be (Iea crossing which is indicated as
usual in classical knot theory or (2)\artual crossing which is indicated by a small
circle around the double point. The moves of virtual linkgtems illustrated in Fig. 2
are calledgeneralized Reidemeister mov&svo virtual link diagrams are said to be
equivalentif they are related by a finite sequence of generalized Redtlter moves.
We call the equivalence class of a virtual link diagranvirtual link.

A pair P = (2, D) of a compact oriented surfacé  and a link diagrBm  3bn
is called anabstract link diagram(ALD) if |D| is a deformation retract oE , where
|D| is a graph obtained fronD by replacing each crossing poirlt witvertex. If D
is oriented,P is said to beriented Unless otherwise stated, we assume that an ALD
is oriented. For an ALD,P =X, D ), if there is an orientation pme$ssy embedding
f: X — F into a closed oriented surfacé f, D( ) is a link diagramon . We ital
a link diagram realizationof P on F. In Fig. 3, we show two abstract link diagrams
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and their link diagram realizations. Two ALD®, (D ) a®d = (X', D’), are re-
lated by anabstract Reidemeister moyef type I, Il or Ill) if there exist link diagram
ralizations f :X — F and f’: ¥’ — F into the same closed oriented surfaEe  such
that the link diagramsf 1§ ) angt/(D’) on F are related by a Reidemeister move (of
type I, Il or Ill) on F. Two ALDs are said to besquivalentif they are related by
a finite sequence of abstract Reidemeister moves. We cakkdh@&alence class of an
ALD an abstract link

In [6] a map

@: {virtual link diagram$ — {ALDs}
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was defined. The idea of this map is illustrated in Fig. 4. Refe[6] for the defi-

nition. We call ¢(D) an ALD associated witha virtual link diagramD . The ALDs in
Fig. 3 (a) and (b) are ALDs associated with the virtual linkgtiams in Fig. 1 (a) and
(b) respectively.

Theorem 3 ([6]). The mapy induces a bijection

@: {virtual links} — {abstract linkg.

Let P = (X, D) be an ALD. Acheckerboard coloringdof P is a coloring of all
the components of£ — |D| by two colors, say black and white, such that any two
components of — |D| that share an edge have different colors.

We say that a virtual link diagraradmits a checkerboard coloringr is checker-
board colorableif the associated ALD admits a checkerboard coloring.

3. The f-polynomials of abstract link diagrams

There is a unique map
( ):{unoriented ALD$ — A =Z[A, A7}

satisfying the following rules.

() (T)=1 whereT is a one-component trivial ALD,

(i) (T P)=(—A%— A=2)(P) if Pis not empty, whereT 11 P is the disjoint union
of T and P, and

@ (X)) 0-(=)

The map( ) is invariant under abstract Reidemeister moves Il and Ik &dll it the
Kauffman bracket polynomialf ALD, cf. [4].

Let P = (2, D) be an unoriented ALD. Replacing the neighborhood @f@ssing
point as in Fig. 5, we have another unoriented ALD. We callntumoriented ALD
obtained fromD by doing am\-splice or a B-splice at the crossing point. An unori-
ented trivial ALD obtained fromP by doing an A-splice or a Blisp at each crossing
point is called astateof P. From the definition of ), we see

P) — ZAh(S)(—Az _ A—Z)ﬁ(s)—l’
S
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where S runs over all of states @ g(S) is the number of A-splices minus that of
B-splices used for obtaining angsS) is the number of components &f

For an ALD, P = (&, D), the writhew(P) is defined by the number of positive
crossings minus the number of negative crossing®of . Therdefime thenormal-
ized bracket polynomiabr the f-polynomialof P by

fr(A) = (~A%)O)(P).

This value is preserved under abstract Reidemeister molvégpe |. Thus this
is an invariant of an abstract link. This invariant was defirie [4], where it was
called the Jones polynomial a? . It should be noted that thection & preserves
the f -polynomial.

4. Proof of Theorem 1

Let p be a crossing point of an ALDP =X,D ). LePy, = (X0, Do) and
P» = (2, D) be ALDs obtained fromP by splicing ab  orientation cohergntl
and orientation incoherently, respectively. Note tliaf, does not inherit an orienta-
tion from D. The crossing poinp is either (i) a self-interseatof an immersed loop
of D or (i) an intersection of two immersed loops. Letand o’ be the immersed
open arcs obtained from the loop (in case (i)) or from the teampk (in case (ii)) by
removing (the small neighborhood of) . Choose one of them,csaand we give an
orientation toD., which is induced from that o except (and hence the orienta-
tion is reversed o). Let C be the set of crossing points &f , excgpt , such that
the sign of the crossing point is preserved when we conslienew diagramD,; in
other words, at each crossing point belongingcto , both oftéhe intersecting arcs
are contained inD — « or both of them are inx. Let C’ be the set of crossing points
of D, exceptp , such that the sign of the crossing point changeb iand D; in
other words, at each crossing point belonging(tq one of the two intersecting arcs
is contained inD — « and the other is inv. Let k (or/, resp.) be the number of posi-
tive crossings ofC (respC’) minus the number of negative crossings@f  (reSf.
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Lemma 4. In the above situatianlet f, fo and f., be the f -polynomials oP,
Py and P, respectively. Then we have

= —A72fy — (—A%)"2A4f,, if pis a positive crossing,
—A"?fo— (—A%)~2A™f,, if pis a negative crossing.

Proof. If p is a positive crossing, then(D) = k +1 + 1, w(Dg) = k +1 and
w(Ds) =k — 1. Since (P) = A(Py) + A~1(P,.), we have the result. The case whegre
is a negative crossing is proved by a similar argument. O

Remark. In Remark of Section 5 of [9, page 677], an equation whichinsi-s
lar to Lemma 4 is given. However, it seems to be forgottenethertake account of
the term A% ~2. In consequence, the recursion formula of Theorem 13 of {%s
follows:

n—1

n—k
v(G) =) ﬁ{(l — (1" MY (Go) + {(2 = 31y F — (=2 = 3P (G o)}
k=0 ’

By this formula, Corollary 14 of [9] is still true.

Corollary 5 (cf. Theorem 13 of [9]). Let f be thef -polynomial of an ALD with
n components. Therf(1) = (—2)""L. In particular, f-polynomials of ALDs are not
zero.

Proof. It follows from Lemma 4 by induction on the number oédl) crossing
points. ]

Since ® preserves th¢ -polynomials, Theorem 1 is equivakerthe following
theorem.

Theorem 6. Let f be thef -polynomial of an ALDP = (X, D), with n com-
ponents. Suppose th#&  admits a checkerboard coloring. B¥R(f) C 4Z if n is
odd, and EXP(f)C 4Z+ 2 if n is even.

Proof. For a stat&§ oP , we defineS () by
1(S) = AD(S)(_AZ _ A*Z)ﬁ(s)*l

so that the bracket polynomial @t is the sumIlof§ ( ) over allegadf P . Let ind§ )
be the value inZ, ={0, 1, 2 3} such that EXPI{ § )} 4Z +ind(S).

Every state ofP has a unique checkerboard coloring inducewh fihe checker-
board coloring ofP , see Fig. 6. (Fig. 7 shows an example of a Alith a checker-
board coloring and a state with the induced checkerboardriogl) Using this fact,
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we prove that ind{ ) = ind{’) for any statesS and’ of P. It is sufficient to prove
this equality in the special case th&it asiddiffer in a single 2-diskE as in Fig. 8,
where E is a neighborhood of a crossing pointaf . There arestpassibilities for
the connection ofS outsid&€ as in Fig. 9. However, the case (@} dot occur be-
cause such a state does not have a checkerboard coloringethdtom the checker-
board coloring of P . In both cases (A) and (B), we hales’) (= AXSE2(_A2 _
A—?)i)=1%1 gnd hence ind{ ) = indY).

Now we have that EXP{ I 4Z +i wherei =indf ) for any stat§ oP . We
denote this number by ind( ). The remaining task is to proa this indexi is O if
n is odd, and 2 ifn is even. It is proved by induction on the numtife(real) crossing
points of P . If P has no real crossing points, then it is obvioystle definition of
the f -polynomial. Suppose thd&® has a crossing point. Forditssing point, letPy
and P, be ALDs as in Lemma 4. Note tha and P, admit checkerboard colorings.
Hence EXPfo) C 4Z +ind(fo) and EXP(f..) C 4Z +ind(f). Since f #0 and fo # 0
by Corollary 5, it follows from the equation in Lemma 4 thad{f) = ind(fy) + 2
(mod 4). The ALD Py has fewer crossing points thah  and admits a checkerboard
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coloring. By the inductive hypothesis, inf) is 0 if n’ is odd, and 2 ifn’ is even,
wheren’ is the number of components @%. Sincen’ =n 41, we have that ind( ) is
0 if nis odd, and 2 ifn is even. ]

5. Alternating virtual link diagrams and ALDs

An ALD or a virtual link diagram is said to balternating if an over-crossings
and under-crossings alternate as one travels along eacpooemt of the diagram.
Note that the virtual link diagram in Fig. 10 is not altermati

Lemma 7. For an ALD, P = (X, D), the following conditions are equivalent.
() By applying crossing change®, changes into an alternatin®.A
(i) P admits a checkerboard coloring.

Proof. If P admits a checkerboard coloring, change each neasog according
to the coloring as in the leftmost figure of Fig. 6. ConversélyP is an alternating
ALD, then give a checkerboard coloring near each crossingt@s in the figure used
above, which is extended to a checkerboard coloring?of . ]

Proof of Corollary 2. It follows from Theorem 1 and Lemma 7. ]

RemArRk. M.B. Thistlethwaite [11] and K. Murasugi [10] showed that the
f-polynomial (Jones polynomial) of a non-split alternatiligk is alternating, namely,
it is in a form of A" ¢;A% such thatc;c; > 0 fori = j (mod 2) andc;c; < 0
for i 2 j (mod 2). This result is not true for virtual knots. The -padymial of a
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virtual knot in Fig. 11 isSA'2+ 3A6 — 4420+ 3424 — 4428 + 4432 — 3436 + A0,

(1]
(2]
E

(4]
(5]

(6]

[7]
(8]

(9]
(10]

(11]
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