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Abstract

We consider the Navier-Stokes equation on a Riemannian manifold with the Ricci curvature
bounded below. In stochastic analysis, a non-degenerate diffusion process on a Riemannian
manifold was obtained by rolling Brownian motion with respect to a suitable metric compatible
linear connection, which was introduced by N. Ikeda and S. Watanabe about 40 years ago. To
each solution of the Navier-Stokes equation, we associate such a connection and compute the
related time-dependent Ricci curvature, which allow us to obtain a link with the strain tensor
and the helicity density in a simple formula in the case of dimension 3.

1. Introduction

The Navier-Stokes equation (in short, NS) in a domain U of R" is a system of partial
differential equations

(11) 6;”[ + (u, . V)ut - VAM; + th = 0, V . ut = O, Ml[:() = M(),

which describes the evolution of the velocity u, of an incompressible viscous fluid with
kinematic viscosity v > 0, where the boundary U of U is assumed to be bounded and
smooth enough, and u(x, 1) = ¢(x,t) for x € AU and ¢ > 0 for a smooth enough function
¢(-, 1) defined on the boundary. This equation applies to all incompressible viscous fluids
including turbulence, the phenomena which are almost as varied as in the realm of life,
cf. U. Frisch [25]. Two types of transport processes are involved in this equation: one is
the diffusion effect described by v Au,, another is the non-linear convection (u, - V) u,. The
Reynolds number

convective effect

diffusion effect
plays a central role in describing the mechanics of the fluid motion. In particular the phe-
nomenon of turbulence appears as the Reynolds number Re becomes larger than the critical
value.
The vorticity & of u, (when n = 3) is given by & = V X u,, which may have some
advantageous in the description of the dynamics of the fluid motion. If i, is a solution to
Navier-Stokes equation (1.1), then & satisfies the vorticity transport equation
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142 S. FanG anp Z. QiaN

d
(1.2) g + Vu,é:l - VAft = Vg"ut,

where V*u,, the symmetric part of Vu,, measures the rate of the strain. The helicity density #;,
defined by &, = u, - &, is a fundamental quantity in the study of laminar and turbulent flows,
as a measure of the degree how the vortex lines of a fluid flow are tangled and intertwined
(see [38]). The information of 4, is helpful to understand the regularity of u,, see for example
[27, 7]. If (44, &) is a solution to (1.2), then together with the Poisson equation, Au = =V X &,
u is determined by the Biot-Savart formula. In [40], Olshanskii and Rebholz proved that the
NS equation is equivalent to the following equation involving vorticity and helicity density:

0
(1.3) g—VAf,+2VZI§,—Vh,:0.

More precisely if (u;, &, hy) is a solution to (1.3), and (u,, &) are linked by Biot-Savart for-
mula, then i, is a solution to (1.1); furthermore, a numerical scheme based on (1.3) was
proposed in [40].

In differential geometry, the Ricci curvature (R ;) is served to describe how a shape is
deformed along geodesics. More precisely, in a geodesic normal chart of a Riemannian
manifold M, the Riemannian metric is written in

gij = 6;; + O(x),

and the density /det g of the volume measure (with respect to the Lebesgue measure in a
local chart) has an expansion

1 :
(1.4) Vdetg =1- R wx X+ 0(1xP).

If the Ricci curvature Ric(&, €) is positive along the vector &, the small cone about & has
smaller volume than in flat case. The Ricci curvature plays a key role not only in geometric
analysis (for example in the study of the Ricci flow equation), but also in many scientific ar-
eas such as in mathematical physics (for example in the study of Einstein field equation). In
the study of Laplace-Beltrami operator A on M, the lower bound of Ric gives information on
the long time behavior of the Brownian motion on M. For an elliptic operator L on M, there
is a metric g and a vector field Z, so that L = A+Z. The Ricci curvature has been generalized
to L by Bakry and Emery, so that the geometric analysis associated with an elliptic operator
L has been developed in the past decades. In Probability theory, during 1970’s, the Cartan’s
development has been successfully established for Brownian motion paths (see [17, 36]);
in [29], Ikeda and Watanabe showed that the non-degenerated diffusion process associated
to an elliptic operator L could be constructed in the same way, by replacing the Levi-Civita
connection by a suitable metric compatible linear connection, called the Ikeda-Watanabe
connection.

The purpose of this work is to explore the geometry aspects coded in the NS equation
(1.1). To a solution u, of (1.1), its associated Ikeda-Watanabe connection is defined and its
related time-dependent Ricci curvature Ric is determined.

There is a huge literature on Navier-Stokes equations on R”, and one may refer to [26, 33]
for nice expositions and to [10] for the well-posedness of the Navier-Stokes equation, for
example.

In this paper, for convenience, we consider the following NS equation on a Riemannian
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manifold M:
(15) atut + Vu,ut + VDM; = _Vpb diV(ut) = 0, M|t:() = U,

where p; denotes the pressure and O is the de Rham-Hodge operator. The reason we choose
here O is that it preserves the class of vector fields of divergence free (see [21, 20]) which is
convenient in many computations below.

In literature, other types of Navier-Stokes equations on a manifold have been formulated,
but we will not enter the detail and refer the reader to [15, 41, 37, 44]. Variational principles
for Navier-Stokes equation in the spirit of [S] have been established recently in [11, 2, 3, 4]
in terms of a class of incompressible Brownian martingales.

The organisation of the paper is as follows. In Section 2, we will present the framework
of stochastic development, introduce the Ikeda-Watanabe connection, also compute the as-
sociated Ricci curvature. In Section 3, we will present the vorticity form of NS equations
on Riemannian manifolds, as well as their probabilistic representation. In section 4, we
will prove the main theorem in its general form on Riemannian manifolds. In section 5, we
prove the existence of weak solution of NS on a Riemannian manifold with Ricci curvature
bounded below. Section 6 is devoted to the proof of Proposition 3.2. Finally, in section 7,
we give some remarks on results obtained in [41].

2. Stochastic development, Ikeda-Watanabe connection

Let M be a Riemannian manifold of n dimensions. An element  in the orthonormal frame
bundle O(M) is an isometry from R" onto T, M where n : O(M) — M is the canonical
projection. More precisely, an element » € O(M) is composed of (x, r), where x = m(x,r)
and r is an isometry from R” onto 7M. For the sake of simplicity, we read r as (x(r), r),
but we sometimes have to distinguish them. The Levi-Civita connection on M gives rise
to n canonical horizontal vector fields {A;,...,A,} on O(M), defined by the identity that
dn(r) - Ai(r) = rg;, where {&1, ..., &,} is the canonical basis of R”. A vector field v on M can
be lift to a horizontal vector field V on O(M) such that dn(r)V(r) = va. Let X(M) denote
the space of vector fields on M.

Given a time-independent vector field v on M there is a metric compatible connection
IV defined as the following. Let {x;, ¢t > O} be the diffusion process with its infinitesimal

1
generator L = —Ay, + v. This diffusion may be constructed in the following way. Let (7;)>0

be the solution to the Stratanovich stochastic differential equation (SDE) on O(M):
(2.1 dr;= Y Ai(r) odW' + V(r)dt,

i=1
where t — (W,l, ..., W) is a standard Brownian motion on R". Let x; = n(r;). We assume
that x, has the life-time { = co almost surely.

In Chapter V of [29], Ikeda and Watanabe introduced a metric compatible connection
I'V so that the above diffusion process {x;;¢# > 0} can be constructed by rolling without slip
the standard Brownian motion on R” with respect to the connection I'". More precisely let
{Bi,...,B,} be the canonical horizontal vector fields on O(M) with respect to I'"”, consider
SDE on O(M):
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dry(0) = ) BiFy(0) 0 dW],  7y(0) = 7.
i=1
e - - 1
Then the generator of the diffusion process t — X,(w) = m(7,(?)) is EAM + v. In fact, the
construction of I'V is such that

1 1
(2.2) Ejzz;ﬁ%j(fon) =(GAu+v)f)or fe C2(M).

This connection I'” was defined locally in [29]. On a local chart U, {9/dx1,...,0/0x,}is a
local basis of tangent spaces T, M with x € U, and v = Z v'd/0x;. Let F?]?k be the Christoffel
i=1
symbols of Levi-Civita connection. According to ([29], p.271), the Christoffel symbols l"f.‘j
of I'V is defined by (see also [1]),

2 n
k _ 0k _ , b — g af
(2.3) I =1 = — 1(5,“ ;:1 gie’ = giitt).

Accordingly, the second term appearing on the right-hand side of (2.3) is the tensor field
of Ikeda-Watanabe’s connection. The global formulation for I'V is stated as the following
proposition which will be used later on, but its proof of course follows (2.3) immediately.

Proposition 2.1. Let V' be the covariant derivative with respect to the connection I'*, and
VO with respect to the Levi-Civita connection. Then

2
(2.4) VLY = VoY — —K(X.Y)

and the torsion of the connection I'

(2.5) T°(X,Y) = —%KU(X, Y)
forany X,Y € X(M), where

(2.6) KX, Y)=, X -(XY)v.

Therefore TV is skew-symmetric (TSS), that is (T°(X,Y),Z) = —(T°(Z,Y),X) for all
X, Y,Z € X(M) if and only if v = 0.
Proof. Using (2.4) and the fact V3Y — VX — [X, Y] = 0, we have

2 -2
T'(X.Y) = = —(K,(X.V) = K,(Y.X)) = —((X.0) X = (X.0) ¥),

that is (2.5). Let X, Y, Z be vector fields such that (T°(X, Y),Z) + (T°(Z,Y), X) = 0, then
Y, oXX,Z) = (X, oY, Z) + (Z, oY, X).
Taking ¥ = v and X = Z in above equality, we get
WlPIXP = (X, v).

If v # 0, taking X orthogonal to v yields a contradiction. |



IKEDA-WATANABE’S CONNECTION, BROWNIAN MOTION 145

Proposition 2.2. Let Ric® (resp. Ric’) be the Ricci curvature defined by the connection
VO (resp. V°). Then

4(n-2) 2(n-12)

(2.7 Ric"(X) = Ric’(X) - TR KXo + = Vo +

2
— 1diV(v)X
for every X € X(M).

Proof. Recall that 7* is the torsion of the connection VY, which is a tensor field of type
(1,2). Hence

VYVYZ = VYV Z + T'(X, V4Z) = VY(VYZ + T"(Y, 2)) + T"(X. V}2)
= VOVOZ + (VOTO)Y, Z) + T' (VS Y, Z) + T*(Y,VYZ) + T'(X, V4. Z).

By exchanging X and Y we also have

VOV4Z = VOVSZ + (VOT°) (X, Z) + T'(VO.X, Z) + T'(X, V9.Z) + T*(Y, V5 Z).
On the other hand, by definition

VixnZ = VixnZ + T°(X. Y1, 2).
Therefore, by putting the previous three equations we deduce that the curvature tensor
R(X,V)Z = Vy\VWZ -V, VY Z = Vyy/Z

admits the following expression

RY (X, )Z + (VST°)Y, Z) — (VOT")X, Z) + T*(VYY - V9X, Z)
~T°(Y, T"(X, Z)) + T"(X, T"(Y, Z)) - T'(IX, Y1, Z).

n
Let {ef,...,e,} be a local frame field of TM. Then Ric’(X) = ZRU(X, e,)e;, so that the
i=1
previous identity can be rewritten
Ric’X) =Ric"X)+ I} - L+ Is — L,

where

I = Z T'(X, T"(er,e)), I = Z] T(e;, T'(X, €)),
= =

L= Z](v‘;T”)(e,», e), In= Z}(VS,T“)(X, &)
1= =

n
Remark that Z Ky(ei,e;) = —(n—1)v. Since T*(X,Y) = —%KU(X, Y), by an elementary
i=1
computation
4n-1)
(n—1)?

ZK(XK(e,,e))—— K,(X,0)

- n—1)2

and
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Z Ko (ei, Ky(X, €)) = K,(X, ).

4
1)2 (- 1)?

To handle the other two terms, we first observe that

(VYT Z) = =—— Ky, (V. 2)
and
0 v 2
(VWX 2) = ————Ke1,(X.2).
Therefore
2 n
= Z Ky, (e e)) = 2Vo.
=
2« 2 2
Iy = _nTl ; KVS,-U(X’ 6,‘) = - — 1d1V(U)X + mV%v
Putting these equations together (2.7) follows immediately. m|

After having computed the curvature tensor of the connection V*, we may work out its
Ricci curvature accordingly. However, since the dual connection of I'V is not metric, we pre-
fer to use the so-called intrinsic Ricci tensor instead. The intrinsic Ricci tensor is introduced
by B. Driver in [13], which is used in stochastic analysis on the path space of Riemannian
manifolds (see also [9, 23, 28, 35]). A Weitzenbock formula for a connection which is not
necessarily torsion skew-symmetric has been established in [18].

Dermvrrion 2.3. The intrinsic Ricci tensor is defined by

(2.8) Ric’(X) = Ric"(X) + Z(VgiT”)(X, e

i=1
for X € X(M), where {e;; i = 1,...,n} is a local orthonormal frame field of the tangent
bundle.

Theorem 2.4. [f the dimension n = 3, then Ric” admits the following simple expression:
(2.9) Ric” = Ric® + 20® v + 2V*s,
where Vv denotes the symmetric part of VOv.

Proof. By (2.5), we have

2
T'(V' X, ¢;) = —m(«ai, D)V X = (V! X, v)e;),

2
T'(X, V' ¢;) = -—1(<vg,e,-, D)X = (X,0) V', ;).
i n-— i i

Since Vgi(T”(X, e,-)) = ((VZ{T”)(X, e) + T'(Vy X, e;) + T"(X, Vgie,-)), a little bit computation
leads to
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2
(Vo T)X, €) = ———((es, V2,0) X = (X, Vi v) e).
i n— 1 i i

Put

(Ve T)(X, e) = ———((e;, Vou) X = (X, Vou) ei) + J;,

2
n-1
where

J; = L(@i Ky(ei,0))X — (X, K,(er,v)) €;)-
(n—1)2\V"7 0" e
While it is easy to see that

n

Z Ji = ﬁ((n — DIPX = Ky(X.0)).

i=1

Therefore the sum ) (V, T°)(X, ¢;) is equal to

i=1
_n_%l(diV(v)X - i(X, Vgl_v> ei) +

i=1

4
m((n — DX - K,(X, v)).

Since n = 3, the above formula yields that

3 3
(2.10) DUVET)NX, ) = =div(0) X + (X, Vo) e; + 20X = Ky(X, v).

i=1 i=1
On the other hand, by (2.7), for n = 3,
(2.11) Ric’(X) = Ric’(X) — K,(X, v) + Vv + div(v) X,

and
3 3

Z<X’ VSIU) ei + Vyv = Z(<X, V8[v> +(V30, ei)) e = 2V(;(’Sv.
=1 i=1

By summing up (2.10) and (2.11), we then obtain
Ric"(X) = Ric®(X) + 2o’ X — 2K, (X, v) + 2V%°.
Now remarking that [V’ X — K,(X,v) = (X, v)v, we therefore deduce that
Ric"(X) = Ric’(X) + 2(X, v)o + 2V%°0
for any vector field X and (2.9) holds. ]

3. Vorticity and its probabilistic representation

Let’s first recall the definition of the Hodge Laplacian O on vector fields. There exists a
one-to-one correspondence between the space of vector fields X'(M) and that of differential
1-forms A'(M). On a local chart U, {8/8xy,...,0/0x,} is a basis of the tangent space T, M
and {dx',...,dx"} a dual basis of the co-tangent space 7M. The inner product in 7, M (as
well as the one for tensor bundle) is denoted by ( , ), while the duality between T;M and
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T,M is denoted by (, ). Let g;; = (0/0x;,0/0x;). Letu = 3,7, u;0/0x; be a vector field.
Then the associated differential form ii is given by

n n

it = Z(Z gl-juj)dxi.

i=1 j=1

Similarly given a differential 1-form w = Z w jdxj , its corresponding vector field w* has
=1

s S5

i=1 (=1

the expression

where g/ = (dx',dx’). Note that (g") is the inverse matrix of (g;;). It can be verified that
for A € X(M) and w € A (M), (w,A) = (w*,A) = (w,A). Let O = dd* + d*d be the De
Rham-Hodge operator on differential forms, where d* is the adjoint operator of the exterior
derivative d. Then OA = (0A)*. Moreover

f (Ow,A)dx = f (0w, A) dx = f (w,0AYdx = f (w,DA) dx,
M M M M

if A or w has a compact support, and M has an empty boundary. Here dx denotes the
Riemannian-Lebesgue measure on M. The Bochner-Weitzenbock reads as

3.1 0OA = —AA + Ric(A), A e X(M),

where AA denotes the trace Laplacian of a vector field A. For a (1, 1)-type tensor T :
X (M) — X(M), we denote by T# : A'(M) — A'(M) its adjoint

3.2) (T*w,A) = (0, T(A), A€ X(M).

Let u, be a (smooth) solution to the Navier-Stokes equation on a Riemannian manifold M
without boundary:

(3.3) Oty + Vyuy +vou, = =Vp,,  div(u,) =0, ul=0 = uo.

The second equation which says that u, is diverence-free for each ¢, may be stated that
d*ii; = 0. The vorticity, denoted by wy, of u, (for every ¢) is defined to be w, = *@,, where
@, = dii, is the exterior derivative of the corresponding one form of the vector field u, and *
is the Hodge star operator. According to T. Taylor [44], if the dimension n = 3 and M is a
domain of the Euclidean space of three dimensions, then our definition reduces to the usual
curl of u;.

For simplicity, we may also use the following convention. Let 8 be a differential p-form
and T : X(M) — X(M) a tensor of type (1, 1). Define the p-form 8 < T by, for Xy, ..., X,

(3.4) B<D)Xy,....Xp) =BT X)), Xa,....Xp) + ... + B(X1, ..., Xp-1, T(X))).
If Bis a 2-form and T = Vu, then for X, Y € X(M),
(3.5) B<Vu)X,Y) =B(Vxu,Y) + (X, Vyu).

If Bis a 1-form and T = Vu, then for X € X(M),
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(B < Vu)(X) = B(Vxu).

Proposition 3.1. Let dim(M) = 3 and w; the vorticity of u,, where u, is a solution to
Navier-Stokes equation (3.3). Then w;, satisfies the following equation

3.6) 0wy + YV, wp + vOw, = wy < (Viuy).

Proof. Eq. (3.6) is called the vorticity transport equation, which can be obtained directly
by applying the exterior derivative d both sides of the first equation in (3.3) and using the
fact that d*ii, = 0, see [44] for example. ]

If we consider u, and the vorticity stretching factor V°u, in (3.6) as given variables, then
the vorticity transport equation appears as a linear parabolic equation, which can be treated
by using PDE theory and stochastic analysis too. For example it is possible to derive the
vorticity w, via the Feynman-Kac formula and therefore express the vorticity w, in terms of
the velocity, the tensor-of-strain and functional integration implicitly. Such a formulation
for w, has been obtained for the Euclidean case, and useful in the study of the Navier-Stokes
equation.

Our next task is to derive such a functional integral representation for the vorticity w.
The complication in our case is that the vorticity transport equation (3.6) is a linear parabolic
equation on a manifold, so the classical Feynman-Kac formula can not be applied directly.
Therefore, we need to rewrite the vorticity transport equation (3.6) into a parabolic equation
on a flat space. This can be done by lifting the vorticity transport equation (3.6) to the
orthonormal frames O(M), cf. [36, 29] in which the heat equations of tensor fields are
treated.

Let w be a differential 1-form. Define

(37) F(lu(r) = (wzr(r), rgi) = (ﬂ*W,Ai)r’ l = la e ’na

for r € O(M), where {1, ..., &,} is the standard basis of the Euclidean space R”, 7*w is the
pull-back of w by the bundle projection 7 : O(M) — M. Then

(3.8) (La,FL(1) = (V0. 18) = (Vw, e @ re;)

s = r(s) € O(M) is the smooth curve such that 7(0) = r, r'(0) = A;(r).
Let & = n(r(s)). Then //;! := r o r(s)~! is the parallel translation from T¢, M onto T M
along the curve &, so that

for i, j < n, where the second duality takes place in Ty M ® T M. In fact, suppose

FL(r(s)) = (we,, 1(8)e1) = (/15 we,, rei).

Eq.(3.8) now follows immediately by differentiating both sides of the previous equation with
respect to s at s = 0. Similarly one verify that (Ei/F () = (Vie, Vo, re;j®re;). In particular

n
AoanFl, = Y L3 Fl, = (Aw, re) = Fi (1),
=1
This equation for the trace Laplacian of w can be obtained similarly for a general ten-

sor field, cf. [6, 8, 9, 16, 18, 29, 31, 36, 42] for example. Thanks to this equality for
the trace Laplacian, we are now in a position to lift the vorticity transport equation to
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the principal bundle O(M). Let U, be the horizontal lift of u, to O(M) for each ¢. Then
Ui(r) = Z?zl(u,(n(r)), re A (r). According to (3.8),

(Lo, FL)) = D (u, rep)(La,FL)) = (V. rei) = Fy (7).
j=1

In order to handle the vorticity transport equation, we need to handle term involving the
tensor-of-strain. To this end write ¢; = w; < V*u,. Then

Fi(r) = @1, 78) = 0(Vigu) = D (Vg r8)) (@p,18)) = ) (Vi it r)F,.

J=1 J=1
Let K(t,r) = (K;j(t,r)), where K;;(t,r) = (V] u(n(r)), re;) for i, j < n. Then it is easy to
see that Fy (r) = K(t,r)F,,(r). It remains to deal with the Hodge Laplacian Ow. Applying
the Bochner-Weitzenbdck formula to w, Ow = —Aw + Ric*w. Let ric, = r‘lRic,r(,)r be the
equi-invariant representation of Ric on O(M). Then Fy;+, = ric F,,. Finally we may lift
the vorticity transport equation to the principal bundle O(M) by applying the scalarization
F on both sides of (3.6), which gives rise to the corresponding vorticity transport equation
on O(M):

d
3.9 EFLU’ =vAounFuo, — Ly, Fo, + (K(t,-) = vric)F,,,.

A functional integration representation formula for the vorticity w; can be obtained by
using Feynman-Kac formula to (3.9), if the underlying diffusion we are going to use is non-
explosive. Therefore some technical assumptions have to be imposed on the geometry of
the manifold (and in fact on the regularity of the vorticity w, as well). From now on, we
will work with a manifold whose Ricci curvature is bounded from below. That is, there is a
constant « € R such that

(3.10) Ric > —«.

First of all, as we have pointed out already, we shall prove that the concerned diffusion
process do not explode at a finite time. For this purpose, we consider a family of vector fields
{v,(x); t > 0} on M, which satisfies the following conditions: (¢, x) — v,(x) is continuous,
for each r > 0, v, € C'** for some @ > 0, and div(y;) = 0. Let V, be the horizontal lift of v,
to O(M). Then div(V,) = div(v,) o & (cf. [22], page 595), and therefore div(V;) = 0.

Consider the following Stratonovich type stochastic differential equation on O(M):

(3.11) dri= ) Ax(r) o dW) + Vi(rod, 1, = ro.
k=1

Denote by r,(w, rp) the solution to (3.11), and {(w, rp) its life-time. Let
L(t,w) = {ro € OM); {(w,ro) > t}.

Then for each ¢ > 0 given, almost surely X(¢, w) is an open subset of O(M) and ry —
r(w, rp) is a local diffeomorphism on X(¢, w) (cf. [31]). Let r/(ro) = r(w, ro) for simplicity.
The Jacobian J,, of ro — r,(rp) is equal to 1, and according to [31], the Jacobian J,f-l of
inverse map ;! is given by
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¢t N !
Jo = exp(- f Z div(Ap)(ry(ro)) o dW* — f div(Vy(ry(ro)) ds) = 1.
0 1= 0
For any ¢ € C.(O(M)), almost surely,

(3.12) f @(r(r0)) Is(1.w)(ro) dro = f ©(ro) 1y, sty (ro) dro,
O(M) O(M)

where dry is the Liouville measure on O(M) ( [42], page 185) such that m4(drg) = dxo.
Let dy(x,y) be the Riemannian distance on M between x and y. Fix a reference point
Xy € M, consider

p(r) = dy(r(r), xy).

It is known that for each xo given, x — du(x, xp) is smooth out of C,, U {xp}, where Cy, is
the cut-locus of x. It is known that Cy, is negligible with respect to dx. Hence p is smooth
out of ﬂ_l(CxM U {xy}). According to [42], page 197, on the complement of 7T‘I(Cx0 U {xo}),

1 n—1 1
(3.13) EAO(M)dM(”('), Xo) < m + EW’

and |V,dy(x, xo)| = 1. Therefore on the complement of al (Cy, U {x0}), it holds that
(3.14) ILy,dp(7(), x0)| < |Vl

The lower bound of %AO(M)p is more delicate, however according to a result on page 90
in [28], for 71(r) € B(xum, R\(Cy, U {x0}),

1 n—-1 1
(3.15) EAO(M)dM(ﬂ('),xO) > - Evn(n — DK,

where K is the upper bound of sectional curvature on the big ball B(x,, R).

Proposition 3.2. Suppose the Ricci curvature is bounded from below (3.10) and suppose

T
(3.16) f f los(x)* dxds < .
0 JIM

Then there is a non-decreasing process L, > 0 and a Brownian motion {Br; t =0} on R such
that for almost surely initial ry,

!
1 R
(3.17) p(re) = p(ro) = B + f ((EAO(M) + Ly )p)(r) ds — L, 1< {(w, o).
0
Proof. The proof will be postphoned in Section 6. |

Theorem 3.3. Assume that (3.10) and (3.16) hold. Then for almost ry, {(w,ry) = oo
almost surely.

Proof. We have, by (3.17),

N N
p(rine)? < p(ro) +t AL +2 fo p(rs)dpBs + 2 fo p(rs) (Lgp)(rs) ds,

where L = %AO(M) + Ly,. Using (3.13) and (3.14), there is constants C > 0 such that
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t
E(p(ring)*) < plro)* +C fo E((200r)(Lsp)(ry) + Disegy) ds

< p(ro)* + 2Cfo E((1+ p(r))(1 + [Vy(r)D (e ) ds.

By hypothesis (3.10), there is a constant ¢y > 0 such that vol(B(xy, 6)) < e“°, and therefore
for a constant A > 0,

Cy = f exp(—=Ao day(n(r), X0)) drg < +oo.
oM)
Define the probability measure du on O(M) by

1
(3.18) du(rg) = a exp(—Ao d,zw(ﬂ(ro), X)) dry.
Then

f E(o(ring)®) dpt

O(M)

< f p(FO)zdﬂ +2C ff ]E((l +P(’"s))(1 + |Vs(rs)|)1(s<§)) d/.ldS
oO(M) 0JOoM)

< [ poordurac( [ [ B0+ p00nP) duds)
oO(M) 0 Jowm)

X (\LL(M) E((l + |Vs(rs)|)21(s<g)) d,uds)l/z_

Note that

t 1 T
f f E((1 + V() se) duds < 2(T + — f f lvs()I* dxds).
0 Jom) ' Cu Jo Ju

Set y(1) = fo | E0 ) dand

1
(3.19) C(T,v) = 4C\5\/T + C_M”U”iZ([o,T]xM)'

Remarking that V& < 1 + £ for € > 0, above two inequalities imply that
!
vor< ([ p? du+co)+ o [ wds
o) 0
The Gronwall lemma then yields that
f E(p(ring)) dpt < ( f p(ro)? dpt + C(T, ) exp(C(T, v)).
oM) o)

The result follows. O

We are now in a position to establish the main result of this section. Let 7 > 0 be fixed.
Assume that u, is a solution to (3.3) such that (¢, x) — u,(x) is continuous and for each ¢ > 0,
u; € C'*@ with & > 0. Consider the following SDE on O(M),
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dry(r,w) = V20 3" Alrg (r,w) 0 AW, = Ur_(ry(rw))dr, s <t<T,

i=1

(3.20)

res(r,w) =r.

Let v,(x) = up_(x). Then by Theorem 3.3, SDE (3.20) does not explode at a finite time.
Let Q;(w) be solution to the resolvent equation

(321) £ 0,) = 0 (), 5 <1<T, 0w) = Id,
where
(3.22) J:(r) = K(t,r) — vric,.

Theorem 3.4. Under the notations and the assumptions stated above, if

(3.23) E(supssier!QsiFu, (rul) < +o,
then the following functional integration representation holds:
(3.24) Fu, = B(Qr-11Fu,(rr-i1)).

Proof. For the sake of simplicity, we denote r,; = r,(r,w) and set F(t,r) = F, (r).
Applying 1t6’s formula to Q;,F(T — ¢, ry,) for d; with t € (s,T), we have

Qs F(T = ,75)) = di Qs F(T = 1,75) + Qs d(F(T = 1,7,))

= Qulr re)F(T = 1,70) + V20 Oy Y (LA F)T = 1,75) AW,

i=1

+ Qui(~OF)T = t,7) + v (Aoun FXT = t,r50) = (Lo, [FYT = t,75,)) dt
= Vv 0, i(@f)(T —1,ry) dW],
i=1
where the last equality is due to Equation (3.9). It follows that
Qi F(T = t,ry) = F(T = 5,r) = V2v Z f Qe (LA FNT = 1,7 0) W
i=1 VS

Under Condition (3.23), the local martingale defined by the right hand side of above
equality becomes a true martingale. Taking expectation on the two sides gives

E(Qui F(T = t.r5,) = F(T = 5.7,

Now let t = T, then E(QS,T F(O, rS,T)) = F(T — s,r). Replacing s by T — t, we get
representation formula (3.24). ]

4. Intrinsic Ricci tensors for Navier-Stokes equations

Since a solution u, of the Navier-Stokes equation is in general a time-dependent vector
field on M, the associated SDE (3.20) in Section 3 is much more complicated than SDE (2.1),
which in turn gives rise to a family of Ikeda-Watanabe connections as defined in Section 2.
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On the other hand we may consider the following SDE on the principal bundle O(M):
dr, (1) = \/ZZ Bi(ru(t)) 0 dW., 1, (0) =r,
=1
whose infinitesimal generator is giVCIll by
vZn: E%I,(f om) = ((VAM + 2vv)f) om,
i=1
where v is a time-dependent vector field given by
“4.1) V= ——1u;.

2v

The Ricci curvature associated with the Ikeda-Watanabe connection I is denoted by Ric’
for every t if no confusion may arise. According to (2.9)

—— 1 1
(4.2) Ric’ = Ric® + —u, @ u; — —V*u,,
212 %
where Ric® is the Ricci curvature of the manifold M.

Proposition 4.1. Suppose the dimension n = 3.

(1) It holds that
— 1 1
4.3) div(Ric") = div(Ric") + 577 Vaulti = ;Ricout.
(1) Let Scalt denote the associated scalar curvature: Scalt = Z(l{i;’e,-, e;) for any

i=1

orthonormal basis (e;) of TxM. Then
— 1
4.4) Scal' = Scal’ + —u >
2y2
Proof. (i) Since div(y,) = 0, div(u; ® u;) = V,, u,, and

Vu, = V‘Yut + VSkut.
We claim that

div(V**u,) = —oOu,.

In fact, if X € X(M) with a compact support in M, then
f (div(V™*u,), Xy dx = - f (V*u,, VXy dx = - f (V*u,, VX dx
M M M

=—f<df4,,d)~(>dx:—f(d“dﬁ,,f()dx
M M

:—f<Dﬁ,,X>dx.
M

Therefore

div(Viu,) = Au, + 0u, = Ricu,.
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(i1) Since
n
0,: — d; _
D (Voruy, e = div(u) =0,

i=1

Eq.(4.4) follows immediately from (4.2). O

The following result captures the vorticity dynamics in time and in space in terms of the
various curvatures we have introduced.

Theorem 4.2. Let M be a Riemannian manifold having Ricci tensor bounded below, of
the dimension n = 3. Suppose u, together with w, is a regular solution to Eq.(3.6). Then the
following identity holds:

1d 1 —#
4.5) ——f lw,* dx + vf [VOw,|?> dx = —f(wt,u,)z dx — vf(Rict wy, wy) dx.
2dt M M 2V M M

Proof. By definition of £, we have

1
f<vu,wt9 wt> dx = - f £ur|w[|2 dx = 0,
M 2Jmu
and therefore, by Eq.(3.6),

1d

(4.6) ST f lw > dx + v f [VOw,|> dx = —v f (Ric? w;, w,) dx + f (w; <« Viu,, w,) dx.
tJm M M M

On the other hand, according to Eq.(4.2), for any vector field A,
—# 1 1 .
(Ric" w;, A) = (i, Ric®A) + == (W, u)us, A) = = (W, V'),
22 v A
and according to (3.5)
(Wi, V5 ) = (wr < V> u)(A).

Hence

—#

1
4.7) Ric' w; = RiCO’#wt (wy, Uity — —w; < VO’Suz.
%

+ JR—
212

—#
Expressing the right hand side of (4.6) in terms of Ric’ , Eq.(4.7) then implies that

—

1
(Ric" w;, w;) = (Ric® wy, ;) + = (wy, u;)* — ;<w,<V°’Sut, w).

2y2
Thus

S

. - 1
-y (Rico Wy, W) + {w; < VO’“u,, w;). = —v(Ric" w,, w;) + Z—(w,, u,)2.
y

By substituting this term in the right hand side of (4.6), we get (4.5). |

5. Existence of weak solutions

Navier-Stokes equations on a compact Riemannian manifold is studied in the monograph
by M. Taylor [44]. In this section, we will deal with the case of Riemannian manifold with
the Ricci curvature bounded below.
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Proposition 5.1. In the smooth case, it holds

1d
(5.1 —— f lu dx + v f \Vu,|> dx = —v f (Ric uy, u,) dx.
2dt M M M

Proof. Since M is a closed manifold

1
f(vu,ut,ut> dx = _f Eu;lut|2 dx =0
M 2 M

and f (Vp,u;)dx = 0. By using equation (3.3), we get
M

1d
EELIM,Ide+vL(Dut,u,)dx=0.

Therefore (5.1) follows the Bochner-Weitzenbock formula immediately. ]

Proposition 5.2. Assume that (3.10) holds, that is, Ric > —«k. Then the following a priori
estimate holds

!
1
(5.2) w3 +v f Va3 ds < Slluoly exp(2viic®),
0

;
2
where k* = sup{k, 0}.

Proof. According to (5.1), the following energy inequality holds:

1d
—— f lu, > dx + v f [Vu,|” dx < vk f lu, > dx < vk* f |u,|* dx.
2dt Jy M M M

1 t
Let y(r) = §||u,||§ + vf IIVusllg ds. Then y satisfies inequality
0

1 !
(@) < ol + 20" f u(s)ds
0

and (5.2) follows from the Gronwall lemma immediately m]

In what follows, we will establish the existence of weak solutions in Leray sense over any
[0,T] and
u e L*([0,T1, H' (M) N L™([0, T], L*(M)).

To this end, we will use the heat semi-group T, = ¢”®/2 to regularize vector fields. Let v
be a continuous vector field on M with compact support and define T,v = (T,5)*. Then T,v
solves the heat equation

0 1
(E + ED) (T,U) =0.
By ellipticity of O (see for example [46]), (¢, x) — (T,v)(x) is smooth. It was shown in
[22] that

div(Tv) = TY (div(v)),

where TM denotes heat semi-group on functions. Hence T, preserves the space of divergence
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free vector fields. It is well-known that
(5.3) T < e/ TMy|.

It follows that for 1 < p < +oo, [T,ll, < **/|jv]|,, and for 1 < p < +co, T — vin L.
Consider a family of smooth functions ¢, € C°(M) with compact support such that

(5.4) 0<p: <1, @x)=1forxeB(xy,1/e) and sup|Ve.lleo < +oo,

>0

where x), is a fixed point of M. For & > 0, we define
Fo(u) = —T:P(¢, V1,u(0:Teu)) —vI,.O0Tsu,  u € LA(M),

where P is the orthogonal projection from L?(M) to the subspace of vector fields of diver-
gence free. We have

ITP(pe Vru(@eTen)llz < € PIP(@e Vi@ Tet)lla < € PV, 1,0 (0e Tett) 2.

Since ¢, is of compact support, we have

(5.5) Ve, Tu(@eTe)ll2 < llosTeullo [[V(@Tott)]l2-

Again due to compact support of ¢, when n = 3, by Sobolev’s embedding theorem, there
is a constant S(g) > 0 such that

HQDSTeu”oo < 18(8) ”‘psTsu”Hz-

For the general case, it is sufficient to bound the uniform norm by the norm of H™ with
m> 3.

Recall that Weitzenbock formula for p-differential forms reads as follows [29, 19]:
(5.6) O=-A+RE

where A¢ = Trace(VV¢) for a p-form ¢, and Rf, : AP(M) — AP(M) is a tensor, called
Weitzenbock curvature. For p = 1, R = Ric” is Ricci tensor. For the following result, the

lower bound of Rg i1s needed. Assume that
5.7 R, > -k, KkER.

p =

Proposition 5.3. Let T > 0. Suppose (5.7) holds for p = 1,2. Then there are constants
B, B2 such that

(5.8) 1ol < Bl 19Tl < 22, 650,
: =

Proof. This follows immediately from the Bismut formulae obtained in [19, 14]. For a
detailed proof, see [24]. m]

By Proposition 5.3, there are constants 8(g) > 0, 5(¢) > 0 such that

(5.9) o Teulloo < Be) llulla,  (TOTeullz < Ble) llully-

Combining (5.5) and (5.9), there are two constants 5;(g) > 0 and S,(g) > O such that

IFe()ll2 < B1(&) llull3 + Ba()llully,
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and F, is locally Lipschitz. By theory of ordinary differential equation, there is a unique
solution u® to
du;

(5.10) -0 = Fe), g =up € L?, divw’) =0,

up to the explosion time 7.

Theorem 5.4. Suppose that ||Ric||., < 0o, and R, is bounded below. Then for any T > 0,
there is a weak solution u € L*([0,T], H') to Navier-Stokes equation (3.3) such that the
following energy inequality holds:

1 ! 1
Sl +» fo 192 ds < ol exp(vie®),

where k is lower bound of Ric.

Proof. Rewriting (5.10) in the following explicit form, for 7 < T,

&

u
dtl + T:P(¢p, VTsuf(gonguf)) +vT.OT.uf = 0.

Note that

f(TsP(‘ps VTguf((PsTé‘uf))’ Mf) dx = f<VT5uf(¢sT£uf))a ‘pé‘TSu;) dx
M M

= f Ll Toul> dx = 0.
M
Since div(T.u?) = 0, and
f(TSEnguf, u; ) dx :f |VT£uf|2 dx+f(Ric(T5uf), T u}) dx,
M M M

it follows that
1d

—— f ) dx + v f VT uf]* dx = —v f (Ric(Tsuf), Toufy dx

< —vk f IT.uf dx,
M

or in another form
1 ! 1 !
(5.11) 5||u,8||§ + vfo IIVTufl3 ds < 5||uo||§ + w<+f0 T3 ds.

According to (5.3), above inequality implies that

1 2 1 2 + ' 2
Ellufllz < 5 lluolly + vk e ; sl ds,

and therefore, by using Gronwall lemma, for ¢ < 7, we have

&

1 .
2 2
SIS < Slluoll; explevice™).

It follows that 7 = co. Again, according to (5.3) and (5.11),

1 2 + t 2 1 + 2 + t 2
EIIT,,;M‘,QH2 + ve®™ ; VT uill; ds < Ee“ lluoll5 + vi*e™ | ITulll5 ds.
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Therefore Gronwall lemma yields, for € < 1, that
1 2 + ! 2 €K+ 2 +
(5.12) EIIT‘,gufll2 + ve™ f WIVT uill; ds < 7||u0||2 exp(tvke).
0

Let T > 0. By (5.12), the family {T.u®; & € (0, 1]} is bounded in L*([0,T], H') as well
in L*2([0, T], L?). Then there is a sequence €, and a u € L*([0,T], H") N L*([0, T], L?) such
that T, u®" converges weakly to u in L*([0,T],H") and x-weakly in L=([0, T1,L?). Now
standard arguments allow to prove that u is a weak solution (3.3). The boundedness of Ric

is needed while passing to the limit of the term | (Ric(T.u), v;) dx. |
M

6. Proof of Proposition 3.2

We give here a complete proof of Proposition 3.2. According to the proof of Theorem
3.5.1 in [28], we emphasize the steps we have to modify.
Proof. Let i, be the injectivity radius at x and suppose that

(6.1) iy = infli; x € M} > 0.

This means that the ball B(x, i3;) does not meet the cut-locus C, of x. We prepare what we
will need for proving (3.17).

Let x € B(xo,in/2)° which maybe is closed to or in C,,. Let y, : [0,n(x)] = M
be a distance-minimizing geodesic connecting xy and x, parameterized by length. Then
Y(in/4) & Cyor x & Cy 4. Puty = yu(in/4). Then dy(xo, x) = du(xo,y) + du(y, X).
Since C, is closed, there is gy > 0 such that

B(x,g0) N C, = 0.

We suppose that such & is valid for all x (in fact, we will restrict ourselves in a compact
set). Let £ < g9 A ¢, and define
D, ={xe M; dy(x,Cy,,) < &}.
We claim that
(6.2) D, C B(xy,ipm/2).

In fact, if there exists x € D, such that duy(x, xy) < ip/2; there is z € Cy,, such that
dy(x,z) < g then dy(xp,2) < dy(xpr, x) + dp(x, z) < ipy which contradicts the definition of
im. Let y, be the geodesic considered above. Then x ¢ C, with y = y,(iy/4).

Now introduce the stopping times o, by o = 0 and

oy = infl{t > og1; du(n(r), n(rg, ) = .

Lett> 0Oandset?, =t Ao, Then

+0o0

6.3) p(r) = pro) = > (p(r,) = p(ry, ).

g=1

() If n(ry,_,) ¢ D, then for s € [1,-,1,], n(ry) ¢ Cy,,. Applying It formula, we have
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n lq [q
(64 o) =00, )= Y, [ Capraawt+ [ Loxnds
k=1 Yg-1 Ig-1

1
where Ly = —Aowm) + Ly,.

(i) Set x;, = n(ry,). If x4y € D, then by discussion at beginning, there is y,-; on a

distance-minimizing geodesic y connecting xj and x,_; such that dy/(xpy, y4-1) = ZM and
x4-1 ¢ Cy,_, and for s € [1,-1,1,],

dy(r(rs), x4-1) < € < &.
Therefore 7(ry) ¢ C,, . Let pj(r) = dy(n(r), y,-1). Applying Itd formula to p;, we have

n 1q Iq
Py = Py ) = Y f (Lap)r)dWE+ | (L)) ds.
k=1 “lg-1

tqfl
On one hand
iv

4 + p;(rl‘q,l )a

dM(XM, xq—l) = dM(XM, y(/—l) + dM(xq—l,!/q—l) or p(rqul) =

and on the other hand

(i, xg) < dyiags ygo)) + du () o8 p(r) < 24 prr).
It follows that
o(re,) = p(ry, ) < py(re,) = pg(ry, ).
Therefore there exists L, > 0 such that
p(ri,) = p(ry, ) = pi(r,) = pi(ri, ) — L.
Define
g = inf{t > 0, dy(xp, 7(r;)) > R}.

As did in [28], page 95, we get

IATR
p(rt/\‘rR) - ,0(7‘0) = ﬁt/\‘rk + f (Lsp)(rs) ds - Ls(t A TR) + Rs(t A TR),
0

where

L =) Lylpn((r,.,)

g=1

which converges to L(7) as € = 0. The term R.(f) = m.(t) + b.(t) with m(f) the same as in
[28], page 95, so that

E(|m€(t)|2)§4f E(1p,, (n(rs))) ds.
0

Therefore for any compact subset K C B(xy, R),
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!
[ Emanmfyan<a [ [ Bp @) dnds
~1(K) 0 7 1(K)

T

! !
- 4f f E(lc, (n(rsac)))drods < 4f f 1c, (x)dxds = 0.
0 Jrl(K) " odu M
The term b.(¢) has to be modified such that

be(r) = i[ fl " (L) = Lop(ry)) ds|Lp, (x(r,, ).
g=1 "7
By (3.13) and (3.15), we have to control the term 1/p. For x,_; € D, and for s € [t,,1,],
o, %) 2 duao, 3y 1) = g 1,3) 2 =2 2,
and
ng-1,35) 2 (o, %) = g g 1) = o~ 0=

Therefore, according to (3.14), since x;, = n(ry) € Dy, there exists a constant @ > 0 such

f
17

q-1

(Lo} (r) = Lop(ry)| dslp, ((r,, ) < @ f "1+ V(o)D) ds.
It follows that
6.5) E(lbs(1))) < o B fo (1 + [Vi(r)D1p,, (n(ry)) ds).

Now let du(ry) be the probability measure defined in (3.18), integrating with respect to it,
we get

f f E((1 + Vi(r) D)L, (r(ro ) scryy ) dpa(ro)dss
0 Jrl(K)
- fo f ) E((1 +Vy(roD1c,, ((r))(sery ) duro)ds

d 12
<Vi([ [ e, was)” =0
oJm
under the hypothesis (3.19). The proof of Proposition 3.2 is complete. m]

7. Final remarks
1) The condition
Ric(x) > —C (1 + d3,(x))

is sufficient to insure the non-explosion of the Brownian motion on M, but seems too weak
to guarantee the good behavior of the heat semi-group on differential forms. For example,
the key upper bound (5.3) is not established.

2) On manifolds, there are several choices for Laplacian operator on vectors. On [15],
D.G. Ebin and J.E. Marsden introduced the so-called deformation operator, denoted by 0,
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which admits expression
BA = —AA —Ric(A) if div(A) =0.

Here the Ricci tensor has an opposite sign, in contrast with the De Rham-Hodge operator O.
In the paper [41], V. Pierfelice considered NS equation with &1. Major geometric assumptions
in [41] are the non-positiveness of sectional curvature and for two positive constants ¢; and

c2,
—c; < Ric £ —c5.

The well-posedness of mild solutions in the sense of Kato-Fujita has been established.

AckNOWLEDGEMENTS. The two authors are grateful to the referee for his careful reading
and useful suggestions.
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