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Multiagent Safe Reinforcement Learning by Decentralized
Event-Triggered Min-Max Optimization

Shunsuke Otani, Naoki Hayashi, and Masahiro Inuiguchi

Abstract—This paper addresses decentralized event-
triggered reinforcement learning with safety constraints. Each
agent has an individual reward function and safety constraints
that depend on the joint actions of agents. The objective is to
maximize the team’s long-term return while satisfying the safety
constraints. We formulate the reinforcement learning problem
as a nonconvex-concave min-max optimization problem and
propose a decentralized policy gradient algorithm. Each agent
has estimations for the optimal primal and dual solutions
of the min-max optimization problem. Different from the
existing decentralized reinforcement learning, the agents share
these estimates only when the error exceeds a predefined
threshold. We show that the estimates of agents converge to
a neighborhood of a locally optimal solution while effectively
reducing the communication overhead.

I. INTRODUCTION

Large-scale Al systems often require handling vast
amounts of data and computational resources. Recently,
decentralized learning has attracted attention due to its
efficiency and scalability. Within this context, cooperative
optimization has played a crucial role in various engineering
fields [1]-[4]. The cooperative optimization methods have
been extended to reinforcement learning [S]-[7]. In multi-
agent reinforcement learning (MARL), several agents inter-
act with the environment in parallel and take actions based
on local observation.

Despite its numerous advantages, developing MARL
methods for real-world applications remains a significant
challenge. Many real-world applications require agents to
operate under strict safety conditions while ensuring optimal
performance [8]. Without proper safety constraints, agents
may take actions that deteriorate the stability of the sys-
tem. To address these challenges, various approaches have
been proposed for safe MARL. Ying et al. introduced a
cooperative safe MARL framework based on a primal-dual
actor-critic method [9]. Lu et al. proposed a decentralized
descent-ascent algorithm for safe reinforcement learning with
gradient tracking [10]. Hassan et al. developed a consensus-
based primal-dual algorithm for safe MARL that accounts
for both peak and average constraints [11].

However, these existing methods for safe MARL face
significant practical limitations in real-world applications due
to their requirement for constant communication at every iter-
ation, which consumes substantial communication resources.
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To address this issue, an event-triggered scheme has been ap-
plied as an alternative communication approach [12]-[15]. In
event-triggered algorithms, agents communicate selectively
by transmitting information to their neighbors only when
certain conditions are met. Unlike periodic communication
schemes, event-triggered mechanisms dynamically adjust the
frequency of communication based on real-time system be-
havior.

This paper considers a decentralized safe reinforcement
learning problem and formulate it as a nonconvex-concave
min-max optimization problem. We propose an event-
triggered decentralized primal-dual policy gradient algo-
rithm. In this approach, each agent has an estimate of
the optimal policy parameters and updates these estimates
through local policy gradient steps while considering safety
constraints via Lagrange multipliers. To reduce communica-
tion overhead, an event-triggering mechanism is employed,
where each agent transmits its current estimate only when the
deviation from its last transmitted value exceeds a predefined
threshold. The theoretical analysis of the algorithm shows
that the agents’ estimates reach consensus and converge
within a neighborhood of a locally optimal solution.

The proposed event-triggered decentralized safe MARL
algorithm provides a significant advantage over existing
methods [8]-[11] by integrating safety constraints and an
event-triggered communication scheme into the learning
process. This integration ensures that agents optimize their
decision-making while strictly adhering to operational limits.
At the same time, the event-triggered mechanism reduces
unnecessary communication by allowing agents to share
information only when a critical change occurs in their
local estimates. This selective communication strategy is par-
ticularly advantageous in bandwidth-constrained networks,
where excessive data transmission can lead to congestion
and increased latency.

Moreover, the analysis of decentralized min-max problems
often relies on the assumption that the objective function is
strongly concave with respect to the dual variable [16], [17].
However, in many practical applications, the strong concav-
ity condition may not be satisfied. The proposed method
addresses this gap by extending the theoretical framework
of prior work to accommodate scenarios where the objective
function is merely concave, rather than strongly concave. By
relaxing this assumption, the proposed approach broadens
the scope of decentralized MARL algorithms while still
maintaining convergence and performance guarantees.

This paper is organized as follows. In Section II, we
address the problem formulation of safe MARL. In Section



III, we propose a decentralized learning algorithm with
event-triggered communication. The analysis of the proposed
algorithm is shown in Section IV. The numerical example is
presented in Section V. Finally, concluding remarks are given
in Section VL.

II. SAFE MULTIAGENT REINFORCEMENT LEARNING

The set of nonnegative real numbers is represented by
R, . For a set S, |S| represents the cardinality of S. For a
set S, A(S) represents the probability simplex. A sequence
of vectors (a;1,a;z2,...,a::) is represented as aj; ;. The
projection of x € R™ onto a point in R is represented
by [x]+. The projection of x € R™ to a closed convex set
S C R™is given by IIs(z) = argminyes |z —y||. Fory > 0
and v € R", the proximal operator of f : R™ — R is defined
by prox.. (v) = arg min,esn { f(z) + (1/29) ]z — v]}.

We consider a multiagent system with /N agents. Each
agent makes independent decisions and exchanges informa-
tion with others through a communication network. The
network is modeled as an undirected graph G = (V, &),
where V = {1,2,..., N} is the set of nodes that correspond
to agents and & is the set of edges that represents com-
munication links between agents. The graph G satisfies the
following assumption in this paper.

Assumption 1: G is connected.

The decentralized safe MARL problem
is modeled as a Markov decision process
(S,{AIN, PARIN |, {Ci}Y,), where S is the global
state space, .A; represents the individual action space,
P:S8 x A— A(S) is the probability distribution function,
A = A3 x Ay x --- x A, is the joint action space,
R; : S x A — R is the individual reward function, and
C; : S x A — R™ is the constraint function.

A policy ¢ : S — A(A;) defines a probabilistic decision-
making rule for agent ¢ by mapping each state s; € S to
a probability distribution over the available actions in the
action space A. The policy 7 is parameterized by 6 € R",
which is a tunable parameter that influences how the agents
select actions in different states. For simplicity of notation,
we denote the parameterized policy 7/ as 7; throughout the
remainder of this paper. The policy satisfies 0 < m;(a; |
s;) <1lforalla; € A, s; € S,andi € V, and ZaiEA i (a; |
s;) =1forall s; € S and ¢ € V. The joint policy 7 : S —
A(A) is given by w(a; | s¢) = Hfil mi(ait | Sit), where
ar = (@1,4,02,¢,---,an,¢) and s, = (814,82, -, SN,t)-

At each iteration ¢, the agents select an action randomly
according to the policy distribution, that is, a; ~ 7(- | s¢).
Once an action is taken, the next state s;y; is given by the
transition probability function P(- | s¢, a¢). The probability
distribution over trajectories, induced by a given policy T,
shows the likelihood of observing a particular sequence of
states and actions. This distribution is given by p(7 | 7) =
p(s0) [T;=g m(at | s6)P(st+1 | 8¢, an).

The goal of the agents is to estimate the parameters 6 by

solving the following safe reinforcement learning problem:
1 XN
e . R
minimize Zz:; J;(0) (1a)

subject to JC(0) < d;, Vi€V, (1b)

where J(0) = Ewp(.jm) [ g0 W Ri(se,a0)] and JE(0) =
Erop(m) [2opeo ViCi(se, ar)] represent the expected cumu-
lative reward and cost, respectively, and d; € R™ is a
constant vector specifying the constraint bounds.

To address this constrained optimization problem, we
introduce the following Lagrange function:

1 N
F0,0) = 5 D £, ), @
i=1

where fi(0,\) = JE@O) + 1/N)NTIC@O), N €
R* is the Lagrange variable, m = vazl m; 18
the total number of all constraints, and JO(0) =
[(JE@O))T,(JEONT,...,(JG(®)T]T. By using the La-
grangian function, the original constrained reinforcement
learning problem (1) can be reformulated into the following
min-max optimization problem:

N
s 1
minimize N;@(Q), 3)
where
(6) = i £0.). @

The min-max optimization problem in (3) presents analyt-
ical challenges because it does not possess convexity with
respect to the primal variable, nor does it exhibit strong
concavity with respect to the dual variable. In particular,
previous works [16], [17] rely on the assumption that the
objective function is strongly concave in the dual variable.
As a result, their analytical frameworks and convergence
guarantees cannot be directly applied to this problem setting.
To address these challenges, the following sections introduce
a decentralized event-triggered primal-dual algorithm for
the nonconvex-concave min-max optimization problem (3)
through the analysis of the Moreau envelope [18].

III. DECENTRALIZED EVENT-TRIGGERED ALGORITHM
FOR SAFE MARL

In this section, we propose a decentralized event-triggered
algorithm for the safe multi-agent reinforcement learning
problem (1). Let §; ; and A, ; be agent ¢’s optimal estimations
for the parameter 8 € © and the optimal solution to the
Lagrange dual problem A\* € A at iteration ¢, where © C R™
and A C R} are the feasible solution sets for the parameters
and the Lagrange variables. The proposed algorithm for agent
1 is summarized in Algorithm 1. For convenience, we call
the solution to the problem (1) and that of the problem (3)
“primal solution” and “dual solution”, respectively.

Each agent sets the initial primal solution éi,o =6;0€0
and the dual solution 5\1»70 = A0 € A. The initial step sizes
ng > 0 and 1, > 0 should be set adequately.



Algorithm 1 Decentralized Event-Triggered Algorithm for
Safe MARL
Input: Set initial values: ém = 0,0 € © and 5\1»,0 =
Ai,0 € A. Set stepsizes g > 0 and 1) > 0.
fort=1,2,....,7T do
Update the estimates by

N

Zig =01+ Zpij(éj,tfl - éi,tfl)a @)
j=1
N A~ ~
Wit = Nit—1 + Zpij()\j,t—l — Ait—1), (6)
=1
Oir =g [zit — MoV fi(Oir—1,Nit—1)], @)

Nijp =IIp [wiy + VA fi(Oii—1, Nii—1)] - (8)

if 05,0 — 0501 > €%, or |Aiy — Aig—1]| > €}, then
Set éi,t = ei,t and /A\i,t = )\iﬂg.
else
Set éi,t = éi,t—l and S\i,t = j\i,t—l-
end if
end for

During each iteration ¢, every agent ¢ first performs a
consensus step by collecting information from its neighbors.
The agent computes the values of intermediate variables z; ;
and w;; by combining its own previous values ¢;:_; and
Ait—1 with weighted differences between the most recently
received information from its neighboring agents, where the
edge weight with agent j is predetermined as p;;.

After the consensus step, each agent updates its primal
variable 0;; by taking a projected gradient descent step on
the Lagrange function f;. At the same time, the dual variable
At 1s also updated via a projected gradient ascent step.

The event-triggering mechanism determines whether an
agent should communicate its updated values to neighbors.
The agent checks if the difference between the newly com-
puted values and the previously shared values exceeds the
thresholds ef’t for the primal variable or ef"t for the dual
variable. If either threshold is exceeded, the agent updates
its shared values éi}t and S\i’t to the newly computed values
and communicates these to its neighbors. Otherwise, the
agent keeps its previously shared values unchanged and skips
communication for that iteration.

IV. CONVERGENCE ANALYSIS

In this section, we present a theoretical analysis of the pro-
posed decentralized event-triggered primal-dual algorithm.
Due to space limitations, the proofs of the results in this
section are not included in this paper.

Since © and A are closed and convex, there exist positive
constants Dy and D) such that ||6; ;|| < Dg and || A; || < D
for any ¢ € V and t > 1. Moreover, there exists a positive
constant L such that ||V f;(0,\)]| < L and ||V fi(6,N)] <
LforalliceV,0c 0O, and \ € A.

In this paper, we assume the smoothness of the Lagrange
function in the primal variable.

Assumption 2: For any ¢ € V and any 6, §/ € R",
there exists a positive constant ¢ such that ||V f;(6,-) —
V@) < e — o]

To facilitate the convergence analysis of the proposed
algorithm, we introduce the concept of the Moreau envelope,
which is a fundamental tool in nonsmooth optimization. The
Moreau envelope provides a smooth approximation of poten-
tially nonsmooth functions and allows us to analyze the con-
vergence of the algorithm using differentiable surrogates. In
this paper, we consider the following Moreau envelope [18]:
®; 1 /(20 (x) = mingepn {Pi(w) + £||w — z[|*}. According
to the results in [18], it is known that under Assumption 2,
the Moreau envelope ®; ;/(2¢) is not only convex but also
differentiable, even when the original function ®; may be
nonsmooth. In fact, the gradient of the Moreau envelope is
explicitly given by

VO, 120 (x) = 20(x — proxe, 1,(20)(T))- ©)

To proceed with the analysis, we add the following as-
sumption that the distance between a given point and its
proximal point is uniformly bounded [18].

Assumption 3: For any x € R”, ¢+ € V, and t >
1, there exists a positive constant D, such that ||z —
ProxXg, 1/(20) ()| < Ds.

From (9), Assumption 3 ensures that the gradient of the
Moreau envelope is bounded, which is essential for deriving
convergence guarantees.

We further introduce the following assumption on the edge
weight.

Assumption 4: For each agent 1
positive constant ¢, € (0,1) such that

Zcpy jEMa
Pij -0

€ V, there exists a

J¢N;,

and pi; = 1 — > . pij > ¢p forall j €V, where N; =
{7eVv|{ijte S} is the neighbor set of agent .

Finally, we introduce an assumption concerning the event-
triggered communication mechanism. In the proposed algo-
rithm, agents share their local information with neighbors
only when a triggering condition is satisfied, that is, when
the deviation of their local estimates exceeds a specified
threshold. Let e; be the upper bound of the allowable trigger
error such that e, = max{max;cy €/ ,, max;ey €7, }.

Assumption 5: There exists a positive constant F satisfy-
ing >0 e < E.

To analyze the effect of event-triggered communication on
the algorithm’s behavior, we introduce notation to represent
the local trigger errors. Let hfyt and hg\)t be the trigger errors
defined by h?, = 0;—0;, and hy = Ai.t— i, respectively.
From (5), we have z; ; = Zjvzl pijlie—1+qf, , and w; ; =
S i A1+ @)y where gf, = N pij(h?, —h0)
and ¢}, = Ejvzl pij(hiy — h;\,t)'

We provide several key lemmas that quantify the behavior
of the primal and dual variables over time. The first result,
Lemma 1, evaluates an upper bound on the deviation of



each agent’s local variables from their corresponding average
values.

Lemma I: Under Assumptions 1-5, for any ¢ € V and
t > 1, we have

16,0 — 64|
< CNDgy' =t 42 <lc_]\; + 2) (2e4—1 + Lng), (10)
[Xie — Al
< ONDy'1 42 <1C_A; + 2) (2e4—1 + Lny), (A1)

where 0; = (1/N) SN 0,0, A = (1/N) SN N\, C >0,
and 0 < vy < 1.

From Assumption 5, the allowable trigger error converges
to 0. Thus, this lemma shows that, for sufficiently small step
sizes, agents can achieve consensus even in the presence
of sparse and irregular communication by event-triggered
scheme.

The next lemma shows a bound on the aggregate gradient
of the Moreau envelope.

Lemma 2: Under Assumptions 1-5, for any % € V and
t > 1, we have

N 2
1 _
N > @i/000:i1)

i=1

N
< (I6is-1 = Oal® = 16i—1 — 6%

=1

1
+ %AH + 240L%ny + 24¢LD
320

D
+16¢ <L + > €1+ —e?_,,
Mo Mo

12)

where At = Zi\il Ai,t’ Ai,t = q)z(ét) — fi(9t7;\t), and
D = max{Dy, Dy}

The next lemma provides a bound on the time-averaged
duality gap.

Lemma 3: Under Assumptions 14, for all i € V, we have

1 T
oA
t=0
N N(2D, D
<(Ag+NL(12E 07+2 +M
-~ I—~
ANFE (2D L 4F ~ 1
L ANEQDy + L + )+A0+2LND,\)T
BN

20N
+2NL? (1—v + 7) g

2CN 13 2N D3
+NL2<1+>m+ A

+2NL(3E 4 2D,),
(13)

-7 2 A
where AO = f(9_0, 5\0) - minf(x, 5\0)

The result shows that by properly tuning the step sizes
and the trigger threshold, the duality gap is bounded.

By combining the results of the previous lemmas, we
arrive at the main convergence theorem of the proposed
algorithm. Theorem 1 characterizes the convergence behavior
of the decentralized event-triggered primal-dual algorithm in
terms of the average norm of the aggregated gradient of the
Moreau envelopes.

Theorem 1: Under Assumptions 1-4, for all i € V, we

1 & _
N Zq)i,l/(%)(et)

i=1

<& (Ao +NL (12E (CN + 2> 4 GN@Do 1+ D) D*)>
1—v 1—vy

| ANE@D) + Ly +4E) D? + 8N E?

X 219

+ Ay + QLNDA) %

8(L? (4CN 16¢ED
+ <+14+3N)n9+

N \1-~ Ut
8¢L? (2CN N 13 N 16¢D3
N \i=7 " 2)™ T

+ 8(L(8E + 4Dy + 3D). (14)

Theorem 1 confirms that, despite the reduced communi-
cation induced by the event-triggered scheme, the algorithm
achieves near-optimal convergence.

V. NUMERICAL EXAMPLE

We consider a 4 x 4 Cliffwalk environment in Fig. 1 [19].
Each agent incurs a cost of 1 for every action, representing
movement cost or energy consumption. Entering a cliff cell
at (3,1) or (3,2) incurs a penalty of cost 5, after which
the agent is returned to the starting point. Slippery cells at
(2,1) and (2, 2) have a 10% chance of causing an unintended
transition into the cliff, modeling indirect risk.

Three agents, starting from (3, 0), (2, 2), and (1, 2), aim to
collaboratively minimize the expected cumulative cost while
avoiding risky areas. The communication topology among
the agents is shown in Fig. 2.

We set the discount factor to v = 0.9999 to emphasize
long-term performance. Both the primal and dual step sizes
are set to g = 1y = 0.001. The event-triggering thresholds
for both primal and dual updates are set as ef,t = ef:t =
C./+/t for all agents, where C, is a positive constant. The
agents aim to learn policies that satisfy the cost constraint
in expectation, with a target threshold of 6 corresponding to
the safety policy.

Fig. 3 compares the total loss of the agent starting at (3, 0)
under event-triggered and time-triggered schemes. In the
time-triggered method, where the communication threshold
is set to C. = 0, agents communicate their policy parameter
updates at every iteration. In contrast, the event-triggered
method with C. = 50 allows agents to communicate only
when the magnitude of their update exceeds the threshold.
Despite this difference, Fig. 3 shows that both methods
achieve a steady decline in loss over time, which confirms
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Fig. 1.

Fig. 2. Communication network

the effective learning of the proposed event-triggered al-
gorithm. We note that the event-triggered scheme achieves
this performance with reduced communication overhead as
shown in Fig. 4, which illustrates that the total number of
communications required by each agent is reduced by more
than 60% compared to the time-triggered approach. These
results demonstrate that the proposed event-triggered strategy
offers an effective balance between learning performance and
communication efficiency.

Figure 5 illustrates the evolution of the cumulative cost
incurred by agent 1 under both constrained and unconstrained
policy settings. In the constrained case, the agent adheres
to safety requirements by selecting actions that avoid high-
risk areas, where the total cost converges to 6. This is
achieved by taking the longer but safer route: (3,0) —
(2,0) —» (1,0) — (1,1) — (1,2) — (1,3) — (2,3) —
(3,3). In contrast, the unconstrained policy, which ignores
the cumulative cost, chooses a shorter but riskier route:
(3,0) = (2,0) — (2,1) = (2,2) — (2,3) — (3,3). This
route results in a lower cumulative cost of 4, but increases
the likelihood of encountering undesirable transitions. The
comparison between these results demonstrates the trade-off
between performance optimization and safety assurance. By
incorporating safety constraints into the policy optimization
process, agents are guided to avoid potentially hazardous
scenarios even if it results in a higher cumulative cost.
Therefore, the proposed event-triggered reinforcement learn-
ing framework is suitable for safety-critical and resource-
constrained networks where constraint violations can lead to
significant negative consequences.
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VI. CONCLUSION

This paper investigated an event-triggered safe reinforce-
ment learning algorithm for multi-agent systems under
safety constraints. By formulating the learning problem as
a nonconvex-concave min-max optimization, we introduced
a decentralized primal-dual policy gradient method that en-
ables agents to collaboratively optimize their policies while
satisfying system constraints. Theoretical analysis showed
that the proposed algorithm ensures consensus among agents
and that their policy estimates converge within a bounded
neighborhood of a locally optimal solution while effectively
reducing the number of communications. Future work will
consider further refinements to the event-triggering algorithm
under more practical conditions such as communication
delays and packet loss.
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