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Abstract

In Bayesian inference, the asymptotic behavior of evaluation metrics for predictive
accuracy, such as generalization loss and free energy, is determined by a model-
specific rational number known as the learning coefficient (real log canonical
threshold) (Watanabe, 2009).

Learning coefficients are already known for models that satisfy regularity condi-
tions (Watanabe, 2009). However, for singular models that do not satisfy these
conditions, specific values of learning coefficients have been provided for certain
models such as reduced-rank regression (Aoyagi and Watanabe, 2005; Aoy-
agi, 2024). Nevertheless, a general formula for learning coefficients that broadly
applies to singular models has not yet been established.

In this paper, we derive a formula for the learning coefficients of statistical models
that satisfy a condition slightly less stringent than the regularity condition, which
we refer to as semiregular models.

This formula reveals that a natural number m, determined by the partial
derivatives of the log-likelihood ratio function, significantly affects the learning
coefficient.

Our main results are applicable to relatively simple singular models. As a specific
example, we provide the learning coefficients for mixture distribution models with
a constant mixing proportion, which had not been elucidated before.

Keywords: resolution map, singular learning theory, real log canonical threshold,
algebraic geometry



1 Introduction

Hierarchical models such as neural networks, reduced-rank regression, normal mix-
ture models, and Boltzmann machines are referred to as singular learning models.
These models are widely used in the analysis of real data, but their use in theoretical
analysis has not been sufficiently developed. These models possess nonpositive defi-
nite Fisher information matrices and therefore cannot be analyzed by classic theory
(Watanabe, 2009). For example, model selection methods such as AIC (Akaike, 1974),
TIC (Takeuchi, 1976), and BIC (Schwarz, 1978), which require the Fisher information
matrix to be positive definite and a unique point that minimizes a log loss function,
cannot be applied to singular models.

Watanabe (2009) established a theory of learning coefficients using algebraic geom-
etry for singular models. However, only universal laws were presented, and further
mathematical considerations are necessary to obtain specific learning coefficients.

Based on the free energy demonstrated by Watanabe (2009), widely applicable
Bayesian information criteria (WBIC) (Watanabe, 2013) and the singular Bayesian
information criterion (sBIC) (Drton and Plummer, 2017) have been developed. The
sBIC effectively uses the learning coefficient A and its multiplicity m with a fixed point
equation system of marginal likelihood. Moreover, the learning coefficients A and their
multiplicities m provide mathematical indicators for analyzing the accuracy of model
selection methods such as WAIC (Akaike, 1974; Watanabe, 2001a, 2001b, 2001c, 2009,
2010, 2018) and cross-validation in Bayesian estimation approaches.

The learning coefficient A is equal to the real log canonical threshold of the
Kullback-Leibler function in algebraic geometry, and its specific value can be obtained
using the recursive blow-up process (Hironaka, 1964). However, this result is an
abstract existence theorem, and it is not clear which specific blow-ups should be
performed. Furthermore, the theory of real log canonical thresholds has fewer achieve-

ments in the real number field compared to the complex number field or algebraically



closed fields (Kashiwara, 1976; Mustata, 2002). Therefore, obtaining real log canonical
thresholds is a matter of interest in various fields, including mathematics.

Aoyagi and Watanabe (2005); Aoyagi (2024) obtained the specific values of the
learning coefficients for reduced-rank regression models. Furthermore, Aoyagi (2006,
2013a, 2019a, 2019b) obtained specific values or upper bounds of learning coefficients
for models such as three-layer neural networks and normal mixture models related to
Vandermonde matrix-type singularities. Additionally, Aoyagi (2013b) obtained spe-
cific values for restricted Boltzmann machines. Moreover, Rusakov and Geiger (2002,
2005) , and Drton et al (2017) obtained learning coefficients for naive Bayesian net-
works, directed tree models with hidden variables, and Gaussian latent tree and forest
models, respectively. While there is previous research on learning coefficients A\ for
each statistical model, a formula for learning coefficients A that can be widely applied
to singular models has not been identified.

The aim of this paper is to generalize the formula for the learning coefficient A for
regular models and to obtain a formula for A that can be applied to relatively simple
singular models. Regular models refer to cases where the Fisher information matrix
is positive definite and there is a formula A = d/2 using the number of parameters d.
We consider cases where the Fisher information matrix is not positive definite and its
rank r satisfies 0 < r < d. Assuming that a certain type of linear independence holds,
we derive the formula

d—r+rm

A= —m—————
2m ’

where m is a natural number determined by the order of differentiability of the log-
likelihood ratio function.

This generalizes the regular case. In particular, we clarify that this natural number
m, along with the number of parameters d and the rank r of the Fisher information

matrix, is a factor that determines the learning coefficient A\. We utilize this formula to



obtain the learning coefficients for a specific mixture distribution model with a fixed
mixing ratio, which had previously remained unresolved.

In this paper, we outline the concepts of singularity resolution and real log canon-
ical thresholds in algebraic geometry in Section 2, and we describe the main results
and their applications in Section 3. In Section 4, we demonstrate application examples
of the main results and their consistency with numerical experiments. We provide the

proofs of the main results in Section 5, and we discuss the conclusions in Section 6.

Definitions and Assumptions

Throughout this paper, we consider statistical models p(z|f) with continuous param-
eters 0 = (01,...,04) € © C R? where d > 1, and we denote the true distribution by
q(x). We denote the set of all possible data x by x. We assume that the statistical
model is realizable, meaning that there exists a parameter 6, such that q(z) = p(x|6.)
almost surely. We refer to such parameters 6, as realization parameters and denote
the entire set of realization parameters by ©,. We assume that the prior distribution
of the parameters (f) satisfies p(6.) > 0 for any realization parameter 6,. We denote
a random variable following the true distribution ¢ by X, and we use Ex[-] to repre-
sent the expectation over the random variable X. In this paper, we assume that the
operations of taking expectations and taking partial derivatives with respect to 6 are
interchangeable.

We define the log-likelihood ratio function f and the Kullback-Leibler divergence

K (0) respectively as

K(0) :=Ex [log a(X) } ,

p(X|0)

and we assume they are analytic around 6 = 6,.
For fixed data x, we define the m-th order terms in the Taylor expansion of the

log-likelihood ratio function f(z|¢) around 6 = 6., involving 61, ...,0s (s < d). These



terms are given by

_ 1 o™ f(x]0)
F(x|0y,...,00) ==Y TR T
i1 dis=m 1 s

i15eeris €230

(91 - 01*)i1 T (09 - 03*)2'5'

0=0.

Furthermore, we define

af(X10)

o—o.  00;

_ af(X10)
I = Cov (5’&

> S <82K(e) )
0=0./ ; j=1,....d 00,00 0=0./ ; j=1,...d

The matrix I is the Fisher information matrix at § = 0,. Generally, I and J do not
coincide, but under the conditions of this paper, they do coincide (see Remark A.1).

We denote the rank of this matrix by r.

2 Real log canonical thresholds

It is known that learning coefficients correspond to the concept of real log canonical
thresholds in algebraic geometry. Real log canonical thresholds are defined using a
resolution of singularities. Here, the resolution of singularities refers to transforming
the analytic function F' into a normal crossing, as specified by Theorem 2.1.

Theorem 2.1 (Resolution of Singularities). (Hironaka, 1964)(Watanabe, 2009,
Theorem 2.3) Let F(z) be a real analytic function defined near the origin in R that
is not identically zero, with F(0) = 0. Then, there exists an open set W C R¢ con-
taining the origin, a real analytic manifold U, and a proper analytic map g : U — W

satisfying:

(1) Let Wy := F~1(0) and Uy := g~ 1 (Wy); then, g : U\ Uy — W \ Wy is an analytic

isomorphism.



(2) At any point Q in Uy, taking local coordinates u = (u1,...,uq) of U at Q as the

origin, it can be expressed as:

F(g(u)) = a(u)ulflué€2 .- -uZd, (2.1)

where ki, h; (i =1,...,d) are nonnegative integers and a(u),b(u) are real analytic

functions with a(u) # 0,b(u) # 0.

Expressions such as (2.1) are referred to as normal crossings.
Definition 2.1 (Real Log Canonical Threshold). Let F' be a real analytic function
defined on an open set O in R%, and let C be a compact subset containing O. For each
point P in C where F(P) = 0, we perform a translation so that point P coincides
with the origin in RY, and Theorem 2.1 applies, fixing (W, U, g) as guaranteed by
Theorem 2.1(2). We denote the nonnegative integers h;, k; given by Theorem 2.1(2)

near any point @ € Uy as hEQ)’ kz@)-

(1) The real log canonical threshold Ap at point P, and the real log canonical threshold

A for the compact set C, are defined respectively as:

: _ R@ 41 .
A -=Q1££O{i_%{%2dk@ AR

with (hl(.Q) + 1)/k§Q) = oo defined for cases where kz@) = 0 (Watanabe, 2009,
Definition 2.7).

(2) For the point P € C giving the minimum in (1), the maximum number of i satisfying
Ap = (hEQ) + 1)//€§Q) is called the multiplicity m. If there are multiple such points

P, the multiplicity is defined as the maximum number among them.



We consider a case where the analytic function F' corresponds to the Kullback-
Leibler divergence K (6). Under the condition that the prior distribution ¢(6,) > 0, it
is known that the learning coefficient X is equal to the real log canonical threshold for
the compact set ©, = {6 € © | K(0) = 0} (Watanabe, 2009, Theorem 6.6, Definition
6.4).

Theorem 2.1 ensures the existence of the function g, which can be constructed by
a finite number of repetitions of an operation known as blow-up (Watanabe, 2009,
Definition 3.12). This result is demonstrated in Hironaka (1964) and Watanabe (2009),
Theorem 3.6. However, the existence of g is only proven abstractly, and it is usually
difficult to find a specific construction method for g. In this paper, we construct the
coordinate transformation g through a concrete sequence of blow-ups to calculate the

learning coefficient .

3 Main Theorem

Without loss of generality, we assume 6, = 0 throughout the following discussion.
Definition 3.1 (Semiregularity). A statistical model p(x|f) is said to be semiregular?
at a parameter 6, (which realizes the true model g(x)) if the following conditions are

satisfied:

® The set of realizing parameters ©, contains only the single element 6, and is
contained within the interior of ©.
® The rank r of the Fisher information matrix I € R4*¢ is greater than zero.

® The model satisfies Assumption 1.

Assumption 1. Divide the d parameters § = (0y,...,04) into 6,...,0, and

Ort+1,.-.,0q4, and assume:

1This term is specific to this paper and is not generally established.



(1) There exists a maximal integer m (with 2 < m < oo0) such that for all multiple
indices (ip41,...,1q) satisfying 1 <i,41 4 -+ ig < m — 1, the following condition

holds:
air+1+"'+id f(X|9)
89:,:_*11 - 00 9o

(2) For all (0y41,...,04) # 0, the function Fy,(X|0,41,...,04) and the r random

variables
af(X|10)
00,

of(X10)
R 3.1
6=0 807“ 6=0 ( )

are linearly independent?.

This definition generalizes the concept of regularity, where ©, contains only a

single element within the interior of ©, and I is positive definite. Since it is known
from regular models that A = d/2 (Watanabe, 2009), we exclude such cases from our
discussion. Therefore, we assume 1 < r < d — 1 throughout this paper.
Remark 3.1. We now explain the meaning of the assumption of semiregularity. The
assumptions other than Assumption 1 are the same as those in the regularity condition,
and Assumption 1 generalizes the regularity condition that the Fisher information
matrix is positive definite.

As for Assumption 1(1), since 1 < r < d — 1, the first derivatives of f with
respect to 0,11, ..,0y are linearly dependent on the r random variables in (3.1). As
explained in the subsection “Derivation Method for m”, by applying an appropriate
coordinate transformation, all such linearly dependent derivatives can be made zero.
Thus, Assumption 1(1) can always be satisfied.

As for Assumption 1(2), it is a condition necessary to guarantee normal cross-
ings (see the proof of the Main Theorem). Unlike (1), there exist statistical models
that do not satisfy this condition. Some examples are provided in the Supplementary
Information.

Example 3.1. We present specific statistical models that satisfy Assumption 1.

2The random variables being linearly independent means that they are so with probability one.



(1)

Let p(6) represent the binomial distribution with M (> 2) trials and success prob-
ability 6, the Poisson distribution with mean 6, or the normal distribution with

mean 6 and variance 1. Consider a mixture model with constant mixing proportions

T;(> 0):
p(@)0) = 31, Tip(x6;)
q(z) :== p(z|0.).
This model satisfies semiregularity for the realized parameters (61,...,0y) =

(0x,...,0,) when (d,r,m) = (H,1,2). Details are provided in Examples 4.1 and
Appendix C.

Let AV be a random variable that is subject to the standard normal distribution. The
probability distribution ¢(z) of X is assumed to have compact support. Consider the

following statistical model in which a random variable Y for a given X is defined by

Y = A10(91X) —|—A20’(92X) +N,

where Ay, Ay are nonzero constants. This is a layered neural network with one input
unit, two hidden units, and one output unit. The true distribution of Y is assumed
to be

Y =0+NMN.

The activation function o(x) is an analytic function satisfying o(0) = 0,0’(0) # 0,
and the smallest natural number m (> 2) such that o™ (0) # 0 is defined as m. For
instance, m = 2 for o(z) = €* — 1, m = 3 for o(z) = sin(z), arctan(z), tanh(x), and
m for o(x) = 2™ + .

We assume that the constants A;, Ay satisfy AT""! 4 (1) A7~ £ 0 and that the
random variables X and X™ are linearly independent. Under these conditions, the
statistical model satisfies Assumption 1 for the realized parameters (61, 62) = (0,0)

when (d,r,m) = (2,1, m).



Specifically, the log-likelihood ratio function f is given by
1
f(z,yl0) = —{A10(012) + Aso (b))} y + 3 {A10(012) + Aza(egx)}2 .

By performing the coordinate transformation 6] = 6; + (A2/A; )62, we obtain

of

= _Alg/(o)xya
991191 0,)=0
a—J; =0 (1<n<m),
993 | (91 0,)=0
of A

_ 2 gpm-1 m gm—11 _(m) m
— =——-F1{4 +(-1)™A o™ (0)x™y.
203 (64,02)=0 Af ! { ' ’ }

Since z™y and zy are linearly independent by assumption, the model satisfies

Assumption 1 for (d,r,m) = (2,1, m).

Remark 3.2. We extend Example 3.1(2) to the case where the hidden layer has H > 3

units. The statistical model is expressed as ¥ = ZlH:l A;0(0;X) + N. The conditions

on the activation function o and the random variable X are the same as those in

Example 3.1(2). The details are provided in the Supplementary Information.

(1)

First, we assume that the true distribution is ¥ = 0 + N. When m = 2, if
all A; are positive constants, the statistical model satisfies Assumption 1 with
(d,r,m) = (H,1,2). On the other hand, if there are constants A; that are nonpos-
itive, then there are cases in which Assumption 1(2) is not satisfied. When m = 3,
Assumption 1(2) is not satisfied for general constants A;.

Next, we assume that the true distribution is given by Y = ZZH:IZ Ai0(0::X) +
N, where 614,...,05_2, are distinct nonzero constants. We assume that all
constants Aj,..., Ay are nonzero and satisfy A1 + (=1)™(Ag)""t # 0.
Furthermore, we assume that for the random variable X, the H random vari-

ables o/ (61, X)X, ..., 0’ (0g_2.X)X, X, X™ are linearly independent. Under these

10



conditions, we verify that this statistical model satisfies Assumption 1 at the real-
izable parameters (01,...,0g_2,05_1,0g) = (014,...,01_24,0,0) when (d,r,m) =
(H,H —1,m). Note that this assumption of linear independence does not hold when

the activation function o is o(z) = 2™ + x.

Main Theorem. The learning coefficient for a semireqular model is given by the
following formula (with multiplicity m = 1):
d—r+rm

A= (3.2)

Remark 3.3. In the case of regular models, substituting r = d into (3.2) results in

_d—d+dxm _d

A i
2Xm 2’

which matches the known result for regular models. Thus, this formula generalizes the
regular case. Previous research has generally shown that A < d/2 (Watanabe, 2009,

Theorem 7.2), and
d—r+mrm

d
S a0
2m 2

so the Main Theorem does not contradict this finding.

Derivation Method for m

To satisfy Assumption 1(1), we can explicitly construct the variable transformation

as follows. Given the semiregularity, we have r parameters 6y, ...,60, for which the
derivatives
0 0
f AR f (3.3)
901 |,_, 00 1o,

11



are linearly independent. For the remaining parameters 6,,1,...,04, starting from

[ =1, if the derivative can be expressed as

o
00171 -0

-
0

— Zak 87]6 a.s., ax € R,

0=0 k=1 klo=0

then we perform the coordinate transformation

ai

0 =0, + ———— 0L gia Ii=0,
1 ZT+1!...Zd! r+1 d 07‘-‘1—1 . 97+1
6, == 6, + —— gl ... g =04
= Upr - . =
" Gpgrl - eig! T
which makes
o f

=0 as. (3.4)

Jipg 1ig
69T+1 U 89d 60’=0

without changing other derivatives of order [ or lower (this fact is proven in Proposi-
tion B.1). We repeat this process until we first encounter a derivative that is linearly
independent from (3.3); the order of this derivative is m.

Remark 3.4. We must have m < oo. If m = oo, that is, if for any 4,41, ..., %4, condition
(3.4) is satisfied; then, in the Taylor expansion of f around 6 = 0, there would be no
terms consisting solely of 6,11, ...,604. This means that for sufficiently small arbitrary

values of (0r41,...,04),
F(X]01 =0,...,0, =0,0,41,...,¥04) =0,
resulting in the statistical model p(z|@) realizing the true distribution ¢(z) at multi-

ple points near the origin. This contradicts the assumption of semiregularity, which

presumes realization at only one point.

12



4 Experiments

Example 4.1. Let p(z|0) be one of the following probability distributions:

e The binomial distribution Bin(M,#) with number of trials M > 2 and success
probability 6.
e The Poisson distribution Po(f) with mean 6.

® The normal distribution N (6, 1) with mean 6 and variance 1.

Consider a mixture distribution model with H > 2 mixture components, where H

is a constant. Let (71, ..., Ty _1) be constants satisfying 0 < T; < 1 and Zfi_ll T, <1,

representing mixture proportions. The model has H parameters (61,...,0y) and is
defined as:
H-1
P16 = Tup(el6n) + -+ Ty 1p(al6y 1) + (1 o> T”) peitn)
i=1

Assuming the true distribution is ¢(x) = p(z|.), where 0, is a constant within
the interior of the parameter space O, this statistical model constitutes a semiregu-
lar model satisfying Assumption 1 with (d,r,m) = (H,1,2). According to the Main

Theorem, the learning coefficient is

d—r+rm H+1

)\:
2m 4

with multiplicity m = 1 (details are provided in Appendix C).
We verify the above results through numerical experiments. Here, we use the

estimator A100 proposed by Imai (2019):

1

—_— N A=tV X"0 t:=
- R PV logp(XU0)), b=

~—

13



By )} = LIS SO {h(0)) = B (10 - (B3 h(0)))

where p(X™|0) represents the likelihood function for n independent and identically
distributed samples following the true distribution gq.

We conducted the numerical experiments with n = 10000, using the Hamiltonian
Monte Carlo method implemented in the R package RStan to obtain the posterior
distribution.

The assumptions for the prior distribution ¢(6) are as follows: for the parameter of
the binomial distribution, # ~ Unif(0, 1); for the parameter of the Poisson distribution,
log(8) ~ N(0,0.8); and for the parameter of the normal distribution, 6§ ~ N(0, 1).

The results of the simulations are shown in Table 1 and Figure 1. In each case, the

results closely match the theoretical values.

Table 1 Estimated learning coefficients for different distributions

H
1 2 3 4 5 6 7 8
Theoretical value 0.5 0.75 1.0 1.25 1.5 1.75 2.0 2.25
Bin(2, 6) 0.500 0.751 1.003 1.251 1.488 1.738 1.991 2.240
Po(0) 0.499 0.765 1.025 1.274 1.518 1.766 1.973 2.184
N(6,1) 0.499 0.754 1.003 1.245 1.483 1.722 1.961 2.199

5 Proof of the Main Theorem

In the proof of the Main Theorem, we use the following theorem (for the proof, see
Appendix A):
Theorem 5.1. For a semiregular model, the Taylor expansion of K(0) at § = 0 can

be expressed as:

1
K(9) = §EX {F1(X|01,...,0:) + Fn(X|0r11, ... ,Gd)}2] + (higher order terms)

14



2.251 —e— Theoretical Value 4
-=a- Binomial - .
2,004~ Poisson i
—e— Normal
o 1751
©
e
51504
el
g
g 1.254
z
“'1.004
0.751
0.50 1
1 2 3 4 5 6 7 8
H
Fig. 1 Graph of estimated learning coefficients for each distribution
where the higher order terms do not include the following:
e Terms of degree 2m or less consisting only of 0,41,...,04.
e Terms of first degree in 01, ...,0,. and up to m-th degree in 0,y1,...,04.
e Terms of second degree consisting only of 61,...,6,..

Degree of 64,...,0,

1
7EX I:FIQ(X|91a79T):|
2f 2

Ex [F1(X101,...,0.)Fn(X|0r41, ..., 04)]
1—f

1
SEx [F2(X[0rs1,...0a)]

@) m 2m Degree of 6,11,...,04
m—1 2m —1

Fig. 2 According to Theorem 5.1, when the derivatives of the log-likelihood ratio function are
assumed to be zero (almost surely) in the blue area (including endpoints), the derivatives in the red
area (including endpoints) become random variables with zero expected value. That is, the coefficients
in the Taylor expansion of K(6) in these regions are all zero

15



Example 5.1. Consider a random variable X following a binomial distribution

Bin(2,0) with parameter 6, where 0 < 6 < 1:

Consider the following mixture distribution model with parameters (61, 63):

e2+;> (x=0,1,2)
(5.1)

1 1
— - —pl X =
01 92+2)+2p< x

1.
p(X = x|01,02) := 5P <X =z

Assuming the true distribution is p(X|1/2), this model realizes the true distribution

at parameters (61,602) = 0. The following derivatives exist at (61, 62) = 0:

af(X16) af(X10) 0%f(X|0)

- 7 - 7 ,

96, (01,02)=0 ’ 90, (01,62)=0 895 (01,02)=0

resulting, respectively, in:

2 0 -8
0f- 0f- 8
-2 0 -8

Each column vector corresponds to z = 0, x = 1, and x = 2. The first and third vectors

are linearly independent. This verifies that Assumption 1 is satisfied with(d,r,m) =

16



Fig. 83 The procedure of coordinate transformation g performed in Example 5.1. Local coordinates
displayed in red represent the minimal real log canonical thresholds

(2,1,2). Thus,
2 -8 20, — 462
1
Fi(X[01) + Fo(X62) = | 0| 61+5 | 8|63= 0 + 462
9 -8 26, — 462
Then,

%EX [{FI(X|91) + F2(X|92)}2]

:% {(291 —463)" - i +(0+462)% % + (—20, —462)* - i} _ 62 1 6

On the other hand, we obtain:
K(0) = 07 + 805 + 803605 — 160,05 + - - - (5.2)

where terms of order five and higher are omitted. Therefore, as stated in Theorem 5.1,

K (0) can be expressed as
1
K@) = §EX [{Fl(X|91) + FQ(X|92)}2 + (higher order terms).

Next, we verify that the Main Theorem holds by performing the coordinate trans-
formation g, known as a "blow-up” (CT1)-(CT4) as illustrated in Figure 3. This

transformation ensures that a normal crossing is obtained for each local coordinate.

17



(CT1) Transforming with 6y = 6165 in (5.2) gives:

K(0) =07 {1+80705" + 61 x -+ } = 03a1(61,05), a1(0,05) =1+#0 (5.3)

Considering points on Uy = g~ !(O), the condition #; = 0 is satisfied. Therefore, a
normal crossing is achieved in this local coordinate system (61, 65%).

(CT2) Transforming with 6; = 0260 in (5.2) results in:

K(Q) = 9% {9/12 +89§ + 60y x -- } = 9%&2(9’1,92), ag( /1,0) = 9/12 (54)

Considering points on Uy = g~!(0), the condition §, = 0 is satisfied. Therefore,
a normal crossing is achieved in this local coordinate system (6], 63) except at the
point (07, 63) = 0.

To determine the normal crossing at this point (6],62) = 0, we perform another
blow-up centered at this point. Under the transformations (CT3): 6, = 0165 and
(CT4): 0] = 620/, we obtain:

K(8) = 0105 {1+ 805 + 0} x -+ } = 010420501, 03),  as(0,64) = 1+ 865> 20
(5.5)

K(0) =05 {07* +8+ 05 x -+ } = 03a4(07,02), as(67,0)=0{>+8#0 (5.6)
Therefore, normal crossings are achieved in these local coordinates.

We compile the normal crossings for each local coordinate into Table 2, where

the symbols g, ng), hEQ) refer to Definition 2.1. Thus, we determine that the real log

canonical threshold is 3/4 (with multiplicity m = 1).

18



Table 2 Normal crossings for each local coordinate

u g(u) K(g(w) lg/ () kP aP A
(5.3)  (61,65) (61,0105) 03a1(01,05) 161] (2,0) (1,0) 1
(55)  (0,,0)) (0705,0,05) 0707%as(07.05) 1072051 (4,2) (2,1) 3/4
(5.6) (0/,62)  (0763.62) 03a4(07,02) 162 (0,4) (0,2) 3/4

Proof of Main Theorem. Using Theorem 5.1, the Taylor expansion of K(6) at

(61,...,04) =0 can be expressed as:
1
K(0) = 5Ex [{Fl(xwl, 1 0,) + Fo(X10r41, - .., 04)}2| + (higher order terms)

where the higher order terms are specifically expressed as the sum of the following

four terms:

® fo(0ry1,...,04): terms of degree 2m + 1 and higher

f1(01,...,04): terms of first degree homogeneous in 01, ..., 0, and of degree m + 1

and higher in 0,.41,...,04

f2(01,...,04): terms of second degree and higher in 64,...,6, and of first degree

and higher in 6,14,...,604

f3(01,...,0,): terms of third degree and higher.

We now consider these terms at their lowest degrees, namely:

® fo(0ry1,...,0q): terms of degree 2m + 1 homogeneous

® f1(61,...,604): terms of first degree homogeneous in 6y,...,0, and m + 1 degree
homogeneous in 0,41,...,04

® f5(61,...,04): terms of second degree homogeneous in 61, ...,0, and first degree
homogeneous in 0,41,...,04

e f3(61,...,0,): terms of third degree homogeneous.

The proof for the general case proceeds similarly.
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Fig. 4 The procedure of coordinate transformations g performed in the proof of the Main Theorem.
Local coordinates displayed in red represent the minimal real log canonical thresholds

We perform the following four types of coordinate transformations, CT1-CT4 (see
Figure 4). * We demonstrate that normal crossings are achieved in all the resulting

local coordinates.

CT1 For 1 <s<r,{0; =00, |1<j<d,j+#s}

CT2 Forr+1<t<d, {0, 0,0, |1<j<d, j#t}

CT3 For the t selected in CT2 and for 1 < s < r, {0; — 959;’, 0 — 6,0, |1 <j<
T, J # s}

CT4 For the t selected in CT2, {¢; — 0,07 |1 < j <r}

Initially, we perform CT1 and CT2. The first transformation achieves normal cross-
ings, but the second does not. Therefore, we proceed to perform further iterations
involving CT3 and CT4. In these iterations, CT3 achieves normal crossings, but CT4
does not. By repeating this process up to m — 1 times (resulting in a total of m
iterations), we eventually achieve normal crossings. The details of this procedure are

provided below.

Performing CT1 Once

We can assume s = 1 without loss of generality. In CT1, we perform g = {0; = 61 |

2<j<d}.

3In terms of algebraic geometry, CT1 and CT2 correspond to “blow-ups centered at the origin of R?”.
CT3 and CT4 correspond to “blow-ups centered at the subvariety {(61,...,604) | 601 =--- =0, = 6, = 0}
when the exceptional surface from CT1 and CT2 is {6; = 0}”.
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K(0) = %IEX [{Fl(X|91, 1 0) 4 Fo(X|0rg1, - .,9d)}2}
+ fo(Orgr,-- -, 0a) + f1(01,...,0q) + f2(601,...,0q) + f3(61,...,0,)

= 19%{1EX {FL (X110, 00) + 07 7 (X101, 0)} ]

T2
+ 07 (O y, ., ) + 07 f1(1,65, ..., 0))

1
+ 91f2(17912a .. 79:1) + 91f3(17957 s 70;)} = 59%(1(017957 s 7921)

where a is an analytic function. Considering points on Uy = g~1(0), the condition

01 = 0 is satisfied. From Assumption 1(2), we have
a(0,05,...,0,) =Ex [F7(X[1,6,...,6,)] >0,

and thus, a normal crossing is achieved.

The Jacobian of this coordinate transformation is 8¢, so

inf min
QEUp j=1,....d

RO +1 (d-1)+1 d
Y@ (7
J

(with multiplicity m = 1). The symbols k§Q) and hg.Q) refer to Definition 2.1.
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Sequence of Transformations: CT2 Once, CT4 ¢ (< m — 2) Times,
and CT3

Assume without loss of generality that ¢ = d. First, perform CT2: g = {0; — 040 |

1 < j <d-— 1}, which transforms K(8) as follows:

1
K(0) = 203{1EX {F(X18L, . 0) + 077 P (X107, 00 1))
03" o0y 001, 1)+ 07 f1(6, 0, 1)

1
+9df2(9/17 59217171) +9df3(9/1a797/")} = 59(3@( /17'--70217179d)>

where a is an analytic function. Considering points on Uy = g~1(0), the condition

04 = 0 is satisfied. We have
a0 1,0) = Ex [FA(X]6},...,0)].

For any point @ on Uy with (8,...,6.) # 0, the normal crossing of K(0) is

achieved, and
R T
inf min ———=_
Q j=1,..d k§Q) 2

(with multiplicity m = 1). Therefore, we only need to consider points on Uy where
01,...,6.)=0.

After applying CT4: {0; — 0407 | 1 < j <r} i times, K(¢) can be expressed as:

1 23 )
K(0) = 293“*”{1@)( [{Fl(xwgf, O O T T R (X0, 0, 1)}2]

02T R (00 1) 0RO 6 1)

+0afa(07, ..., 001, 1) + 05T 307, . .. ,9;’)}.
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s Ypro

Additionally, we only need to consider the point where (67,...,607,64) = (0,...,0,0).

We denote 07,...,0 as 0,...,0,

Next, perform CT3: {0; — 0107,04 — 010, | 2 < j < r} , which transforms K (0)

into:

1 o )
K(0) = 59’12“+2>9f“+1)x
{EX [{Fl(X|1,9’2’,...,07’!) Ol E (XL .,9;_1,1)}2}
+ 0l12(m—i)_3022(m—i)_1f0( ;+17 o ’9(/1_1’ 1) + ellm—i—leldm—ifl(17 0/2/7 o 79(11_1’ 1)

+ 010, 2 (1,0, ... 01, 1) + 0720 f2(1,6 ,0;’)}

1 i i
- 59;’4 220 07,604,605,

where a is an analytic function. Considering points on Uy = g~1(O), the condition

0] = 0 is satisfied. We have

a(0,05,...,0,) =

Ex [{Fl(xu, 0y, 07+ O T (X0 0 1)}2} ifi=m—2,

Ex [Fi(X]1,04,...,0")?] if i <m—2.

According to Assumption 1(2), this expression is positive. Therefore, in this local
coordinate, the normal crossing of K () is achieved at any point @ on Up. The Jacobian

of this coordinate transformation is 91d+r(i+1)71€;d+”717 leading to:

R R )
J

RO 41 (dtri+ 1) —141 dbri—1+41) d—r+r(i+2)
— = min =
2(i + 2) 2>+ 1) 2(i+2)

(with multiplicity m = 1).
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After Performing CT2 Once, Then Applying CT4 m — 1 Times

Following the above method, after performing the coordinate transformation g and

using the analytic function a, K(6) can be expressed as:

1
K(6) = Qegm{EX {FL(X187 - 07) + Fon(X10rs - 001, D)
+ 9df0(0;+1a ceey 9:1717 1) + edfl(e/llv .o ve/dfla ]-)

1
0020, Oy 1)+ OF ol ;’,...,e;’>} — 503" al6Y. ... Oy, 60)

Considering points on Uy = g~1(0), the condition 64 = 0 is satisfied. In accordance

with Assumption 1(2), we have
al0], - 01,0) = Bx [{Fu(XI0, .. 00) + P X101, 000, 1)} > 0.

This conclusion can be understood as follows. The condition a(67,...,60,;_,,0) =0

holds if and only if

Fu(X|0), .. 00) + Fo(X|0y 1, 051, 1) =0 as.

—~ o OF(X]0)
= Z@Z Tek B +Fm(X‘9;,+1,...,9/d7171):0 a.s..
k=1 (911-~~79d)_0

However, this equivalence does not hold because, by Assumption 1(2), the random

variable F, (X 0] ,...,0,_,,1) is linearly independent of the 7 random variables
01 (x|6) 01 (xX|6)
901 (01,..-,04)=0 90 (61,...,04)=0
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Thus, the normal crossing of K () is achieved. The Jacobian of this coordinate

. dtr(m—1)—1
transformation is 9d+7(m 71 5o

th)+1 _d+rm—-1)-141 d—r+mm

nf . _
ngUO j:rrll,l.r.l.,d (@ 2m 2m
J
(with multiplicity m = 1). Therefore, we achieve normal crossings at all local

coordinates, and we determine the real log canonical threshold as:

min

1<m’/<m /

{d—r—l—rm’}_d—r—l—rm

2m 2m

O

Remark 5.1. In the proof of the Main Theorem, after performing CT2 once and CT4
m — 1 times, we consider the change in the log-likelihood ratio function f before and

after the coordinate transformation g. It can be expressed as

f(X10) = F1(X|01,...,0:) + Fin(X|0r11, ..., 04) + (higher order terms)
= an {Fl(Xw/l/a cee 9;/) + Fm(X‘G;‘-i—l) cey Hél—h 1) + bl(ed)} s
where b1 (0) = 0. Meanwhile, K () can be expressed as:

1
K(0) = 503" {Ex [{R(XI0,.,00) + P (K10 g, 000, 1))+ 02(00)}

where b3(0) = 0. From this, it follows that:

1o ExI/(X]0)?
0—0 K(G)
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Ey [{Fl(X| U0+ (X0, 0 1) +b1(9d)}2}
=2 lim

=2
0a=0 [{Fl(xwg/,...,ay) +Fm(X|9;,+1,...,0&_1,1)}2} + ba(02)

This is consistent with Watanabe (2009), Theorem 6.3.

Remark 5.2. When considering the coordinate transformation g performed in the Main
Theorem, we can deduce that the only point in the neighborhood of the origin in R?
where K (6) = 0 is the origin itself. For example, after performing CT2 once and CT4
m—1 times, in the local coordinates u = (67, ...,6/,_,,04), we have K(6) = K(g(u)) =
0=64=0foralld7,...,0,_,, and it follows that g(67,...,0,_,,64 =0) = (0,...,0).
4 Therefore, even without assuming the condition that “©, contains only the single
element” in the definition of semiregularity, it follows that ©, consists of only one

point in a neighborhood of 8 = 0, provided that Assumption 1 is satisfied.

6 Conclusion

In this paper, we defined semiregular models as a generalization of regular models and
provided a formula for the learning coefficient X for semiregular models. As an example,
we presented a formula for the learning coefficient of a specific mixture distribution
with constant mixture proportions.

In deriving the main theorem, we used the lower-order terms in the Taylor
expansion of the Kullback-Leibler divergence (Theorem 5.1). We found that the nat-
ural number m in Assumption 1(1) significantly influences the value of the learning
coefficient A.

For future research, we intend to further generalize the methods used in this study
and derive formulas for the learning coefficient A for simple singular models where O,

is not a single point.

“In the terminology of algebraic geometry, this follows because the centers of the blow-ups conducted are
all contained in the exceptional surfaces of the previous blow-ups.
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Appendix A Proof of Theorem 5.1

Let i1,...,i; € {1,...,d}. We define

_ " f(x]6)
,,,,, ik T 39i1...39 ’

ik

Yi,

where we aim to identify patterns in the partial derivatives of the log-likelihood ratio

function f. We refer to Y;, as indeterminate symbols of weight k. Setting 6 =

yeeeslk

(61,...,04), we obtain the following:

o5l) _ 1 oplalo)
89i1 p($|0) 807,1 ’
O f ([0) 1 9*p(x]0)
_ Y Y, Al
801’1802'2 p(xlg) aeilae’iz - ' ( )
O f(x[6) 1 9p(x]6)
= - Y, Y, Y, + Y, .Y, + Y5, .Y + Y5, 0 Y,
00,,00,,00,, p(x]0) 06;.00,,06;, i TizTis T inin s Fiaig Hia ¥,
0" f(x]6) 1 d'p(z|6)

= - Yi, Vi Yig Vi,
8011891289238914 p(x|0) 8011801280138014 + !

JrYiuléYiaYu +Y; Y732Yi4 + Yi17i4Y1'2Y7?3

1,13
+}/i2,’i3}/i1 1/2-4 + }/1;2,1'4}/;1 i3 + Y;:377:4Y;:1 }/;;2

+}/;lai2}/i37i4 + Y7-;1~,i3}/;27i4 + Yvil,izxyviz,is
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+Yvil,i2,i3Yri4 + Y—il’i2,i4yé3 + ml,is,u}/iz + Yriz,iz,uyvil‘

Assuming we can interchange the order of partial differentiation and integration, the
first term on the right-hand side becomes zero at § = 0 when taking the expectation
with respect to X. Therefore, the partial derivatives of K () at § = 0 depend primarily
on the terms from the second term onward.
Remark A.1. By taking the expectation with respect to X in (Al) and substituting
0 = 0, we find that the Fisher information matrices I and J coincide.

The subsequent terms on the right-hand side are sums of products of two or more
indeterminate symbols Y. Each term has a coefficient of 1, and the total weight of
each product equals the order of differentiation. This pattern holds in general.

Proposition A.1.

ofal) 1 ol

Gl in) = 50,00, 3(al6) 96, - 00

in i"

is a polynomial consisting of indeterminate symbols Y;, . i, with weights less than n.

Vik
Each term in the polynomial has a coefficient of 1, and each term is a product of two
or more indeterminates, with a total weight of n. The polynomial is the sum of all

such terms with these weights.

Proof. We prove this by induction on n. For n = 1, G1 (1) = 0 satisfies the condition

since there are no terms. Assuming G, (i1, ..., 1,) is such a polynomial for some n > 1,
we obtain
o™ f(=]0)
06;, ---00;, .,
3] { 1 9"p(x]0) , .
= — +Gnlit,. .., in)
80in+1 p(x|9) 80i1 e 89%
_ 1 ot lp(z]0) N 1 O"p(x|0) v OG (i1, yin)
o p(l’|9) 8911 e 80i7l+1 p(x\@) 8011 e 391" fntl 80in+1
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1 Hp(x)0) IG (i1, - yin)
= - Gn(it,...,in)Y; Y; i Y; ek CASE VIR R LA
P(al0) 80, - 00, + Ol i Y Y Vi g
Thus,
. . ) . OG (i1, ... in
Gn+1(21, LR ZnJrl) = Gn(zlv ey Zn)}/;n,+l + YPil ----- in}/;n,+1 + %
In41

By the induction hypothesis, this is a polynomial consisting of indeterminate symbols
Y with weights less than or equal to n, where each term has a coefficient of 1 and
the sum of weights in each term equals n + 1. Moreover, the terms containing the

indeterminate Y; are derived from the first and second terms on the right-hand

n+1

side, while the terms that do not contain Y; are derived from the third term on

n+1

the right-hand side. Thus, we have shown that each term is a product of two or more

indeterminate symbols, summing to a total weight of n + 1. O

Remark A.2. The statement of Proposition A.1 can be written explicitly as follows:
Gn(llaaln): Z H YU7 (A2)

where S;, .., is the set of all disjoint partitions of the set {i1,...,4,}. A disjoint

partition satisfies
UUi:{i17--~7in}7 UlﬁUJZ{} fOI"i?éj, Ui#{},{il,...,in},
and each partition is denoted as T' = {Uy, U, ...}.

For example, when n = 2, the disjoint partition of {ij,i2} consists of a single

element, T = {{i1}, {i2}}, so S, s, = {T1}. Substituting this into equation (A2), we
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have

7’177’2 H YUf

veT,

Similarly, when n = 3, the disjoint partitions of {i1,4s,i3} are given by T} =

ik Lie} {is}}, To = {{in i}, {is} ), Ts = {{i2,ds}, {i1}}, Tu = {{is, i1}, {d2}}, so

Sisvinsis = {T1, T2, T5,Ts}. Substituting into equation (A2), we have

Gs(iy,i2,13) HYU+HYU+HYU+HYU

UeTy UeT> UeTs UeTy

:}/7;1)/7;2}/7;3 +Y7,1 le +}/7/2 ZSY +Y;3711Y °

Corollary A.1.

(1) If all indeterminate symbols of weight m—1 or less are zero almost surely at 6 = 0,
then Gy, (for k <2m — 1) will also be zero almost surely at 6 = 0.

(2) When the interchange of differentiation and integration is permissible,

.

equals the expectation over X of a polynomial. This polynomial is obtained by sum-

oMK ()

LK) | g [0
00;, ---00;,

| =t
=0 |: aeil T aein

ming all terms where at least two indeterminates Y;, . i, are multiplied together,

the total weight is n, and the coefficients of all terms are 1.

Proof. (1) follows because terms with a sum of weights up to 2m — 1 are products of
two or more terms, so at least one term will have a weight of m—1 or less and thus will

be zero almost surely at 6 = 0. (2) follows directly from the previous discussions. [J

Proof of Theorem 5.1. We need to prove the following five points about the Taylor

expansion of K (6) at 6 = 0:
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(1) Coefficients of terms of order zero in (6y,...,0;) and of order 2m — 1 or less in

(041, -..,04) are zero.
(2) Coefficients of terms of first order in (6q,...,6,) and of order m — 1 or less in
(0r41,...,04) are zero.

(3) Terms of first order in (04,...,0,) and of m-th order in (0,41,...,0q4) are
represented by:
Ex [F1(X101,...,00)Fn(X|0r11,...,04)].

(4) Terms of second order in (6y,...,0,) and of zero order in (f,41,...,04) are
represented by:
1
SEx [F2(X|01,...,0,)].

(5) Terms of zero order in (61,...,0,) and of 2m-th order in (0,41,...,604) are
represented by:

1
iEX [F2(X|0p41,-..,0a)] -

For (1), it suffices to show that for 4,11 + -+ +ig < 2m — 1,

Oir+1t o tia f(X10)
00,5 --- 00

6=0

is a random variable with an expected value of zero. This has already been demon-
strated in Corollary A.1(1). For (2), for 1 < j < r and 441 + -+ + g < m —
1

)

Ol tirt1ttia f(X|9)
00,00, - 90 |,_,

is shown to have an expected value of zero. Among the products of two or more

indeterminates claimed in Corollary A.1(2), those that do not include 6; are zero with

probability 1 by assumption. Therefore, their expected value is zero.
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For (3), using a similar argument as in (2), consider a case where 1 < j < r and

ipy1 + - +1g = m. For
o f(X16)
80,001 - - 00’

)

6=0

the nonzero products of two or more indeterminates claimed in Corollary A.1(2) are

limited to
af(X10)
09,

o™ £(X]6)
oo D53 08

0=0
Therefore,

o™ f(X]6)
o0 OO 00

o f(X9)
80,00\ - - - 967

] ok, lﬁfé;{IG)
=0 /

|
0=0

Since (4) is a special case of (5), it suffices to demonstrate (5) alone. For 4,41 +

validating the claim in (3).

g = 2m,
0" £(X16)
005 00 |,

is restricted to the sum over the set of nonzero products of two or more indeterminates

claimed in Corollary A.1(2), given by

o™ f(X10)

’ G 1—Jrt1 ia—Jd
90 00,71 - 00

{ o f(X6)
007 - 00

Jre1+ -+ Ja=m, ithh20}~
0=0

Note that each element in this set appears as

<i7-+1) <i.d> «
Jr+1 Jd

if (2fr41y--529d) = (Grg1y- -y 0d)s

N|—=

1 otherwise.
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Thus, we can express

_ome) | [ omixie)
0y 00 |, oo 00|,

:; Z (Z.TJFl) <z'd)EX [89?7~+{(X|§2j<i ' aeirﬂ?jw{l(Xw;aid—jd ] ’
drrttga=m T Jd r+1 O fg—g  9Ur41 % 6=0

1h>Jn >0
Transforming to the target expression, we find:

kry1+leq1 kq+lg
0 . ad

1 r
SEx [F2 (X041, -, 00)] = Z Z =

2hkpiql - kgllgq! - 1!
krg1+-t+ka=mlep1+-+la=m r+1 dibr+1 d
kh,ZO thO

o [_omrxie) 0" £(X10)
ook ogke | aelr . ok
r+1 9% lg—o r+1 """ YYad |g=0
_ Z 1 32mK(9) trg1l aid
- r+1 d

il idl Bg . g
ipg1+-Fig=2m T+l d 897‘-{-1 aed
in>0

6=0

The proof is completed using the variable substitutions kj, + l;, = i, kp = jp for

h=r+1,...,d. Thus, the claim is demonstrated. O

Remark A.3. In Theorem 5.1, semiregularity is not essential; for example, it does
not necessitate Assumption 1(2) or that the realization parameters consist solely of a
single point. Although it is beyond the scope of this paper, it is possible to generalize
from the degree (1, m) to a general degree (n,m). Furthermore, it is also possible to

generalize to sets containing three or more natural numbers.

Appendix B Derivation Method for m

Proposition B.1 (Properties of the Coordinate Transformation). Fiz nonnegative

integers ipq1,...,0q With ipy1+---+1iqg > 1. Fork=1,...,r, consider the coordinate
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transformation ¢ : (61,...,04) — (01,...,0)) defined by

Ck

ak(Orgrs ... 00) = ———— OO, e €R,
Tpgp1! - ig!
where
0’1:91+a1(t9r+1,...,0d), ceey 0;:9T+ar(er+1,...,9d),
9;“ =041, ..., 0,=0,

This transformation satisfies the following conditions:

(1) ¢(0) =0, |det ¢’'(0)] =1, and ¢ is bijective and analytic in a neighborhood of 0.
(2) Forj=1,...,r, we have % = 3%]_.

(3) For any (hy41,...,hq) € Zdzf)r with hpyq1 + -+ hg < ippq + -+ +ig, the following

holds:
hri1+tha
o000 (0}....0,)=0
Ghrt1+-+ha 0 if (hrsrs- .oy ha) # (irga, - -5 la),
_Wezo_ ch£ if (hrsrs - ha) = (g, - - da)-
k=1 klo=0

Proof. (1) is straightforward. (2) follows from the relationship of partial derivatives

before and after the transformation:

d r d
0 g 0 g 0 0
Y an, = an, + ap. 5"37]'
o6, ; 26, 00! kzzl 26, " 00! k;ﬂ 261

0 —~Oa, O o
= %, 2679] 70, (Gj=r+1,...,d),
k=1
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v _ Y (G=1,...,7r).
00 90;

For (3), let m:=dp41 + -+ +ig>1land l:=hppq + -+ + hg < m. We have:

h;
S (R T
aglhrJrl .. 89:;” 89] Pt 89] 00y,

r+1 j=r+1
d r
oM oM 0
= 11 — :_’“.7+... (B1)
j=r1 \00;" = 90y 00
o A o )
_E : Ok e (B2)

I T = e T T

We focus on the terms indicated by “---” in equations (B1) and (B2), which involve
derivatives of ag(0y41,...,04) of order less than or equal to [ — 1 with respect to
Or41y...,04. Since ag(0r41,...,04) is a homogeneous polynomial of degree m in

0r41,-..,04, these terms evaluate to zero at (01,...,04) = 0. Therefore, we have:

6lak 0 if (hr+1,...7hd)7é(ir+17...,id)7

hr 1 d
0oL o]

=0 cp if (hr+17 .. .7hd) = (’L'r+17. .. ,id).

Consequently,

al
o 0n

(01,..-,0,)=0
0 if (hT+17"'7h’d)#(Z’T-‘rl?"'?id)?

N 0 . . .
0=0 ;Ck 879k oo if (hr+17-~-,hd) = (ZT+1a-~-aZd)a

al
= hr 1 hd
00,.17" -~ 004

as desired. O
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Appendix C Detailed Analysis of Example 4.1

We verify that the statistical model in Example 4.1 is a semiregular model satisfying

Assumption 1 when (d,r,m) =

(H,1,2).

First, from Lemma C.1, we note that the set of realization parameters O, consists

only of the point (6y,...

79H) = (9*5-"7

0.). We redefine the statistical model by

applying a translation that moves the realization parameter to the origin:

H-1
p(x|0) :=Tip(x|0y + 0.) + - + T—1p(x|0m—1 + 0.) ( > (z|0g + 0.),
=1
and obtain
1; 9p :
- 7( ‘0*) (2:17"'3H71)a
00, (91,__',91{):0 ( ) 00
af _ Zz 1 T 8}’) 0
ol = s 2 e
H1(61,...,001)=0
These derivatives satisfy the linear dependence relation:
T; of ‘
= — (i=1,...,H-1)
ilo,, om0 1—=0NT 09m |,  g,1—0
By applying the corresponding coordinate transformation
) sy Tibi
9H = 9[—[ + 171{717
1= Zi:l T;
we have
0
g =0 (i=1,....,H—-1),
90, (01,005 —1,074)=0
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of 1—221T8p

=Tl g &l0)- (C1)
00, (Or o1 —1.,0)=0 q(x)
The second-order differential Fy(x|61,...,0m—1) can be expressed as the following
quadratic form:
-1 1 0% T
F2($|91,...,9H_1): (m\@ ) ( eH_l)E<(91 GH_l) 5

1- ST 2q(x) 062

where the symmetric matrix ¥ = (0; ;)1<i j<m—1 € RE-DXEH-1) g defined as

n(l— kH:‘llTkJrﬂ) if i =,
0=

(C2)
T,T; if i # j.

It is clear that g‘g’ (z|0«) and geé’ (z|04) are linearly independent. Furthermore, as

Lemma C.2 shows, X is a positive definite matrix. Therefore,

V(01,...,05-1)#0, (01 ... 0g_1)2(0; ... 0g_1)" #0,

and Fy(z|01,...,0m_1) and (C1) are linearly independent. Thus, we confirm that this
statistical model satisfies Assumption 1 when (d,r,m) = (H,1,2).

Remark C.1. The Taylor expansion of

H—1 H-—1
p(xlf) == > Tip(x|0; +0.) + (— n>ﬁ<zo

=1

at § = 0 is given by

plalt) =q() + (1 -
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T T)692(

93‘9) ( .. 91-[_1)2(91 GH_l)T

+ (higher order terms).

Here, the higher order terms do not include the following:

® Terms of degree 2 or less involving only 61,...,05_1,

® Terms of degree 1 involving only 6.

Lemma C.1. Under the assumptions of Example 4.1, the set of realization parameters

O, consists only of the point (01,...,0g) = (O, ...,04).

Proof. Consider the equation:

H-1

Tip(x|601) + -+ + Tr—1p([0r-1) ( E) (z|0m) = p(z]0,) as. (C3)

i=1

Multiplying both sides of (C3) by  and summing over x € y yields:
i=1

H-1
170, +- - +Ty_10g-1 + (1 - Z Tz> Og = 0..

Similarly, multiplying both sides of (C3) by 2 and summing gives:
H-1

T0F+ - 4+ Ty 105, + (1— 71) 02 = 62
i=1

This implies that:

H-1 H-1 H_1 2
ZTﬂ?—s—(l— Ti>9?{:9§:{ZTO+< TZ>9H} :
=1 i=1 =1

Since equality holds in Jensen’s inequality, it follows that 8, = --- =0y = 0,. O
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Lemma C.2. Let N be an integer greater than or equal to 2, and consider variables
Ty, ...,Tn with 0 <T; <1 and Zf\il T; < 1. We define the symmetric matric Xn =
(0ij)1<ij<n € RN*N as specified in (C2), substituting N for H — 1. Then, Yy is

positive definite.

Proof. We prove this by induction on N. For N = 2, the assertion clearly holds. We
assume that the statement holds up to N — 1. Let Sy € RN-D*(N=1) 16 the matrix

obtained from Yy by removing the N-th row and the N-th column. We consider

Sy = (s1,...,85)" € RN, By completing the square with respect to sy in the

following quadratic form, we obtain

SNENSN
1 N—-1

N—
=Ty (1 — Z Ti> S?V + 2 Z T TnsiSN + S;fliNSNfl
i=1 i=1

©
Il

N—1 N-1 2 N
i—1 138 1-> .. T;
:TN (1— Tz) <SN+211N1> +%S—1\|}712N713N71 > 0.
i=1 1- Zi:l T; 1- Zi:l T;
Therefore, ¥y is positive definite. O
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