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Decentralized Reinforcement Learning with Risk Aversion in
Multi-Agent Systems

Daichi Ishikawa, Taisei Ichino, Naoki Hayashi, and Masahiro Inuiguchi

Abstract— This study addresses risk-averse distributed re-
inforcement learning in multi-agent systems, where agents
collaboratively optimize their policies with a risk index in the
objective function. Unlike conventional reinforcement learning,
which maximizes the expected cumulative reward, the proposed
risk-averse reinforcement learning incorporates Conditional
Value at Risk (CVaR) to account for rare but significant adverse
events. We propose a risk-averse distributed reinforcement
learning algorithm based on the policy gradient method, which
enables agents to collaboratively update their policies by shar-
ing information through a communication network. Through
a theoretical analysis, we show that the proposed algorithm
ensures agreement among agents on their estimated policies.
Moreover, we show that the consensus value converges in a
neighborhood of a locally optimal solution, which ensures that
each agent’s learned policy remains aligned with risk-aware
optimization criteria.

I. INTRODUCTION

Distributed optimization has gained significant attention
across various engineering fields such as transportation net-
works, power grids, and sensor networks [1]-[6]. Recently,
the principles of distributed optimization have been extended
to reinforcement learning [7]-[9]. In distributed reinforce-
ment learning, multiple agents interact with the environment
in parallel to improve learning efficiency. By having each
agent experience different environmental conditions and ac-
tion choices, it is possible to aggregate a variety of data that
cannot be obtained by a single agent.

The goal of traditional reinforcement learning is to max-
imize the expected cumulative reward [10]. Although this
approach effectively optimizes average performance, it im-
plicitly assumes that occasional adverse outcomes are accept-
able. However, this assumption cannot be allowed in critical
applications where rare events are unacceptable regardless
of how well the system performs in typical scenarios. For
example, in the control of autonomous vehicles, minimizing
accident risk as well as improving average driving efficiency
is an important issue [11]. In such cases, it is necessary to
learn policies to achieve stable driving while avoiding unsafe
control input.

To address these challenges, risk-averse reinforcement
learning has gained attention as an important extension of
the conventional risk-neutral framework. The Value at Risk
(VaR) and Conditional Value at Risk (CVaR) are commonly
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used as measures to evaluate risk [12]-[15]. The VaR is
an indicator that shows the maximum value at which the
loss does not exceed the threshold at a certain confidence
level. On the other hand, the CVaR represents the average
value of losses that exceed VaR and can be used to evaluate
the expected loss in the worst-case scenario. Therefore,
incorporating these indicators into the objective function
enables risk-sensitive decision making.

This study investigates risk-averse reinforcement learning
over a multi-agent network by incorporating CVaR. The
proposed method with CVaR is suitable for scenarios where
avoiding extreme losses is crucial. However, incorporating
CVaR in reinforcement learning presents significant chal-
lenges due to the lack of time consistency. To overcome this
difficulty, we apply an approach that transforms risk-averse
reinforcement learning into an equivalent risk-neutral rein-
forcement learning formulation [14]. This approach enables
the application of existing optimization techniques while
preserving risk sensitivity. We propose a distributed policy
gradient algorithm based on consensus-based algorithms to
ensure efficient learning in multi-agent systems. This method
allows agents to collaboratively optimize risk-aware policies
while efficiently exchanging information across the network.

Numerous distributed methods have been proposed for
safe reinforcement learning [16]-[18]. Most of these methods
formulate the problem as a minimax optimization problem
with safety constraints. While these approaches provide ro-
bustness to a certain extent, they do not explicitly account for
rare but critical events that can significantly impact system
performance. In contrast, the proposed risk-averse approach
with CVaR can handle such extreme risks. As part of CVaR-
based distributed reinforcement learning, Qiu et al. intro-
duced a cooperative reinforcement learning framework that
incorporates risk-sensitive policies [19]. Their method ef-
fectively integrates risk awareness into multi-agent learning,
but it does not take into account the impact of information
sharing among agents, which is crucial in distributed settings
where communication plays a key role in coordination and
learning efficiency. In this study, we apply distributed op-
timization methods [20], which allows agents to exchange
policy updates and improve learning performance through
consensus-based mechanisms. Another relevant approach is
the QD-learning algorithm with CVaR, which addresses
decision-making problems in unknown environments using
a value-based learning framework [21]. While this method
effectively incorporates risk-awareness, it relies on value-
function approximation, which can be computationally inten-
sive and may not scale efficiently in large-scale multi-agent



systems. In contrast, this study focuses on a policy-based
approach to distributed risk-averse reinforcement learning,
which enables direct policy optimization across networked
agents. By integrating risk-awareness with policy gradient
methods, the proposed approach provides a scalable and
flexible framework for multi-agent reinforcement learning in
environments with uncertainty.

This paper is organized as follows. In Section II, we
address the problem formulation of risk-averse reinforcement
learning for multi-agent systems. In Section III, we propose
a distributed learning algorithm for risk-averse reinforcement
learning. The analysis of the proposed algorithm is shown in
Section IV. A numerical example is presented in Section V.
Finally, concluding remarks are given in Section VI.

II. PROBLEM FORMULATION

For a set S, |S| represents the cardinality of S. e;
represents the canonical basis where the i-th element is
1 and other elements are 0. 1 represents the vector with
an appropriate dimension whose elements are all 1. The
notation [Al;; is used to represent the (i,j)-th element of
the matrix A. Similarly, [a]; represents the i-th element of
the vector a. A sequence of vectors (a;1,a;2,...,0;%) 18
represented as a; [1 ;- The positive part function is defined
as [r]4 = max{z,0} for z € R.

We consider a multi-agent system where the information
exchange among agents is represented by a directed graph
G =(V,E), where V = {1,2,...,N} is the set of agents
and & is the set of the communication links.

Assumption 1: The graph G is strongly connected.

Each agent ¢ € V is modeled as a Markov Decision
Process (MDP) M; = (S, A, C;, Pr,;,p), where S and A
are the finite state and action spaces of agent i. C;(s;,a;) €
[0,1] represents the loss that depends on state s; € S and
action a; € A. Pr(- | s;,a;) is the transition probability
that defines the probability of transitioning to any next state
when agent ¢ is in state s; € S and takes action a; € A.
vi € (0,1) is the discount factor that adjusts the weights
given to losses that occur further in the future. p is the
probability distribution that the initial state follows.

A stationary Markov policy ¢ : S — A(A) is pa-
rameterized by 6 and defines a mapping from each state
s; € S to a probability distribution over the action space.
For simplicity of notation, we denote the policy as ;. The
notation A(A) represents the probability simplex, which
ensures that the policy satisfies the fundamental properties
of a valid probability distribution: (i) 0 < m;(a; | s;) <1 for
all a; € Aand i €V, and (ii) >, 4 mi(a; | s;) =1 for all
sie€Sand i€ V.

Given a policy 7;, each agent follows a stochastic process
over trajectories {(s; k, @ik, Ci(Sik, aik)) oo, where s; x
represents the state of agent ¢ at time k € {1,2,...}, a;
is the action taken at that time, and C;(s; ,a; k) is the cost
incurred. For simplicity of notation, we rewrite C;(s; k., @i k)
as c; ;. The trajectory begins with an initial state s; ; drawn
from the given initial state distribution p. At each subsequent
time step k, the action a; ) is sampled according to the

policy, that is, a; 5 ~ m(- | ;). The next state s; jy1
is then determined by the transition probability function
Pr(~ ‘ st,ai,k).

The Q-value function Q7° : & x A — R shows the
performance by the expected total cost when starting from a
state-action pair (s;,a;) and subsequently following policy
7;. The Q-value function is defined as

Q;Tl (5i7ai)
o0
t—1
=E Z’Y{ Ci(si,kvai,k) Ty 85,1 = Si, Q3,1 = Q4
t=1

(1

The risk indicator value used in this study is given by the
following upper «;-tail CVaR [14]:

pi g k=1 (e k) = CVaRy, [cik | 84,11,6—1]]5 2
where

CVaRq, [cik | 5i11,0—1]]

ni,k ER

i) } .3

and 7, € H = [0,1] is an auxiliary variable. The mini-
mum of the right-hand side is achieved when the auxiliary
variable 7, is set to the VaR at level o, that is, 7, =
VaRa, [¢ik|si1,6—1)] = inf{v | F;(v) > 1 — «;}, where F;
is a cumulative distribution function. Thus, the CVaR can
be interpreted as the expected loss in the worst «;-fraction
of scenarios, that is, CVaRy,[cik | 5ij1,6—1)] = Elcix |
cik > VaRa, [¢i k|S;,1,5—1)]]. The parameter a; controls the
level of risk aversion, that is, smaller values of «; indicate a
greater focus on extreme events. This flexibility allows CVaR
to adapt to varying levels of risk tolerance by managing tail
risk in uncertain environments.

In this paper, we consider transforming risk-averse rein-
forcement learning with expected conditional risk measures
into an equivalent formulation that allows it to be treated
as a risk-neutral reinforcement learning problem [14]. This
transformation enables the application of standard techniques
for reinforcement learning while preserving the underlying
risk-sensitive decision-making framework. To achieve this,
we introduce the following modified loss:

. 1
= min {m,k + —E |:[C’Lk - Th‘,kh
(673

Cii(sinsain,mi2) = Ci(si1,ai1) +vini2, (@)

1
Ci i (Si ks Mi ko> Qilos Mikt1) = o (Ci(Si ks @i k) = Mik] 4

+ Vil k1, k> 2. )

As shown in [14], if we use (4) and (5) as the new
reward functions and define the action at time step k as the
pair (a; k, 7 k+1). then the original risk-averse reinforcement
learning problem can be equivalently formulated as a stan-
dard risk-neutral reinforcement learning problem. Moreover,
it has been shown that under this transformation, there exists
an optimal policy that is deterministic and stationary in
the transformed problem setting [14]. This result implies
that optimal decision-making in risk-averse reinforcement



learning can be effectively realized using a policy structure
similar to that in conventional risk-neutral settings.

Based on this insight, we consider a class of policies
7 = (m4,ma) € A(A x H)ISIOHHD The policy for
the first time step is given by w1 ;(a; 1,72 | Si1), which
determines the initial action a;; and auxiliary variable 7); o
based on the initial state s; ;. For subsequent time steps
k > 2, the policy follows 772}i(aﬁk7m7k+1 | 5i,k777i,lc)»
where the choice of action a; j, and auxiliary variable 7; ;41
depends on the current state s; ;, and the auxiliary variable
7,k In this paper, we consider the following softmax pohcy
with the parameters 6; ; € RIAIHISI and 6, 2 € RIAIHIZISI,

77171‘(%,1,771‘,2 | 51’71)
eXP(Qi,l(Si,l,az‘,lﬂ]z‘,z))
2l s, P00 (500,05 1577 ))
7T2,i(ai,k777i,k+1 | Si,k,m,k)
exp(0i2(Si ks ik, ik, Mik+1))
exp(0,2(Si ks Miks O o M goy1))

)

-5

ai,k7"£,k+1
The goal of the agents is to estimate the optimal parame-
ters of the following problem:

mlmrmze L6

Z I (p (©)

where 0 = [0],07]T € R‘AHHHS\(HIHD and

Ji(p)
= Esi,1~P [Jzﬂ(sl,l)}

= ESi,lNP]E(ai,lsni,2)~771,i('7"5i,1) [sz’i (Si,l’ Q15 771}2)] .

)
The Q-value is given by

Q?’i(sz‘,h a; 1, 77i,2)
=Ci(si1,ai,1) +7iMi2
B E

ai,2,Mi,3)~72,i (5 |,54,2,M4,2)

{1[Ci(8¢,2, a;2)

&%

— Ni2l+ +7ini3

TRSi,2,04,2
+ %ESi,.? ]E(ai,Svni,zl)NTrZ,i('7'|Si,377li,3)

1
{a_[ci(si,& ai,3) - 771‘,3]_,_ + Yifia + e }‘| }] ,

®)

Sik—1,Q4,k—1 __
where ]Esjk e = E[ | Si,k—laaz’,k—l]-

We also define the value function for ¢ > 2 as follows:
‘],m (Si,ks Misk) = B pminsn)~maiCrlsigemie)
Q7 5.k M ks @ik i, k+1)} )
where
Q? (Si ke Mises @i ke Wikt 1)

1
= —[Ci(sik,ai
a[ (8i,k» @i k)

i

— i kl+

+ Vi k+1 + 'YZEs: :ff " [J (31 ks i, k)]

Algorithm 1 Distributed Risk-Averse Reinforcement Learn-
ing Algorithm
1: Initialize 0y ;1(si1,ai1,7i1)> 02,186,111, 01,75 1)
and z;; = e; forall s;1 €S, a;1 € A mi1,m, €H,
and ¢ € V. Set k = 1 and the horizon period 7.
2: Set the softmax policy:

01,
71—17,

aig, iz | si)
— exp(0h,i,1(84,1,ai,1,7i,2))
Za; . exp(01,4,1(s,1, 05 1, 77;,2))’

921
71-21

(10)

(ai,k777z',k+1 | Si,kvni,k)
exp(02,:. 1 (Si ke, Wik, G Jos i k1))
exp(02,i,k (Siks Mi ks O s M 1))

Y

S

’
@G ko k1

3: while £ < K do

4: Generate a trajectory (siyl,ai,l,m,g,cm,si,g,...,
8iT—1,i,T7—1,1:i,T,Ci,T—1,5 1) on policy m =
(71,5, m2,;) and modify the costs as follows:

Ci1 = Ci1 + VN2, (12)
B 1
Cik = —[Cik = Mikl+ +YiMiks1, K22 (13)
5: Update the estimations as follows:
N
Vo, JT
01, k+1 = Zpijol,j,k - Cm, (14)
i=1 i,k
N
Vo, JI
02,0 k+1 = Zpijez,j,k - Cm](_p)v (15)
=1 i,k
N
Zi k1 = Zpijzj,k- (16)
J=1

6: Set k:=k+ 1.
7: end while

III. DISTRIBUTED RISK-AVERSE REINFORCEMENT
LEARNING

In this section, we propose a distributed risk-averse algo-
rithm for the multi-agent reinforcement learning problem (6).
Let 6; ;5 and 65 be the estimations for the optimal pa-
rameters 07 and 03 at iteration k, respectively. The proposed
algorithm for agent ¢ is summarized in Algorithm 1.

After the initialization of parameters, agent ¢ sets the
softmax policies by (10) and (11). Within each iteration
of the main loop, each agent first generates a trajectory by
following its current policy. Then, each agent modifies the
immediate costs by (12) and (13) to incorporate risk sensitiv-
ity into the standard reinforcement learning framework. Once
a trajectory is generated, each agent updates its parameters by
(14) and (15) that combines a consensus term and a gradient
descent term. The gradient terms adjust parameters in the



direction that reduces expected costs and are given by

Vo, J (p)
= ES?‘,lNPE(ai,l777i,2)~7"1,i("5i,1)
[Vel log Wl,i(ai,lani,Q \ Si,l)Q?’i(Si,haz‘,1ﬂ7i,2)} s
(17)
VGQJZW(p)
- _Ji g

1— (Si,kmi,k)Nd;',_rE(ai,k,m,kﬂ)wrz,i(-\Si,kmi,k)
; 7
[V92 log o i (@i ks Mi k1 | Siks Misk)

Q7 (Si ks Mises Qi os Mkt 1) | » (18)

where df is the state visitation distribution, pf(s,n) =

Dosiq P(si1) Pri(sin = s,mi2 = | si;1), and Pr'(7 [ s)
is the probability of observing a trajectory 7 starting from
state s and following a policy 7. The gradient term is scaled
by a learning rate ( and modified by z;. It is known
that, for the directed communication network, the conver-
gence point without modifying the subgradient is deviated
by the normalized left eigenvector of the weight matrix
P = [pi;] € RV*N corresponding to the eigenvalue 1 [22].
The modification by z; ; is incorporated into the algorithm
to compensate for potential imbalances in the information
flow. This variable z;j is updated in (16) to estimate the
normalized left eigenvector of the weight matrix P.

In this paper, we make the following assumption on the
edge weight.

Assumption 2: For each agent i € V), there exists a
positive constant C), € (0, 1) such that

L )=GC GEN,
=00 ggNy

and p;; = 1 — ZjeM- pi; > C, for all i € V, where N; =
{j €V | (j,i) € &} is the neighbor set of agent i.

IV. CONVERGENCE ANALYSIS

Since the cost ¢;, and the auxiliary variable 7); are
bounded, it can be shown that the gradients are also bounded
[14], that is, there exist positive constants D; and Dy such
that ||V, J7 (p)|| < D1 and |V, JT (p)|| < Dy foralli € V.
Moreover, it can be shown that the objective function L is
smooth.

Lemma 1: The cost function L(6) is o-smooth, where
o = max;ep{N(6((1/e;) + 1) + (8/(1 — 7)*)b;)} and

Lemma 1 can be proven in the same way as Lemma 3.9
in [14].

From Assumption 2, the weight matrix P is row-
stochastic. For the weight matrix P, we have the following
results:

Lemma 2 ( [22]): Under Assumptions 1 and 2, there ex-
ists a positive normalized vector w = [wy, ws,...,wy]" €
RY such that

(@ w'l=1,

b)) wl =w'P,

© |[P*ij —w;| < Br¥, VijeV, k>1,

(d) |[Zi,k]i — ’w,l < B’I“k, Vi e V, k>1,
where B > 0, r € (|[A2(P)|,1), and \y(P) is the second
largest eigenvalue of P in modulus. Moreover, there exists
C, > L such that (1/C,) < [z;x]; <1forie€ Vand k > 1.

Let 9_1’]C = Zi\;l wiél,iyk and 0_2,k = le\;l wiﬂg,iyk be
the average estimations of the parameters. The following
lemma shows that the consensus errors of the estimations
are bounded.

Lemma 3: Under Assumptions 1 and 2, by Algorithm 1,
for all 7 € V, we have

101,041 = Orkrall < Brpgr, k=1,

02,041 — O2 k1]l < Bogy1, k>1,

101,01 —01.1] < F11,
162,,1 — 021 < Ea1,

where E17k+1 = QNBTk maney{HeLj,lH} + 2D102C +
2ND:C.B¢r(1 — r®)/(1 —7) (K > 1), Eapyr =
ZNBTk Hlaney{||927j71||} + QDQCZC + QNDQCZBCT'(]. -
Tk)/(]. — 7“) (k Z ].), E171 = 2NBrman€v{||01’j,1H} +
2D,C.(, and E2’1 =2NBr maxjev{||92,j’1H} +2D>C.C.

Lemma 3 can be shown in the same way as Lemma 3 of
[23].

The following theorem shows that the consensus values of
the parameters approach a local optimum.

Theorem 1: Under Assumptions 1 and 2, by Algorithm 1,
we have

K

1 ~ 1

7 Vo LB < LR+FC (9
k=1

1 . 1

7 2 Ve LOp)I < 2B+ Fi¢, (20)
k=1

where Fy, Fy, F|, and F} are positive constants.

V. NUMERICAL EXAMPLE

We consider a stochastic 4 x 4 Cliffwalk environment [14].
In this environment, each agent incurs a loss of 1 for every
action taken, which represents the energy or cost associated
with the movement. However, if an agent enters a cliff cell
located at (3, 1) or (3, 2), it suffers a significantly higher loss
of 5 as penalty for falling off the cliff. Following such an
event, the agent is returned to the starting point. The environ-
ment also introduces slippery cells adjacent to the cliff (2, 1)
and (2, 2). These cells have a 10% probability of causing the
agent to slip into the cliff to reflect the scenarios where risky
areas may indirectly lead to adverse outcomes. The agents
are tasked with collaboratively identifying an optimal route
that minimizes the expected cumulative loss while avoiding
risky areas. In this experiment, we consider three agents each
of which starts from different initial positions: (3,0), (2,2),
and (1,2). The communication network among the agents is
shown in Figs. 2.

To evaluate the agents’ performance, we set the discount
factor to v = 0.9999, which assigns a high weight to
future losses to encourage the agents to prioritize long-term
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Start Cliff Cliff Goal
Fig. 1. Cliffwalk environment

Fig. 2. Communication network

performance. The confidence level for the CVaR is set to
a = 0.05 to emphasize risk aversion by focusing on the
worst 5% of outcomes. The step size for policy updates is
¢ = 0.0008.

At each learning step from 0 to 16000, the total loss
incurred by the agent starting at the position (3, 0) is shown
in Figs. 3 and 4, which corresponds to the learning dynamics
under both the risk-neutral and proposed risk-averse meth-
ods, respectively. These figures show the gradual reduction in
total loss as the learning progresses. The observed decrease
in loss indicates that the agent is successfully adapting its
strategy to minimize cumulative costs. In the case of the risk-
neutral method, the agent focuses on maximizing average
performance without significant consideration of rare but
severe events. Conversely, the risk-averse method aims to
balance performance optimization with risk mitigation, and
hence, the agent avoids extreme losses even at the cost
of slightly higher cumulative loss. These results show the
effectiveness of the proposed learning framework in guiding
the agent toward optimal and risk-sensitive decision-making.

Fig. 5 shows the costs incurred by the agent under both
the risk-neutral and risk-averse methods during the learning
steps from 15980 to 16000. The results show that, in the
case of the risk-neutral method, the policy converges to one
with a cost of 4, whereas for the risk-averse method, the
policy converges to one with a cost of 6. This difference
in cost reflects the routes chosen by the agent under the
two methods. In the risk-neutral setting, the agent selects

4004 —a— risk-neutral

Cost
g

0 2000 4000 6000 8000 10000 12000 14000 16000
iteration

Fig. 3. Cost for risk-neutral method.

—e— risk-averse

250

Cost

100 +

501 ’
oA

0 2000 4000 6000 8000 10000 12000 14000 16000
iteration

Fig. 4. Cost for risk-averse method.

the route (3,0) — (2,0) — (2,1) — (2,2) — (2,3) —
(3,3), which minimizes the total cost but involves the risk
of passing through (2,1) and (2,2), both slippery cells of
falling into the cliff. This path prioritizes efficiency over
safety, as the risk-neutral method focuses on minimizing
the expected cumulative cost without accounting for rare but
severe events.

In contrast, the risk-averse method leads the agent to adopt
a safer route, (3,0) — (2,0) — (1,0) — (1,1) — (1,2) —
(1,3) = (2,3) — (3,3). This path avoids the slippery cliff-
adjacent cells and ensures the agent does not encounter the
high penalty associated with falling into the cliff. Although
this route results in a higher total cost of 6 compared to
the risk-neutral approach, it effectively mitigates the risk
of extreme losses, which reflects the risk sensitivity in the
decision-making process.

These results illustrate the trade-off between efficiency
and safety in the two methods. The risk-neutral approach
emphasizes cost minimization at the expense of potential ex-
posure to rare adverse events, while the proposed risk-averse
method prioritizes safety, even if it entails a modest increase
in total cost. This comparison shows the effectiveness of the
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Fig. 5. Comparison of the Costs for risk-averse and risk-neutral
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Fig. 6. Comparison of the policies for risk-averse and risk-neutral

proposed risk-averse framework in navigating environments
where avoiding extreme risks is crucial.

VI. CONCLUSION

In this study, we have presented risk-averse distributed
reinforcement learning in multi-agent systems. By incorpo-
rating CVaR into the distributed policy gradient method, we
have developed an approach that enables multiple agents
to collaboratively learn an optimal policy that effectively
balances performance optimization with risk mitigation. We
have shown that the policy generated by the algorithm
converges to a locally optimal solution. The numerical ex-
periments have demonstrated that, compared to traditional
risk-neutral methods, the proposed algorithm achieves more
stable learning to avoid rare but adverse events. Potential ex-
tensions include investigating adaptive risk sensitivity based
on environmental conditions by incorporating heterogeneous
risk preferences among agents.
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