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Abstract 
As the high computational cost of molecular dynamics (MD) simulations is a significant issue, it is important to investigate the 
applicability and performance of Generative Adversarial Networks (GANs), known as one of the machine learning approaches. In 
the present study, molecular information for liquid argon (Ar) systems at various temperatures and densities in equilibrium states 
was employed as an example of prediction via GANs. Time series data of molecular velocities calculated using MD were extracted 
as training samples for the GANs, and the predictive capability of the GANs was evaluated by examining the reproducibility of 
sample distributions and self-diffusion coefficient from different calculation methods. It was demonstrated that the samples of 
molecular velocity generated by the GANs replicated the MD simulation distributions. Mean squared displacements (MSD) and 
velocity autocorrelation functions (VACF) calculated from the generated velocity trajectories via GANs showed qualitative 
reproducibility of those calculated by the MD simulations. Regarding the self-diffusion coefficient, we found that the GANs 
reproducibility of the MD results tends to decline under conditions of low density and high temperature. Furthermore, it was found 
that the self-diffusion coefficients predicted using GANs did not significantly depend on the calculation methods used for the self-
diffusion coefficient.  

1. Introduction 
Molecular dynamics (MD) simulations are frequently used to investigate dynamical phenomena and structural properties at 

the nanoscale. Its versatility is exemplified by its applications in various situations such as ice nucleation of water in the bulk 
system [1], heat transfer in the nanochannels of Cu [2], diffusion phenomena and viscosity of water [3] and so on. On the other 
hand, the complexity and the scale of recent simulation targets have increased, resulting in a notable increase in calculation costs. 
To address this issue, machine learning-assisted approaches have been recognized as promising solutions. For example, studies 
of MD simulations using the Machine Learning potential (ML potential) for interatomic potentials were reported as efficient 
methods to reduce the high-load processes of interaction calculations with density functional theory [4, 5]. Recent machine 
learning based methods for analyzing and enhancing MD simulations were discussed to obtain equilibrium properties, such as 
the free energy [6] and the ML based ensemble learning strategies were employed to predict the partition function of molecular 
fluids absorbed in metal- and covalent organic frameworks [7]. The integration of ML techniques into the multiscale molecular 
simulation methods was introduced for bulk complex chemical systems like polymers [8]. 

On the other hand, some authors have suggested the application of machine learning prediction systems to material 
informatics. In those cases, the neural network (NN) model is expected to acquire the relationship between structural patterns 
and physical properties by simulating only limited structural patterns. While the computational cost of MD simulations makes it 
impractical to explore extensive design spaces, the use of NN models allows for rapid screening of the entire design space within 

just a few seconds [9, 10]. In this work, around 100 sets of training data were typically prepared as the initial training dataset, 

but their limited accuracy necessitated an iterative process. By alternating between screening and MD simulations, the number 
of training datasets was gradually increased, finally resulting in an NN model ready for practical use. The authors found desirable 
candidates out of numerous patterns in the design space using such an optimized NN model. In addition to the use of NN, a 
genetic algorithm has also been employed for the optimization of superlattice and random multilayers created from diamond 
structured Si and Ge with respect to thermal transport [11].  

Furthermore, a Recurrent Neural Network (RNN), which is well-known in the field of Large Language Models, was applied 
for predicting time-series data. As example of that work, Wang et al. obtained the temporal evolution of molecular velocities and 
positions of Si atoms from ab initio computations for the RNN learning, which was used for multi-step future prediction, and 
they reported successful prediction [12]. The examples shown above have demonstrated the potential of hybrid approaches 
combining machine learning and MD simulations to reduce computational costs.  
 Generative AI has started to be utilized in the field of MD simulations. Generative Adversarial Networks (GANs) have already 
been applied in the field of drug discovery [13, 14], and more recently, applications have begun to appear in the field of time series 
prediction of molecular properties. For example, the combination of variational autoencoder (VAE) and RNN were applied to the 
polycrystalline nickel system [15]. In that study, the authors extracted the temporal 2D image data of atomic configuration from MD 
simulations, and they convoluted the data into latent variables with the encoder. The RNN model was then trained to acquire the 
time-development of the latent variables, and the decoder reconstructed the time-developed data from the latent variables predicted. 
Furthermore, GANs are being applied to the prediction of displacement trajectories in polymer systems [16, 17]. The GANs acquired 
the stochastic time evolution of molecules instead of the deterministic evolution of MD through short-term trajectories and are able 
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to predict long-term trajectories. In other work, GANs are being applied to the prediction of heat flux trajectories in metallic systems; 
they predicted the thermal conductivity of Al and Cu through the use of the Green–Kubo relation [18]. These studies show the 
possibility of applying generative AI applicability for the prediction of molecular properties in MD simulations via the time-series 
prediction of physical quantities. On the other hand, due to the limited number of relevant studies, it remains unclear how the 
characteristics of the sample data influence the predictions of the generative AI in the literature. Moreover, generative AI has 
predominantly been applied to complex systems, such as polymer systems, while its application to simpler cases, such as 
monoatomic systems, has not yet been adequately reported. Reports of the application of generative AI in simple molecular systems 
will facilitate a deeper understanding of the relationship between the molecular properties obtained by the molecular dynamics 
simulations and the prediction performance of the generative AI. Furthermore, in the field of ML potentials, unique architectures, 
such as the well-known SchNet [19] model, have been developed, which are widely adopted as baseline models due to their 
effectiveness. In contrast, the generative AI methods are still in development, and no standard or baseline models currently exist in 
their application in MD simulations. As a result, designing prediction models of generative AI for the prediction of molecular 
properties is highly challenging, and the methodologies for improving them remain insufficiently developed.  
 In the present study, we adopted a GANs prediction method similar to those used in previous studies [17], with modifications 
to some hyperparameters and model architectures. The developed method was applied to predict the time-series of molecular 
velocities in liquid argon (Ar) at a thermal equilibrium state and its prediction ability tested by comparison to MD results. It is well 
known that the self-diffusion coefficient is strongly dependent on the density and temperature of the liquid [20, 21]. To evaluate the 
effects of density and temperature on the self-diffusion coefficient, the time-series data of molecular velocities were sampled from 
MD simulations while varying the temperature and density of the molecular system. In previous studies, molecular displacement 
trajectories were used as training samples, achieving accurate predictions of the self-diffusion coefficient via MD-GAN [16, 17, 22]. 
In the present study, we employed molecular velocity trajectories as training samples and evaluated their performance in predicting 
the self-diffusion coefficient. Furthermore, the self-diffusion coefficient can be calculated using two distinct methods: usage of the 
Green–Kubo relation, which directly calculates the self-diffusion coefficient from the velocity autocorrelation function (VACF), 
and usage of the Einstein relation, which employs the MSD. We investigated the prediction accuracy for the two types of self-
diffusion calculations and how the density and temperature of the molecular system influence both the velocity trajectory data and 
the predictive performance of the GANs. 

2. Methodology 
2-1. GANs System 

 The prediction system of the GANs used in the present study is based on the system called MD–GAN in the previous work [16, 
17, 22]. The training flow of the architectures of the GANs is shown in Fig. 1, and the detailed architectures are shown in the 
Supplementary Information (SI). In the MD simulation, the positions and velocities of all molecules are updated by calculating 
forces in short time increments following Newton’s equation. The time-series data are determined by the initial settings. On the 
other hand, in the MD–GAN, only the trajectories of their subsystems to obtain the desired physical quantity are necessary, and their 
stochastic time evolutions become long trajectories of the subsystems. In the multi-step prediction using one generator recursively, 
the normal GANs generator GX is expected to acquire the time evolution of the subsystems extracted as training samples. Put in 
detail, the time-series data of length l at the previous state 𝑿௜∗௟:ሺ௜ାଵሻ∗௟  is taken as the input of GX , and GX  outputs the 
probabilistically possible trajectories in the next step 𝑿ሺ௜ାଵሻ∗௟:ሺ௜ାଶሻ∗௟ from the previous state. GANs generator can acquire the time 
evolution supposing a Markov model in the multi-step prediction system of the normal GANs. We can express the sample of the 
stochastic time evolution as a conditional probability as follows: 
 

𝑿௝∗௟:ሺ௝ାଵሻ∗௟~𝑝൫𝑿௝∗௟:ሺ௝ାଵሻ∗௟ห𝑿ሺ௝ିଵሻ∗௟:௝∗௟൯ (1) 
 

Here, by assuming that the next-step data depends only on the previous data (Markov property) and that the stochastic time evolution 
is stationary, it becomes possible to predict the next-step data. However, the exposure bias which occurs inevitably becomes a 
problem in such a system. To mitigate the exposure bias, MD–GAN utilizes an additional generator Gh for latent variables 𝒉 in 
addition to the generator, the discriminator used in the typical GANs. Instead of the time evolution of the subsystems 𝑿, the latent 
variables 𝒉 embedded into a low-dimensional information space are employed. Then, Gh is expected to acquire the time evolution 
tendency of the latent variables through sampling: 
 

𝒉௝ାଵ~𝑝൫𝒉௝ାଵห𝒉௝൯ (2) 
 

The generator reconstructs the time-series data from this latent variable 𝒉 as the following equation: 
 

𝑿௝∗௟:ሺ௝ାଵሻ∗௟~𝑝൫𝑿௝∗௟:ሺ௝ାଵሻ∗௟ห𝒉௝൯ (3) 
 

It becomes possible to address the issue of exposure bias by considering such an indirect generation approach supposing a hidden 
Markov model. According to previous work [17] that discussed and examined 𝑛௛ , when the dimensionality 𝑛௛  of the latent 
variables is too low, the accuracy of prediction decreases. Therefore, we use 𝑛௛ set to 32 which is checked following the previous 
work [17]. The initial distribution 𝑢 for the latent variables is sampled from a uniform distribution in the range [0,1]. By performing 
repeated generation with Gh for a random number of times between 12 and 15 times from the initial distribution, the distribution 
relaxation is achieved, and we call this process the distribution relaxation phase. The gradient updating in the training phase and 
data sampling in the prediction phase are initiated after the distribution relaxation phase. In the present study, the temporal data 
length l for one output of the GANs was set to 64 based on the value employed in the previous study, of which the influence was 
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discussed in section 4 of the supplemental information. As the loss function in the GAN, we adopted the Wasserstein Loss and zero-
centered Gradient Penalty referring to references [23, 24] and fixed the regularization due to better convergence of training as shown 
in SI (see Fig. S 1). Consequently, the loss function is defined as follows: 
 

𝐿 ൌ Eሾ𝐷௑ሺ𝑋ሻሿ െ Eൣ𝐷௑൫𝑋෨൯൧  ൅
𝜆
2

E ቂ൫∥ ∇𝐷௑൫𝑋෠൯ ∥ଶ൯
ଶ
ቃ (4) 

 

where, 𝜆 is the gradient penalty coefficient set to 20, 𝑋෠ is the value interpolated between the generated data 𝑋 and training data 
𝑋෨. During the training phase, for each gradient update, the generator and the latent variable generator performed three time-evolution 
steps to produce 𝑿௝∗௟:ሺ௝ାଷሻ∗௟, generating the total data length of 192 as three segments, each with a length of 64. The discriminator 
was used to obtain the Wasserstein Loss between the training sample 𝑿෩௝∗௟:ሺ௝ାଷሻ∗௟  and the generated sample 𝑿௝∗௟:ሺ௝ାଷሻ∗௟ . The 
generator and the latent variable generator were updated to minimize the loss, while the discriminator was updated to maximize the 
loss. In the WGAN-GP, it is recommended that the discriminator should update more often than the generators. Hence, for each 
update of the gradient of the generator and the latent variable generator, the gradient of the discriminator was updated five times. 
The learning rates of the generator and the latent variable generator were set to 2 ൈ 10ି଺ and that of the discriminator was set to 
4 ൈ 10ି଻. RMSprop was adopted as the optimization method, and the batch number of training phases was set to 64 and that of 
prediction phases was set to 32. In the present study, we sampled the average of the molecular velocities in several steps from the 
MD simulations. When we average molecular velocities of MD trajectories in 15 steps, ∆𝑡ୋ୅୒ is equivalent to 30 fs whereas ∆𝑡୑ୈ 
is 2 fs. We define these sampling steps as ‘averaging steps’, and the value was set to 15 in the present study. The training data is 
normalized by the standardization as a pre-processing step. This is because we have confirmed that the predicted self-diffusion 
coefficient becomes almost constant when we change the averaging steps from 8 to 16 as shown in section 5 of the supplemental 
information and we need to reduce the number of MD data required due to the excessively large averaging steps. We prepared two 
datasets, one for learning and one for testing, and we used the first 0.9 ns of the 3.0 ns test data as training data. Extra data for 
validation is generally not required in unsupervised learning like GANs. The gradients were updated for a total of 900000 iterations 
in the training phase, and the long velocity trajectories in the prediction phase were generated every 5000 times during the last 
450000 iterations. Each prediction phase generated 2880 long velocity trajectories of 100000 data-length. The learning model and 
system were built on TensorFlow, a framework that can be run in Python. We employed the environment of Python 3.11.5, 
TensorFlow 2.12.0, cuDNN 8.2.1 and CUDA v12.2 or 12.4 in the present study. 
 
 In machine learning studies, the method of domain-knowledge is often introduced to improve prediction accuracy. For example, 
in the previous study [22], the molecular motion is assumed to be centered on 0 if the number of samples is large enough. In the 
present study, the assumptions of the isotropy of molecular motions and stationary center of mass after the long-time average were 
given, and the following corrections could be made to the velocity trajectories in the prediction phase. 
 

𝑣௜,ఈ
ᇱ ൌ ൭𝑣௜,ఈ െ

1
𝑁
෍𝑣௜,ఈ
௜ୀଵ

൱ /𝑠ఈ (4) 

 

where, 𝛼 is the element of the cartesian coordinates of ሺ𝑥,𝑦, 𝑧ሻ． 
 

Fig. 1 Prediction flow of the GAN system in the training 
phase employed in the present study; rn is the random 

number in the standard normal distribution, u is the random 
number of the uniform random distribution ranged in [0,1], 
Gh is the latent variables generator, GX is the generator, D 
is the discriminator and ℎ௝ is the latent variable of the j-th 

prediction 
 

2-2. MD simulation 

 We prepared the calculation conditions of density and temperature from case 1 to 15 as shown in Table 1. The system at each 
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calculation condition can be confirmed as liquid from the phase diagram including the extreme conditions [25]. Figure 2 shows a 
snapshot of the calculation system in case 3. The unit cell of each condition and the number of argon molecules were set as follows: 
 case 1-case 3: ሺ𝑥,𝑦, 𝑧ሻ = (43.6, 43.6, 43.6) Å , 1372 molecules 
 case 4-case 6: ሺ𝑥,𝑦, 𝑧ሻ = (42.3, 42.3, 42.3) Å , 1372 molecules 
 case 7-case 9: ሺ𝑥,𝑦, 𝑧ሻ = (47.2, 47.2, 47.2) Å , 2048 molecules 
 case 10-case 12: ሺ𝑥,𝑦, 𝑧ሻ = (51.7, 51.7, 51.7) Å , 2916 molecules 
 case 13-case 15: ሺ𝑥,𝑦, 𝑧ሻ = (56.1, 56.1, 56.1) Å , 4000 molecules 
Periodic boundary conditions were employed in all directions. We adopted liquid Ar molecules as a simple monoatomic molecule, 
and the intermolecular potential was described using the 12-6 Lennard-Jones potential shown below. 
 

𝑈ሺ𝑟ሻ ൌ 4𝜀 ൤ቀ
𝜎
𝑟
ቁ
ଵଶ
െ  ቀ

𝜎
𝑟
ቁ
଺
൨ (5) 

 

where, 𝜀/𝑘B and 𝜎 are 120 K and 3.405 ൈ 10ିଵ଴m, respectively, as in a previous study [21]. The time step was set to 2.0 fs 
and the integration of Newton’s equation was performed using the Leap-Frog algorithm. Temperature was initially controlled to a 
target value by the velocity scaling method in 6 ns. The calculation systems were relaxed as an NVE ensemble for 10 ns after 
velocity scaling, followed by sampling of physical quantities. The time-series data of molecular velocity was obtained during 450000 
MD steps. In the present study, the average steps were set to 15 as described in Section 2.1; therefore, we regarded ∆𝑡୑ୈ as 2.0 fs 
and ∆𝑡ୋ୅୒ as 30.0 fs. MD simulation was conducted with ∆𝑡୑ୈ for 1500000 steps (3 ns), and then the data during the first 450000 
steps (0.9 ns) in the sampling phase was used as training samples of an equivalent of 100,000 steps for the GANs.  
 

Table 1. Density and temperature conditions in MD simulations. 

 
Temperature 

100 K 120 K 140 K 

Density 

1098 kg/m3 case 1 case 2 case 3 
1200 kg/m3 case 4 case 5 case 6 
1291 kg/m3 case 7 case 8 case 9 
1400 kg/m3 case 10 case 11 case 12 
1501 kg/m3 case 13 case 14 case 15 

 

 
Fig. 2 A snapshot of calculation system (case 8) 

 

2-3. Calculation of physical properties 

 We evaluated the performance of GANs by calculating the following properties. 
 Velocity distribution of molecules 
 Diffusion properties calculated via the Einstein relation [26] 
 Diffusion properties calculated via the Green–Kubo relation [26] 
We assessed the velocity distribution of the entire set of predicted values comparing with that of MD samples at first. In equilibrium 
systems, the probability density of velocity of molecules follows the Maxwell distribution: 
 

𝑓ሺ𝑣ሻ ൌ 4𝜋𝑣ଶ ൬
𝑚

2𝜋𝑘B𝑇
൰
ଷ
ଶ

e
ି
௠௩మ
ଶ௞B் (6) 

 

 When we calculate the self-diffusion coefficient using the Einstein relation, we have to obtain the displacement trajectories by 
integrating the velocity trajectories with the leapfrog method and calculate the MSD as follows. 
 

MSDఈሺ𝑡ሻ ൌ ⟨ൣ𝑥௜,ఈሺ𝑡ሻ െ 𝑥௜,ఈሺ0ሻ൧
ଶ
⟩ (7) 

 

 We can calculate the gradient of the fitting line between time t and MSD by using the least square method. Assuming an isotropic 
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and unbiased system, we can consider the average of the self-diffusion coefficients for each directional component. Therefore, the 
self-diffusion coefficient can be calculated as follows according to the Einstein relation: 
 

𝐷ଵ ൌ lim
௧→ஶ

𝑑
𝑑𝑡
ቆ

MSDሺ𝑡ሻ

6
ቇ (8) 

 

We refer to this method as “method 1” in the subsequent section.  
 In addition, the self-diffusion coefficient can be calculated by integrating the VACF through Green–Kubo relation. 
 

𝐷ଶ ൌ  
1
3
න 〈𝒗௜ሺ𝑡ሻ ∙ 𝒗௜ሺ0ሻ〉𝑑𝑡
ஶ

଴
 (9) 

 

Here, VACF is expressed as follows. 
 

VACF ൌ 𝒗௜ሺ𝑡ሻ ∙ 𝒗௜ሺ0ሻ (10) 
 

When calculating the self-diffusion coefficient, we employ the ensemble average of the velocity autocorrelation function over the 
number of molecules in the system. This calculation method is widely recognized as the Green–Kubo relation, and we refer to this 
method as “method 2” in the later section. 
 The ensembles of MSD and VACF were sampled at 50 ps intervals of both the generated trajectories via GANs and those found 
by MD. The self-diffusion coefficient at the condition of 1290 kg/mଷ and 100 K was calculated using both methods of Einstein 
relation and Green–Kubo relation. These values are 𝐷ଵ ൌ 3.525 and 𝐷ଶ ൌ 3.511 mଶ/s, respectively, and since the results 
were confirmed to be consistent with the previous study [21], we consider the computational method employed in the present 
study to be valid. 

3. Results and discussions 
 We evaluated the performance of the GANs prediction for molecular properties with a seed value that changed five times 
randomly, and in MD simulation, we calculated the molecular properties changing the initial position and velocity five times 
randomly. To avoid showing similar graphs for molecular properties, only one result is shown in all figures, which was obtained 
from one specific seed. The self-diffusion coefficients were calculated as the average value for these five calculations regardless of 
MD simulations and GANs predictions. In Section 3, the calculation results are shown only in case 8, which is the center point of 
all the conditions (case 1-15) and the related results in other cases are shown in section 3 of SI. 
 

3-1. Velocity distribution predicted by GANs  
 Figure 3 shows the probability density distribution of predicted velocities (orange region), the distribution of MD samples (blue 
region) and the Maxwell distribution (black line) under the conditions of case 8. The probability density distributions of all cases 
are shown in Fig. S 3 of SI. The overlapping of blue and yellow regions makes it difficult to distinguish between them because there 
is only a slight difference between them. We can speculate that the small difference between MD samples and the Maxwell 
distribution originates in the small number of samples. Under the given conditions, the predicted velocities were distributed over 0-
700 m/s, with a peak in the range of 200 to 300 m/s, as indicated by the Maxwell distribution. The distributions of the predicted 
velocities and the sampled data from MD using averaging steps are well aligned, and they demonstrated that the GAN accurately 
reproduced the velocity distribution over the entire regime. 
 

 
Fig. 3 The probability density distribution of GANs (orange 
region), MD samples (blue region) and Maxwell distribution 

(black line) 
 

3-2. Diffusion coefficient calculated via method 1 

 In method 1, since the output of GANs consists of velocity trajectories, the self-diffusion coefficient cannot be directly obtained 
from the output as in method 2, making it necessary to calculate the displacements trajectories. Each displacement trajectory via 
GANs was obtained by means of the integration of the predicted molecular velocity in a similar way to that for the MD simulation.  
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 Figure 4 shows the relationship between t and MSD in case 8. In Fig. 4 (a) and (b), linear and logarithmic scales are used in the 
vertical and horizontal axes, respectively. If we assume a power-law relation between t and MSD as MSD ∝  𝑡௡  where the 
exponent n might depend on t, then we can calculate n from the gradients of the logarithmic MSD-time plots using the least squares 
method. The MSDs on a linear scale for all cases are shown in Fig. S 4 of SI. As shown in Fig. 4 (a), the GANs tended to 
underestimate the MSD calculated by MD. This trend was observed in all cases in Table 1. Figure 4 (b) shows the MSD had similar 
trends in the range from 1 to 50 ps regardless of whether the GANs or MD were used. Although there is a discrepancy between the 
MSD calculated by MD and that via GANs up to 1 ps in Fig.4 (b), the differences up to 1 ps can be ignored for the diffusion 
coefficient calculations. When we use the Einstein relation, we should confirm its linearity in accordance with MSD ∝  𝑡ଵ. The 
MSD for MD and GANs had a similar gradient to the n = 1 line after 1 ps on a logarithmic scale as shown in Fig. 4 (b). The time 
transition of the exponent of power fitting t to the function of 𝑡௡ is determined from Fig. 4 (c), where the points were obtained at 
every 20 steps. Judging from Figs.4 (a)-(c), we can safely employ the gradient of MSD in the time range from 10 to 50 ps to calculate 
the self-diffusion coefficient from MSD in the following section. As the same trends were observed in all cases in Table 1, we also 
employed MSD during this time period to calculate the self-diffusion coefficients in the other cases. 
 

 
(a) Linear scale (b) Logarithmic scale 

 

 

 

 (c) Power of MSD  
Fig. 4 Relationship between t and MSD: MD simulation (red 

line) and GANs (blue line) 
 

3-3. Diffusion coefficient calculated via method 2 

 In this study the GANs output the velocity trajectories, allowing us to calculate the VACF directly and the self-diffusion 
coefficient through method 2.  
 Figure 5 shows the relationship between t and VACF, as well as t and D2, the self-diffusion coefficient, of the MD simulations 
and GANs predictions for case 8. The VACF and self-diffusion coefficients of all cases are shown in Fig. S 5 of SI. The VACF for 
MD converged to zero by 10 ps while, in contrast, that of GANs did not converge but fluctuated at a constant frequency and 
amplitude. This behavior was observed in all cases in Table 1. Hence, as expected, the value of the self-diffusion coefficient did not 
converge to a constant value via the prediction of GANs, as shown in Fig. 5 (b), because it was calculated by integrating the VACF. 
As shown in Fig. 5 (a) and (b), the period of the observed fluctuations is about 2 ps in the GANs prediction and, as in the present 
study we set the temporal data length of one GANs output to 64 and averaging steps to 15, then ∆𝑡୑ୈ was set to 2 fs. Thus, the 
time-length of one GANs output was equivalent to 1.92 ps. That means the GANs in the present study tended to acquire limited 
patterns of motions and output repeated similar trajectories. 
  There was a gap between the period of time-length per one GANs output and the ensemble time-length. To confirm the 
convergence of the VACF, we took the moving average of the VACF of GANs. By using the moving average here, we can obtain a 
smooth curve, and it converged to zero as shown in Fig. 5 (c) and (d). In contrast to the VACF and 𝐷ଶ shown in Fig.5 (a) and (b), 
the repeated fluctuation does not appear in the MSD results as shown in Fig. 4 (c). Hence, we can confirm that the VACF fluctuates 
around zero and we derive the self-diffusion coefficient by averaging the range of D2 from 30 to 50 ps.  
 As a qualitative trend, the self-diffusion coefficient of GANs was underestimated compared to that of MD as shown in Fig. 5 
(d), and this trend also appeared in all cases, similar to that seen in method 1. 
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(a) VACF (b) 𝐷ଶ 

  
(c) Moving average of 

VACF  
(d) Moving average of 𝐷ଶ 

Fig. 5 Relationship between t and VACF or 𝐷ଶ of MD 
simulation (red line) and that of GANs (blue line) in case 8. 

The window size of the moving average is taken as 2 ps in all 
data 

 

3-4. Comparison of MD simulation and GANs prediction  

 To evaluate the prediction accuracy of GANs, we calculated the relative error of the self-diffusion coefficient to that calculated 
by MD. The self-diffusion coefficient was calculated from the MD simulations by changing the initial condition five times for each 
condition in Table 1. We used the average of the self-diffusion coefficients of these five MD simulations as the true value when we 
obtain the relative error of the predicted value via GANs. The self-diffusion coefficients in each case are shown in Table 2, and the 
absolute error value and relative error value are shown in Table 3. Figure 6 shows the relationship between liquid density and self-
diffusion coefficient, and reveals that the absolute error of the self-diffusion coefficient decreased as the density increased.  Figure 
7 shows the relationship between liquid density and relative error of the self-diffusion coefficient in Fig.6, and reveals that the 
relative error of the self-diffusion coefficient tended to decrease as the density increased. The relative error of the self-diffusion 
coefficient at 1501 kg/m3 and 120 K (case 11) increased compared to that at 1400 kg/m3 and 120 K (case 14). As shown in Table 3, 
the absolute error of case 11 is lower than that of case 14. In contrast to the absolute error of those cases, the MD value of the self-
diffusion coefficient decreases markedly, and consequently the relative error increases. This increase of the relative error does not 
mean the prediction performance decreases. We can speculate that it might relate to the large local density fluctuations due to the 
lower densities in the system. The density affects the characteristics of temporal changes in molecular velocities caused by 
intermolecular collision within a period corresponding to the data length used in the GANs of the present study. In other words, 
under a high density condition, the velocity trajectories used for the GANs considered to be relatively regular since relatively 
uniform intermolecular collisions occur within the period equivalent to the data length used in the GANs. However, under a low-
density condition, within the period equivalent to the data length used in the GANs, molecular collisions may occur in some 
cases and others not, that is, non-uniform intermolecular collisions may occur. The density affects the characteristics of temporal 
changes in molecular velocities caused by intermolecular collision within a period corresponding to the data length used in the 
GANs of the present study. Additionally, Fig. S 6-9 in the Supplementary Information shows a comparison of velocity trajectories, 
MSD and VACF in case 8, where the data length in a single output is set to 64 and 256, respectively. These results suggested that 
increasing the data length for prediction improves prediction accuracy as discussed in the SI. Therefore, since the data length 
was constant regardless of all conditions in the present study, we can speculate that the GANs learn the characteristics of data 
easier under high density conditions, and the prediction accuracy by the GANs is also improved compared to the low density 
conditions. Also, since the GANs were trained using the batch learning method, there was a tendency to overlook samples with 
specific behaviors, especially in lower density conditions. We consider that also might cause the underestimation of the self-diffusion 
coefficient of GANs prediction compared to MD. 
 Figure 8 shows the relationship between temperature and self-diffusion coefficient. The relative error of the self-diffusion 
coefficient is shown in Fig. 9. The absolute error and relative error tended to increase as the temperature increases, and a positive 
correlation was suggested between the errors and temperature. The trend between the temperature and errors might be caused by 
the correction of domain-knowledge employed in the present study. In the present study, the domain-knowledge corrected the 
average and variance of molecular velocities. The variance of velocity under high-temperature conditions is larger than that under 
low-temperature conditions. When the variance was corrected using domain knowledge, a higher variance resulted in a greater 
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discrepancy between the original and generated distributions of molecular velocities. Since the variance increases with temperature, 
this correction may contribute to the larger error at higher temperatures. However, as shown in Fig. 6 and 8, the influence of 
temperature is much smaller than that of the density. 
 Finally, we discuss the influences of the calculation methods on self-diffusion coefficients predicted via GANs. The difference 
of self-diffusion coefficient calculated using method 1 and method 2 falls within the error of two significant digits as shown in Table 
3. These results apparently show that the difference of the self-diffusion coefficients between MD simulations and GANs comes 
from the temporal trajectories of molecular velocities between MD simulations and GANs independent on the calculation 
procedure of methods 1 and 2. When using method 1 for the calculations of self-diffusion coefficients, it is possible to confirm 
the validity of the GANs prediction through qualitative trend of MSD. In contrast, the GANs can reproduce the similar trend of 
VACF with moving average using method 2 although they fail to reproduce the short-term fluctuations. Therefore, when 
evaluating in small segments of ensemble average, we consider that the method 1 is preferable for the prediction of self-diffusion 
coefficients rather than method 2. As we mentioned above, when we calculate the self-diffusion coefficient via method 1, we need 
to obtain displacement trajectories of molecules by integrating the velocity trajectory output from the generators of GANs. On the 
other hand, when we employ method 2, we can calculate the self-diffusion coefficient directly from the trajectory outputs of 
molecular velocities. The GANs employed in the present study were supposed to acquire the stochastic time evolutions of molecular 
velocities which were not determined by Newton’s equation. Even if the velocity trajectories were ideally predicted, there was no 
guarantee that the integrated molecular displacements using predicted velocities would be proper to calculate the diffusion properties. 
However, the results obtained suggest that the integrated quantities can also be reproduced even considering the stochastic temporal 
evolution predicted by GANs.  
 The comparison of calculation time required for MD and GANs is shown in Table 4. The total calculational time of MD is 
smaller than that of GANs in the cases of a small number of molecules. However, for the most computationally demanding 
conditions (case 13-15), the MD simulations required 13 hours after relaxation calculation to obtain the 3 ns of data. In contrast, 
for GANs, extracting 0.9 ns of training data took about 4 hours, and the additional 6 hours were required for training and 
prediction, resulting in a total of 10 hours to obtain 3 ns of data. Since the processing time for GANs remains constant regardless 
of the conditions of MD simulation as shown in Table 4, the reduction in computational cost becomes more significant for larger 
and more complex systems which require long calculation time compared with the present simple and small molecular system 
of Lennard-Jones potentials. In the present study, all calculations were performed on the following hardware: PC : HPC5000-
XIL216TS-D8, CPU : Xeon Gold 6326 (16core, 2.9 GHz and 185 W), GPU : GeForce RTX 4090 (24 GB and 450 W). 
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Fig. 6 Relationships between density and self-diffusion 
coefficient of different calculation methods (straight line is 
method 1, dotted line is method 2) with different samples 

(red is the MD sample, blue is the GANS prediction sample) 
at temperatures of 100, 120 and 140 K. 

 

Fig. 7 Relationships between density and the relative error of 
the self-diffusion coefficients from different calculation 

methods (straight line is method 1, dotted line is method 2) at 
temperatures of 100, 120 and140 K. 
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Fig. 8 Relationships between temperature and self-diffusion 
coefficients from different calculation methods (straight line 

is method 1, and dotted line is method 2) with different 
samples (red is the MD sample, blue is the GANS prediction 

sample) at densities of 1098, 1291 and 1501 kg/m3. 
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Fig. 9 Relationships between temperature and self-diffusion 
coefficient of different calculation methods (straight line is 
method 1, dotted line is method 2) at densities 1098, 1291 

and 1501 kg/m3. 
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Table 2.   Comparison of the self-diffusion coefficients found by MD simulation and GANs in each case calculated by 
methods 1 and 2.

 𝐷 ൈ 10ିଽ [mଶ/s] 
 GANs MD GANs MD GANs MD 
 case1 case2 case3 

method 1 5.17േ 0.11 
6.0361
േ 0.0004 

6.09 േ 0.17 
7.2615
േ 0.0012 

7.19 േ 0.07 
8.4833
േ 0.0011 

method 2 5.09േ 0.11 
5.9661
േ 0.0005 

6.15 േ 0.14 
7.1707
േ 0.0006 

7.16 േ 0.07 
8.3844
േ 0.0009 

 case4 case5 case6 

method 1 4.19േ 0.06 
4.6967
േ 0.0003 

4.81 േ 0.06 
5.6491
േ 0.0012 

5.67 േ 0.07 
6.6717
േ 0.0007 

method 2 4.16 േ 0.04 
4.6618
േ 0.0005 

4.79 േ 0.06 
5.5938
േ 0.0012 

5.65 േ 0.06 
6.5964
േ 0.0010 

 case7 case8 case9 

method 1 3.27േ 0.04 
3.5853
േ 0.0006 

3.85 േ 0.04 
4.3675
േ 0.0005 

4.74 േ 0.08 
5.3149
േ 0.0007 

method 2 3.25േ 0.04 
3.5626
േ 0.0009 

3.83 േ 0.04 
4.3333
േ 0.0004 

4.67 േ 0.02 
5.2846
േ 0.0004 

 case10 case11 case12 

method 1 2.29 േ 0.03 
2.4722
േ 0.0001 

2.89 േ 0.02 
3.1171
േ 0.0004 

3.48 േ 0.03 
3.8411
േ 0.0003 

method 2 2.27േ 0.04 
2.4703
േ 0.0004 

2.87 േ 0.03 
3.1101
േ 0.0004 

3.48 േ 0.05 
3.8292
േ 0.0006 

 case13 case14 case15 

method 1 1.54 േ 0.03 
1.6036
േ 0.0002 

1.91 േ 0.02 
2.1126
േ 0.0002 

2.55 േ 0.04 
2.7408
േ 0.0001 

method 2 1.54േ 0.03 
1.6150
േ 0.0001 

1.94 േ 0.01 
2.1213
േ 0.0002 

2.55 േ 0.04 
2.7378
േ 0.0002 

Table 3.   Comparison of the absolute and relative errors found by MD simulation and GANs of the self-diffusion coefficients 
in each case calculated by methods 1 and 2.

 
Absolute error 
ൈ 10ିଽ [mଶ/s] 

Relative error 
[-] 

Absolute error 
ൈ 10ିଽ [mଶ/s] 

Relative error 
[-] 

Absolute error 
ൈ 10ିଽ [mଶ/s] 

Relative error 
[-] 

 case1 case2 case3 
method 1 0.88 േ 0.12 0.15 േ 0.02 1.15 േ 0.14 0.16 േ 0.02 1.28 േ 0.07 0.15 േ 0.01 
method 2 0.87 േ 0.11 0.14 േ 0.02 1.02 േ 0.17 0.14 േ 0.02 1.23 േ 0.07 0.15 േ 0.01 

 case4 case5 case6 
method 1 0.51 േ 0.04 0.11 േ 0.01 0.84 േ 0.06 0.15 േ 0.01 1.01 േ 0.06 0.15 േ 0.01 
method 2 0.50 േ 0.06 0.11 േ 0.01 0.80 േ 0.06 0.14 േ 0.01 0.95 േ 0.07 0.14 േ 0.01 

 case7 case8 case9 
method 1 0.32 േ 0.04 0.09 േ 0.01 0.52 േ 0.04 0.12 േ 0.01 0.58 േ 0.02 0.11 േ 0.004 
method 2 0.30 േ 0.02 0.09 േ 0.01 0.50 േ 0.03 0.12 േ 0.01 0.62 േ 0.06 0.12 േ 0.01 

 case10 case11 case12 
method 1 0.19 േ 0.04 0.08 േ 0.02 0.23 േ 0.03 0.07 േ 0.01 0.37 േ 0.05 0.10 േ 0.01 
method 2 0.20 േ 0.03 0.08 േ 0.01 0.24 േ 0.02 0.08 േ 0.01 0.35 േ 0.03 0.09 േ 0.01 

 case13 case14 case15 
method 1 0.07 േ 0.03 0.04 േ 0.02 0.21 േ 0.01 0.10 േ 0.01 0.19 േ 0.04 0.07 േ 0.02 
method 2 0.07 േ 0.03 0.05 േ 0.02 0.18 േ 0.02 0.08 േ 0.01 0.19 േ 0.05 0.07 േ 0.02 
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Table 4. The comparison of calculation time required for MD and GANs. 
Cases CPU:MD(hours) CPU/GPU:GANs(hours) 
1-3 3.5 1/6 
4-6 3.5 1/6 
7-9 6 2/6 

10-12 9 3/6 
13-15 13 4/6 

 
 
 

Conclusions 
 In the present study, MD simulations of liquid Ar molecules in equilibrium were performed to produce time series predictions 
of molecular velocities using GANs so as to investigate the applicability of GANs for the prediction of diffusion properties of 
liquid molecules. The impact of temperature and density conditions in the system on the GANs-based prediction method was 
investigated numerically, and the differences in calculated diffusion properties predicted by GANs using the Einstein and the 
Green–Kubo relations were found numerically. A summary of the results is as follows: 

1. The probability density of molecular velocities predicted by the GANs and that sampled by MD show good agreement 
regardless of the density and temperature conditions. 

2. It was confirmed that the prediction performance of GANs is influenced by temperature and density conditions. 
3. The error in the self-diffusion coefficient predicted via GANs in comparison with that found by MD simulations tends 

to decrease as the density increases and the temperature decreases. 
4. The self-diffusion coefficients of GANs showed no significant discrepancies between use of the Einstein and the Green–

Kubo relations. 
A partial discrepancy in the molecular velocity trajectory of the learning samples due to local density fluctuations might be one 
of the reasons for the error depending on the density. Also, the domain-knowledge correction might be one of the reasons for the 
error of GANs prediction depending on the temperature.  
 
Nomenclature 
𝐷: self-diffusion coefficient       mଶ∙s-1 
𝒉௝: latent variables of integer j 

𝑘B: Boltzmann constant        J∙K-1 
l: output length of generator 
𝑚: mass            kg 
𝑁: Avogadro constant         mol-1 
𝑛௛: dimension of latent variables 
𝑝ሺ𝐴|𝐵ሻ: conditional probability of A when B occurred 
𝑟: intermolecular distance       m 
𝑟୬: random number in the standard normal distribution 
𝑠ఈ: standard deviation of 𝛼 direction 
𝑇: temperature           K 
∆𝑡ୋ୅୒: time-step of GANs output      s 
∆𝑡୑ୈ: time-step of MD simulation     s 
u: uniform distribution in the range of [0,1] 
𝒗: velocity           m∙s-1 
𝑣௜.ఈ: velocity of 𝛼 direction of the molecule i  m∙s-1 
𝑿௝:௟ሺ௝ାଵሻ: time-series data generated by generator 
𝑥௜,ఈ: coordinate of 𝛼 direction of the molecule i m 
Subscripts 
𝑖: molecular index 
𝑗: integer of prediction loop 
𝛼: element of the three-dimensional array of (𝑥,𝑦, 𝑧) 
1: method 1 
2: method 2 
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