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Abstract
Let F,, =V, ,(L?(X, m)) be the abstract space of Bessel potentials and a pos-

itive smooth Radon measure o . FBr< p < g < oo, we give necessary and
sufficient criteria for the boundedness ¥f, frami(X, m) into L?(X, u), provided
F,, is contractive. Among others, we shall prove that the bodndss is equivalent
to a capacitary type inequality. Further we give necessary sufficient conditions
for F,, to be compactly embedded ih’(x). Our method relies essentially on es-
tablishing acapacitary strong type inequality

1. Introduction

In this note we continue our investigations which we begaf2]nabout trace in-
equalities for operators associated to Dirichlet forms.

Let X be a locally compact separable metric space/and a pstadon mea-
sure onX whose support ¥

Suppose that for each> 0 we are given a symmetric stronglyircanis con-
tractive Markovian semigrouff;  acting di?(X, m). Then by interpolation; defines
also a strongly continuous contractive Markovian semigrecting onL? &, m ) for
every 1< p < oo . We shall denote by, , the latter operator andHy its rgene
tor. Consider the gamma transform 6f ), [6]

Vi, = LP(X,m) — LP(X,m),
1) 1

Y T2

o0
/ (/217" T, ,dt,  for everyr > 0
0

It is known [6] that such operator induces a set functionechlthe ¢, p )-capacity.
Assume that everyf € V., I’ X,m )) has been modified so as to become quasi-
continuous, and lejx be a positive Radon measureXon  chargingets of zero

(r, p)-capacity. Consider the operator

(2) VE = LP(X,m)— LI(X, ), f V.pf, 1l<p<=<gq<oo

rnp
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12 A. BEN AMOR

Let us emphasize that the latter operator is well defined usecéwo quasi-continuous
functions which coincidem -a.e., coincide quasi-everywhewhence they coincide
u-a.e. sincew does not charge sets of zero capacity.

Our aim in this note is to give necessary and sufficient camt for the opera-
tor V/!, to be bounded or even compact, provided, is contractiveparticular we
shall prove that the boundedness W, is equivalent to somactapy inequality.
The importance of the result lies among others in the fadt ¢ha get the equivalence
between the fact thaF,, is continuously ‘embedded’ into sorebelsgue space and
capacitary-type inequality.

Moreover, once the criteria for thep(q )-boundednessVgf avergione can
use the continuous embedding Bf, inkd u () as a starting poindédining traces
of elements fromF., on compact subsets. However, this is notstiigect of this
note. For an exposition of this approach in case REwe refer the reader to [20,
chap. 9].

We mention that such results are already known for the spafcekssical Bessel
potentials, for operatory, given by radially decreasingvohrion kernel onR?
(see [1, 15]). For Dirichlet spaces as well as contractivedBespaces, some of them
are already known (see [2, 5, 21, 8, 9]).

The paper is organized as follows: in the next section wel gfiag the main tools
and some preliminary results to handle the problem. In tis¢ $action, we prepare
the capacitary strong type inequality and give the mainltesu

2. Preliminaries

Let X be a locally compact separable metric space iand a postadon mea-
sure onX whose support & . For a positive Radon meagure X on  ang k
oo, we shall denote by.? ({ ) the real space of Borel measurablei@quce classes
of functions) f onX such that f .o = ( [y |17 du)l/” < o0. Forp =co, L™ ()
is the space of measurable -almost everywhere boundedidosobn X . The corre-
sponding norm will be denoted by - |1~(). If & = m the norm | - [zr will be
simply denoted byj| - ||.» . Further the notation a.e. means -almeastyehere.

The space of continuous functions with compact supportXon espgctively van-
ishing at infinity) will be denoted byC. X ) (respectivelyy(X)). Co(X) is the space
of continuous functionsf orX such that for every- 0 there is apamh subset
K such that| f| < e onkK°¢ , the complement & . Both spaces are equippédtiat
uniform norm, | - |lso -

For everyr > 0, letl; be a symmetric strongly continuous coniradtlarkovian
semigroup acting orL?, i.e.:

1) lim_o|T;f — fliL2 =0, for every f € L2

2) T fllez < I £z for every f e L2

3) For everyf e L? such that 0< f < 1-a.e. we have<07,f < 1l-a.e.

It is known that for every > 0 and everyd p < oo T; decides a stronglytinan
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ous contractive Markovian semigroup @  which we denotelbpy helide the op-
eratorV,. , , defined by formula (1), is also Markovian and cornivacon every space
L? forl<p < .

From now on we shall definitively fix > 0 and 2 p < o0 . By [4, Theorem
4.1], we have

3) V., =(—H,) "2

Denote byF,, :=V,, L?). Itis easily seen from (3) thar, = Do H, "/?).

For eachf € F,, we define the norm

(4) flrp = 1V, F e

Now since V,, is injective onL? , the spad@.,, | - I.p) is a reflexive Banach

space. We shall denote by,  the dual spacefiof and/by the duahtoper
of V..

In the sequel we shall make the following two assumptionsstfFive assume that
the spaceF, , igegular, this is

(5) F,., N Co(X) is dense both inF, , and i@o(X)

with respect the relative norms.

Second, we assume th#i. , g®ntractive i.e. for every normal contractionr
and everyf e F., yofeF,, andvofl., <Ifl., . Anormal contractiof, is
a mappingR —> R such thaty (0) =0 and s(F v t(x |s—t| for everyt € R.

Let us stress that the latter condition is satisfied for = 2 amd1l because in
this caseFy, is a Dirichlet space. It holds also true for every<0r < 1 and ev-
ery p > 2 under the conditions given in [11, Corollary 8]. Namelhe second order
square field operator associated to the generatdf, of  isiyeosit

Let us also emphasize that our assumptions are different azumi-Shigekawa
assumptions [14]. Indeed we do not suppose that ¥, , , heitteettightness of
the capacity nor the existence of a subalgebraC F., N C(X) whose elements are
bounded and that separates pointsXof

Here are two examples of spaces satisfying our assumptions.

ExavmpLe 2.1. 1) The heat semigroup on manifolds: L} benan -dimeasion
connected complete Riemannian manifold with bounded g&gnand positive injec-
tivity radius (cf. [19, pp.282-284] for the definitions). L& be the Laplace-Beltrami
operator onM, . Then it is known (cf. [18, 19]) that the corresting heat semigroup
T;,t > O defines a strongly continuous contractive Markovian sewnig on L? for
1 < p < oo. Moreover by the definition of Bessel spaces on manifold [1©9] and
formula (3) we get

Frp = L0 (My),
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the classical space of Bessel potentials on manifolds anpaiticular if » is an integer
then F; , is the Sobolev space o, . By [18, Theorem 433} is regilarther
by the chain rule the spack, , is contractive for 1< p < co . Hencdl”(M,) satis-
fies our assumptions for every<2p < oo

2) Leévy processes [12]: Ley R? — R, be a continuous negative definite function
with representation

¥ (E) :/ (1 cost - £ v )
RY\(0}

wherev is Lévy measure integrating the function [k|2. Consider the semigroup de-
fined by

Tue) = @) 2 [ ete v Onge) .
R‘]
for u € S(R?), the Schwartz space. Then (see [13]), for every 7,0, decidesna
tractive strongly continuous Markovian semigroup bid RYY with generatorH, , for
every 1< p < oo . Define

H)" = (1—H,)"/? forr>0o.

Then by [12, Proposition 3.3.14F R() is dense inH,‘,”” for every > 0 and every
p>2and by [12, Lemma 3.3.44K," s contractive foOr < 1 ang 2 < oo

The ¢, p)-capacity, which we denote by Gap , is defined, for amapebset2 ,
by (cf. [6])

(6) Cap_[) @) = Inﬁ”f”%p’ f € Fr,pv f 2 1_ ae Om}’

and for arbitrary subsets by

@) Cap ,Q)=infCap, ¢ ) 2 Cw, » open

We shall say that a property holds quasi-everywhere (gresort) whenever it holds
everywhere except on a set of, p )-capacity zero. A functfon findd g.e. onX
is said to be quasi-continuous if, for evety > 0 there is an opehQ with
Cap. , €)< € such that the restriction ¢f ax\Q is continuous. 5

We recall that, (see [6]) every’ € F., has a quasi-continuous nuadiéin f
and that if f > 0 a.e. thenf > 0 g.e. Hence in the definition (6) we can change
the assertion a.e. by qg.e.

In the sequel we shall implicitly assume that elements frbm $paceF,, have
been modified so as to become quasi-continuous.
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By [6, Lemma 2], for every Borel subseB of finite, p )-capacityete is
a unique positive elemenrtz € F,, such that

@®  Cap,®)=llesl?, =inkIfI7,. f€Fnp f= 1- de. onB).

The elementkg is called the,(p )-equilibrium potential Bf

In what follows, we shall mean by capacity (respectivelyeptial) the ¢, p )-
capacity (respectively the,(p )-potential).

Along the note we shall assume that all measures under @yasish are Radon
measures and do not charge sets of zero capacity. We sHalhes¢ measures smooth
Radon measures and denote themsSay

Proposition 2.1. Let B be a Borel subset af  having finite capacity. Thegn=
l1-qg.e. onB.

Proof. SinceF, , is contractive, thery ™ =YQp A) €LF., llggllp < llegll.,
andéz = 1-g.e. onB . Hencep~ is also a minimizer |of ||7, on the spége=
{f € Fbp: f = 1—q.e.onB}. Hencey = -g.e. by the uniquenessepf , and
the proof is finished. O

Let us consider the functio8, , (see [14, p. 427]) defined of,, x F,, by

9 Ep(f.8) = fx VIV, elPtsgn(V, ) dm,
where ‘sgn’ is the usual sign-function.

Let p’ be the conjugate op . Consider the operator introducefildn 16] and
defined by:
rp r.

1
(10) U.p =F', — Fp, o — V., <|Vr’_k[,<p|p Sgn(Vf‘pga)),

ThenU, , is well defined, bijective and continuous. Its inverperator is given by

(11) U = (V)™ ([Virtul” san(v, 1u))

Observing thatV,., is an isometry between the spatés  mnd , we get
(12) Ep(fs8) = (Vg £V Urp8y o = Unp8ls e

Here (-, - >F;-.,7~F,ff,, is the duality product betwedn , and its dual space.

Let ¢ € F7,. We say thatyp is positive iff, ¢) Fop F,
f € F, . Let us denote by-*" this set.

rp

0 for every positive
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Proposition 2.2. Let K be a compact subset af . Then there is a unique posi-
tive Radon measurgx € S such thstippi.x )C K, Cap, K ) 2ux K )and

(13) & p(f, ex) :/ fdug, foreveryf e F.,N Co(X).
X

Here ex is the equilibrium potential oK . We shall cally  the eduium measure
of K.

Proof. LetK be compact. Arguing as [14, p.428], we realizd tha
(14) gr.[l(fa eK) = 0

for every f € F,, such thatf > 0 g.e. of . Now following Fukushima [7,5).7
for every f € F,. , N Co(X) set

(15) [(f) = gr.[l(fv eK)-

Let S be compact and's € F,., N Co(X) be positive such thafs > 1 of . Then for
every f € F., N Co(X) such that supp( = S we have 8 |f| < | fl<fs . Hence
using the linearity ofe,, with respect to the first argument together with (14) we get

= 11 oot (f5)-

Now we shall extend first fronF,., N C. X ) t&€. X ). Lef € C. X( ). Then there
is a sequenceft ¢ F,., N Co(X) such that lim_« || fx — flle =0. Set

fo= fi = (k7N V fi) AR,

Then by the contractivity propertyf() C .., N Co(X) and suppfi) C supp(f ). More-

over | f — fille < 2k~1. Hence approximatingf byff) in the uniform norm and

making use of the inequality (14) we conclude tiiat has a eniptension as a pos-
itive functional, 7, on C.(X). Thereby there is a unique positive Radon meague

such that

(16) 1)= [ s for every f < . )

In particular, we have

a7 Ep(fiex) = /X fdug, foreveryfeF ,NC.X)

To show that supp(x )} K it suffices to prove thaf fdux > 0 for evetye

C.(X) such thatf > 0 oK . Le{f € F.,NC. X ) be positive adki  then by the latter
identity and (14) we conclude thal, fdux > 0.
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Now for generalf , consider thef() constructed above. Let € F.,NC. X( ) be
such thaty =1 onkK . set

g = fu v 2% .

Then @) C F., N C.(X) andgr > 0 onK , so thaf, gxdux > 0. Observe that
the supports of theg, 's are included in a fixed compact subsetttzat lim._, o || gx —
flle =0, yielding

(18) 0< lim / g dpix = / F .
k— 00 X X

and the result follows.
Now since ux has compact support, making use of equality (I6)gxtends

to Co(X) as a positive linear functionalz. Hencel extends t@y(X), in particular
we achieve

(29) & p(f, ex) :/ fdug, foreveryf e F,.,nN Co(X).

X
Finally with the help of the latter identity and the regutamproperty, we conclude that
nk(B) =0 if Cap ,(B) = O for every subseB , sex € So. This property together

with the property [6, (c)-p.45] imply that (19) extends t@tivhole spacd,., . Finally,
making use of Proposition 2.1, we get

pe(K)= [ exdur =&, pfex. ex) = Cap,, &)
X
and the proof is finished. [l

Remark 2.1. Letu € Sp having compact support. Suppose that there is a con-
stantC such that

[ 171di < CUfl, for every £ € £
X
Then u defines an element in the spacg” as follows
L[L = Fr.p—>Ra L,u(f):/ fd/,b
X

We shall write

nptrp

(20) o, = L) = [ F i

and identify withL, . The element, ,u  will be called the potentiél o
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Arguing exactly as in the proof of Proposition 2.2 we achiéve following iden-
tity

(22) Eep(f, U put) :/ fdw, foreveryfekF,,.
X

If u= ug the equilibrium measure of a compact subset, the elemgpiux will be
called the equilibrium potential oftx

3. Trace inequalities and compactness criteria

Among other tools needed to study the boundednesg/of , wé rskedl aca-
pacitary strong type inequalityl, 8, 9, 10, 21]. Before giving the result we shall fix
some notations. For everf € F,, and> 0, we set

(22) E ={x:|f(x) =1}.

Theorem 3.1. Let2< p <oo and f € F,, N Co(X). Then

P

p

(23) ‘/0 Cap,, E;)dt? < W

IF1Z -

Remark 3.1. We mention that a capacitary strong type inequality iast
proved by Maz'ya [15, p.209] for the spad®’?(RY), 1 < p < oo with the so
called condenser capacitgnd with the sharp constart, °/ p PI}. The lat-
ter coincides with our constant fg¢g =2 and it was already plesk by Fukushima-
Uemura [8] that forFy ; the constant 4 in (23) is optimal.

Unfortunately, we do not know whether our constant is sharpad in the general
case.

Proof. We shall follow closely the proof of Adams-Hedberd, [fvith a slight
modification. LetA > 1. Set

Ey = {x:|f(x)| =¥} for everyk € Z.

The inequality (23) follows from the inequality

(24) ZA"I’ Cap., €x)= kps— /17, foreveryjeZ, and everyr > 1
k=j

wherek, =/ p — 1)y~ L. Indeed, the latter inequality implies

/O Cap,, (E/)dt’ < @ — 1)2 A cap,, Er)

keZ
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(25) < k(A — 1)L|| flI7 forall »>1
= Kp T—1 rp > 1.

Now minimizing @”— 1)/ @ — 1) with respect ta. > 1 we get the desiredqgunality.

So our next aim is to prove the inequality (24).

Let f € F,, N Co(X) be given. ThenE; is a compact subset and is empty for
largek . Letu; be the equilibrium measure 6§ and its equilibripatential. For
every j € Z, we denote byJ; the left side of (24). Then

Jj = ZW/

k>j Ex

due = Y0 [ (1= Y0 Ve, (71, )
X

k>j k>j

DoAY / VAV, Jed? 'sgn@, yer) dm

k>j X

(26)

IA

1fllrp | DA DV e 7Y

k>j o

where the latter inequality is obtained from Holder's inality and the contraction
property for the spacé; ,
Since V;* ux > 0 a.e. and thereby, 'e; > 0 a.e., we get

(27) L <1 f Ny | D0 AD(vTe )"

k= j o

For a.e.x € X and every € Z, we shall set

_ p—1 _ _ p—1 /
Aj) = (Ve) @), Aj(x) =Y M0V te) " (x) and Ly =[1A]7, .

k>j
Let us stress that botli; and;, are finite. Hence we conclude tef py showing
that

, A \PL
p P
(28) 1A, < —p—l(—k—l> Jj.

for every j € Z and everyr > 1.
For a.e.x € X , letr, be the function defined on the real linerby (A~x 6r) f
j<t<j+1l Then

(29) / )Y e = S ) (A rea() — Ax() = —ﬁ(A,(x))"',
J

k=j
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yielding that
(@) = P Y (A HAK) — Agea(0))
k>j
(30) = 'Y (Ar()? TR D(v e )
k>j

By Holder’s inequality we get

/ (Aj(x))p, dm
X

p// ZAk17(27p’)Allz’(2*17’)Al[:'*1Ak(17’7l)Al£17'71)2 dm
X

k> j
2—-p’ p'-1
<p / Y kAl > Aarkapt dm
X \ikxj k>j
2—p’ p—1
/ —1
<o ([ Xaratam| | [ Y actalam
X k> X k=j
_ 2—-p' -1
(31) =pLy Ly,
where
Ly = XZAkPA,f'dm, and Ly ; := XZAkAkA,f"ldm,
k>j k>j

Let us observe that
[ At am= [ @ pey am = ez, = can,, €0)
X X

implying that L, ; = J;.
On the other hand we have

Lpj =) a8y ae /X (V, ter) ™t v, tepdm = DoAY Vg, (e, @)

k>j 1>k k>j 1>k
(82) =) Ay A / exdu.
k>j 1=k Ei
Now for everyl! > k,E, C E; . Hence by Proposition 2.1 we infer that = 1-q.e

on E; for everyl > k . Thereby

(33) / exrdw = w(E) for everyl > k.
E,
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So we conclude that

A
(34) Loy < Y 28 20 Du(E) < 17
k>j 1>k
and the proof is completed. ]

Next we shall use Theorem 3.1 to investigate the boundedifeb®e operator

(35) VHE = LP — Li(u), Vrl_l[,f =Vipf

rp

Clearly this is equivalent to the boundedness of the operato
(36) 1t = F., — Li(n),

whose to them -equivalence class gfe F; ), associatesuits -equoalelass. Let
us emphasize that), is not one-to-one (see [3, Remark 3.3]).

In the sequel we shall denote, for every compact suset yfy 15 the re-
striction of u to K .

Theorem 3.2. Let u € Sy be a positive measure ok, r > 0and2<p <gq <
oo. Then the following claims are equivalent
() The operatorV), is bounded fromh?  intb?(w).
(i) For every compact subs&  of, the measureuX e F;’j};‘ and there is a constant
C1 such that

(37) | (V2 pi®)" 7] < Calu (KM

L

(iif) There is a constan€, such that
(38) Sugﬁ(u({lfl = 1)) < Call fllr.p-
1>

for every f € F,, .
(iv) There is a constan€3 such that

(39) (u(K)¥4 < C3(Cap,, € )",

for very compact subset
Moreover the constant€’; can be chosen so that

pPla q 1/q
C3<(C=<C(C:1= ||Vrl_l,,||Ll’,Ll/ w = m <;> Cs.



22 A. BEN AMOR

Inequality (38) may be seen as a weak-type Sobolev inegudlit, p.60] where
the gradient energy form is replaced by they(  )-enefgy. Hence Theorem 3.2 says
that the trace, the capacitary, and the weak-type Soboleguality are equivalent to
each other.

We also infer from (i) (iii) thatV)’, is of strongg, ¢ )-type if and bnif it is
of weak (p, ¢ )-type.

Proof. (i)= (ii): Let K be a compact subset. Then from the indityia

(40) / |F1du® < IV e Loy (KNI f1l., for every f € F, .
X

we conclude thap® e Fy. Now setex :=U,,u* and letf € L? . Then

Vi £l (DY < VI e ooyl f 1L ((K))Y

IA

for every f € L? . Yielding H(V‘leK)”_lHL,,, < ||Vr’_‘,,IILP‘Lq(M)(u(K))l/"’.

rnp

(if) = (iii): For every t > 0 and everyf € F. , N Co(X), we have

1u(E,) < /X|f|duE, =&, (/1. es)

/X VS (Voter) ™ dm < 1| (Voker) ™,

(41) Coll £ 1l p(e(E)) M4,

IA

yielding 7 ((E,))Y? < Cilfl,, for everyr > 0 and everyf € F,, N Co(X). For
arbitrary f € F., we get the result by approximation.

The proof of the implication (iii}= (iv) is obvious, so we omiit

(iv) = (i): Let f € F., N Co(X). Then

(42) [isean= [ uEyar <cy [ (can, @) ar.
X 0 0
Let us recall that( Cap, K, )}“’ <|Iflp- Thus, sinceg/p > 1, we get

/ (Cap., € )" dr* < Ly 107 / Cap,, € )dt”.
0 p 0

Finally we derive by Theorem 3.1

D

p[

(43) /lelquS%CgW

1112, -
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For an arbitraryf € F,, the latter inequality is derived by staddapproximation
and the proof is finished. [l

Corollary 3.1. Let2 < p and u € Sp be positive. Assume that for every compact
subsetk, the measureuX € F** and that

rp

(44) C:= Sl'lr-)”Ur,p//LK”Loc < Q.
K
ThenV/, is bounded froml” int&?(uw).

Let us observe that measures satisfying (44) extend theomaif potentially
bounded measures in the linear case. Hence Corollary 3.ergees [2, Corol-
lary 3.1]

Proof. LetK be a compact subset &f . $gt  the potentigh®df . Thigm w
the help of Remark 2.1 we get

[V, ex)” |

(45) :/eK du® < Ccu(K),
X

e = [ Ve m = fex. )
X

and the result follows using Theorem 3.2-ii. [l

Now we will turn our attention to give necessary and suffitieonditions to
the (p, ¢ )-compactness of the operafgf, . We fix some notationsyplLe 0, xg € X
and B, the open ball oX centered & with radius p . We denote by, :=plu
and v/, =V} .

Theorem 3.3. Let2 < p < g < oco. ThenV/,, is compact fronk” intd9(u) if
and only if the following two conditions are satisfied
i) For everyp > 0, V/, is compact fromL” intaL7(p,,).
i) lim ,_sup {u(K)(Cap,, K )"’ K c X\ B,, K compac} =0.

Proof. Suppose that (i)—(ii) are satisfied. kx> 0 arbitranyai. Then by (ii),
for everyp, large enough and every compact suliset B; X \=B, , we have

(46) (u(K)Y* <€ (Cap,, K)"".

This implies, together with Theorem 3.2-(iv), théit’(r’f:2 is boaddfrom L? into
L(u®) and

47) \ v <e.

L, L4 (MB/L;)
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Now let (f,) Cc L? such that| f,ll.» < 1 andff ) converges weakly to OLii . Then

q A

u%
Vr‘p .ﬁ1

V22l = V25 Al |
P
(48) = H Vrlf]g Jn ||Zq(ﬂp) +el,

where the latter inequality is obtained from (47). So pagsim the limit and making
use of assumption (i) we get

lim | V£, £

n—oQ

4 q
Loy =€
for every e arbitrary small, implying tha¥/’, is compact.

The converse: LeK be a compact subsgte F, , such that 1-g.& on
Setex :=U, ,u . Then

(49) u(K) < / |Fldu® =& (1 f]. ex) < I flrpllex !,
X

leading to

(50) w(K) < (Cap,, € )" llexll?;™

Now for a compact subsek, C By , sep B K[ —W'le, whereq’ is the con-
jugate ofg . Letf € L? fg ). Then

1/q
S(/ Iflqdu,) — 0 asp— cc.
B;

By assumption the adjoint operator &f, (V,’f,,)* LY u (= LY is compact. Thus
iMoo | (VE5)" @0l = 0. Let us computg(V/%,)" ¢, . For convenience we shall omit,
for the moment, the subscript

Let f € L?, then

(51) ‘ /X Fopdn

62 [ hnedin= [ Vi Hedi=@E) [ v, st

Since V', is bounded ang®  has compact support we deduce from Redraro-
gether with (52) that

fX VE Fodp = (uK)YIE,, (Vi f. cx)

(53) = G [ (V) .
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Whence {/, )¢ = fc & )74 (V,tex)" ™ and
* “1/4' _ -1 “1/4' _
(54) 1(vE) el = (k) IIV,‘,,leKllﬁ = (&) Y ek 12,
Finally putting all together we get

-1/p ! p—1 _
(K )Y (Cap., €, )" < (WENY llex, 1751 = 1V 0l 0
(55) — 0 asp— oo,

and the proof is finished. O
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