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Abstract. This paper addresses the problem of building the Euclidean
minimum spanning tree (EMST) of a high-dimensional dataset. The
EMST problem has a number of applications, including visualization,
cosmology, and chemical sciences, to name a few. Recently, due to ma-
chine learning-based embedding techniques, many objects are represented
as high-dimensional vectors. The above applications, hence, require an ef-
ficient EMST algorithm in high dimensions. Bortuvka’s algorithm is a rep-
resentative one, but it incurs O(n?logn) time for n points. The state-of-
the-art EMST algorithms improve practical time costs, but they assume
low-dimensional points. In high dimensions, such techniques are gener-
ally reduced to exhaustive searches, suggesting that computing the exact
EMST incurs a high computational cost. Fortunately, many applications
require fast response time while allowing approximate results. We there-
fore propose a new approximate EMST algorithm for high-dimensional
points. We conduct experiments on real datasets, and the experimental
results demonstrate that our algorithm yields an almost correct answer
in a much faster time than that of state-of-the-art algorithms.

Keywords: EMST - High-dimensional vectors - Algorithm.

1 Introduction

This paper addresses the EMST (Euclidean Minimum Spanning Tree) problem,
a classic but still important problem with about 100 years of research history [8].
Given a set P of n points in R?, the EMST of P is the spanning tree with the
minimum weight in the complete graph of P, where the weight of a spanning tree
is the sum of the distances between connected points. The EMST problem has a
number of applications, such as clustering [29], chemical science [26], cosmology
[21], visualization [3], among others. Recently, many objects are represented
as high-dimensional vectors, due to the proliferation of machine learning-based
embedding techniques. The above applications also have this observation, so
efficient computing of EMST in high dimensions is required.

Challenge. Efficiently computing EMST has been extensively studied, and both
theoretical algorithms (e.g., [7]) and practical ones (e.g., [31]) were devised. Most
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of the state-of-the-art practical algorithms [19,27,31] assume low-dimensional
spaces. Some theoretical algorithms also have this assumption [7,11], whereas
others only estimate the weight of the EMST [10] or assume a distributed com-
puting environment, which is different from our assumption.

The state-of-the-art practical algorithms, which assume low dimensions, em-
ploy a tree-based index (e.g., kd-tree). Some of them improve Bortivka’s algo-
rithm [8], which incurs O(n?log n) time, with the tree index, whereas the others
employ well-separated pair decomposition (WSPD) [9], and the tree index is used
to run WSPD efficiently. In high dimensions, because of the curse of dimension-
ality, tree indices do not function well, and it is hard to find well-separated pairs.
Therefore, their approaches are reduced to simple iterations of the closest-pair
finding with O(n? logn) time exhaustive searches.

As with this paper, the state-of-the-art approximation algorithm [23] assumes
high dimensions. This algorithm, however, considers only dimensionality reduc-
tion of P and simply uses Boruvka’s algorithm on the dataset with reduced
dimensionality. Hence, it still incurs O(n?logn) time.

Contribution. Motivated by the importance of EMST in high dimensions and
the efficiency issue in existing works, we propose a new approximate EMST algo-
rithm. The high computational cost of the state-of-the-art algorithms is derived
from their dependence on closest-pair computations (in Bortivka’s algorithm).
We therefore design our algorithm not to have this limitation, and our algorithm
does not rely on Bortuvka’s algorithm.

Conceptually, our algorithm builds a sparse graph G = (P, E), where P is
a set of vertices (i.e., vertices are points) and E is a set of edges, such that
e € F connects only close points. To obtain such G, our algorithm employs
an approximate k nearest neighbor graph and approximate k nearest neighbor
searches. After G is obtained, we can obtain the minimum spanning tree of
G with Kruskal’s algorithm [16]. This approach does not run any closest pair
findings but still makes the necessary edges. Our algorithm therefore yields a
spanning tree of P similar to its exact EMST.

We summarize the main contributions of this paper as follows:

— We propose a new approximation algorithm for the EMST problem. This
algorithm returns an approximate EMST in O(n) time in practice. (O(-)
hides any polylog factors.)

— We conduct extensive experiments on real-world datasets. The experimental
results demonstrate that our algorithm returns an almost correct answer in
a much faster time than state-of-the-art algorithms. We also confirm how
similar the result of our algorithm is to the exact EMST by visualization.

2 Preliminary

2.1 Problem Definition

Let P be a set of high-dimensional points € R?, where d = O(1). We use
dist(p,p’) to denote the Euclidean distance between points p and p’ € P. The
Euclidean minimum spanning tree of P is defined below.
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Definition 1 (EUCLIDEAN MINIMUM SPANNING TREE). Given a set P of
d-dimensional points, we can have an undirected graph G = (P, E) where E is a
set of edges between two points in P. The weight of an edge (p,p’) is dist(p,p’).
Let W(G) be the weight of G and

W(G) = Z dist(p,p'). (1)

(p,p")EE

Consider the complete graph Geomp of P, i.e., there is an edge between every
pair of points in P. The Euclidean minimum spanning tree (EMST) T* of P is
the spanning sub-graph of Geomp with the minimum weight.

Because computing the exact EMST involves many closest-pair computa-
tions, it incurs a significant computational cost in high dimensions, which can
be seen in Section 2.2. We therefore consider an approximation algorithm for
the EMST problem. That is, we return a spanning tree 7' of P which may have
T # T*. It is clear that W(T') > W(T*). When W(T') = W(T™*), T is highly ac-
curate. The objective of this paper is to devise an approximate EMST algorithm
that yields such a T quickly.

2.2 Boruvka’s Algorithm

The most straightforward approach to computing the EMST of P is first to
compute Geomp and then run Kruskal’s algorithm [16]. This approach needs
O(n?) space, so it is not feasible when n is large.

Boriivka’s algorithm does not have this high space complexity, and this is a
building block of the state-of-the-art exact and approximate EMST algorithms
[19,23]. In this algorithm, given P, we first consider each p € P as a graph
of a single vertex. For each p € P, Boruvka’s algorithm computes its nearest
neighbor point and makes an edge between p and its nearest neighbor. In the
next iteration, for each disjoint graph, Bortvka’s algorithm computes the nearest
graph (i.e., the closest pair of points belonging to different graphs) and makes
an edge between them. This is repeated until there is no disjoint graph.

Although this algorithm requires only O(n) space, it incurs O(n?logn) time,
which is exactly the same cost as that of the most straightforward approach.
The state-of-the-art algorithms [19, 23| hence suffer from this high cost.

2.3 Relevant Techniques

Our algorithm is based on an approximate k nearest neighbor graph (AKNNG)
and approximate nearest neighbor search (ANNS). Because our algorithm em-
ploys the state-of-the-art AKNNG construction algorithm and ANNS one, we
introduce them briefly.

AENNG construction. Because computing the exact kNNG is computation-
ally expensive and incurs O(n?), we use an AkNNG. To construct this, we employ
NNDESCENT [14]. For each point in P, NNDESCENT first adds k random edges
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(i.e., neighbors). Next, for each point p € P, it traverses p’s neighbors and their
neighbors, and then it updates p’s k neighbors. This is repeated until the updates
are converged or a given iteration number is reached.

For fixed parameters, NNDESCENT needs only O(n) space and O(n) time
[4]. In addition, it returns an AkNNG with high accuracy empirically.

ANNS. The ANNS problem has been extensively studied, and the current state-
of-the-art approach is based on proximity graph [17]. Among existing proximity
graph algorithms, we use HNSW [18] because it is the de-facto standard algo-
rithm. HNSW also consumes only O(n) space and empirically returns ANNS
results with high recall. Note that HNSW is not an AkNNG-based graph. Thus,
we cannot obtain an AkKNNG from the HNSW structure.

3 Related Work

MST on graphs. The MST problem is one of the oldest studies in computa-
tional geometry. The input of this problem is a graph G = (V, E), where V is a
set of vertices. This problem has three famous algorithms: Prim’s [25], Kruskal’s
[16], and Bortivka’s. These algorithms all need O(]E|log [V'|) time to obtain the
MST of G. The algorithm introduced in Section 2.2 is actually an extended
version of the original Bortvka algorithm. (The original Bortivka algorithm it-
eratively selects the edge with the minimum weight for each sub-graph, thus the
extended version needs to compute the nearest neighbor for each point in each
iteration.) Prim’s and Kruskal’s algorithms can deal with EMST only when a
graph of P is obtained.

EMST. Different from the above problem, EMST requires a set of d-dimensional
points as its input. Section 2.2 introduced the state-of-the-art algorithms based
on Borivka’s algorithm. Its GPU implementation was devised in [27], but this
is a different setting from ours. We hence review the other EMST works.

Literature [28] shows that the EMST can be obtained in O(nlogn) time in
2-dimensional spaces. However, its proposed algorithm needs O(n?logn) time
when d > 3. Yao devised an O((nlogn)!®) time algorithm for three-dimensional
spaces [32].

In [2], a closest-pair-based algorithm is proposed, but it incurs O(n? logd)
time in high-dimensional spaces. To improve the closest pair findings practically,
a WSPD-based algorithm was considered in [22]. A theoretical algorithm using
WSPD was analyzed in [7]. The running time of this WSPD algorithm grows
exponentially w.r.t. d, suggesting that the WSPD-based approach is not appro-
priate in high dimensions. [26] proposed a similar technique to ours. However, it
does not guarantee to return a spanning tree, and our algorithm does not have
this issue.

Some theoretical studies, such as [10], do not compute the EMST of P but
estimate the weight of the EMST. In addition, some works, e.g., [15], address
the EMST problem in distributed computing environments. Different from this
setting, we assume a single machine.
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Pa

Fig. 1. Approximate k nearest neighbor graph with an edge (ps, pa) that prevents from
obtaining the EMST (if we import the minimum spanning tree from this AkNNG). The
edge (p1,p2) is necessary to obtain a spanning tree with less weight.

4 Proposed Algorithm

Main idea. The straightforward algorithm builds the complete graph Geomp
of P, which is time- and space-consuming. To alleviate this space inefficiency,
Bortuvka’s algorithm incrementally computes the edges of the minimum spanning
tree of Gomp. However, Bortivka’s algorithm does not solve the time inefficiency
issue. Our new idea for overcoming this challenge is to build a sparse graph of P
and then add only promising edges to this sparse graph in a batch.

For each p € P, the sparse graph has much fewer edges than the complete
graph (e.g., 5 < n), so it is space-efficient. Moreover, to obtain an approximate
yet highly accurate spanning tree, this sparse graph needs to have the edges in
the EMST. Because each point in the EMST is connected to its close points,
we implement this idea by exploiting an approximate k nearest neighbor graph
(AENNG).

It is important to notice that the AkKNNG can have disjoint sub-graphs and
detour paths (even if the AkNNG contains spanning trees). Figure 1 depicts a
detour example in an AkNNG. Although we can obtain a spanning tree from
this AkKNNG, we cannot obtain the EMST. Any spanning trees of this AkNNG
definitely have the edge (ps,p4), but the EMST does not have this edge, and
the upper and bottom parts of this AKNNG should be connected by (p1,p2). To
avoid such disjoint sub-graphs and detour paths, we add promising edges to the
AENNG by exploiting approximate nearest neighbor searches.

Our algorithm is orthogonal to any AkKNNG building and ANNS algorithms
(so our algorithm can be considered as a framework). Therefore, by carefully
selecting efficient AKNNG building and ANNS techniques, our algorithm can
quickly return a spanning tree with high accuracy. To obtain a practically and
theoretically fast algorithm (by putting a reasonable assumption), we employ
NNDESCENT and HNSW as AkXNNG building and ANNS algorithms, respec-
tively. Although our algorithm may be simple, its novel idea yields high efficiency
(and accuracy) in practice.

The algorithm. Algorithm 1 details our proposed algorithm. Note that #, the
HNSW of P, is pre-built offline.
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Algorithm 1: APPROXIMATE EMST BUILDING

[ Y- B Ny} I\

®

10
11
12
13

14
15

Input: P, H (HNSW of P), and k
G < NNDESCENT(P, k)
P+ KRUSKAL(G) D> obtain a set of points (vertices) with a single degree in
the MST of each sub-graph
k< kx2
foreach p; € P’ do
S < ANNS(k,H)
foreach p; € S do
L Add edge (pi,p;) into G if (p;, p;) is not in E

while 1 do
f «— ISDISJOINT(G) D> checked by depth-first-search
if f is true then
‘ Run lines 2-7
else
L break

T < KRUSKAL(G) > return the MST in G
return T'

. We first run NNDESCENT with a very small £ to obtain a sparse graph G of

P, i.e., an AKNNG. Note that we use G as an undirected graph, like [6, 30].

. Next, we run Kruskal’s algorithm on G and obtain the MST of G. Notice

that this MST may contain disjoint sub-graphs, and our objective here is
not to obtain the MST itself but to obtain a set P’ of points (vertices of G)
with a single degree in this MST. Our idea here is that such points exist in
boundaries between different connected components and between different
dense spaces (as seen in Figure 1).

. To remove such disjoint sub-graphs and detours, we run ANNS by using

a larger k and each of these points. Specifically, for each p; € P/, we run
AENNS on H by using p; as a query point and obtain the AENNS result
S. We add the edge (pi,p;) to G for each p; € S. It is important to notice
that |P’| < n in practice. That is, different from the existing techniques, our
algorithm does not run (A)NNS for “every” point in P, thanks to the idea
in step (2). This approach thus saves computational costs better than the
existing state-of-the-art algorithms.

. After that, we confirm whether G is a single connected component (i.e.,

whether it has some disjoint sub-graphs) by using depth-first-search. If so,
we go to step (5). Otherwise, to make G a single connected component, we
run steps (2) and (3) by increasing k. This step (4) is repeated until no
disjoint sub-graphs appear.

. We run Kruskal’s algorithm on G and return 7', the MST of G.

Ezxample 1. Figure 2 illustrates an example of our algorithm. Given a set P of
points (Figure 2(a)), we build G, an AKNNG of P (k = 2 in Figure 2(b)). We
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od A o~

(a) A point set (b) Gi: AKNNG (c) MST of Gi (d) G2: new (e) MST of G
P of P (k=2) (edges are not edges (dashed

removed in our red lines) are

algorithm) added to G

Fig. 2. Example or our algorithm

compute a set P’ of points with a single degree in the MST of G, i.e., red circles
in Figure 2(c). We set k = 4 and run AkNNS for each point in P’ and add edges
to G as shown in Figure 2(d). As the resulting graph G5 does not have disjoint
sub-graphs, we run Kruskal’s algorithm to obtain the MST of G2. We finally
return it (Figure 2(e)).

This example clarifies the following observations: (i) Our algorithm adds
edges that avoid disjoint sub-graphs and detours (e.g., compare Figures 2(c) and
2(e)) while minimizing redundant edges. (ii) This graph building is achieved by
only a single AkNNG construction and some additional ANNS (i.e., the number
of query points is much less than n).

Remark 1 (PARALLELIZABILITY). Our algorithm is easy to parallelize: NNDEs-
CENT is parallelizable [14], and the for loop in line 4 is also parallelizable because
each ANNS is done independently. Therefore, multi-threading improves the prac-
tical efficiency of our algorithm.

Time analysis. For fixed parameters, NNDESCENT needs O(n) time [4, 5]. The
time of Kruskal’s algorithm on the AkKNNG is O(nklogn) = O(nlogn) time
[16]. Let T(n) be the search time of HNSW on a set of n points®. Because the
number of points (vertices) with a single degree can be O(n), lines 4-7 need
O(n) x T (n) time. Line 9 requires O(n) time, so each iteration of the while loop
needs at most O(n) x (T(n) + logn) time. As we double k in each iteration,
the number of iterations is O(logn). Given the above facts, our algorithm needs
O(nlogn) x T(n) 4+ O(nlog®n) time.

In practice, the original HNSW paper [18] claims that 7 (n) = polylog(n).
Furthermore, we observe that the number of iterations of the while loop is a small
constant (e.g., less than three). Our algorithm, therefore, runs in O(n) time in
practice, which is much faster than the existing algorithms and is confirmed in
our experiments.

3 The theoretical upper-bound of 7 (n) has not been given.
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5 Experiment

We report our experimental results in this section. All experiments were con-
ducted on a Ubuntu 22.04 LTS machine with 28 core Intel Xeon Platinum 8280L
CPU@2.7GHz and 742GB RAM.

5.1 Setting

Dataset. We used FastText [20], GloVe [24], MNIST [13], and SIFT [1]. Fast-
Text (GloVe) is a set of 300-dimensional (200-dimensional) 1 (1.2) million word
embedding vectors, and MNIST is a set of 784-dimensional 60,000 digit images.
SIFT is a set of 128-dimensional 1 million sift image feature vectors.

Evaluated algorithm. We evaluated the following EMST algorithms.

— Ours®*: our algorithm proposed in Section 4. We set k = 5.

— Bortivka: a state-of-the-art exact EMST algorithm.

Boriivka + RP [23]: a state-of-the-art approximate EMST algorithm. The
reduced dimensionality was 20, as with the original paper.

DualTree [19]: a state-of-the-art exact EMST algorithm for low-dimensional
points. We used MLPACK implementation [12].

All algorithms were implemented in C++ and compiled by g++ 11.4.0 with -O3
optimization.

Ours and Bortvka (+ RP) enable parallel processing, and we used OpenMP
for multi-threading. By default, we used 28 threads. DualTree is a sequential
algorithm and cannot be parallelized.

Criteria. We measured the time to build the exact or approximate EMST.
Note that we set two hours as the time limit. For approximation algorithms,
W(T)

we measured the accuracy, which is W) where T is the spanning tree of P

returned by an approximation algorithm.

5.2 Efficiency Result

We first compare our algorithm with the state-of-the-art ones while varying the
data size by random sampling. Figure 3 shows the experimental results. Except
for the case where a given dataset is very small (i.e., 20% sampling rate in
MNIST), our algorithm outperforms the comparison algorithms. DualTree could
not terminate within the time limit on the large datasets (FastText, GloVe, and
SIFT) even when the sampling rate is 20%. Boriivka has a similar result, and it
terminated on the large datasets only when the sampling rate is 20%. Borivka
4+ RP a bit improves this result, but it still could not terminate on the large
datasets when the sampling rate is more than 60%.

On the other hand, our algorithm does not have the above critical issues
and returns its result within a reasonable time (i.e., less than 3 minutes). We

4 https://github.com/KAKu99/approx_emst
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Fig. 3. Running time vs. data size. “[ " shows , “X” shows Boriivka, “o” shows
Bortivka + RP, and “A” shows Ours.
Table 1. Decomposed time [sec]
‘ Ours (k = 5) | Variant of ours (k = 20)
Dataset |FastText Glove MNIST SIFT|FastText Glove MNIST SIFT
NNDESCENT 73.91 58.48 10.10 63.20| 351.89 249.57  35.20 224.85
ANNS 23.23 22.69 0.80 7.28 - - -
KRUSKAL 9.04 9.83 0.26 8.18 834 9.83 032 7.96

observe that our algorithm is at least 55 times faster than Bortivka + RP on the
three large datasets. The comparison algorithms have a quadratic scale of n, but
our algorithm scales linearly to n. (Plots are log-scale.) This comparison result
clarifies that our new approach functions well in high dimensions and is much
better than the existing techniques.

Decomposed time. To show the efficiency of our algorithm, we use a variant of
our algorithm as a comparison. This variant runs NNDESCENT with a reasonably
large k that provides an AKNNG with no detours and disjoint sub-graphs (so it
does not run ANNS). Then, this algorithm returns the MST of the AKNNG via
Kruskal’s algorithm.

Table 1 shows the time of each component in the algorithms. It can be ob-
served that the variant used a bit larger k£ than our algorithm, but its total time
is at least twice than that of our algorithm. NNDESCENT with a larger k is an
intuitive and easy approach to obtaining an AkNNG whose MST is similar to the
exact EMST. However, this approach makes many redundant edges, incurring in
vain computations. On the other hand, our algorithm uses a small k to alleviate
the cost of NNDESCENT and employs ANNS to add only necessary edges. The
comparison result demonstrates that this idea minimizes the total time needed
to compute an approximate EMST.

5.3 Accuracy Result

We show the accuracy of each approximation algorithm in Table 2. The exact
algorithm did not terminate within the time limit when all points in a given
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Table 2. Accuracy

Dataset FastText Glove MNIST SIFT

Ours 1.01 1.02 1.00 1.01
Bortivka + RP 1.36 1.32 1.28 1.31

LY LN
— S 2 - S 2
7 &
- ;B - , He
- - jn\z\w gt g e - f?z\‘n | L
= Y ] = S
- . A"y - 9 hd Jemt
P % P e
Gl 2 Tl 2
NP NLg
L1 L1
Hﬂo.w-l hm.”u
(a) T*": EMST (b) T: the spanning tree returned

by our algorithm

Fig. 4. Visualization of spanning trees of 300 random samples of MNIST (best viewed
in color)

dataset were used (except MNIST). We therefore used 20% points to measure
the accuracy.

It can be seen that our algorithm returns almost perfect results, and its
accuracy is better than that of the state-of-the-art approximation algorithm
Bortivka + RP. This result again justifies that our algorithm is reasonable. Even
when using the exact algorithm (i.e., Bortivka), the dimensionality reduction
by random projection incurs a large accuracy loss. In addition, recall that our
algorithm is much faster than Bortivka + RP. That is, the performance of our
algorithm dominates that of Boréivka + RP.

Visualization. Last, to investigate the effectiveness of our algorithm, we vi-
sually compare T (the spanning tree returned by our algorithm) with 7% (the
exact EMST). We used 30 random samples of each class in MNIST (i.e., 300
samples in total) to easily confirm the accuracy of T'. For visualization, we used
the spring layout model.

Figure 4 depicts the visualization result. Note that each color represents the
corresponding digit. Consistent with the result in Table 2, T is almost perfect,
and VV;’(Q) = 1.002. Figure 4(b) shows that T has only slight differences from
T* (specified by dashed circles). These minor differences do not lose the global
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structure of a given dataset, thus it does not bother subsequent applications that
want to use EMST.

6 Conclusion

The Euclidean minimum spanning tree problem has many important applica-
tions, and objects in these applications are usually represented as high-dimensional
vectors nowadays. Existing EMST algorithms are optimized for low-dimensional
points, so they are not efficient for high-dimensional points. Motivated by these
observations, this paper addressed the EMST problem in high dimensions. Be-
cause it is practically hard to obtain the exact EMST of many points quickly,
we considered returning an approximate EMST. We proposed a fast algorithm
that returns a spanning tree of P whose weight is similar to that of its EMST.
We conducted experiments on real-world datasets, and the results demonstrate
that our algorithm is much faster than the state-of-the-art EMST algorithms.
In addition, we confirmed its high accuracy quantitatively and qualitatively.

Acknowledgements. This work was partially supported by AIP Acceleration
Research JPMJCR23U2, JST.
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