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1.

Introduction

Let G be a 4-fold transitive group on Ω={1, 2, •••, n}, and let P be a Sylow
2-subgroup of a stabilizer of four points in G. By a theorem of M. Hall [2,
Theorem 5.8.1] and a lemma of E. Witt [7, Theorem 9.4], we have that P fixes
exactly four, five, six, seven or eleven points and the normalizer of P in G
restricted on the set of the fixed points of P is S4, S5, A69 A7 or Mn. (cf. H.
Nagao and T. Oyama [5], Lemma 1).
The purpose of this paper is to prove the following
Theorem. Let G be a 4-fold transitive group. If a Sylow 2-subgroup of a
stabilizer of four points in G fixes exactly six points, then G must be A6.
The above theorem of M. Hall is that if a stabilizer of four points in G is
of odd order then G must be one of the following groups: 54, S5, A6, A7 or Mn.
Therefore to prove our theorem we may assume that a Sylow 2-subgroup of a
stabilizer of four points in G is not identity.
2. Definitions and notations
A permutation x is called semi-regular if there is no point fixed by x. A
permutation group G is called semi-regular if every non-identity element of G is
semi-regular on the points actually moved by G.
For a permutation group G on Ω the subgroup of G consisting of all the
elements fixing the points z, j, ••-, k of Ω will be denoted by G, y...Λ, which we
shall call the stabilizer of the points ί, jy
, k. The totality of points left fixed by
a subset X of G will be denoted by I(X), and if a subset Δ of Ω is a fixed block
of X, then the restriction of X on Δ will be denoted by X*. A G-orbit of minimal
length is called a minimal orbit of G.
For subsets X, Y of a group G, ζX, F> is the subgroup of G generated
by the elements of X and F, and NG(X) is the normalizer of X in G.
3. Proof of the theorem
In the following two lemmas we assume that G is a 4-fold transitive group
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on Ω={1, 2, •••, «}, and P is a Sylow 2-subgroup of G1234. For a point t of a
minimal orbit of P in Ω-/(P) let Pt=Q, NG(Q)=N and I(Q)=Δ.
Lemma 1. Let Rbe a Sylow2-subgroup of Nijkι for {i,j,k>ΐ}^Δ.
Then
R*y which is a Sylow 2-subgroup of (N*)ijkι, is semi-regular and \ I(R) \ = \ I(P) \ .
Proof.
φ(R)=R*.

Let φ be a natural homomorphism of Nijkι onto (N*)ijkι. Then
Since R is a Sylow 2-subgroup of Nijki, PΔ is a Sylow 2-subgroup

Let P' be a Sylow 2-subgroup of Gijkι containing R. Since Q is a normal
2-subgroup of Nίjkl and R is a Sylow 2-subgroup of Nίjkl> P'^R^Q and 7(P')
£/(P)£Δ. Since G is 4-fold transitive, P and P' are conjugate, and |/(P)| =
1 7(P') I . Therefore 7(P') is a proper subset of Δ. For any point r of Δ-/(P'),
Pt. From the assumption that ί belongs to a minimal P-orbit we have

Therefore P'r=Q and Pr= Q. Thus PΔ is identity or semi-regular and
=/(P'). Since Δ=I(Q)^I(P') and Pi=£>, NP'(£)A is a non-identity 2-group
of (N*)ijkι. Therefore PΔ, which is a Sylow 2-subgroup of (N*}ίjkl, is
semi-regular and | /(P) | = 1 7(PΔ) | = \ I(P'} \ = \I(P)\.
Lemma 2. In Lemma 1 ^/ |/(P)|=6, that is NG(Py^=A6, then PΔ is
an elementary abelian group, NN(R)ICR^A6 and | Δ | ^
Proof. If R has an element x=(i' jr k' /')•••, where {/',/', k' ', /'}cΔ, then
Λ; has no 2-cycle by Lemma 1. On the other hand, x normalizes Gyyv/' and
Q. Therefore # normalizes some Sylow 2-subgrouρ P' of G{' /kΊ' containing Q.
Form the assumption #/CP/)e^46. Hence #/CP/) has a 2-cycle. Since /(P')cΔ,
Λ;Δ has a 2-cycle, which is a contradiction. Thus PΔ is elementary abelian.
Z
From Lemma 1 | I(R) \ = 6. If NN(R) ^ ^ A6, then ^(P) has a 2-element
/CI?)
x such that Λ; is an odd permutation. On the other hand x normalizes some
Sylow 2-subgroup P" of G/c#> Since G/c/e) contains a Sylow 2-subgroup of
Gfjkiy P" is a Sylow 2-subgroup of some stabilizer of four points in G, and
I(P")=I(R).
Then xI™=xI<iP":>^NG(P"y(iP":>=A9, which is a contradiction.
Δ

Since |/(Λ)|=6 and Δ3/(P), |Δ| ^8. Suppose that |Δ|=8. Let Δ=
{i,j, k, /, r, ί, w, ^} and I(R)={i,j, k, /, r, ί} Then R has the following 2-element

Since a normalizes Gijuv and Q, a normalizes a Sylow 2-subgroup P"f of Gijuv
containing Q. It follows from /(P/7/)cΔ that afcP///) is a transposition. This
is a contradiction since ΛΓG(P")/GP//)=A Therefore |
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From now on we consider a permutation group G on Ω— {1, 2, •••, w}, which
is not necessarily 4-fold transitive. In the following two lemmas we assume
that G satisfies the following condition.
(*) Let P be a Sylow 2-subgroup of any stabilizer of four points in G. Then
(i)
P is semi-regular and elementary abelίan,
(ii)
i n i ^ l O α n r f |/(P)|=6,
(iii)
NG(P)^^A..
By Lemma 1 and Lemma 2, 7VΔ satisfies the assumption (*). In Lemma 4
we shall show that there is no group satisfying (*). Thus if G is a 4-fold transitive group as in Theorem, then G1234 is of odd order, and hence G must be A6.
Lemma 3. G is a doubly transitive group and JVG(P)/CP) is A6 or A$y where
A* is a doubly transitive group of degree 6 ίsomorphic to A5.
Proof. For any two points i^ and i2 let P' be a Sylow 2-subgroup of Gvlf2l3f4,
where {z'3, /JcΩ— {iί9 /2}. Then we have an involution a of P', which has the
following form

where /(P')={ί1, ίz> •••, /J. Since a normalizes Gili2JlJ2, a normalizes a Sylow
2-subgroup P" of G^2hJ2. From (iii)

where 7(P")={/1, i2,jι,j29J39Jά
Hence <Λ, P"> is a 2-group and fixes exactly
two point ί\ and z'2. From a lemma of D. Livingstone and A. Wagner [4,
Lemma 6] G is a doubly transitive group on Ω.
Since G is doubly transitive, for any two points u and v of /(P) there is
a Sylow 2-subgroup 5 of Guv, which contains P and fixes only two points u and
v. Let T=NS(P). Then Γ$P and /(5)C/(Γ)£/(P). Suppose that 7(5) ς
7(Γ), then I I(T) \ =4- or 6. By (iii) \I(T)\ =6. Therefore 7(Γ)=7(P). Since
P is a Sylow 2-subgroup of G/Cp), T=P, which is a contradiction. Therefore
/(Γ)=/(IS)=={M, t,}. This shows that for any two points u, v of 7(P) ./VG(P)/GP)
contains a 2-group, which fixes only two points u and v. Using also Lemma 6
of [3] we have that JVG(P)/CP:> is doubly transitive. Therefore, by assumption
(Hi), Λ^G(P)/CP) is either A6 or A$ , where ^ is a doubly transitive group of
degree 6 isomorphic to ^45 (see B. Huppert [3] II, 4.7 Satz).
To prove the next lemma we need the following result in [6] : Let G be a
4-fold transitive group. If a Sylow 2-subgroup P of a stabilizer of four points
in G is semi-regular and not identity, then | /(P) | Φ 6.
Lemma 4.
Proof.

There is no group satisfying (*).

Assume that G satisfies (*).

We may assume that P is a Sylow
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2-subgroup of G1234 and /(P)={1, 2, •••, 6}. In the case NG(Py^=A$, we may
assume that At is generated by {(3 4) (5 6), (1 2 3) (4 5 6), ( 1 3 5 6 4)} (see W.
Burnside[l]§166).
For any point ί of Ω-{1, 2, 3} let P' be a Sylow 2-subgroup of G123ί . By
(ii) P' fixes six points, say 1, 2, 3, i,j and k. Let Q be a Sylow 2-subgroup of
G123 containing P'. Since |Ω| is even, |/(ζ))i is also even. Therefore Q fixes
at least four points, and hence Q fixes six points by (ii), which are the points of
/(Pr). Thus Q=P' is a Sylow 2-subgroup of G123, and any point in Ω — {1,
2, 3} belongs to a G123-orbit of odd length. On the other hand P and P' are
conjugate in G123, hence G123 has an element taking {4, 5, 6} into {i,j, k}. Thus
G123 has exactly one or three orbits in Ω-{1, 2, 3}. If G123 has three orbits in
Ω-{1, 2, 3}, then three points 4, 5 and 6 belong to different G123-orbits, say Γ4,
T5 and Γ6 respectively.
Suppose that G123 is transitive on Ω-{1, 2, 3}. Since a Sylow 2-subgroup
of G12 fixes only two points 1 and 2, G12 has an element taking 3 into some point
of Ω-{1, 2, 3}. Therefore G12 is transitive on Ω-{1, 2}. It follows from Lemma
3 that G is 4-fold transitive on Ω. But this contradicts the theorem in [6].
From now on we assume that G123 has three orbits T4, T5 and Γ6 in Ω{1, 2, 3}. Suppose that NG(Pγ^=A6. Then NG(P) contains an element x
of the form

Since #eiG123, 4, 5 and 6 belong to the same G123-orbit, which is a contradiction.
Thus we have that NG(P')I(Jp^=At, for any Sylow 2-subgroup P' of an
arbitrary stabilizer of four points in G.
Suppose that P has two involutions x and y. Since P is elementary abelian
by (/), we may assume by (ii) that x and y are of the following forms
* = (!) (2) ...(6)
? = (!) (2) -(6) (*•*)(//)"• .
<X y> normalizes some Sylow 2-subgroup of Gijkΐ. Hence the restriction of
<X yy on the set of the points fixed by this Sylow 2-subgroup is a four group
and fixes two points. But a stabilizer of two points in A% is of order 2, which
is a contradiction. Therefore P is of order 2, and any Sylow 2-subgroup of a
stabilizer of four points in G is also of order 2.
Let a be an involution of P. We may assume by (ii) that a is of the form
β

=(l)(2).. (6)(ίj)

.

Then α normalizes a Sylow 2-subgroup of Gl2ij y and hence β commutes with
some involution b in G12iJ. Since έ fixes only six points, ό /(fl) is not identity.
Since NG(Pγ^=-Afy b must be of the form
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i=(l)(2)(34)(56)(OC/)(*)(9-,
and then a have a 2-cycle (k /). If a and b have two 2-cycles (*'/') (k' /') and
(ir k') (jr Γ) respectively, then <α, by normalizes some Sylow 2-subgroup of
GV/A//'. Using the same argument as above we have a contradiction. Therefore if a has 2-cycles in Ω-{1, 2, •••, 6, *, j, k, /}, then b has the same 2-cycles.
Since a commutes with ό, ab is also an involution, and fixes two points 1 and 2.
Therefore | I(ab) \ =2 or 6 by (it). If | 7(0δ) | =2, then
«=(1)(2)
(6)(0 ) ( * / ) ,
ft = (1) (2) (3 4) (5 6) (f) (j) (k) (I) ,
and hence | Ω | = 10.

If | I(άb) \ =6, then

b = (1) (2) (3 4) (5 6) (i) C/) (k) (/) (* '/) (*' /') ,
and hence |Ω| =14.
On the other hand from the assumption that A$ has an
element (1 2 3) (4 5 6), there is an element

c = (1 2 3) (4 5 6).
in NG(P). Then c normalizes G123, and since the G123-orbits in Ω-{1, 2, 3} are
Γ4, T5 and T6, £ takes T4 into Γ5, Γ5 into T6 and Γ6 into Γ4. Therefore Γ4, Γ5
and Γ6 are of the same length and | Ω-{1, 2, 3} | is divisible by 3. But | Ω | -3= 7
or 11, which is not divisible by 3. This contradiction arises from the first assumption that there is a group which satisfies the conditions (t)9 (ii) and (Hi).
Now by Lemma 2 and 4 we have that, for a 4-fold transitive group G as in the
theorem, the stabilizer of four points in G is of odd order. Therefore G must
be AΛ.
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