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Chapter 1

Introduction

Transport coefficients such as the shear viscosity n are useful insight about the nature of the
hot plasma produced in heavy-ion collisions (HIC) experiments. In high energy collisions
such as at the Large Hadron Collider (LHC), the quarks and gluons which are the degrees
of freedom of the Quantum Chromo-Dynamics (QCD) theory deconfine from their hadronic
state the Quark Gluon Plasma (QGP). Therefore, properly modeling HIC, and especially the
QGP, is pivotal in studying the phase structure of QCD matter.

In this thesis, we focus on the hydrodynamic modeling of the QGP. More specifically,
we study the numerical implementation of relativistic hydrodynamic used in the process of
simulating HIC. Having an accurate and efficient implementation is crucial in the process of
comparing the model results to the experimental data.

This thesis begins in this chapter with the introduction of the basic ideas of QCD and
heavy-ion collisions in Secs. 1.1 ind 1.2. The history of how hydrodynamics came to be used
in HIC modeling will be discussed in Sec. 1.2.2.

Throughout this thesis, the two following conventions will be used. First, we use the
natural units where ¢ = h = kp = 1. Second, we use the mostly negative convention for the
metric tensor g, = diag(+, —, —, —).

1.1 Quantum Chromo-Dynamics

In this thesis we are interested in a particular state composed of the quarks and gluons called
the QGP. The reason the quarks and gluons are so difficult to study, and also the QGP,
comes from the laws that rule their behavior called QCD. In this chapter, we will discuss the
theory of the QCD and discuss its different states.

1.1.1 Abelian theory

The theory of QCD is described by a Lagrangian including a peculiar type of symmetry.
This theory involves many concepts which should be introduced before explaining the theory
itself. In this section, we will introduce these concepts by progressively constructing a simpler
theory. The discussion in this section and the next one is inspired by chapter 15 of [1].

QCD is a theory constructed on the basis of symmetries. Therefore, we should begin with
a simpler theory having a similar symmetry. To do so, we will start with a Dirac field ¢ (z).
From this field we can consider two types of symmetries.

The first type is global symmetry where the transformation is independent of space. An
example of such a transformation is

U(z) = e (), (1.1)

1



2 CHAPTER 1. INTRODUCTION

which is the global U(1) transformation. From this transformation, we can construct two
invariant terms

m(P(x)e™") (e (x)) = mp(z)y (), (1.2)
(P(x)e™*)Du(eY()) = ()0 (), (1.3)
where the first one is the mass term and the second one the kinetic term. By including the

gamma matrices v from the relativistic Dirac equation, we can construct the Lagrangian
describing an interactionless spin-1/2 particle [1]

%
) —

L= () (in" 0, — m)y(x). (1.4)

This Lagrangian is invariant under the U(1) transformation.

The second type is local symmetry, or Gauge symmetry. In this case, the transformation
depends on the space coordinate x.

The local U(1) transformation is defined as

Y() = " D(z). (1.5)

Under this transformation, the mass term is still invariant, but not the kinetic one

mip ()i (x) = m(i(x)e ") (D (a)) = mi () (), (1.6)
P(@)0utp(x) = ((2)e "0, (" P (2)) = D) (x) + it (2)(@)D8(x).  (1.7)

Because the gauge, here 0(x), can be chosen freely, every field configuration that can be
related through the gauge transformation are actually the same. This means that the only
relevant quantities are the gauge invariant one, or said differently, the ones that are invariant
after a gauge transformation. Therefore, we want the kinetic term to be invariant in order
to be meaningful. To do so, we introduce a covariant derivative D,, such that

—
—

Dy (¥ p(x)) = e Dy (). (1.8)

This covariant derivative needs a term additional to 0, in order to subtract the i0,0(x)
contribution in Eq. (1.7) after the transformation is applied. This can be done by introducing
a vector boson A,(x) with a constant e which transforms as

1
Ay(x) = Ay(z) — gﬁue(x). (1.9)
With this vector boson, the covariant derivative read
D, =0, +ieA,, (1.10)

and the kinetic term defined as ¢(z) D, (z) is invariant

@) D) = [B()e @) |0, + ie(A, — 0p0(@)| (“Pu(@)  (11)
— d(@)e "D (0, + ie Ay )b () (112)
= U Dy (a). (1.13)

As we introduce a new vector boson A,, we also need the kinetic terms that can be
written with it to construct our Lagrangian. More precisely, we want to include all the gauge
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invariant terms into the Lagrangian as they are the relevant terms that cannot be changed
by changing the gauge.

One way to construct a gauge invariant quantity from A, is to realize what happens
when the covariant derivative D,, is applied to the Dirac field (). The resulting D, (x)
transforms in the same way as ¥ (x). We can thus apply the covariant derivative again to
¥ (x), and it will continue to transform the same. From this reasoning, the commutator of
the covariant derivative applied to ¥ (x) still transforms the same

Dy D) = @D, D, (a). (1.14)

However, in a flat space-time the partial derivatives 9, commute with each other [0,,0,] = 0.
In addition, the components of A, are real numbers, so they also commute with each other.
Therefore, by developing the commutator

[Dyiy Dyl (x) = [0, )b () + ([0, Av] — [0, Ao () — €*[Ay, AJ1p(x) (1.15)
= ie([6, A — 00, A,)0(x) (1.16)
=ie(0, A, — 0, A,)Y(x), (1.17)

we can see that this commutator is not a derivative. This means that in the right-hand side
of Eq. (1.14), the commutator [D,, D,] acts as a simple multiplicative factor. Therefore,
the field ¢(z) is the part responsible for the transformation, and the commutator must be
invariant. Removing the factor ie, the relevant invariant quantity is the field tensor

Fuy = 0,4, — 0,ud,. (1.18)

We can also show that quadratic or higher order terms made of A, such as A, A", are
not gauge invariant.

If we impose the parity and time reversal symmetries in addition to the local U(1) gauge
symmetry, and we exclude all the non renormalizable terms (see [1]), the Lagrangian is only
composed of the invariant terms we introduced before

1
L= §(y" Dy —m)e — L Fu P, (1.19)

where the 1/4 factor is standard. This Lagrangian we constructed is the Quantum Electro-
dynamics (QED) Lagrangian, where W is the electron field, and A, the photon field.
This Lagrangian suggests three behaviors:

1. The kinetic term @(7“@ —m)1 shows that the field 1) is massive, and therefor particles
of the field ¥ will propagate slower than the speed of light.

2. These particles interact with each other through an exchange of a vector boson A, with
coupling strength e in 1y eA ).

3. The vector bosons A, are massless as there is no quadratic term A, A", and they cannot
interact with each other as there are no third or higher order terms appearing.

When the coupling constant e is small, such a theory can be solved perturbatively by
expansion in e. The story would be completely different if the bosons could interact with
each other.

A theory such as the one we constructed where the components of A, commute is called
an Abelian theory.
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1.1.2 QCD, a non-Abelian theory

Compared to the Abelian case discussed in the previous subsection, the theory of QCD is
based on the SU(3) local symmetry, whose elements do not commute. More precisely, the
SU(3) group act on vectors of three components. These operations can be interpreted as a
mixing between three components, which are called colors in QCD. To include these colors,
we add an index i = 1,2,3 to the Dirac field ¥*(z), which is now the quark field. The SU(3)
rotations will then mix the three 1’(z).

All the operations permitted by SU(3) can be written as U = ¢ 2a A"0(%) where a ranges
from 1 to 8. Compared to the previous case where there was a single 6(x), there is now eight
0%(z) associated to eight generators A*, which are 3x3 complex matrices. The commutator
of these matrices is not null but instead produces a combination of all the matrices

(AP, X = (APAC = AXP) = ) e, (1.20)

a

where fup. are the structure constants of the corresponding Lie algebra.
In the process of deriving the covariant derivative for the SU(3) local symmetry, we
construct one vector boson A} (z) for each 6¢(x). These bosons are the eight gluons.

The covariant derivative is now a 3x3 matrix which accounts for the three components of
the SU(3) vectors

-gS a a
(Du)ij = 0100 + 17 > AGAL (1.21)

where g, is the coupling constant.
In the same way, the tensor field became more complex, and there are eight of them

Fl, = 0,A% = 0,A% — go Y f* AL AL, a=1,..,8. (1.22)
b,c

Compared to the Abelian case, they include a non-zero commutator of the vector bosons.
Once again, by considering the parity and time reversal symmetries, and excluding all the
non renormalizable terms (see [1]), the Lagrangian of QCD reads

6

o o )

Lacp = )} [V (Dp)ij — my) ¥ — 1 > Fy FO, (1.23)
f=1 a

where the index f in @b(x)} and my account for the six different flavors of quark which have
six different masses.

The Lagrangian Eq. (1.23) is very similar to the Abelian one discuss in Sec. 1.1.1. How-
ever, there are two main differences. The first one is that the Dirac fields ¢é have three
charges which can be exchanged through the interaction with a gluon. The second is the
inclusion of the non-zero commutator in F) 4w, which produces third and fourth order terms
in Af,, and therefore introduces three and four gluons interactions.

Such a theory where the elements of the symmetry, and therefore the corresponding
bosons, do not commute is called a non-Abelian theory.

In summary, QCD is a theory describing the dynamics of quarks and gluons, and its
Lagrangian is given by Eq. (1.23). The existence of the gluon self interaction also means that
in the process of exchanging colors between quarks, a gluon from one quark could interact
with other gluons before finalizing the exchange with the second quark.



1.1. QUANTUM CHROMO-DYNAMICS )

1.1.3 Confinement and Asymptotic freedom

The Lagrangian Eq. (1.23) shows the interactions between the quarks and the gluons as a
product of them with a coupling constant. However, computing the evolution of the particles
from the Lagrangian directly leads to infinities at high momenta called the ultraviolet diver-
gence. For this matter, the renormalization group is a theory that can be applied to cure
this divergence in most quantum field theories. Although explaining what is renormalization
is outside the scope of this thesis, its main implication is still important.

After renormalization, a theory such as QED or QCD will produce finite results. The way
the renormalization cures the divergence is by altering the parameters of the theory. In our
case, it makes the coupling constant dependent on the energy scale, so it is not a constant
anymore.

In the case of QED, the coupling will increase as the energy scale increases, so the inter-
action becomes stronger at higher energies. Conversely, it appears that the coupling in QCD
has the opposite behavior where it decreases as the energy scale increases.

In the low energy regime, the quarks are always confined into hadrons. This property
essentially comes from the large coupling at low energy. More precisely, the color-electric
field between the quarks form a flux tube which induces a linear potential [2, 3]. Therefore,
when two quarks are far apart and the potential energy becomes greater than the mass of two
quarks, it becomes energetically favorable to produce a quark and anti-quark pair resulting
in two distinct hadrons and vanishing color-electric potential.

In the asymptotically large energy regime, the coupling will decrease to the point where
the strong interaction will vanish. This is called the asymptotic freedom.

The asymptotic freedom was found experimentally before knowing that the local SU(3)
symmetry could produce vector bosons and asymptotic freedom. In the 1960s, the SLAC-
MIT experiment [4] performed deep inelastic scattering of electrons on protons. At that time
the proton structure was not known yet. By performing inelastic scattering, two scenarios
could occur: the proton is made of strongly interacting constituents, and thus it would recoil
as a whole, or it is composed of weakly interacting constituents which would be deflected
independently. The experiment showed that it was the latter. In hard scattering, the electron
would be deflected as if it interacted mainly through electrodynamics with an electrically
charged elementary particle from inside the proton. A jet of hadrons would be produced in
the direction this internal particle should have scattered. What was concluded is that the
constituents of the proton would be loosely bound by strong interaction in a short and highly
energetic process such as hard electron scattering occurred. This led to the search for an
asymptotically free theory with vector bosons, which ended up being the QCD. The fact that
the quarks and gluons behave differently at different energy scales motivated the exploration
of the different phases of QCD matter.

The previous experiment confirms the asymptotic freedom, but it does not free the quarks
of confinement as this freedom is only local in time and space. However, the extreme asymp-
totic freedom is not necessary to stop confinement. Indeed, at sufficiently large energies such
as in HIC, a plasma is produced. In such a state, the amount of color fields increases with
the distances and the color-electric potential is no longer linear. It now decreases quickly
with the distance due to Debye screening [5, 6]. Because of this, the quarks can move freely
in the plasma without being confined into hadrons. This is called the deconfinement.

1.1.4 QGP

The QGP is the state in which the quark have reached deconfinement, and they can individ-
ually move almost freely inside the medium.
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When produced in a heavy ion collision, the QGP will have a very large pressure in the
longitudinal direction, usually called the 7 direction, where n = tanh™!(z/t) is the position
along the longitudinal direction in Milne coordinates. Furthermore, the two nuclei rarely
exactly face each other, which produces an elliptic interacting shape in the transverse plane.
These two properties lead to anisotropic particle production after the freeze-out.

The anisotropic flow is very useful to study the viscosity of the QGP [7, 8]. However, the
hadrons produced after the freeze-out can be either neutral or charged, yet detecting neutral
particles is difficult. Therefore, the experiments are usually only focusing on the charged
particles as a proxy.

Another useful property of the QGP is its production of jets [9]. The jets, large number of
hadrons produced in a similar direction from the scattering of partons, have been well studied
especially in the context of proton-proton collisions. These jets have a reduced energy and
number of particles in heavy-ion collisions, although they include more participating partons
which could scatter than proton-proton collisions. This reduction is a signal of the QGP in
which the scattered partons lose energy as they traverse the medium and thus the amount of
large energy partons is reduced. This is often called jet quenching.

Similarly to the suppression of jets, the suppression of quarkonia, which are bound state
heavy-quark pairs c¢ and bb, is an interesting probe for the QGP. Due to the color screening
in the QGP, the formation of quarkonia should be suppressed [10]. Observations of this
suppression such as in [11] is an important probe of the deconfinement of the quarks and
gluons in the QGP.

Another way to study the QGP is through its phase transition from the hadronic phase.
During phase transitions, the charges tend to fluctuate in very specific ways. Close to the
expected critical point of QCD, which has the same universality class as the one of water, the
fluctuation of the order parameter should diverge. The order parameter of QCD is the chiral
condensate o = <1E1/1>, which measures the spontaneous breaking of chiral symmetry. This
condensate is formed in the vacuum and vanishes at high temperature. Although it is difficult
to study it directly, it couples to the net-baryon number, which can be observed by the proxy
of charged particles. The fluctuations of the charged particle production can thus be used as
a probe for the transition from the QGP to hadronic matter through the critical point [12].
At the boundary of phase transitions, not only a critical point, most conserved charges will
have anomalous fluctuation behavior, which means that the study of the fluctuations is a
good probe to find the boundary of the QGP state.

One last important probe is the thermal photon and dilepton production to measure the
temperature of the QGP. These particles are not made of quarks and gluons and thus are
not affected by the strong interaction in the QGP medium, which make them a good probe
for the thermal properties of the QGP [13].

1.1.5 Ideal gas limit

Before going further in a theory, it is always convenient to develop intuition with the ideal
limit. In our case, there are two interesting limits. The first one is the low temperature limit
where the quarks and gluons are confined into colorless hadrons which can be considered to
have vanishing strong interaction between them owing to low density. The second one is the
infinite temperature limit where the strong coupling vanishes, which leaves the quarks and
gluons free.

In this subsection we will go briefly over these two cases by taking inspiration on [14]. In
both cases, the general form of an ideal gas partition function is

3
In Z}(V,T) = nuiv/dpglnu + e Plwimm)y (1.24)

(2m)
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where 8 = 1/T, i indices over the individual particles, n = {—1,1} for bosons and fermions,
v; is the number of degrees of particle i, u; is the chemical potential for a conserved charge
associated with particle 7, and w; is the energy of the particle.

The Hadron Resonance Gas

In the low temperature limit, we can consider that the hadrons are approximately free and
the partition function of a system of hadrons factorizes in individual partition functions.

The logarithm of the partition function becomes the sum of the individual partition
functions In Z ~ Y, In Z}, where Z} is the ideal gas partition function Eq. (1.24). Therefore,
the pressure and energy density of such an ideal hadron gas become

T T T
p=yZ=y > WZHV.Tp) g Y WmZ(V.Tw) (1.25)
i€{mesons} i€{baryons}
10lnZ 1 OmZNV, T, ;) 1 Ol ZH(V, T, ;)
__ = _ = '3 y Ly _ I3 ’ 0 12
TV B v 2 B p3 0B (120
i€{mesons} i€{baryons}

where 7 in Eq. (1.24) is —1 for mesons and 1 for baryons, and i ranges over the different
hadrons.

One can use the experimental energies of hadrons and resonances ¢ that were established
so far and perform the momentum integrals to obtain the pressure and energy density as a
function of the temperature and chemical potential.

Free quarks and gluons, the Stefan-Boltzmann limit

In the high temperature limit, we can regard the system as a gas of free quarks and gluons.
In the massless limit for light quarks, the momentum integral in the partition functions can
be performed, and it gives the Stefan-Boltzmann pressure

24
= ov;—T 1.27
P = Qivigs (1.27)
where «; = {1,7/8} for bosons and fermions respectively, and v; the degeneracy.
There are two polarizations for each of the 8 gluons, and 3 colors and 2 spins for the
quarks and anti-quarks. The pressure reads

21 2
p=(16 + ENf)%T‘* (1.28)
where Ny is the number of quark flavors considered.

In this conformal case where quarks are massless, the energy density is

e=3p. (1.29)

1.1.6 Lattice QCD equation of state

The temperature, energy density and the pressure are the most fundamental thermal quanti-
ties. Their expression are necessary to model the QGP with relativistic hydrodynamics where
the equation of state relating these three quantities is a theoretical input. However, a direct
calculation of these thermal quantities from the Lagrangian cannot be done for QCD due to
the large coupling constant.
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Figure 1.1: Energy density (left) and pressure (right) divided by 7% form lattice QCD [15]
as a function of the temperature T for different time discretizations Ny = 6, 8, 10.

To circumvent this, the lattice theory [14] discretizes space and time as a finite lattice
where the quarks are on the vertices and the gluons are on the edges. The action of this
system is constructed such that the action of the QCD theory is recovered in the continuum
limit where the lattice spacing a, the distance between two adjacent vertices, tends to zero.
In this prescription, the lattice is expressed in Euclidean space-time so that the action is a
real number.

In the Euclidean space-time, the length in the time direction corresponds to the inverse
of the temperature 1/7T. This means that the temperature of the system can be controlled
by the time discretization by varying the number of cites N, for fixed a or the opposite.
The thermodynamic quantities such as the pressure can then be computed numerically for
different space discretization. The continuum limit of these quantities is then obtained by
extrapolating to vanishing lattice spacing a — 0. By varying the time discretization and thus
the temperature, the lattice calculations can tabulate the thermodynamic quantities.

In the case of QCD, the SU(3) symmetry is included in the action of the lattice theory.
The pressure can then be obtained as a function of the temperature, which is called the
equation of state. This is a crucial input necessary to write the equations of relativistic
hydrodynamics in the context of heavy-ion collisions as we will do in Cha. 2.

An equation of state for 2 + 1 quarks flavors with physical masses was studied in [15].
The corresponding energy density and pressure divided by T* can be seen as a function of
the temperature 1" on the left and right panels of Fig. 1.1. We can see that at high energy
they approach the Stefan-Boltzmann limit Eqgs. (1.27) and (1.29) we discussed earlier.

1.1.7 QCD phase diagram

The study of quark matter has a similarity to the study of water. It is well known that water
undergoes phase transitions depending on the temperature. From liquid, water becomes
solid ice when the temperature drops too low, and gas vapor when heated. An additional
observation is that in high altitudes, such as in the mountains, the pressure is lower and
the water boils at lower temperatures. As water has very different properties in its different
states, especially its volume change, it is useful to know in what condition it is in which
state. This corresponds to studying its phase diagram as depicted in Fig. 1.2 where we can
see the different phases of water as a function of the pressure and temperature. There are two
noticeable aspects in this diagram. First, in this diagram, we can see that depending on the
temperature and pressure the states can either change spontaneously through a first-order
transition depicted by the solid lines, or they can change continuously in a crossover transition
where there are no lines in between. Second, when the line of first-order transition reaches the
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T liquid
=,
A, solid
gas
T [°C]

Figure 1.2: Phase diagram of water on the pressure (P) and temperature (T) plane.

crossover region, it just abruptly stops at a point. This specific point happens to be a critical
point where a second-order phase transition occurs. On this point, the correlation length
tends to infinity and fluctuations grow and diverge. This point is very interesting as it has
very visible properties, especially since all frequencies of light can be absorbed and emitted
due to the divergence of fluctuations. This makes the water appear completely opaque and
white.

A similar story happened for the study of the quark matter, although the first prediction
has been made theoretical. In the 1960s, Nambu and Jona-Lasinio (NJL) introduced a
superconductive state model (NJL) for the proton-neutron in the vacuum [16]. They will later
extend the model to finite pp. In the 1970s, Cabibbo and Parisi theorized that the quarks
confined in hadrons would reach a deconfined state above a high critical temperature [17]. At
that time they thought that the transition would be second order. Even if the actual order of
the transition will change as the theories evolve, this started the path of exploring the phases
of quark matter. From chiral symmetry restoration calculation on a linear sigma model with
massless quarks in the 1980s, the transition is expected to be first order [18]. Then finally
the transition is found to be a crossover in the 2000s at physical quark masses in the lattice
QCD calculations [19].

These predictions at different temperatures and baryon chemical potential motivated the
study of the phase diagram of quark matter. Especially, Asakawa and Yazaki predicted a
first-order transition at large pp in the NJL model [20]. They also predicted a critical point
to exist as an end point of the first-order phase transition. Similarly to the water case, a
critical point is very interesting due to its peculiar diverging fluctuations. The possibility of
experimental search for this critical point was then discussed by many people [21].

These different phases can be summarized in a phase diagram. There are many depictions
of this phase diagram, but essentially it has three major phases as depicted in a schematic
from [22]* on Fig 1.3. The QGP is located on the top at high temperatures. It is separated
from the hadron gas by a crossover transition at low pp and a first-order transition depicted
by a white line at large up. The expected critical point is depicted in red at the junction
between the first-order transition and the crossover. The last color superconductor phase
which is still only theoretical is located at very high pup and low temperature at the bottom
right of the diagram.

All these discussions eventually led to the heavy-ion collisions and the Beam energy
scan [24]. The idea consists of colliding nuclei at different energies. At large energy, the
temperature greatly increases while the baryon stopping is reduced at mid-rapidity [25],

“Recent overview do not depict a more precise diagram [23]
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Figure 1.3: Depiction of the QCD phase diagram in the temperature and baryon chemical
potential plane from [22]

which reduces the baryon chemical potential. At low energy, the opposite happens where
the temperature increases less and the baryon stopping is stronger, leading to a larger up.
Thus, the beam energy can scan the QCD phase diagram and search for large fluctuations
through higher-order cumulants to find the critical point. The low pp region is experimentally
obtained by the LHC experiments at /syny > 200 GeV. The lower 3 GeV < /syny <
200 GeV region is then obtained by RHIC, especially from the beam energy scan program [22].
The High Acceptance DiElectron Spectrometer (HADES) from GSI goes further down to
2 GeV < /syn < 3 GeV [26].

1.2 Relativistic heavy ion collisions

In a heavy ion collision, the colliding energy can be controlled and the final produced particles
can be observed. However, we cannot directly observe what happens from the collision until
the produced particles reach the detector. Due to this, the exact evolution cannot be known
for certain. The only thing we observe are discrete particles in the final state.

However, much information can be extracted from the distribution of these particles.
Especially, the anisotropy of the produced particles tends to reflect the shape of the initial
state. The more off center the nuclei collide, the more oval the interacting system will be.
In this case, the particles will not be produced isotropically, but instead they will follow this
oval shape [27]. Such a behavior strongly suggests that the interacting medium is ruled by
fluid dynamics.

Considering the difference between fluid dynamics and freely flying particles, there must
be a thermalization from the collision to a hydrodynamic state, and then a chemical freeze-
out to some kinetic evolution where particles will fly to the detector. In reality, the stages
are not discrete with spontaneous transitions. Instead, the QGP should be composed of
simultaneously interacting hadrons, jets, deconfined quarks and gluons, etc. However, it
would be too difficult to numerically simulate everything at once. Therefore, the usual way
of modeling is to describe the full process as successive independent stages. The specific
models used for each of these states will be discussed in the following sections.
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1.2.1 Physical evolution of a collision

To numerically solve HIC, we need to have a physical interpretation of the full evolution from
the collision to the particles reaching the detector. It is decomposed into 3 major steps. The
duration of these steps depends on the collision energy ,/syn. As this thesis focuses on high
energy collisions, the following discussion will consider \/syy > 200 GeV.

1. Thermalization (7 =0 ~ 1 fm)

When the nuclei collide, they are constituted of high-energy hadrons. Then, as they pro-
gressively pass through each other, the partons will strongly interact and the majority
of the initial kinetic energy will be converted to heat, while a percent of it will be con-
verted into numerous quark and antiquark pairs and gluons. Conversely, the larger the
collision energy, the more the baryon chemical potential will decrease at mid-rapidity
due to the decrease of the baryon stopping and the increase of matter-antimatter pairs
production [25]. Shortly after the nuclei finish passing through each other, less than
1 fm after the collision, the strongly interacting medium had enough time to interact
to the point of locally thermalizing [28, 29, 30].

2. The quark gluon plasma (7 =1 ~ 10 fm)

When the thermalization is established, the temperature is much higher than the critical
temperature T, ~ 150 MeV. A such temperature, the quarks and gluons feel a strong
Debye screening [5, 6], which leads to the deconfinement and the formation of the QGP.
At this early time of 7 ~ 1 fm, the average speed of the medium is small in the center of
mass frame. However, the pressure is very large, especially in the longitudinal direction.
The QGP will then rapidly expand following the pressure gradient. As it expands, the
density and temperature will drop progressively. Around a critical temperature of
T. ~ 150 MeV reached at 7 ~ 1 —10 fm [31], the deconfinement will cease progressively
and the quark and gluons will assemble in color-neutral hadrons.

3. The hadron gas (7 = 10 ~ 20 fm)

After the hadronization at 7 ~ 10 fm, the system will only be about 10 fm in radius.
The produced hadrons are still close to each other and continue to interact inelasti-
cally. After a few more fm of time, the hadrons will have lost energy and the inelastic
interaction will stop, leading to the chemical freeze-out. They will continue to interact
elastically as they continue to fly away from each other, and around 7 ~ 20 fm they will
stop interacting altogether [31], reaching the kinetic freeze-out. During all that time,
most of the unstable hadrons will also have decayed. What will remain from here will
simply fly straight until hitting the detector.

1.2.2 Numerical framework of a collision

The physical evolution described in the previous subsection is usually split into multiple
stages. The hadronic transport [32, 33], which we will describe at the end of this section,
tried to be used to describe the entire evolution of a collision. However, the results could not
reproduce the experimental data so well, especially the flow anisotropy at high energies [34,
35].

By introducing additional models, especially a hydrodynamic stage before the hadronic
transport, the agreement with experiments is significantly improved. Nowadays, there is also
a thermalization stage between the collision and the hydrodynamics stage [28]. With the
particlization stage needed to go from a hydrodynamic representation to a kinetic transport
one, this makes five stages in total.
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In this section, we will describe the conventional models in the order they appear in a
numerical framework.

Collision and initial state

The initial state of a numerical framework for a heavy-ion collision corresponds to a descrip-
tion of the energy and momentum distribution at the moment of impact of the colliding
nuclei. The different models that were developed over time tend to either focus on simpler
geometrical description or on more complex QCD based descriptions.

One of the earliest and most used initial state model is the Glauber model [36], which
is geometrically based. We will go into some details for this model as it was an important
foundation in the HIC modeling, and it is the basis of the TRENTo model [37] we use in this
thesis. In its first form called the Optical Glauber model, the nucleons from both nuclei fly
straight into each other. These nuclei are represented as smooth distribution of nucleons.
Inside each nucleus, the nucleon density is parametrized with a Woods-Saxon potential

1 +w(r/R)?
=P0——r

l1+ea

(1.30)

where r is the radius, pg is the nucleon density in the center of the nucleus, R the nuclear
radius, a the skin depth and w the deviation from a spherical shape. These parameters are
obtained from experimental data.

The interaction between two nuclei A and B with N4 and Np nucleons respectively, is
modeled through the probability of interaction between each pair of nucleons. This model
considers that the nuclei will simply go straight through each other, so the probability of two
nucleons to interact in a given transverse area is given by the product of the probability of
finding a nucleon from each nucleus in that area. For a unit transverse area s, the probability
of finding a nucleon in s corresponds to the integral of the nucleon density over the collision
axis z

Tap(s) :/ﬁAB(s,z)dz (1.31)

where pa p(s,z) is the probability to find a nucleon at the location (s,z). This integral
corresponds to the gray tubes in Fig. 1.4 a) from [36], where b in both view is the impact
parameter and §'is the location of the unit area from the center of A on the transverse plane.

The joint probability of two nucleons being located in the same area defines the thickness

function
Tap(b) = / Ta(3)Tp(5— b)d?s. (1.32)
The probability of having n nucleon-nucleon interactions is given by the binomial distri-
bution NN
- NiN A - n ~ - ANB—
P = (V) [Fan @3] 1 - Tan @ S

where the probability of two nucleons interacting correspond to the probability of finding two
nucleons at the same location Tup multiplied by the nucleon-nucleon inelastic cross-section
O’i]XéY . This cross-section is the second experimental input for this model, which depends on
the collision energy.

All the theoretical observables such as the number of collisions

NaNp
Neou(b) = Y nP(n,b) = NaNgTap(b)oiyy (1.34)

inel
n=1
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Figure 1.4: Schematic representation of the Optical Glauber model with transverse (a) and
longitudinal (b) views from [36]

can be derived from the thickness function and the binomial probability.
The total probability of interaction between A and B, from which the initial energy
density can be obtained, is

NN,
d25AB ANB - N :|NANB

@ Oinel _ Z P(n,b)=1— [1 — Tap(b)oid

o (1.35)

n=1

Although this optical model is convenient in its simplicity, it suffers from one major
drawback, which is its smooth deterministic profile. Realistically, a collision is chaotic and
the produced interaction varies event-by-event. This is where the Monte-Carlo Glauber model
fix the problem. Instead of considering a smooth homogeneous transverse profile, nucleons
are sampled from the transverse probability distribution to form 3-dimensional nuclei. An
interaction between nucleons happens when the distance d between them satisfies

oNN
d < ) nel (1.36)
T

One interesting aspect of this model, optical or not, is that the number of participating
nucleons changes with the impact parameter. By assuming that the number of produced
particles in experiments depends on the number of interacting nucleons, we can sort exper-
imental data by number of produced particles in order to also sort by impact parameter.
Doing so allows classifying experiments by similar impact parameters, although the exact
value is unknown. This way of sorting is called centrality selection and tends to be expressed
in percentage ranges instead of number of charged particle, where lower percentage means
smaller impact parameter. Numerical results can be matched to experimental data when
classified by centrality, in which case the agreement between the results is good [36, 38, 39].
This suggests that this scaling with number of produced particle is correct.

Such a simple geometrical model was a useful start, but it is not sufficient to properly
reproduce more complex observables. In particular, fluctuations of densities in the initial
state greatly affects the final higher order flow observables, such as higher order anisotropy.
Having more physical intrinsic fluctuations would greatly improve the numerical results for
such observables. One solution to address this problem is to use the Color Glass Condensate
(CGC) effective theory of QCD [40]. This theory describes the nuclei as dense classical gluons
fields called Glasma. These color fields are determined by solving the classical Yang-Mills
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(CYM) equations [D,,, F*'] = J¥ where the color current J* is generated by the moving
nuclei. The solution of the CYM equations, which is obtained numerically using lattice
theory, is used to compute the energy density of the initial condition. By solving the CYM
equations, QCD fluctuations are inherently included inside the model. When the impact
parameter (IP) dependence is also considered, the model is called IP-Glasma. Including this
model in a complete heavy-ion collision framework can properly reproduce many non-trivial
observables including higher-order anisotropy [41, 42].

Although IP-Glasma is still used nowadays, the convenience and efficiency of simpler
geometrical models is still attracting. Therefore, recent geometrical models use more flexible
parametrization tuned to reproduce experimental data. They also tend to include additional
parametrizable fluctuations for more realistic distributions. For instance, the TRENTo [37]
model extends the Glauber model by introducing a generalized mean of parameter p of the
transverse probabilities for the calculation of the entropy deposition. This parameter can
be adjusted to consider different context. In the case p = 1, this corresponds to the classic
Monte-Carlo Glauber where nucleons interact over the entire longitudinal direction. However,
with p = 0, which corresponds to the geometric mean, the entropy production is suppressed
in the locations where a small longitudinal thickness is involved, which can be seen as limiting
the number of times a nucleon can interact. When comparing with experimental data, the
parameter that fit the best is p ~ 0 which is also in good agreement with the IP-Glasma
model [37]. Compared to the Glauber model which expresses the transverse probability
directly from the nucleon distribution, the TRENTo model expresses it as a random-weighted
sum of the nucleon distribution where a different weight is sampled for each nucleon. Such
extra sources of fluctuations help to accurately reproduce observables that rely on higher
order moments, such as the two or four particles anisotropy v2{2} and ve{4} which we will
discuss in Sec. 7.2.

Pre-equilibrium dynamics

Landau introduced in the 1950s that the medium produced by colliding nuclei would reach
a full stop [43], meaning that the velocity in the center of mass frame would be zero until
thermalization. In a complete numerical setup, this corresponds to directly use the densi-
ties provided by the initial state models as input for the hydrodynamic stage in Cartesian
coordinates. However, this happened to be too much of a simplification.

The system would more likely start to develop velocity and expand as it thermalizes.
For that matter, adding a stage with weaker interaction to let the medium evolve before
the strongly interacting hydrodynamics is needed. The simplest way to do such thermal-
ization stage is to start with no interaction at all as in a free-steam of particles, followed
by instantaneous thermalization [28]. By changing the duration of this free-streaming stage,
it is possible to interpolate between short and long thermalization, which corresponds to
weakly and strongly coupled early evolution. This additional step produces better results
than the purely instantaneous thermalization [28]. This model suggests that a switching
time of 7 ~ 0.1 — 0.6 fm is the best to reproduce experimental data.

A more complex way to introduce finite time thermalization is from a theoretical point of
view. We already discussed one of such theoretical approach for the initial state, which is the
CGC. Indeed, the classical Yang-Mills equations describing the glasma can be evolved further
than the initial collision. It was shown that during the evolution, the plasma instabilities
(Weibel instabilities) progressively drives the system towards isotropy [29]. Essentially, as
the glasma field fluctuations grow, the momentum is redistributed progressively which thus
lead to thermalization. After about ~ 0.2 — 0.4 fm of time, the system is considered to have
reached local equilibrium, and the hydrodynamic stage can start.
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Another approach is to use perturbative QCD when the collision energy is very large. In
this case, the model considers the evolution of high energy hard gluons coming from the nuclei
and low energy soft gluons produced from the interaction. On the first hand, the soft gluons
are emitted in abundance just after the collision, which make them thermalize very quickly.
On the other hand, the hard gluons storing most of the energy will interact with the thermal
bath formed by the soft gluon, which will progressively lead to complete thermalization. This
model predicts the thermalization time to be 7 = ozs_13/ 5Q§1 [44], where at LHC energies
Qs ~2—3 fm and as ~ 0.11 [45]. These values suggest a thermalization time of 7 ~ 20 fm,
which would be larger than the duration of the QGP. However, total thermalization is not
needed to reach fluid dynamics. Only local thermalization would be needed, which would
occur much earlier. One popular code using this approach is called KoMPoST, and it suggests
that the switching to hydrodynamics should happen around 7 ~ 1 fm [30], which is in
agreement with other models.

Essentially, all models predict that the system produced after the collision is very quickly
attracted toward hydrodynamics, with a local thermalization time shorter than 7 ~ 1 fm.

Local equilibrium dynamics, relativistic hydrodynamics

In recent days, we know from models and experiments that HIC can produce the QGP which
is a nearly ideal fluid. Using hydrodynamics to model it is therefore natural. However,
hydrodynamics took a long time before being accepted by the community.

It started in the 1950s when Enrico Fermi used a statistical description of multiparticle
production in proton collisions [46]. This introduces the idea of considering the system
formed in ion collisions as a thermal system. Later in 1953, Landau considered that due to
the extreme density, the mean free path would be much smaller than the size of the system,
and thus local equilibrium could be reached [47]. He thus modeled the produced system with
ideal hydrodynamics.

From then, physicists started to think about producing bulk nuclear matter in heavy
ion collisions instead of studying cosmic-rays or proton collisions. A conference in Bear
Mountain in 1974 [48] officially started the use of heavy-ion collisions to study the QGP.
Following that conference, new experiments started in the 1970s and 1980s at Brookhaven’s
AGS and CERN’s SPS and ISR. The new data acquired started to encourage hydrodynamics
description. Especially, Bjorken proposed a 1+1D boost-invariant exact solution for ultra-
relativistic collisions [49]. This solution involving a longitudinal boost-invariance (flat rapidity
plateau) was in good agreement with the central plateau in rapidity distribution found in
JACEE astrophysical HIC [50], and it was surprisingly also in good agreement with the central
plateau in rapidity distribution measured at the SPS and ISR, even if these experiments only
considered protons and alphas low energy collisions. Although hydrodynamics started to be
used, it was puzzling that it could be applicable. Indeed, the system produced in a heavy
ion collision happens to be about 10 fm long and only lives for about 10 fm, which makes it
surprising that such a system can reach local equilibrium.

This puzzle started another trend to describe QGP with kinetic theory [32, 33]. How-
ever, it did not stop hydrodynamics from being used, and the study continued with 2+1D
transverse hydrodynamics with boost-invariance in the longitudinal direction in 2000 [51]. It
became especially useful to compare to the results from the RHIC experiment first published
in 2001 [52], which measured elliptic flow in the transverse direction arising from the ini-
tial almond-shape interaction region of two colliding nuclei. Although ideal hydrodynamics
already reproduced qualitatively the shape of the elliptic flow as a function of centrality,
it could not exactly reproduce it, so the models and simulations were extended to viscous
hydrodynamics. The work of Israel and Stweart [53] was especially useful as models started
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to use their viscous equations, in (2+1)-dimensions in 2007 [54] and (3+1)-dimensions in
2000 [55]. During that time, the models evolved and in 2014 with [56] started to include
fluctuating event-by-event initial conditions before the hydrodynamics and posterior mod-
els. The skepticism about the possible local thermalization that led to the development of
transport theories was useful as in the end, HIC ends up being composed of both models.

Hadronization and Freeze-out

As the QGP expands during the hydrodynamic stage, it will continuously cool down, which
will eventually lead to the freeze-out’. This freeze-out correspond to the point where the
model switch from hydrodynamics to kinetic theory. Usually, the freeze-out is performed at
a constant temperature around the critical temperature T, ~ 155 MeV. This temperature
is reached at different times in different location due to the non-homogeneous nature of the
very dynamical system.

There are mainly two possibilities to handle the particle production. The first is to
produce the particles in the cells as soon as the freeze-out temperature is reached and make
them interact with the fluid. The second is to store the information of the cells when they
cross the freeze-out temperature, and wait for all of them to cross before completely stopping
hydrodynamics and using this space-time hypersuface for only hadronic transport. The latter
is much simpler to handle, so it is used the most. In that case, the standard method to produce
the particles is the Cooper-Frye prescription [57].

The idea is to integrate the fluid’s distribution function over the constant temperature
hypersurface o to obtain the particle distribution

dN
E% =/f(x7p)p“d0m (1.37)

where E is the energy, p the momentum, o, the vector normal to the hypersurface o, and
f(z,p) is the thermal distribution at hadronization. With this distribution, the particles are
usually randomly sampled through Monte-Carlo process.

This method, when followed by hadronic transport which we will describe in the next sub-
section, can reproduce very well experimental data for flow observables [58, 59, 39], and thus
allows to obtain information on the transport coefficients. This suggests that the particliza-
tion process indeed happens around T.. However, this method is only great for the main part
which is the thermalized bulk, but it does not handle well high momentum hadrons, which
are important in order to properly handle jets for instance. For that matter, other models
are used. These models are more complicated, so we will not go into details, but essentially,
the jets partons are produced at an earlier stage where they lose energy in the hydrodynamic
medium. The partons which have enough energy to leave the bulk will then hadronized. To
do so, the main method used is the Lund string fragmentation [60] where color flux tubes (the
strings) linking partons are created in high-energy collisions, and as they are stretched apart
when the partons leave the bulk, they eventually break into quark-antiquark pairs created
from the vacuum. The numerous quarks and antiquarks produced will finally confine into
hadrons.

Another important model is the quark coalescence, or recombination model [61]. Indeed,
the ratio of produced baryons and mesons is not correct when using Cooper-Frye alone.
However, this ratio can be corrected by including recombination, where at higher moment
~ 2 — 6 GeV, the quark can recombine by triplets into baryon, increasing the number of

tThe process of switching from hydrodynamics to hadronic cascade is usually referred as freeze-out, al-
though it is not a thermodynamic freeze-out.
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baryons produced. Without such recombination, the amount of baryons randomly produced
from the Cooper-Frye formula would be suppressed as they have more constituent than
mesons.

Recent studies such as [62] show that the inclusions of all these models together is prefer-
able for a better agreement with experimental data.

Hadronic transport

The hadronic transport nowadays takes charge of the last stage of heavy-ion collisions mod-
eling. However, at first, it was used to simulate entire collisions without hydrodynamics.
This was done in the 1990s for low energy proton-proton collisions. A model called UrQMD
(Ultra-relativistic Quantum Molecular Dynamics) was introduced to describe the collisions of
hadrons as classical particles [63]. More precisely, when two hadrons come close, a collision
might happen with a certain probability. In the case of a collision, either new hadrons are pro-
duced as resonance or decay, or the momenta of the two colliding hadrons are changed. This
continues as a cascade! of interacting hadrons until the mean free path exceeds the system
size and interactions cease. In order to be accurate, this model relies heavily on experimental
data by including a huge catalog of measured resonances’ information such as cross-sections.
This cascade representation was sufficient to describe low energy proton-proton and AA colli-
sions, but it could not properly reproduce high energy heavy-ion collisions data coming from
RHIC and the LHC [34, 35].

Hydrodynamics could not fully reproduce the data alone either. What ended up repro-
ducing the experimental data the best was to use the hadronic transport after the freeze-out
of hydrodynamics as an afterburner. This is how the state-of-the-art models include it.

Although UrQMD, and JAM [64] which was published one year later, are the precursor of
hadronic transport, a more recent model called SMASH [65] was created. It aims to consider
more physical properties, such as properly reproducing thermodynamic limits from HRG or
lattice, or including more recent and precise resonances and cross-sections, while being more
modern and maintainable through the use of the C++ programming language. This better
control over the included physics, especially the thermodynamics, is in particular useful in
the case of Bayesian analysis, whose goal is to fine tune all the model parameters.

1.2.3 Using Bayesian analysis to find the best model parameters

The ever-growing accuracy of the experimental data led to the increase in the complexity of
the numerical models. As there is no way to predict what parameters are needed to produce a
given value of an observable, one would need to finely sample this more than 10-dimensional
parameter space by running the full model every time until the numerical result reproduces
the experiment. Such a task is impossible to perform in a reasonable amount of time. To try
fixing this issue, one simple clever way could be to first consider a range for each parameter
to have a finite volume, and then to sample this volume as uniformly as possible in only a
finite amount of points, with Latin hypercube sampling (LHS) [66] for instance. However,
even if one of the samples can quite accurately reproduce the data, we would not know the
uncertainty associated to the value of the parameters, and therefore it would not be rigorous.

The use of Bayesian analysis was the solution to efficiently find the best fitting set of
parameters, while obtaining the associated uncertainties [59, 39]. It consists of finding the
posterior distribution of the parameter set x from Bayes’s theorem

P(O]x) P(x)

P(0) = =5

(1.38)

#This entire process of hadronic transport is usually referred in short as ”cascade”.
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where O are the given observations. The observations O are the values of the experimental
observables in our case, which are fixed from the result of the experiments, so P(Q) behaves
as a constant. If we sample x uniformly in a volume V with LHS, then the probability
distribution P(x) is a constant inside the volume and zero outside. This means that in the
sampling volume V', the probability of having the parameter set x knowing the observations
O, so the posterior probability P(x|O), is proportional to the probability P(O|x) of having
given observations knowing a parameter set x:

P(x|0) x P(O|x). (1.39)

The posterior probability P(x|OQ) in zero outside V' by construction, which means that the
volume V should be chosen carefully to be large enough to avoid truncating the posterior
distribution, while still being small enough to be efficient.

We can compute the value P(Olx) for a given x, but we do not have its analytical
expression for all x, which means we cannot sample directly from the distribution of P(O|x).
However, it is possible to sample from a distribution, in our case the distribution of P(x|0),
by only being able to compute probabilities of a function proportional to it, which in our case
is P(O|x). Indeed, Markov-chain Monte Carlo (MCMC) methods such as the Metropolis
algorithm are designed to solve this kind of problem. More specifically, in our case, such an
algorithm will uniformly sample candidates x and keep or reject them based on the ratio of
successive probability P(O|x). After some equilibrating iterations, the remaining samples will
follow the desired distribution. After equilibrating, one can obtain the posterior distribution
of one parameter by splitting the interval in which this parameter was sampled in a finite
number of bins, and count how many samples fall into each bin. Similarly, the relation
between two parameters can be obtained by binning in two dimensions to have a bivariate
distribution.

To complete the Bayesian process, if we assume the uncertainties to behave in a Gaussian
way, we can express the probability P(O|x) from the experimental observations O; czp, and
the numerical observations O; yum(x) as

(Oi,expfoi,num((x)))Q

P(O]x) ~ ¢ 207 , (1.40)

which is the function proportional to the posterior distribution P(x|O) needed for the MCMC,
where o; is the associated uncertainty. Finally, the mean value and uncertainty of each
parameter can be obtained by a Gaussian fit of their posterior distribution.

In most cases, this method is not applicable directly. More precisely, performing direct
computation such as a full minimum-bias® simulations at each step in the MCMC would take
excessive time and not be practical. Complete heavy-ion collisions are very computationally
demanding. Especially for the hydrodynamical part, where having three physical dimensions
makes the system of the order 10° cells with at least 10 dynamical variables (4 ideal + 6
viscous) in each. In addition, the random behavior of a collision requires the averaging of
observables over many simulations with random initial conditions. Instead of simulating the
full model at every MCMC steps, Gaussian Emulators (GE) can be used because Gaussian
distribution are expected for the observables [39]. Such a GE only capture the mean and
variance of an observable produced by the model as function of the parameters. More pre-
cisely, GEs interpolate the means and variances between a finite number of parameter sets.
Thereby, using the emulators to produce the observables anywhere in the parameter space is

$Minimum-bias simulations correspond to perform many simulations with random impact parameter and
then sort by number of charged particles, in order to be as close as the way experimental data are produced
and sorted out.
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much faster than running the full model. The construction of the GEs still requires running
the model at many locations in the parameter space, but it can be done once on a coarse
LHS for efficiency. Then, only the GEs will be used to produce interpolated observables
during the MCMC process, where much more samples are required to converge to the correct
distribution. Thanks to these added GEs, the time required to perform the Bayesian analysis
can be greatly reduced.

However, the use of separate GE for each observable would lose the correlation between
them, and the computation cost would scale with the amount of observables considered.
Instead, a principal component decomposition (PCD) can be performed on the observables
produced by the model before constructing the GEs. The principal components (PC) obtained
will capture the correlation between the observables, but in addition, most of the time, only
a small amount of them will capture most of the relevant information [39]. This means that
the other PC can be neglected, and GEs can be constructed for the relevant ones only. The
mean and variance of each observable can finally be obtained by inverting the PCD each time
the GEs are used. This additional PCD once again shorten the total time needed to perform
the Bayesian analysis while taking into account the correlation between the observables.

In the context of HIC, such Bayesian analysis is used to obtain the values and uncertainties
of the free-parameters of the models, such as the time at which the hydrodynamics stars, or
the value of the shear viscosity n/s [59, 39].

1.3 Purpose and outline of this thesis

The study of the QGP through heavy-ion collisions is a complex and time-consuming process.
It requires acquiring a large amount of data through experiments and performing numerous
simulations to compare the models results to the experimental data. Therefore, having ac-
curate and efficient numerical implementations of the models is necessary. In particular, the
QGP part of heavy-ion collisions is modeled by relativistic hydrodynamics, which is notori-
ously difficult to implement numerically in an efficient and accurate way.

To this end, the purpose of this thesis is to develop a new implicit integration method
to solve the equations of relativistic hydrodynamics used in heavy-ion collision simulations.
We especially focus on both accuracy which is important for the quality of the result, and
efficiency which is necessary to obtain results in a reasonable time.

In particular, we are interested in the following three subjects:

e First, we study how to use an implicit integrator in order to solve the relativistic
hydrodynamic equations. Such an integrator has the great property of being stable,
and therefore should not need any manual stabilization which are required when using
the usual explicit methods such as in [54, 67, 55, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77].

However, implicit methods need additional prescriptions to be solved. More specifically,
they introduce a new set of implicitly defined equations which need to be solved. In the
general non-linear case, these equations have to be solved numerically. For this mat-
ter, we introduce a precisely optimized fixed-point solver made to outperform explicit
methods. We also study the limit of stability of such solver, which will directly limit
the stability of the implicit method itself. We already published the application to ideal
relativistic hydrodynamics in [78].

e Second, the introduction of viscosity in the hydrodynamic equations introduces compli-
cations in the discretization process needed to solve numerically. In the straightforward
explicit case, there does not seem to be any easy way to handle these complications.
Therefore, approximations are used which greatly decrease the accuracy.
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In the process of designing a new implicit method to solve relativistic hydrodynamics,
we consider an exact way to discretize the viscous equations which is compatible with
the efficient fixed-point solver previously designed. We study its correct accuracy and
compare it to the decreased accuracy of explicit methods.

e Third, the purpose of simulating heavy-ion collisions is to be able to compare the results
produced by different models with experimental data, and then extract physical quan-
tities from them. Therefore, we include our implicitly solved relativistic hydrodynamics
into a complete heavy-ion collision framework. With this complete framework, we com-
pare the results produced with experimental data such as the ones from ALICE [79, 27|
to verify the correctness of this newly developed implicit method.

This thesis is organized as follows.

The first two chapters introduce the general concepts needed to solve relativistic hydro-
dynamics. First, in Chapter 2, we explain in details what is relativistic hydrodynamics. We
introduce the equations, derive their viscous extension, and provide exact solutions for spe-
cific cases which will be used as reference later in the benchmarks. Then, in Chapter 3, we
explain how the hydrodynamic equations are discretized in space and time in order to solve
them numerically.

Chapters 4 to 7 are the main parts of this thesis, where we discuss our contribution to
numerically solving the hydrodynamic equations in the context of heavy ion collisions.

As an implicit Runge-Kutta method needs an additional implicit solver, we first discuss
how we optimized a fixed-point implicit solver for our purpose in Chapter 4.

In Chapter 5, we discuss the specific changes we made to the space and time discretization
in the ideal and viscous cases to have more stable and accurate results by considering the
implicit nature of our time discretization.

We continue with our benchmark in Chapter 6 where we show that our code properly
reproduces the expected space and time discretization accuracies for different exact ideal
solutions, and also when using event-by-event heavy-ion initial conditions. We also show
that in the viscous case, the traditionally used explicit method is reduced to have the lowest
accuracy order of unityl whereas our new implicit method can reach arbitrary order as
expected, especially the order two in our benchmark.

Finally, in Chapter 7, we show that we can reproduce with our implicit method non-trivial
observables such as the elliptic and high-order flows from ALICE experimental data, and thus
we confirm that such implicit methods are suitable for studying heavy-ion collisions.

We conclude with a summary and an outlook in Chapter 8.

IIntegration methods usually produce an approximate result with an error proportional to the time step
raised to specific power. This power is called the accuracy order.



Chapter 2

Relativistic hydrodynamics

Relativistic hydrodynamics is a field of physics which becomes relevant in extreme cases. The
two main cases being when the velocities in a system tend to the speed of light, or when the
masses or interactions affect the gravitational field. For instance, such extreme conditions
happen in relativistic heavy-ion collisions [54, 67, 55, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77|, or
in most astrophysical events such as neutron-star mergers [80, 81] or supernovae collapse [82].
All these extreme cases generally involve the evolution of strongly interacting matter, which
can be modeled macroscopically by the local conservation of Lorentz covariant quantities.
Mainly the energy-momentum tensor and additional relevant charges.

This macroscopic description corresponds to modeling a fluid in relativistic conditions,
hence the name relativistic hydrodynamics. Although the equations governing these con-
servations are conceptually simple, they are mathematically stiff, non-linear, and strongly
coupled. They include shocks, rarefaction waves, turbulences and also relaxation dynam-
ics when dissipative corrections are included. Analytic solutions only exist for a few highly
symmetric configurations, making numerical simulation an indispensable tool for realistic
hydrodynamics.

In this section, we will focus on the general aspects of relativistic hydrodynamics by cover-
ing the conservation equations, the second order dissipative extension, the Milne coordinate
system usually used in the context of heavy-ion collisions, and two exact solutions which
will be used as a reference for the numerical benchmark. The numerical procedures to solve
relativistic hydrodynamics in the general case will be discussed later in Cha. 3

2.1 Conservation equations

Hydrodynamics is described by the local conservation of charges. In its relativistic form, we
use the conservation of the energy-momentum tensor and conserved charges in the system
provided by the Noether theorem.

The conservation of the energy-momentum tensor T reads:

8, T" = 9,T" +T*, T + 17, TH
=0 (2.1)

where 0., denotes the covariant derivative, and I'V ,, the associated Christoffel symbols. Co-
variant derivatives are useful for curved space-time or curvilinear coordinate systems. In this
study, we only consider the flat Minkowski space-time. However, we will consider a curvi-
linear coordinate system called the Milne coordinate system, which is why we use covariant
derivatives. In the Cartesian coordinates were u,v = t, z,y, z and g = diag(1, -1, -1, —1),
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the Christoffel symbols vanishes. The rest of this section will use this coordinate system for
simplicity.

As TH is a Lorentz tensor, one needs to build it by Lorentz covariant quantities. The
most basic quantities at our disposal are:

e ¢: Energy density
e v’ with i = x,y, 2: Velocity (in the unit of the speed of light c)
e g,: Metric tensor
e 0,: Four-gradient

where only the velocity is not a Lorentz covariant quantity. However, we can construct a
Lorentz vector u* from it. First, we compute its norm 32 = ZI(UZ)Z Second, we express the

Lorentz factor v = 1/4/1 — 2. Finally, the four-velocity reads:
ut = (v, 7%, ot 7?). (2.2)

This quantity is now a Lorentz vector as any equation including it will remain the same
under a Lorentz transformation which would change the referential. For instance, the follow-
ing equation is true in any referential

ufuy, = 1. (2.3)

From these quantities, we can construct T# by order of derivatives d.,. At zeroth order,
the only second-rank Lorentz-covariant tensors we can construct are u#u” and g"”. We end
up with

™ = Autu” — Bgt” (2.4)

where A and B are Lorentz scalar.

In the rest frame we know that T"" = diag(e,p,p,p), and the four-velocity is u* =
(1,0,0,0)7. This is because in the rest frame, the energy density is fixed in space, and
therefore 7% = 0. In addition, due to isotropic symmetry, the off-diagonal T% where i # j
must all vanish and the diagonal ones should be equal T** = T% = T%?*. Furthermore, in
that frame, we can see that the energy density is the eigenvalue of the four velocity

u,TH = eu,, . (2.5)

This equation being made of Lorentz tensors and scalars, it must hold in all referential.
Using this property on Eq. 2.4 we have

T, = eu” = Au” — Bu” = eu” (2.6)
=A—-B=c¢. (2.7)

We can rewrite T as
T = eutu” — BAM (2.8)

where A" = g" —utu”, and u, A" = 0.

By doing so, we see that we have an unknown quantity B orthogonal to the velocity™.
This corresponds to the pressure. As we have no more information on it, our only choice is to
define it as a function of the other quantities. In the current situation, the only non-constant

U, AR =0
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scalar the pressure can depend on is the energy density. Therefore, we define the pressure
P(e), which is then called the equation of state (EOS).
The final energy-momentum tensor zeroth order reads:

TH = eutu” — PAM™ (2.9)

In general, the energy and momentum are not the only conserved charges. Many other
charges such as the net baryon number and the electric charge are also conserved. Such
charges can be expressed by a conserved current N* satisfying

D N* = 0, (2.10)

which becomes a part of the hydrodynamic equations. Similarly, N* should be expressed
with its density n and the 4-velocity u*:

NP = nut . (2.11)

The pressure should also be dependent on the additional charge P(e,n).
This zeroth order prescription describes what is called the ideal hydrodynamics. This
denomination comes from the conservation of the entropy

st = sul'. (2.12)

With the relation
e+p="Ts+ un, (2.13)

where T' is the temperature and p the chemical potential associated to n, and the Gibbs-
Duhem relation
dp = sdT" + ndp, (2.14)

we can prove from the conservation of the energy momentum 9, 7" = 0 that the entropy is
conserved

Bus" = 0. (2.15)

This makes the zeroth order hydrodynamics ideal.

2.2 Second order IS equations

If we want to stay in the frame that follows the energy, where u,T"" = eu”, every new term
coming from derivatives should be null when projected on u*. For simplicity, we will neglect
the part involving the baryon number as we will focus on vanishing baryon chemical potential
in the rest of this thesis, so we will only consider dissipative contributions to T#”. All such
contributions can be summarized by an additional symmetric tensor D*” with u, D! = 0.

We can separate this tensor into two contributions, one from its trace and one from the
rest. The component from the trace should still be null when projected on u*, so it must
be proportional to A*”. The dissipation tensor becomes D*” = ITA* + 7* where 7 is
symmetric, traceless, and u, 7" = 0. 1I corresponds to an isotropic contribution in the rest
frame similar to the pressure, so it affects the bulk of the system, which is why it is called
the bulk dissipative pressure. The remaining components in 7#* are directional contribution,
so it corresponds to directional dissipation usually called shear, which makes it the shear
dissipative tensor.

In that case, we can write T*” in the general form:

T = eut'u” — (P + II)AM + 7t . (2.16)



24 CHAPTER 2. RELATIVISTIC HYDRODYNAMICS

By taking into account one derivative J.,, we can express hydrodynamic equation to
the first order in derivative expansion. The only non-zero quantities are the scalar 0. \u?,
the operator u>‘6;)\, and the two operators u”0* and u*0"”. By taking combinations with
(e, P,u*, g") we can express II and 7+”.

As a scalar, II can be expressed as:

T = Ad\u* + Bud.pe + Curd,\P, (2.17)
and as a tensor, 7" can be expressed as:
™ = D(u’Opuut + utdputu’) + BE(ul o e + u” M), (2.18)

which is expressed in a traceless, orthogonal to w, with u,m"” = 0, and symmetric form
without ¢g"¥ and u*u”.

These first order expressions are directly proportional to the velocity gradient. Therefore,
the viscous reaction to any variation of the velocity is thus instantaneous. This means that
a reaction to a variation in the system can propagate at an infinite velocity, which violates
causality.

In the non-relativistic limit, the first order hydrodynamic equations correspond to the
Navier-Stokes equations, where in that case this non-causality issue is not very relevant as
any physical quantities would evolve much slower than the speed of light.

In the relativistic case, higher order terms are needed to avoid such instantaneous re-
sponse. However, simply going to the second order without further considerations would not
necessarily fix this issue.

One solution found by Israel and Stewart [53] is to derive the expression of IT and 7#* from
an entropy consideration. In their formalism, the entropy current s* is defined to contain the
dissipative quantities IT and 7" up to second order without derivatives. They also require
that the entropy in the rest frame s#u, is maximazed in equilibrium where the dissipative
currents vanish. This requirement gives the entropy current

ut

st = sut — ﬁ(aol'[2 + a1 o) (2.19)

with ag 1 the positive coupling coefficients. The divergence of Eq. 2.19 is calculated to be

i o
st = —T(A“”auu,, + aput'0,II) + %((%uy — a1u?O\T ) (2.20)

where we neglected the higher-order terms in the dissipative quantities. This expression is
composed of two parts with each dissipative quantity II and 7*" in factor.

The second low of thermodynamics requires that d,s* > 0. To guaranty this, the dissi-
pative quantities must be expressed from the expression they are in factors of

II = —¢(A" 0 uy + agut0,11), (2.21)

T = 20 <8uul, - alu/\a)ﬂrw,> , (2.22)
with the symmetric, traceless and orthogonal to u* operator (e):

1 1 1
(A7) = (GARAL + S ALNG — S A Agp) AP, (2.23)
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With the same choice of coefficients as in [55], the IS equations read

WO = — S gﬂa;)\u (2.24)
Myg = —CQM}, (2.26)
wiy = (A + AP Dut) — ZpA D, (2.27)

o= = - inp (2.28)

These equations still have a causality constraint which can be approximated from lin-
earization as [83, 84]
S
m(e+ P)  7(e+ P)
with 7, the shear relaxation time, 77 the bulk relaxation time, € the energy density, P the
pressure and ¢? the speed of sound. With the choice of transport coefficients obtained by
the Bayesian analysis [7, 8], ¢ is much smaller than 7. If we take both relaxation time to be
equal and the speed of sound to be ideal ¢? = 1/3, we have

3/2n
Tre > .
(e+ P)
The coefficient 5 instead of 3/2 that we took from [85] is in agreement with the above
causality constraint.

<(1-¢), (2.29)

(2.30)

2.3 Milne coordinates

During heavy-ion collisions, the two colliding nuclei move at a speed close to the speed of
light. Applying a Lorentz boost in the collision direction will not change this fact. This
symmetry tends to apply to the whole system where applying a Lorentz boost in the collision
direction will leave the particle distribution mostly unchanged.

The Lorentz boost affects a slice of space-time which is not Cartesian. Thus, To study a
boost invariant system in a fixed size box, it is convenient to choose a coordinate system that
expands in the collision axis direction. In contrast, the system will expand much more slowly
in the transverse plane. Therefore, we can keep the coordinates in this transverse plane as
Cartesian.

Taking the collision axis as the z axis, we can consider the following transformation:

t = 7 coshn, z = Tsinhn, (2.31)
T=V1t? =22 n = tanh™! ;, (2.32)
(2.33)

such that z expands proportionally to the proper time 7 depending on the rapidity n. A
Lorentz boost in the collision axis will only affect 1 and keep the proper time 7 unchanged,
which makes this transformation suitable. In addition, the speed of the expansion z/t =
tanh 7 is nearing the speed of light even at relatively small n ~ 5 with z/t ~ 0.99991. This
means that taking a fixed box with —5 < n < 5 should be sufficient to keep the expanding
system contained at all timef.

"The box should be taken larger than the initial system in the transverse direction as the system will still
expand in these directions even if it is slower.
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This coordinate system is often called the Milne coordinate system. The metric g, =
diag(1,—1,—1,—72) is not flat anymore, and non-trivial Christoffel symbols arise T, =
My =1/7, 17, =7

In Milne coordinates, the energy-momentum conservation is represented as

OT™ 7T + 1T =, (2.34)
8,T™ + %T” —0, (2.35)
o,V + 1TV =, (2.36)
0,7 + ng ~0. (2.37)

One inconvenience is the appearance of the factor 1/7 due to the Christoffel symbols.
This factor makes the system change rapidly at small 7, which decreases numerical stability.
To get rid of these factors, we will perform a variable change where every time an 7 appears
in an index, a 7 factor is multiplied to the variable:

T = 727 70 = 2 (2.38)
3 ) N . -1
M= =gt NT=7NT aT=r1ul, 0y = ;an’ p=1a,y, (2.39)

T = TR, G =g NE=NE @t =ut, D, =0 (2.40)

With this change, Egs. (2.34)-(2.37) become:

Ay (rT™) =T, (2.41)
Ay (TT™) =0, (2.42)
Dy (TTY) = 0, (2.43)
Ay (rT™) =T (2.44)
The complete set of second-order equations read
Dy (TTH) = IM, (2.45)
_ =71 -t 1 ~ ~T - i
Ay =~ T TNS _ g <a)\7])‘ - 4”) - (a”ﬁ“ﬁ + ﬂ“ﬁ”ﬁ> @Piig + I,
Tr 3 T ' T
(2.46)
< - M—Tns 1s(x .\ 4"
WMD) = ———2 — T (it —4— ). 2.47
N R L CTEy (2.47)
where
Im=1m, I* =1V =0, =1, (2.48)
and
=11 =27, I =" e =g Irr=ry=a%=0, (2.49)
I =7"" 4 gm I =7, Yy =z, (2.50)
All the covariant derivatives of the 4-velocity are ordinary derivatives except for:
. . an - N an
Oqu’” = Opu” + —, Opu! = Opu" + —. (2.51)

T T
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2.4 Exact solutions

The relativistic hydrodynamic equation does not have an analytic solution in general. How-
ever, for some specific initial conditions and choice of the equation of state, exact solutions
are known. In this section, we will present two such examples: the Riemann problem [86] in
(141)-dimensions and the Gubser flow [87] in (2+1)-dimensions.

2.4.1 Riemann problem

Let us consider a system having the translational invariance in the y and z directions in the
Cartesian coordinates. We set the x dependency in the initial condition at t = 0 as

max; ¢ <0,
e(t=0,1) = {6 o @ (2.52)
€min, T >0,

ul(t =0,z) =1, u*(t =0,2) =0, (2.53)

with a discontinuity at x = 0. Solving the time evolution of this system is called the Riemann
problem [86]. The analytical solution is given for a particular choice of an EOS, P(e) = c2e,
where ¢; is the speed of sound. For ¢ > 0, the solution €(z,t) = é(z) with & = x/t is given

piecewise [86]:

€max, T < —cs,
1+c§
(1—cs)(1-2)\ o5 .
€(%) = { Cmax <(1+cs)(1+53)> ;"0 ST < ~Upp, (2.54)
€plateau —Ur-p < T < Ughock,
€min, Ushock < T
_ v(€(Z)) P —
ut(z) = , u'(Z) = 1+ (u*(2))2, 2.55
@)= e @) = VI @) (2:55)
where
'U(Eplateau) — Cs
Vpop = , 2.56
P 1-— U(Eplateau)cs ( )
1— (e/ém X)2cs/(1+c§)
v(e) = =5 T (2.57)
1+ (E/emax) Cs e
The constants €platean and Vshock = —v; are obtained by solving the following equations for
(Eplateaua v, Ur):
6plateauu')’(vl)vl = emin’)/(’Ur)"Ur, (258)
4€plateau'7(vl)'012 + €plateau — emin')’(vr)vg + €min, (259)
= U(Eplateau) + vy (2.60)

1+ U(eplateau)vr’

where y(v) = 1/v/1—v2. We note that Eqgs. (2.58) and (2.59) represent the Taub equa-
tions [88, 89]. The solution é(Z) is illustrated in Fig. 2.1. The discontinuity at & = vghock 18
called the shock front, and the curve in the range —c, < Z < —v, is called the rarefaction
wave.
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€(7)

€max

Gmin ................ ............ e P

—1 —Cs —Urp 0 Ushock 1

Figure 2.1: Analytical solution to the Riemann problem for ¢t > 0 with £ = = /.

By setting emin = 0, Eq. (2.55) becomes

€max; T < —cs,
1+c§
0, 1< 7.

This solution mimics the expansion of the matter in the vacuum found in the QGP produced
in heavy-ion collisions.

2.4.2 Gubser flow

Another exact solution is the Gubser flow [87], which is a solution for the conformal EOS,
P(e) = €/3, characterized by the boost invariance and the azimuthal symmetry (i.e., the
rotational symmetry in the z—y plane). The solution is given in the Milne coordinates as

e0(29)%?
e(r,r) = 75 (2.62)
P (1422 (r2 + 12) + (7% — 12)2)
u” (1,7) = cosh k(r,1), (2.63)
u®(r,r) = % sinh k(r,7), (2.64)
r
u’(r,r) = Y sinh k(T,7), (2.65)
r
un(7_7 T) =0, (266)
with
2 2
k(r,7) = tanh ™! 7 (2.67)

= VTR (2.68)

where ¢ and ¢y are free parameters.



Chapter 3

Computational fluid dynamics

To solve the hydrodynamic equations numerically, we must discretize both the spatial and
temporal coordinates. In this chapter, we first give a brief review of the Runge-Kutta (RK)
integration method with a special focus on the differences between implicit and explicit meth-
ods in Sec. 3.1. We then discuss in Sec. 3.2 the Kurganov-Tadmor scheme which is a space
discretization scheme often used in hydrodynamics. One of its important features is that it
discretizes space independently of time, allowing the use of any time discretization. There-
fore, both explicit and implicit time integration schemes can be used in a same formalism. We
end this chapter with Sec. 3.3 by discussing the different methods used in the state-of-the-art
hydrodynamic codes in the HIC community.

3.1 Implicit and explicit Runge-Kutta methods

The RK methods are common ways to numerically solve a system of ordinary differential
equations (ODEs) of the general form,

() = h(t. (1)), (3.1)

where (t) represents the full set of state variables. The RK method solves the variables
J(tend) at the end time ¢ = tenq for a given initial condition 7(tinit) at the initial time ¢ = tip;¢
by discretizing the time into steps of length At and iteratively updating #(¢) for every time
step. In RK methods, for one time step from ¢ to ¢t + At, the state variable of the next time
y(t + At) is constructed from ¢(t) as

S
Gt + At) = §j(t) + At Y bukin), (3:2)
n=1
S
k(n) =h (t + cp At g(t) + At Z anmk(m)) , (3.3)
m=1

where S is a parameter called the number of stages which is specific to each RK method,
and the coefficients apm,, bn, ¢, for n,m =1,---, S are determined so that the method has
desired properties. One specific set of the coefficients defines a particular RK method. The
table that summarizes these coefficients is called a Butcher table, whose examples are shown
in Table 3.1.

In a RK method, the numerical error of §(tenq) from the exact solution §*(tenq) is known
to be suppressed in the limit At — 0 as

Hg(tend) - g*(tend)” S C(tend)Atpa (34)

29
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where || o || is the Euclidean norm, and C(t) is specific to the ODE to be solved and is
independent of At. The largest integer p satisfying Eq. (3.4) is called the order of accuracy
that is specific to each RK method.

The RK methods are classified into two categories: explicit and implicit. A RK method
is said to be explicit when ay, = 0 for m > n. In this case, E(n) in Eq. (3.3) depend

only on #(t) and E(m) for m < n, so E(n) are sequentially obtained from n = 1 to S by
simple substitution of known values. The other RK methods are said to be implicit. For
implicit methods, one must solve the set of equations Eq. (3.3) for E(n) (t), which are typically
nonlinear and practically carried out by a numerical solver. The implicit methods are thus
usually considered to be computationally more expensive.

Despite this disadvantage, the implicit methods have a useful property, i.e., they are
always linearly stable (the A-stability) as far as the exact solution is not divergent [90]. This
means that a larger At can be adopted for stiff equations in implicit methods while keeping
numerical error finite. This can be illustrated by the test problem

e—0

1
O.e ==X & 0re=— , ™= 7
BY A

(3.5)

which is the linearized approximation of any non-linear problem. In that case, it is easy to
see that fast dynamics with a small 7) corresponds to a steep slope with a large A. This
steep slope is the reason we call a system with fast dynamics a stiff system. This stiffness is
directly linked to the stability of RK. Depending on the method and on the time-step, the
result will be convergent or not. If we consider the first order Explicit and Implicit Euler
method on the left and right respectively

e(r+ A7) = e(r) + AT(—e(TL_ Oy elr+ Ar) = e(r) + Ar(- T FAT 20 TA;) —U) 36)
AT 1
se(t+ A1) =(1-— ;)6(7’) Se(T 4+ AT) = = M6(7') (3.7)

T

we can see that they will provide finite values depending on the amplification factors rexp =
1— %T and rimp = 1/(1+ %T) If these factors are larger than unity, the solution will diverge,
but if they are smaller, the solution will converge. For a positive 7y, in the explicit case,
[Texpi| < 1 when 0 < At < 27). However, in the implicit case, |7impi| < 1 for all At. This is
why implicit methods are considered stable whereas explicit ones are only conditionally stable.
The Israel-Stewart equations Egs. (2.24, 2.25) contains short relaxation times compared to
the typical duration of hydrodynamic evolution, which makes them stiff equations that need
a small enough At or the use of implicit methods.

Another property of the implicit methods is that they can reach a given order of accuracy
in fewer stages than explicit ones. More specifically, explicit methods require as many stages
as the order up to p = 4 and more stages than the order for p > 4. On the other hand, the
maximum accuracy for a given S is p = 25 in implicit methods [91].

3.2 Space discretization

In computational hydrodynamics, we discretize the spatial coordinates to represent the state
of the fluid using a finite number of degrees. The spatial derivatives are then approximated
in terms of discretized fields so that the partial differential equations become a set of ODEs,
which can be solved by a RK method. This discretization has to be carefully chosen to
suppress numerical diffusion but at the same time to avoid spurious oscillations. Therefore,
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Heun Midpoint Gauss-Legendre 1 (GL1)
Type Explicit Explicit Implicit
Stage S 2 2 1
Order p 2 2

0] 0 0 0 0
cn‘anm 111

0
0 05[05 0 0505
| bm |05 05 0 1 1

Table 3.1: Properties and the Butcher tables of Heun’s, the midpoint, and GL1 methods.

in this section, we will discuss our choice of space discretization scheme and explain in details
how it works.

The most suitable space discretization scheme we could find is the Kurganov-Tadmor
(KT) scheme with the MUSCL (monotonic upstream-centered scheme for conservation laws)
reconstruction [92]. This method has been applied to relativistic hydrodynamics for HIC
in Refs. [55, 76]. The KT method has second-order accuracy for space discretization and
is designed to capture discontinuities accurately and suppress spurious oscillations. Another
important property of the KT scheme for our study is its independence of time discretization.
This property allows us to combine this scheme with arbitrary time integration methods and
compare them.

To discretize the space in the Cartesian coordinates, we assume a structured grid where
the space is discretized into cells by an equal mesh size Az along each coordinate. In the
KT scheme, one chooses the set of the conserved densities of the cells, {[T%];}, as the state
variables, where the subscript j of the square bracket specifies a cell. We spatially discretize
the continuity equations

T = —0,T* — 9,T* — 0.T* + Sr, (v =t ,y,2),

H[T™]; = [her (T™)]; + [S1); - (3.10)

Here St is the geometrical source term coming from the Christoffel symbols. Examples values
of it in our context can be found in Egs. (2.48)-(2.50). Furthermore,

[ (T™)]; = —[KT*(T™)]; — [KTY(T™)]; — [KT*(T™)];, (3.11)

where the KT operator in the first spatial direction, KT?, for the charge Q¥ = T is written
as

H* , — H*
[KT*(Q")]; = HI/QA =2, (3.12)
t

Q™ ([Q"11,2) + Q°([Q";: '
( g+1/2) ; ( ]+1/2) n a]51/2 <[Qt];-+1/2 . [Qt]j_+1/2) , (3.13)

where Hf+1/2 is the flux at the boundary, HJ”.”_I/2 = H@_I)H/Q

+n-th neighboring cell in the z direction from 7, and [Qt]ﬁrl /o Are values reconstructed on the
cell boundary that will be specified below. Neighboring cells are depicted in Fig. 3.1. The

function Q* ([Qt]ﬁl /2) calculates the charges as a function of the reconstructed [Qt}ﬁl Jo-

Hji1/0 =

with j 4+ n representing the



32 CHAPTER 3. COMPUTATIONAL FLUID DYNAMICS

Figure 3.1: Schematic of the stencil used by the KT scheme to compute the space derivatives
in a specific cell. Here the cell in which the derivative are evaluated is shown in red and
the blue cells are the additional cells required for the computation. The overall shape of the
stencil is a cross aligned with the axis. No cells are evaluated in diagonal directions.

In our case, this corresponds to express 7% as function of the reconstructed T%. We will
explain in Sec. 5.6.1 how to extract from T the quantities such as the energy-density which
are needed to express T%”. The maximum local speed of propagation is given by

ajt+1/2 = max {p<Jaﬂ([Qt]j+1/2)) ) p(‘]aﬁ([Qt];H/z))} ’ (3.14)

where Jo5(Q") = 0T** /0T |pw is the 5 x 5 Jacobian matrix, and p(M) is the spectral radius
of a matrix M™.

In the original study of the KT scheme [92], the quantities on the cell boundary Q;.EH /2
are calculated from the cell values (); using the MUSCL reconstruction as
Ax 4
Q;-tﬂ/Q =Qjy1/2+1/2 F 7[@@]%1/211/2, (3.15)
A . . Qi —Qj—1 Qj+1—Qj—1\ ,Qjr1—Qj
[0,Q]; = minmod (mlnmod (9 Ay SAL ,0 AL . (3.16)
b
minmod(a, b) = S E5810) Ll o). (3.17)

2

The flux limiter in Eq. (3.16) guarantees the non-oscillatory property of ) with the parameter
0 restricted to 1 < 0 < 2. Essentially, it appropriately switches between second order (central
fraction) or first order (left and right fractions) slopes depending on their absolute value.
Choosing 6 < 1 would produce excessive numerical diffusion, whereas choosing 8 > 2 would
produce unphysical oscillation. We choose 6 = 1.1 following Ref. [55], which gives non-
oscillatory results with a limited numerical diffusion. We verified that changing the value of
0 hardly changes the tendency of our results for accuracy and efficiency in Sec. 6.6 unless 6
is too close to two.

*An example of the analytic formula of p(Jas(Q")) for relativistic hydrodynamics can be found in Ref. [55].
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3.3 Other discretization schemes

In this section we will discuss the general idea behind the mainly used discretization schemes,
and we will discuss their advantages and disadvantages. Before discussing them indepen-
dently, there are a few properties that they all share.

They are all designed to solve partial differential equations of the form

‘g — f(t,y) (3.18)
where y is the vector of dynamical quantities and f is the flux. This type of equations supposes
that no time derivatives are involved in the flux, which means that the equations have to be
linear in the time derivatives such that all the derivatives can be factored in dy/0t.

Once the set of equations is in the shape of Eq. 3.18, it is discretized in fixed sized cells by
averaging the quantities and considering them constant in these finite volumes. The opposite
also exists where the density in each cell is fixed while the cells themselves are deforming and
moving. This has the advantage of guarantying that the velocity of information is finite, but
it is more complex to implement. To the author’s knowledge, such moving cells have not been
used in studying the QGP. In addition to this first property, all these schemes contains flux
limiters to avoid the growth of non-physical oscillation, while at the same time limiting the
numerical diffusion. These two properties are essential to properly propagate shocks, which
are bound to happen in very dynamic systems such as the QGP.

The last common property is the guaranty of the positivity of the energy, as it is required
physically.

In addition to the common properties, they also all share some common disadvantages.
The first comes from the axis aligned space discretization, which introduces preferred direc-
tions along the axis. This usually correspond to an increased numerical diffusion along the
diagonals. Most schemes tend to discretize time and space simultaneously in a way which
reduces this problem. A second disadvantage is the exclusive use of explicit time integration
schemes. They have a limited stability which ends up requiring the addition of many pre-
scriptions to stabilize the equations. For viscous hydrodynamics, this usually corresponds to
limiting or reducing the value of the viscous components in specific situations, such as when
the effective pressure becomes negative. In addition, the trivial way of computing explicit
methods incite to solve any additional issues in a similarly trivial manner. We will discuss
in more detail in Sec. 3.4 how second order viscous hydrodynamics introduces non-trivial
issues which affect the time discretization, effectively reducing every explicit scheme to be
first order in accuracy.

In the remaining paragraphs, we will discuss the distinctive properties of each scheme.

KT The combination of KT and RK discretization is quite common [55, 74, 76, 77, 93].
The main advantage of this combination is that KT is independent of the time discretization
while RK can discretize time in a very versatile way. More specifically, one can freely choose
an RK scheme with any number of stages to reach any accuracy. In addition, one can also
adapt the time step in order to reach any accuracy needed and also decrease it as small
as needed to remain stable. This stability issue is only present when using an explicit RK
scheme. However, an explicit scheme being trivial to compute, all the codes cited previously
use them. There are disadvantages with this combination as well. The first one is the shape
of the stencil of the KT space discretization. Being a long cross, it creates strongly preferred
directions which will deform propagating shapes. For instance, a wave propagating in a circle
will end up having a diamond shape. Increasing the number of cells to decrease the lattice
spacing will reduce this problem, but at the same time it will increase the computational
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cost. The use a multi-stage RK helps to reduce this issue by smearing the cross shape over
the successive stages. The second issue is the use of explicit schemes as explained before,
although in this case implicit integrator could be used.

SHASTA The SHASTA (sharp and smooth transport algorithm) [54, 67, 68, 94, 95] scheme
combine both space and time discretization together. It advances from one time interval to the
next one in two steps, a propagation of the densities from a geometrical point of view followed
by a correction process. In the first step, it considers that the densities are concentrated in a
point that will move away from the center at the local velocity. In order for the problem to
remain simple, this point should not leave the boundaries of its cell in one time interval, so
the time step At and the lattice spacing Az should be chosen such that vAt/Az < 1/2 with
v the velocity of the fluid in that cell. The densities are then interpolated over space between
each cell to fill the space. The new density of each cell simply correspond to the integral
of the interpolated density in the cell. This first step actually produced a large numerical
diffusion, which is why a correction step follows. This second step essentially corresponds to
the subtraction of the numerical diffusion introduced by the first stage. Doing the subtraction
of the exact numerical diffusion would lead to numerical oscillations that could change the
sign of the density, and in the case of relativistic hydrodynamics produce negative energy.
The idea of the SHASTA scheme is to express this numerical diffusion in terms of fluxes such
that limiter can be applied to avoid oscillations. This will leave some numerical diffusion
but only in a controlled way of order O(Az?). This algorithm has the advantage of being
simple to implement while keeping all the important properties discussed at the beginning
of this section. However, it is explicit by design, so it will end up being effectively first order
accuracy in time.

HLLE The HLLE (Harten-Lax—van Leer-Einfeldt) [96, 70, 71, 97, 73] scheme essentially
takes the opposite path of SHASTA. Instead of doing a first simple diffusive step and cor-
recting it after, it directly considers how to properly approximate a discontinuity by locally
solving the Riemann problem. It does so by first computing the velocities propagating in
both direction from the discontinuity and then expressing the flux propagating in both direc-
tion with these velocities. To reach second order accuracy with limited oscillations, it then
expresses the dynamical quantities at the next time step from the fluxes that where recon-
structed at the boundary of each cell while including a slope limiter. The reconstruction
at the boundary uses the same MUSCL process as in the KT scheme which we explained
in details in Sec. 3.2. In the specific case of viscous hydrodynamic, at each time step this
scheme is applied to the ideal part first while the viscous part is computed afterward. It is
done that way in order to use the velocity obtained from solving the ideal part to express the
time derivatives of the velocity with a finite time difference before actually solving the viscous
part. This scheme provides great results for shocks propagation by construction. However,
it is explicit by design, and the viscous part is once again first order accuracy in time.

Others There are other types of Godunov-type schemes such as [72, 75] which share similar
properties to the previous schemes, especially to HLLE which is itself a Godunov-type scheme.

There is one common issue to all these schemes including the one presented in this thesis.
We all suppose that the viscosity stays small, mostly because the IS equations where derived
assuming this fact. Because of this, the viscosity will tend to diverge when the variation of
the velocity is too large. This essentially only happens near the vacuum where the energy-
density is very small, so in locations where hydrodynamics stops to be applicable. In order
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to fix this issue, every code will introduce some sort of limits on the norm of the viscosity
to keep it small. Such forced limits will alter the results, but as it only happens where the
energy-density vanishes, it does not affect the physics at larger energy corresponding to the
QGP which we are interested in.

3.4 Time derivatives in constitutive equations

When the equations of interest are non-linear in the time derivatives, such as the Israel-
Stewart equations for viscosity, these discretization schemes cannot be applied straightfor-
wardly. By looking at the open-source codes, the main strategy is to approximate the time
derivatives that cannot be factored (mainly some 9,u”) by keeping track of older time steps
in order to perform a backward finite time difference. This prescription allows to essentially
keep all the properties of the space discretization, but it will degrade the stability and by con-
struction force the time accuracy order to be the one of a finite difference, which is first order.
In the case of an implicit time integrator, these remaining problematic time derivatives can
be solved exactly which fixes the problem. However, in the case of explicit time integration
which is used in all the current state-of-the-art codes, it is unclear if such an exact solving is
at all possible for order higher than unity. Nevertheless, all these discretization schemes also
aim to limit their complexity in order to simplify the implementation.



Chapter 4

Locally optimized fixed-point
implicit solver

The time evolution of the differential equations (3.10), which are obtained by the space
discretization of Eq. (3.8), can be solved by RK methods introduced in Sec. 3.1, where 3(t)
and k(%) in Eq. (3.3) correspond to the state variables {[T%] ;} and the right-hand side of
Eq. (3.10), respectively. For implicit RK methods, we need to numerically solve implicit
equations for substantial problems. However, implicit methods usually cannot be efficient
without modifications compared to explicit ones.

To overcome this excessive computational cost of implicit methods, we propose an im-
proved solver for implicit RK methods in this study. After a motivation in Sec. 4.1 and a
definition of our method in Sec. 4.2, we discuss the convergence condition of our method
and its connection to the stiffness and stability in Sec. 4.3. In Sec. 4.4, we finally discuss
the accuracy, efficiency, and stability for a specific case of the implicit RK method called
the one-stage Gauss-Legendre (GL1) method by relating it to the two-step Adams-Bashforth
(AB2) method.

4.1 Motivation

In this research, the goal of using implicit methods is not only to increase the stability
but especially to increase the accuracy and efficiency. At first, it would look like using an
implicit method would decrease the efficiency. The idea of an implicit method is to define
the future state by already knowing its future value. We can see this as guessing the future
state all at once. In practice, it takes the shape of a large set of non-linear implicitly defined
equations. In general, such a system does not have an analytical expression, so it must be
solved numerically. To do so, one has to guess an approximate value of the solution, and
iteratively enhance this approximation by applying the equations many times. From the
point of view of Runge-Kutta integration, this means that for each time step, we will need
to compute the set of equation an amount of time proportional to the number of iterations
needed to converge to the solution, where the number of computations per iteration depend
on the iterative method chosen. From this alone, it is very clear that the cost of an implicit
method will be at least the same as an explicit method which does not need iteration, and
most likely it will be much higher.

However, implicit method have the property of requiring fewer stages per time step to
reach the same accuracy as an explicit method. This means that in the case where only
one iteration is needed, an implicit method will actually need less computation to perform a
time step for the same accuracy. Generally, the number of iterations needed to converge to a

36
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solution depends on how close the initial guess is from the solution. Which means that when
a system only slightly changes over time, the solution of a previous time step will already be
a very close guess. When we look at the about (20fm)? volume in which the hydrodynamics
of the QGP takes place in the simulation, most of it will be a vacuum where barely anything
changes. This means that in this large proportion of the volume very few iterations will be
needed, where very few could be just one. Only the few locations where the gradients are
large will greatly change between time steps, so this is where more iterations will be needed.
With this broader picture in mind, it starts to become feasible that an implicit method could
yield a higher accuracy for a lower cost.

Another motivation from the implicit framework are the time derivatives of the velocity
that appear in the IS equation. They are in general not easily expressible in an explicit
space-time discretization. Which means that in this latter case, approximation of these time
derivatives must be done independently of the space-time discretization, which would in-
evitably lead to inconsistencies and hence a decrease in accuracy. In an implicit Runge-Kutta
scheme, the time derivatives of the dynamical variables are what is being solved iteratively.
We can then assume that we actually know the value of these time derivatives as the approx-
imation we have of them become more and more precise after every iteration. In the same
way it is possible to express the velocity from the energy momentum tensor, it is possible to
express the time derivative of the velocity from the time derivative of the energy momentum
tensor. Due to this, the IS equation can be solved consistently in an implicit framework,
which would preserve the expected accuracy. In a Runge-Kutta integration, the accuracy
will decrease when the time step increases but so is the total number of steps, which means
that the total cost would decrease. This last fact also suggests that for a same accuracy an
implicit method could use less time steps and thus require a smaller computational cost.

4.2 Fixed-point solver with local optimization

In implicit RK methods, E(n) in Eq. (3.3) are obtained by solving the system of implicit
equations. In this study we adopt the fixed-point method as a numerical solver for this
procedure. To illustrate this method, we first rewrite Eq. (3.3) in a compact form

K = F(K), (4.1)

with K = (k‘(l), SRR E(S)) and
F(K) ?1 K) fis)(K)), (4.2)
I? =h| t+ c, At g(t) + At Z anmk:(m)) (4.3)

The fixed-point method solves Eq (4.1) by starting from an initial guess K {(0) and iteratively
updating the guess as K (1) — ( KO ) for I =0,1,2,--- until the convergence is reached.
A schematic illustration of this procedure for a single-variable case is shown in Fig. 4.1.

The convergence in the fixed-point method strongly depends on the choice of the initial
guess K©) The initial guess should not be too far from the true solution. In this study, for
the initial guess, we use the solution of K in the previous RK step. This choice comes from
an expectation that K only changes at the order of O(At), and hence K at the previous RK
time step is a good guess for the next one. As we will see below, this choice of K© plays
a crucial role in realizing a good efficiency in our method. For the first time step of RK at
t = tinit, we use K©) = (0,---,0) for the initial guess.
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Figure 4.1: Schematic picture of the iterative process K, K1) ... in the fixed-point method
toward the solution K* for the single-variable case.

To improve the efficiency, we utilize the locality of discretized partial differential equations,
i.e., a finite number of cells are referenced in an evaluation of the time derivative for one cell.
In our case, the right-hand side of Eq. (3.10) depends only on cells up to two neighbors in
each direction. By taking this advantage, in our implementation, we check the convergence
cell by cell using the criterion

IR, — (RO = JIFRON, - RO < T2 (£2) (4.4

with a pre-determined parameter e, where [I? ]; represents the set of variables in K at cell 7,
and (T™) is the spatial average of T* in the entire numerical grid. Note that [K]; includes
48 variables corresponding to T% for all stages.

Since (T™)/At has the same unit as [K "] j, € is dimensionless. This parameter should
be properly tuned for each calculation setup since smaller e leads to better accuracy but
degrades the efficiency, and vice versa. In our numerical analysis of the ideal case in Sec. 6.4
we choose e = 1073 and e = 2 x 10~ for one and two space dimensions, respectively. For the
viscous case in Sec. 6.6 we choose e = 2 x 10! for both two and three space dimensions.

In Eq. (4.4), we require that the threshold scales as AtP~!. This At dependence is
necessary to preserve the accuracy order p of the numerical results. Since the error of
(K], = [F(KW)); is parametrically of one order At higher than that of [K(®)]; because
OF(KW)/oK® o« At, the error of [K (l+1)] is of order At? when the condition (4.4) oc AtP~1
is met. This order of [K(*1)]; is in accordance with the accuracy of RK in Eq. (3.4)*. On the
right-hand side of Eq. (4.4), Ax is used to make p dependence dimensionless. In Sec. 6.4 and
Sec. 6.6 we show that the expected scaling (3.4) is nicely obtained using the criterion (4.4).

More specifically, we update all the cells for the first iteration. For the succeeding itera-
tions, we update cell j only when any of the following conditions are met:

1. Eq. (4.4) was not satisfied at cell j in the last update.

2. Any of the cells adjacent to cell j was updated in the previous iteration and did not
satisfy Eq. (4.4).

*The numerical error of one RK step is of order AtP™*. Also, notice At on the right-hand side of Eq. (3.2).



4.3. CONVERGENCE CONDITION AND STIFFNESS 39

We update all the cells that need updating at once. We proceed with the iterations until
Eq. (4.4) is reached for all the cells. We note that even once the condition (4.4) is satisfied
at a cell, the condition can be violated later due to updates of neighboring cells.

As we will show in the next section, this optimization drastically reduces the computa-
tional cost. In fact, only a single update is enough for most cells. We refer to this prescription
as the local optimization in the following.

In the above procedure, we check only the most adjacent cells. Although the right-hand
side of Eq. (3.10) also depends on the second neighboring cells, we have checked that their
inclusion hardly changes the quality of numerical results despite an extra computational
cost’. We also notice that an update of a cell does not necessarily lead to the update of its
neighboring cells in the next iteration.

Strictly speaking, the local optimization violates the energy—momentum conservation.
This is because the flux at a boundary between two cells can be inconsistent when one cell is
updated, but the other is not. The numerical error from this violation, however, is controlled
within the accuracy as we will show in Sec. 6.4 and Sec. 6.6.

An illustration comparing the explicit and the implicit method including the local opti-
mization is shown of Fig 4.2.

4.3 Convergence condition and stiffness

As is common in iterative methods, the fixed-point method does not necessarily converge
to the true solution. A necessary condition for the convergence of the fixed-point method is
written in terms of the spectral radius R of the Jacobian matrix of F' at the solution K = K™:

R= p<;§(ﬁ*)> <1, (4.5)

Moreover, the convergence is faster for smaller R. From Egs. (4.2) and (4.3) one finds that
the Jacobian matrix OF / 0K , and hence R, is proportional to At. Therefore, the conver-
gence is guaranteed for a sufficiently small At and is faster for a smaller At. However, the
convergence is not guaranteed in general. In fact, we will see later that our method can be
aborted for At/Az 2 0.4 due to a failure of the fixed-point solver. The convergence in these
cases can be established with additional prescriptions as will be discussed in the forthcoming
publications [98]. In the present study, we simply neglect these cases since our method works
stably in the range of At which is practically important.

The convergence condition (4.5) is related to the stiffness of the system of equations. In
fact, Eq. (4.5) is rewritten as

oh
= At nm o —
R=p a 3

— S e
(tren At G+HAL YT anlk(l)) nm

-

- Atp(anmp(%?) +o((an?), (46)

where p(an,,) is the spectral radius of the Butcher table of a given RK method. Here,
p(Oh/0Y) characterizes the stiffness of the system since the largest absolute eigenvalue maxy |\

TThe success of this prescription may rely on the fact that Eq. (3.10) only depends on at most second
neighboring cells. When one employs a space scheme that depends on more distant cells, this procedure may
need to be modified to keep the quality of numerical results.
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Figure 4.2: Pseudocode comparing the implicit and explicit methods.
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p(8h/87) (i.e., the inverse of the shortest timescale) gives the most severe impact on the sta-
bility. Equation (4.6) shows that R is proportional to the stiffness p(9h /7).

This means that the convergence becomes slow in stiff systems. Since we locally trun-
cate the iteration number of the fixed-point method using Eq. (4.4), the iteration number
becomes automatically larger in the stiff spatial region where short-timescale phenomena
are happening. In short, our local optimization automatically detects the stiffness of local
regions.

4.3.1 Enhancing stability of fixed-pointer iteration

The locally optimized implicit solver is essentially the same with or without viscosity. The
main difference is that viscous equations are stiffer than the ideal ones, which means that
the simple fixed-point solver might not converge. The basic fixed-point solver has stricter
convergence condition than the stability conditions for the explicit method. This implies that
our implicit method would not produce results in some cases where the explicit would produce
correct results. To solve this issue, we slightly modify the fixed-point solver to become:

E=K+a (ﬁ(l?) - E’) (4.7)

with 0 < a < 1. This is a simple linear interpolation between the initial value K and the
target value F(K). When o = 1, it is the simple fixed-point method K = F(K). When
a < 1, a smaller step is done, which tends to increase the number of iterations needed, but
also increase the stability. The convergence condition in this case is:

p a[ﬁ—i_a(ﬁfk)_lz)} <1©p<(1—a)]+af?><l (4.8)

0K

where I is the identity matrix. As long as the diagonal of OF (I_(' )/ OK is non-positive to
suppress (1 — a)I, then there must be a value of « such that the spectral radius is smaller
than unity. This property is actually ensured when the space discretization complies to the
TVD, which is the case for the Kurganov-Tadmor method. Such simple extension should
make our implicit method unconditionally stable. It is actually not exactly the case in this
paper as we used an approximation to handle the space derivatives in the right-hand side
of the evolution equations. As there is no easy way to find the best value for «, we instead
default it to @ = 1, and if the error in any cell increases more than a finite amount of times
in a row (i.e. 4 times), we reset K = 0 and divide « by 2. We repeat this process until
convergence is reached.

Another way to stabilize the convergence which we did not use in this thesis is the An-
derson acceleration [99]. This method does not give an exact condition for stability, but at
the difference of the relaxation introduced above, it reduces the number of iterations needed
instead of increasing it in general. The idea is relatively simple. It wants to reduce the errors

G'=F(K) - K’ (4.9)

over multiple iterations indexed by i. To do so, for each new iteration n, it finds the set of
coeflicients «; which simultaneously minimizes the G* over m older iterations,

2
n
ai:argminai< Z Ogiéi) : (4.10)

i=n+1l—-m
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such that ), a; = 1. The next value K™t is computed as

n
Eml= > o F (4.11)

i=n+1l—-m

This method gives the values of the a; as a linear system of rank m of scalar products of the
Gi. So the computational cost to find the «; for small m is small and in general negligible
compared to the computation of F (I? ). In addition, it only requires one computation of F ([? )
per iteration, so it is as cheap as the simple fixed-point method. Furthermore, it converges
in fewer iterations while remaining more stable for stiffer systems.

4.4 Accuracy, efficiency, and stability

In later sections, we particularly consider the one-stage Gauss-Legendre (GL1) method [100,
101, 91] as an implicit method of order p = 2, whose Butcher table is given in the right
column of Table 3.1. In this subsection, we focus on the locally optimized GL1 and discuss
its accuracy, efficiency, and stability.

We first show that the method applied to GL1 keeps the accuracy order p = 2 even when
the iteration number is fixed to one. The single-iteration GL1 is explicitly written down as

J(t + At) = §(t) + Atk (4.12)
Y = h(t + ;,ﬁ(t) + th(O)), (4.13)

where the initial guess k©) of the iteration is chosen to be the solution in the previous time
step. By inverting Eq. (4.12) of the previous time step, the initial guess can be expressed as

o) ) = yA(f — 4 (4.14)

Plugging Eqs. (4.13) and (4.14) into Eq. (4.12), we obtain

At 3y(t) — y(t — At)) ' (4.15)

Gt + At) = §(t) + Ath (t +5 5
The Taylor expansion of this expression matches the analytic expansion up to the second

order in At:

(At)?
2

§(t + At) = §(t) + Ath(t, §(t)) + 0 + R (t,7(t)) - )R (t, 7)) + O((AD3).  (4.16)

Thus, the single-iteration fixed-point method for GL1 already has the desired accuracy of
order p = 2.
Next, we see that the single-iteration GL1 can be related to AB2. By regarding

7 (t " A;) _34(t) — gt — At)

2

= gj(t—At)Jr;Atﬁ(t— A;,z?(t— A;)) (4.17)
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as state variables, Eq. (4.15) can be shown to be equivalent to the AB2 method:
. 1. -
Z(t+ At) = Z(t) + gAth(t, Z(t)) — 5Ath(t — At Z(t — At)), (4.18)

Here, the initial guess k) plays an important role in the equivalence of the single-iteration
GL1 (4.15) to AB2 (4.18). In the single-iteration GL1, the initial guess carries the information
of the previous step y(t — At), which is similar to the linear multistep methods such as AB2
using the states of previous steps.

Both the single-iteration GL1 and AB2 are second-order methods with one-stage eval-
uation of ﬁ, so they are more efficient than the second-order explicit RK with two stages.
However, the problem with those one-stage methods is the stability in the stiff equations.
Those methods effectively use an extrapolation using the previous step (¢t — At) as observed
in Egs. (4.15) and (4.18) and are known to be less stable than the explicit RK. This is a com-
mon problem with the linear multistep method such as the Adams-Bashforth method. In our
method, this problem is automatically remedied by the iterations. As already discussed, the
number of fixed-point iterations increases in the stiff region so that the method approaches
the original GL1, which is A-stable. Thus, we can view our method as automatic switching
between the two second-order methods, the less stable but efficient AB2 and the stable GL1,
based on the local stiffness. In this way, our method benefits from both the efficiency of AB2
and the stability of GL1.

As we will observe in the numerical tests in the later sections, the stiff part appears near
the vacuum or the region with large gradients. Such regions typically appear only in limited
spacetime volumes in practical applications, so we can expect the computational cost of the
locally optimized implicit method would be close to the cost of AB2. Since AB2 with a one-
stage evaluation of i_i(t, gj’(t)) has half the cost of the second-order explicit RK methods with
two stages, we may expect a better performance of the locally optimized implicit method as
far as the total size of the stiff regions is not too large.

The application of the idea of the locally optimized implicit method is not limited to
relativistic hydrodynamics. For example, the idea can be applied to the general (discretized)
field equations with local interactions. In principle, this idea can be applied to any ODEs
with the locality, where a degree of freedom directly interacts with a fixed number of other
degrees regardless of the size of the entire system. Thus, we expect broader applications of
this idea in various fields.

Finally, we comment on the future extension of our analysis to the higher-order implicit
RK methods. In this subsection, we considered the specific case of GL1 utilizing its particular
form. It should be in principle possible to design the proper choice of the initial guess K©
for the general implicit RK methods by taking the linear combinations of the solutions K in
the previous time steps so that the accuracy order of the implicit method is preserved even
with a single iteration. These analyses are left for future study.



Chapter 5

Numerical scheme

The basic space discretization discussed in Sec. 3.2 is not sufficient to actually solve the
hydrodynamic equations. Every set of partial differential equations has its own specific
additional requirements. In this chapter, we will discuss how we fulfil the requirements for
relativistic hydrodynamics.

5.1 Viscous Numerical Discretization

From this section, every equation in the Milne coordinate system will use the variable change
including the factors 7 from Sec. 2.3. For convenience reasons, we will drop the e notation.
In order to include dissipation through Eqgs. (2.45, 2.46, 2.47), we first aim to rewrite them so
that they are in a shape that is compatible with both the Kurganov-Tadmor and Runge-Kutta
discretizations. One such shape is

Or (TTi") = =0y (TT*) — Oy (rTY") — 0, (T™") + A(O7u”, O-11, 0, 7™") (5.1)
Or (W) = =0, (u*nh) — Oy (Wt — O, (WH") + B(0u”, 0u”) (5.2)
Or (W'II) = =0, (u*II) — 9, (u¥I1) — 0, (u"II) + C(0-u”, Oju") (5.3)
where

A0 u”, 0,11, 0, 7™) =1% — 0, (1 [-IIA™ +77"]), (5.4)

~py MY 1 N ST
By, o) = — NS ~quw (aﬂﬁ - 4“) (5.5)

Tr 3 T

. i
= (@0 @77 ) @i + I, (5.6)

T

v gty -~ DI g (500

C(0;u”, 0;u") = - 3H ((‘))\u 4 ~ ) , (5.7)

as long as A, B, C behave as source terms, depending on none of the space and time
derivatives. Although they currently do not fulfil this requirement, we will see in the next
section how to resolve this issue. Assuming that A, B and C behaves as simple source terms,
Egs. (5.1, 5.2, 5.3) can be discretized exactly as described in the previous section. We solve
the ideal part T} of T™” as it allows keeping the exact same derivations from the previous
section, and also contributes in the procedure to make A, B and C independent of the time
derivatives.
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5.2 Right hand side time derivatives

Having an analytical expression for the time derivates d;u”, 0;I1 and J,7™" appearing in A,
B and C would permit to avoid the need to discretize them. In the case where 0, (717"),
O- (um") and O, (u"II) are actually known quantities, we can express d-u”, ;11 and 0, 7"":

87- (UTT[.TV) _ 7.{.7'1/87_“7'

O™ = o (5.8)
.11 — O (u™II) T— 110, u™ (5.9)
dou” = — o uyiiuy o (5.10)
(Ore Oru” Opu¥ Opun)' = MO, T (5.11)
o = o) = T’ (5.12)
T
9 (0-Ty")

where the 4 by 4 matrix M = ] can be inverted analytically:

8(&,6 o-u®  OyuY 8Tu77)

1 - 3
M —u (140 P)u (u™)2(148.P) =P wa” L1 (1 B ﬁ) (5.13)
A A u? (e+P)u™ u?

where u = (ux uY u”)T and u? = u”a. Detailed explanations are given in Appendix B.

Once these time derivatives are expressed with only the known quantities, the Runge-
Kutta procedure can be applied straightforwardly. This corresponds to provide E(n), which
is a numerical approximation of 0, (711"), 07 (u"7"") and 9, (u"Il), as an extra argument in
the expression of (4.3)

fy)(E) =h (t + en AL () + ALY anmbim), E(n)> : (5.14)
m

and replace all the occurrences of the time derivatives in ﬁn) by the solutions found above
using the corresponding components of E(n).

Such a procedure is usually not used as it makes the equations implicit (defined by them-
selves). This is not an issue when using an implicit Runge-Kutta method because an implicit
solver is already required. However, in an explicit Runge-Kutta method, the quantities
Or (7T7), Or (u"m*) and Oy (uII) are not known by definition. No known exact solution
to this problem seems to have been provided in the literature yet. Backward in time finite
differences are used instead as an approximation by keeping track of older time steps. In
our case, for consistency between the implicit and explicit cases, we will perform a similar
approximation for our explicit case by using the values of 0. (71}"), 0 (u"m*) and 0 (u"1I)
obtained in the previous stage. Our explicit prescription suffers from the same downside as
the prescription used in the literature: it involves outdated values which imply the dramatic
property of making every explicit Runge-Kutta method first order in accuracy. This will be
reflected in the results in Section 6 where the implicit method reaches the expected order in
accuracy while the explicit one is stuck at order one.
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5.3 Right hand side space derivatives

Approximating the space derivatives d;u* in A, B and C' does not have a dramatic implication
compared to the approximation of the time derivatives in the explicit case as described in
Section 5.2. Therefore, we first reconstruct the values of the fields at the boundaries of cells
using the cubic interpolation (here in the x direction by considering that j indexes the x
coordinate):

1 9 9 1
[u!] 4172 ~ _E[U#]jil/2—3/2 + E[U“bﬂ/z—yz + E[uu]jil/%—lm - Tﬁ[u#]jil/2+3/2 (5.15)

and then perform the finite difference to approximate

[U“]j+1/2 - [uﬂ]jfl/Q

OuM ~
v Ax

(5.16)

5.4 Spacial reconstruction which guaranty positivity and non-
oscillation of the mass m?

In relativistic hydrodynamics, a naive way of reconstructing the energy-momentum tensor
would be to apply spatial reconstruction described in Sec. 3.2 with the simple choice @ =
TV, where the boundary values [T} ]] 1/9 are directly obtained from [T}{"]; by Eq. (3.13).
However, to enhance the numerical stability of our implementation, we instead choose Q) =
(m, ') for the spatial reconstruction, where m is the mass density of the fluid cell defined
by

m? — gleT,u
= g‘r‘r( TT)Q - K, (517)

with K = ¥,(T5)2.
. . . +
More explicitly, we obtain [T} ]j )2
First, a set of conserved densities [T77]; obtained in each intermediate numerical step can
fail in reproducing the physical requirement m? > 0. To avoid this situation, whenever a set

of [T77]; is calculated, we replace T} with

as follows.

max (T3, (1 + s)K), (5.18)

where a small regulator s is chosen to be 10~' for the present study.

Second, the MUSCL reconstruction would guarantee the non-oscillatory property of the
reconstructed variables ). We confirmed this property when Eqgs. (3.15) and (3.16) are
applied to @ = T7}”. However, in this procedure, the non-oscillatory property of m? is not
guaranteed, and thus the requirement m? > 0 can be broken. As a practical matter, we are
faced with unphysical finite oscillations in € and u* obtained from T3} of this reconstruction.
To suppress these oscillations, we instead apply the reconstruction by the choice Q = (m, TE)
as in the following procedure:

1. Starting from [T}}’];, construct the local mass density [m]; using Eq. (5.17).

2. Reconstruct [m]%,, ,, and [T]

i1/2 from [m]; and [T5];, respectively, using Eq. (3.15).

] j+1/2

from [m]T, , ,, and [T;

. +
3. Determine [T77"] 12

12 by inverting Eq. (5.17).

b j+1/2
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We confirmed that this prescription significantly reduces the oscillating behavior of € and u*
in our numerical tests.

The KT operators in the other directions, KT, and KT,, are defined similarly. The
right-hand side of Eq. (3.10) combined with the MUSCL reconstruction Eqs. (3.15)—(3.17)
references two cells away from the current cell in every direction. This property plays an
important role in optimizing the implicit solver discussed below.

In the Milne coordinates, we solve hydrodynamics equations in the form of Eqs. (2.45),
(2.46) and (2.47) with 7]} as the state variables. In this case, we use the same prescription as
above with the following modifications: To obtain the energy density and velocity, Eqgs. (5.19)
and (5.22) are applied after transforming 77" to the local orthonormal frame, and the result
is transformed back to the Milne basis. In the spatial reconstruction, we use m = 7m in place
of the mass density m. The geometric source term Eq. (2.45) is added to the right-hand side
of Eq. (3.10).

5.5 Boundary conditions and vacuum

Since the numerical evolution of hydrodynamics is performed on a finite grid, one has to
introduce boundary conditions. In our space scheme the evaluation of [KT;]; references two
neighboring cells as previously shown in Fig. 3.1. Therefore, the variables on these cells must
be specified when they are outside the numerical grid. In this study, we employ the same
boundary condition as that used in Ref. [71]. In this boundary condition, when cells j 41 are
outside the numerical grid, we use the variables on cell j for those of cell j + 1. If cells j £ 2
are outside the numerical grid, the variables on cells j £ 1 are substituted there. Since this
boundary condition roughly approximates an outflow without reflection, it is sufficient for an
application to heavy-ion collisions when the grid is large enough such that the boundary is
essentially kept in the vacuum.

In the numerical analysis in Sec. 6.6, we deal with the vacuum region with e(x;) = 0,
where x; represents the spatial coordinates of cell j. However, the treatment of e(x;) = 0 is
problematic since it leads to an undefined velocity through Eq. (5.22). To avoid this situation,
we force the energy density e(x;) to be always at least eyae = 10719 fm™* in Eq. (5.19).

5.6 Implementation details

5.6.1 Extracting ¢ and u* from 7™

At each time step of the Runge-Kutta method, we need to calculate 7% as a function of 77
by using Eq. (2.9). To do so, we first obtain € and u* from T7" and then calculate T%. To
numerically determine ¢ and w* satisfying Eq. (2.9), it is convenient to solve the following
equations [71] for the energy density € (> 0) and the velocity v (€ [0,1]) iteratively:

K
=T —vK = 5.19
=17 vk V= (5.19)
where K = /327 (T7%)2*. More specifically, we use Newton’s method to solve
K
(5.20)

T T L P(TTT —uK)

*We remind the reader that we dropped the ® notation, but we still use the variable change from Sec. 2.3,
so the metric is flat, and the summation can be done directly
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with v = 0.5 as an initial guess.

The solution to these equations only exist when the condition 777 > K is satisfied, which
is ensured by the prescription described in Sec. 3.2.

We need to force the energy density to be strictly positive to avoid any numerical error
such as division by zero. To achieve this, we introduce a lower limit e, = 10719 to this
quantity. The choice of ey, is justified by the fact that it lies far bellow the precision of
numerical floating point numbers relatively to values of order of 1 in the natural unit system.
This leads to the final expression

e =max{T"" — vK, €pin}. (5.21)

This prescription is applied after the solution for v has been found. It is to be noted that
we also force v to be smaller or equal to unity and greater or equal to zero in the Newton’s
method iterations to stay in the range of valid velocity.
Finally, u* is given by
Tl
u' = a , ul = /1 + (u?)2. (5.22)
V(T + P(e))(e + P(e))

5.6.2 Stability constraints on the viscosity

The second order Israel-Stewart equations do not guaranty the positivity of the effective
pressure. As the bulk pressure II and the shear tensor 7#¥ from these equations affect the
effective pressure, we need to ensure that when it becomes negative the effective enthalpy
does not also become negative. To enforce the positivity of the effective enthalpy manually,

we first verify that
e+ P(€) + T + Apin > 0, (5.23)

where Apin = min, {A\*} is the smallest of the eigenvalues A\* of the shear tensor 7. If it is
not the case, we rescale the bulk pressure and shear tensor as

T — amh?, (5.24)

IT + oll, (5.25)
where PO
€+ €

=7 5.26

II + )\min ( )

Although this is an ad-hoc prescription, it is only necessary at the vicinity of the vacuum
which is at a temperature much lower than the freeze-out of the QGP.
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Numerical Benchmark

In this section we will focus on the correctness of the code and the confirmation of our previous
assumptions. First, the correctness will be verified by comparing the numerical results to
exact solutions. Second, we will show that the new implicit method is more efficient than its
explicit counter-part. Especially, the expected accuracy order of 2 will be confirmed by the
cost-error evolution as function of At in the ideal case. In the viscous case, we will see that
only the implicit method can reach order 2 whereas the explicit method becomes first order.

6.1 Setup

We have tested various implicit and explicit RK methods with different stages and orders.
They include the Gauss-Legendre family for the implicit methods, and Heun’s and the Euler
methods for the explicit. We choose Heun’s method as the representative of explicit methods,
as it is commonly used in hydrodynamic codes for HIC [55, 76]. This method has two
stages (S = 2) and second order of accuracy (p = 2). Its Butcher table is given in the
left column of Table 3.1. For the implicit method, we choose the one-stage Gauss-Legendre
method [100, 101, 91], which has the same order of accuracy as Heun’s method.

In Sec. 6.4 and Sec. 6.6, we compare the numerical results of these methods.

In the following, we refer to Heun’s and one-stage Gauss-Legendre methods as the explicit
and implicit methods, respectively.

Another conventional explicit method at the same order of accuracy as Heun’s method
is the midpoint method, whose Butcher table is given in the middle column of Table 3.1. In
Appendix. A, we show that the performance of this method is almost the same as Heun’s
method in the Riemann problem.

6.2 Dimensions

In this study, we compare the implicit and explicit RK methods in (141)-, (241)-dimensional
and (3+1)-dimensional numerical simulations. For the (141)-dimensional case, we deal with
the Riemann problem discussed in Sec. 2.4.1 with finite and zero minimum energy den-
Sity €min. We also perform (2+1)-dimensional simulations with the boost invariance for
the Gubser flow and event-by-event initial conditions for heavy-ion collisions generated by
TRENTo [37]. For the (341)-dimensional case, we only consider event-by-event initial condi-
tions from TRENTo. In all cases, we consider a system of length 40 fm in each direction.

To investigate the dependence on the mesh size Az, we perform numerical simulations
with Az = 0.2 and 0.4 fm where the spatial extent is divided into 200 and 100 cells, re-
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spectively. The mesh size Ax = 0.2 fm is a typical value used in applications to collisions
HIC [55, 96, 71]. The value Az = 0.4 fm is employed for comparison.

The time step At is fixed per simulation. To study the time step dependence, we perform
simulations with different At down to At = 0.1 x 27°Ax, which is determined so that our
results in Sec. 6.4 and Sec. 6.6 contain enough points to investigate the accuracy order
p through Eq. (3.4). We also checked that our results behave consistently even at At =
0.1 x 279Az and 0.1 x 27 7Ax in several cases.

6.3 Measuring the accuracy and numerical cost

Before showing the results, we first introduce the quantities that we will use to perform the
different comparison.

6.3.1 Error estimate

The results obtained by computational hydrodynamics have discretization errors. Numerical
simulations are also affected by floating-point errors in general. In the present study, we
evaluate these errors using two quantitative measures. First, we compare the energy density
obtained by the numerical analysis, enum (), with that of the exact solution €cxact(;) in the
continuum case using the measure

(6.1)
Aexact(wj) = D(enum(wj)y 6exact(mj))a (62)
with B
D(er, 2) = 61(762 (6.3)
max(€q, €2)

Here, we take the maximum of €; and €, for the denominator of Eq. (6.3), instead of either
one of them, to avoid a situation where Eq. (6.2) becomes extremely large when one of them
is vanishingly small. As for the second measure, we choose a numerical result obtained at
small At, denoted by e.f(x;), as a reference. We then compare €yum(x;) with the reference
as

Avet(xj) = D(enum(a}j), eref(asj)). (6.4)

For the reference €.f(x;), we use the result by the explicit method with the smallest
At =0.1 x 27°Axz.

To compare numerical errors of different time discretization methods, Aef(x;) is more
convenient than Aexact(x;). This is because a finite space-discretization error remains in
Acxact(x5) even in the At — 0 limit, while one can discuss genuinely the time-discretization
error using Aef(x;).

In Sec. 6.4 and Sec. 6.6, we inspect the magnitude of numerical error using the maximum
and spatial average of |Acf(x;)|. However, we found that |A.¢(x;)| tends to be close to
unity near the vacuum region where €cxact(;) is vanishingly small. In this region enym(x;)
and epf(x;) have non-vanishing values due to the numerical diffusion, i.e., the unphysical
propagation from the matter region, which is inevitable in computational hydrodynamics.
Nevertheless, eyum(;) is still negligibly small and the large |Aer(x;)| should not be taken
into account as an essential error.
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To avoid this apparent error in the vacuum region, in our error analysis we exclude the
cells where enym () is smaller than a threshold value ey, where e, is determined so that
the sum of the energy in the excluded cells is less than 1075 times the total energy. We also
exclude cells within 1fm from the boundaries to remove possible boundary effects. We then
evaluate the maximum and the average of |Aef(2;)| in the remaining cells.

6.3.2 Estimate of computational cost

To compare the performance of different numerical methods, we also need a quantitative
measure of the computational cost. However, the actual computational cost depends on the
implementation, and its appropriate comparison is difficult in general. In this study, we focus
on the fact that the most computationally demanding part of our analysis is the evaluation
of the local KT operator [hkr]; in Eq. (3.10). This means that the number of evaluations
Nk serves as an approximate measure of the computational cost. We thus use the number
of evaluations per cell,

nKgT = (6.5)

7
N, cell

for the measure of the computational cost, where N¢q stands for the number of total cells.
For our explicit method with S = 2, [hkr]; is evaluated twice per cell in a single time step.
In the implicit method, the cost of a single time step depends on the number of iterations of
the fixed-point solver, where one local iteration needs one evaluation of [hxT]; with S = 1.
Moreover, due to the local optimization, nkT is not necessarily an integer. We have checked
that nxr indeed reflects the real computational times well with appropriate optimizations.

6.4 Exact ideal solution Benchmark

6.4.1 1+1d Riemann problem with shock propagation

Now, let us discuss the numerical results. We begin in this subsection to deal with the Rie-
mann problem, whose exact solution is presented in Sec. 2.4.1. This is a (1+1)-dimensional
problem in flat spacetime with initial conditions given by Egs. (2.52) and (2.53). We numer-
ically solve the hydrodynamic evolution from the initial time ¢t = 0 to teng = 15 fm. We
set ¢2 = 1/3 and epax = 10 fm~* and perform our analysis for the two values of emin = 1 and
0 fm~*. The latter is important for the application to heavy-ion collisions where the matter
expands into the vacuum, which typically causes numerical problems.

Numerical solutions In the upper panel of Fig. 6.1, we first show the numerical result
of €(xj) at t = tend for €min = 1 fm™* as a function of z/¢t. The red (blue) curves show the
results obtained by the explicit (implicit) method with At = 0.1 x 27°Az while the dotted
and dashed lines represent the results for Az = 0.4 and 0.2 fm, respectively. The black solid
line shows the analytic solution €exact(;). In the lower panel, we also show Acxact(;).

One sees that the results of the explicit and implicit methods degenerate well at this At.
This suggests that the error from the time discretization is well suppressed in both methods.
By comparing the results of Az = 0.4 and 0.2 fm, one also finds that the numerical result
approaches the analytic solution as Ax becomes smaller. Nevertheless, a clear deviation is
still observed at the smaller Az. This is significant around the rarefaction front and shock
at x/t = —cs and vgpock, respectively, which are shown in the enlarged subpanels of the
upper panel. In particular, a large deviation Aexact = 0.5 survives even for the small Az at
x/t = Vgnock, Which is a consequence of the discontinuity of €exact(;) at this point.
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Figure 6.1: Energy density e(x;) (upper panel) and its error compared with the exact solution
Acxact(x;) (lower panel) for the Riemann problem at teng = 15 fm with €yin = 1 fm~* and
At =0.1 x 27°Axz.
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Figure 6.2: Same as Fig. 6.1 but eyin = 0.
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|Aref|
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Figure 6.3: Maximum and average of the numerical error |Aef| defined in Eq. (6.4) as func-
tions of the computational cost ngr for the Riemann problem with eynin = 1 fm™*. The
maximum and average are shown by the solid and dashed lines, and the explicit and implicit
results are shown by red square and blue circle symbols, respectively. The upper and lower
panels show the results for Az = 0.4 and 0.2 fm, respectively. The large points show the
results at At/Axz = 0.1, while the other small points are obtained by varying At by a factor of
2. Note that the absolute magnitudes of errors with different Ax are not comparable because
the reference e.o¢(x;) depends on Ax.

In Fig. 6.2, the numerical result for ¢y, = 0 is shown in the same manner as Fig. 6.1.
The figure shows that Aexact(2;) becomes almost unity in the vacuum region =/t > 1. As
explained in Sec. 6.3.1, this result comes from vanishing €exact(;) in the vacuum region.

In the following analysis, we use Aer(x;) defined in Eq. (6.4) in place of Acxact(x;) to
analyze the time-discretization error exclusively.

Error and computational cost Next, let us compare the numerical error and the cost of
the explicit and implicit methods. In Figs. 6.3 and 6.4, we plot the maximum and average of
the error defined by Eq. (6.4) at t = tepq for €min = 1 and 0 fm~*, respectively, for Az = 0.4 fm
(upper plot) and 0.2 fm (lower plot). The horizontal axis is the computational cost nkr in
Eq. (6.5). The red squares and blue circles show the explicit and implicit results, respectively.
The large point in each line shows the result for At/Az = 0.1. The distance between the
points along one line is obtained from varying At by a factor of two. In the explicit method,
the cost is exactly ngm = S(tend — tinit) /At = 30 fm/At.

The numerical simulation fails when the time step At is too large, so only successful
results are shown in the figures. The failure of the implicit method is not a divergence of
the numerical error such as in the explicit case. Instead, it is a limitation of the fixed-point
method, which in its simplest form, has very strict convergence conditions. The procedure
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Figure 6.4: Same result as Fig. 6.3, but €y, = 0.
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Figure 6.5: Number of iterations required for the fixed-point solver at each space-time point

for the Riemann problem with €y, = 1 fm

the positions of shock and rarefaction front, respectively. Four results for (At/Ax, Ax)
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The dashed and dash-dotted lines show

(0.1,0.4), (0.1 x 273,0.4), (0.1,0.2) and (0.1 x 273,0.2) are shown in the top-left, top-right,

bottom-left and bottom-right panels.
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Figure 6.6: Same result as Fig. 6.5, but €y, = 0.

discussed in Sec. 4.3.1 could greatly enhance the stability, but it was not used for these ideal
benchmarks as the plain fixed-point is stable enough for the practical At < 0.3Az.

We observe several notable features in Figs. 6.3 and 6.4. First, all the results are ap-
proximately proportional to n;gT when At < 107!, This behavior is in accordance with the
order of accuracy p = 2 of our explicit and implicit methods. Second, the computational
cost of the implicit method is significantly smaller than the explicit method for a fixed |A ]
in both maximum and average numerical errors; The former is about 2-3 times as efficient
as the latter in both €pnin = 1 fm™ and 0 fm™ cases*. This means that with the same
accuracy, the implicit method is faster than the explicit one. This is a remarkable outcome of
the present study since it is widely considered that implicit methods are slower than explicit
ones. The figures also show that this advantage of the implicit method is obtained through
the reduction both in the numerical error and computational cost for a given At.

To better understand the origin of the efficiency of the implicit method, in Fig. 6.5 we
show the number of iterations performed by the fixed-point solver in the implicit method on
the t—z plane. The number of iterations is represented by different colors for the numerical
simulations with At/Az = 0.1 and 0.1 x 273 fm (left and right), and Az = 0.4 and 0.2 fm
(top and bottom). The dashed and dash-dotted lines show the locations of the shock and
the rarefaction front at which eexact () and O€exact(z)/0x, respectively, have a discontinuity.
The figure shows that for almost all cells one iteration is enough to achieve the convergence.
This result is reasonable since the hydrodynamic variables would change slowly when they
are smooth. We use the solution of the last time step for the initial guess in the fixed-point
solver, and it is already a good estimate for the next time step. Moreover, more than one
iteration is required only around the shock and rarefaction, where the number of iterations
is mostly two except for a few cells with three or four iterations. As a result, the average
number of the [hxr|; evaluations for an update is smaller than two in the implicit method.
This makes the implicit method advantageous compared with the explicit one where two
evaluations are required for every update.

In both Figs. 6.5 and 6.6 where the speed of the shock front is different, one finds that
the regions of two iterations have similar outlines in the left and right panels where the time

*One might want to compare the values of |A,c¢| at the same At for different Az. However, |A,c¢| represents
the difference from €,e(2), N0t €exact (), so it does not contain the spatial discretization error. Since eer(z) is
different for each Ax, their values at different Ax are not comparable.
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Gubser flow, Az = 0.4 fm
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Figure 6.7: Energy density e(x;) (upper panels), error Aexact(;) (middle panels) and the
number of iterations of the fixed-point solver in each cell (lower panels) for the Gubser flow
at several proper times 7 for At = 0.1 x 27°Az and Az = 0.4 fm.

step changes. This behavior would be attributed to fine structures that arise due to the space
discretization.

As already discussed, in Figs. 6.3 and 6.4 we only show the successful results of the explicit
method. We found that the explicit method fails for At/Ax > 0.8. This result is consistent
with the Courant-Friedrichs-Lewy (CFL) condition [102, 103] for stability, At/Az < Ccrr
where Ccopr, = O(1) depends on the detailed scheme. In contrast, the implicit method fails
when At > 0.3Az. However, for completeness, we also tried to use the stabilizing procedure
from Sec. 4.3.1. In that case, the implicit method is perfectly stable even when At > Ax.

6.5 Gubser flow

Next, we perform the same comparison for the Gubser flow as discussed in Sec. 2.4.2. We
solve transverse (241)-dimensional hydrodynamics assuming the boost invariance. In this
case, the solution contains neither discontinuity nor vacuum region. We employ ey = 1 fm™*
and ¢ = 1 for the parameters in Eq. (2.62) and set 7ipx = 1 fm for the initial proper time.
We then solve the hydrodynamic equations numerically until the end time 74,9 = 10 fm.

In the top panels of Figs. 6.7 and 6.8, we first show the energy density at several values
of 7 for Ax = 0.4 and 0.2 fm, respectively, obtained by the implicit method with At =
0.1 x 27°Az fm. Here we do not show the result of the explicit method since its behavior
is almost the same as anticipated from the discussion in Sec. 6.4.1. The panels show that
the numerical solution has non-circular behaviors, while the exact solution, Eq. (2.62), has
azimuthal symmetry. Correspondingly, Acxact(€;) shown in the middle panels has oscillating
behaviors. These errors are attributed to the space discretization, as we have checked that
their structure hardly changes for small At. By comparing Figs. 6.7 and 6.8, one also finds
that the deviation from the exact solution is suppressed as Ax becomes smaller.

Shown in the lower panels of Figs. 6.7 and 6.8 are the number of iterations in the fixed-
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Figure 6.8: Same results as Fig. 6.7, but with Az = 0.2 fm.

point solver for each 7. These panels show that more than two iterations are needed around
the region where €(x;) changes rapidly, but only one iteration is enough for the other wide
area. This result is consistent with the one in Sec. 6.4.1.

In Fig. 6.9, we compare the maximum and the average of |Acf(x;)| in the explicit and
implicit methods as functions of nxT. The meanings of the lines and symbols are the same
as before. The figure shows that the implicit method is advantageous again in reducing the
computational cost when At/Az < 0.2. When At becomes larger, the iterative solver fails
without the stabilizing procedure from Sec. 4.3.1. Despite A-stability of the implicit method
itself, the fixed-point solver is not ensured to converge for large At.

6.6 Physical context benchmark

6.6.1 Event-by-event initial condition for heavy-ion collisions

Finally, we apply the same analysis to realistic cases of the relativistic heavy-ion collisions by
generating initial conditions using TRENTo [37]. For the details about the parameters used
for TRENTo and the choices of transport coefficients, see the introduction of Cha 7. The only
difference is that for this chapter we use a fixed impact parameter of b = 10.3 fm for easier
comparison of explicit and implicit methods. For the (241)-dimensional case, the initial time
is chosen to be Tinit = 0.48 fm. In both (2+1)- and (3+41)-dimensional cases, we solve the
hydrodynamic evolution until a fixed 7o,q = 10 fm, in order to be able to compare the explicit
and implicit method at the exact same final time.

In the upper panels of Figs. 6.10 and 6.11, we show the transverse profile of the pressure
p(e(zx;)) for one event in the z—y plane obtained with the finest At = 0.1 x 275Az in the
implicit method for Az = 0.4 and 0.2 fm, respectively. The cells satisfying e(x;) < €, are
shown by the white color. As discussed in Sec. 6.3.1, these cells are discarded in the error
analysis. In the lower panels, the corresponding number of iterations in the fixed-point solver
is shown. These results again show that the average number of iterations is smaller than two,
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Figure 6.9: Same as Fig. 6.3, but for the analysis of the Gubser flow as in Figs. 6.7 and 6.8.
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Figure 6.10: Pressure p(e(x;)) from the implicit method (upper panels), and the number of
iterations of the fixed-point solver in each cell (bottom panels) for a TRENTo initial condition
(lead-lead collision with b = 10.3 fm and /sxy = 5.02 TeV) at several values of proper time

7 for At = 0.1 x 27°Ax and Az = 0.4 fm.
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TRENTo, Az = 0.2 fm
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Figure 6.11: Same as Fig. 6.10, but for Az = 0.2 fm.

which is a reasonable result in light of the arguments in the previous subsections. The main
difference between the Ax = 0.4 fm and Ax = 0.2 fm cases is the sharpness of the result. It
is clearer in the Az = 0.2 fm case that even at 7 = 0.9 fm there are still sharp maxima after
the expansion. This is to be expected of an ideal fluid as without dissipation, the energy will
entirely flow from maxima to minima which will create an oscillating cycle between maxima
and minima. The large number of iterations are also more localized in this case.

By comparing the number of iterations with the pressure profile, it is apparent that the
locations where the number of iterations are high mostly correspond to where the pressure is
changing the most, or said differently, where the pressure gradient is large. As hydrodynamics
reacts to the pressure gradient, this means that the number of iterations follow the largest
changes of the system, and thus they are connected to the stiffness of the system.

In Fig. 6.12, we plot the maximum and the average of |A.cf| as functions of nkr for
ten initial conditions generated randomly by TRENTo. The figure shows that the implicit
method keep the same trend with a smaller computational cost than the explicit method for
a given error. Furthermore, all the lines and points are close for the explicit and implicit
respectively, which means that even with random initial conditions the cost and accuracy of
the hydrodynamics remains the same.

6.6.2 Viscous IS equations Benchmark

Now that we have verified the accuracy and efficiency of our new implicit method in the
ideal case where no complications arise, we can verify them in the viscous case where time
derivatives appear in the flux. As discussed in Sec. 5.2, it is possible to express the right-
hand-side time derivatives with the time derivatives of the dynamical variables. However, this
simple solution is only supposed to work for the implicit method where the time derivatives
of the dynamical variables are actually solved during the iterative process. Fig. (6.13) shows
that the accuracy order p = 2 is conserved for the implicit method in blue as expected. The
red points of the explicit method only reach an accuracy order of p = 1. Contrary to the
implicit method, we must use outdated values to express the needed time derivatives which
breaks the Runge-Kutta properties and block the order to 1 in the explicit method. We
have verified that using the usual backward in time finite difference reproduces the same
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Figure 6.12: Same as Fig. 6.3, but for 10 initial conditions generated by TRENTo.

slope as our explicit method!. This corresponds to first order derivatives which ends up
being the bottleneck in accuracy of the explicit method. These behaviors remain the same in
(341)-dimensions as shown on Fig. (6.14), where the lower panel for Az = 0.2 fm stops the
simulation early at Tenq = 5 fm with a reference time discretization of only At = 0.1 x 27 2Ax.
These limitations originate from the long simulation time needed for such (3+1)-dimensions
simulations with fine lattice spacing Ax and time discretization At. Reaching later 7.n,q and
lower At should be possible, although it would require more than a week of simulation on
current hardware, which we considered excessive.

On Figs. 6.15, 6.16 are shown from top to bottom the pressure p(e), the bulk pressure II,
the renormalization factor from 5.6.2 used to force the effective enthalpy to remain positive
and the number of iterations as function of the proper time 7. This time, the finer lattice
spacing Az = 0.2 fm does not provide a particularly finer view of the pressure at late time as
the system is mostly smoothed out by the viscosity and no sharp structures remain. However,
at early time the finer lattice spacing still permits to better see sharp structures in the pressure

tOur first approach was to use the usual backward in time finite difference for both explicit and implicit
methods. As theoretically expected, first order results were obtained in both cases. However, we knew that
we could express the time derivatives analytically quite easily thanks to the solver involved in implicit Runge-
Kutta methods. We thus switched to this new method and confirmed that the correct order was obtained
for the implicit case. We noticed that we could use the same analytical solutions from Sec. 5.2 that depend
on forward in time values for the explicit method by using backward in time quantities instead. This is only
an approximation of the actual implicit analytical solutions as it neglects the changes in time derivatives
from one step to the next one. This is by definition a first order approximation. We thus confirmed that it
still produces first order results. We then discovered that most of the numerical constraints on the viscosity
could be removed thanks to these more stable analytical solutions, so we kept using them even for the explicit
method. Furthermore, we also checked that this behavior did not depend on the order of the used Runge-Kutta
methods: the explicit ones always produce first order results while the implicit ones produce the expected
order even at order 3 and 4.



6.6. PHYSICAL CONTEXT BENCHMARK 61

1021 o, -
0 —=— Explicit
ng . . —e— Implicit
— 10—4< }"‘ g @ i.:_j\ % B i - :
2 = \O‘—l—\
4 Booo, Tgg... T
~ SS58
106 | $ ¢ \,‘ : |
8
Az=0.4fm 1
[}
8 —_— max
1072 o\
—_ mean
10_3‘ \‘ 8:“‘8\ D
B -4 - S%&\t —3
q 10 3 B s@s E
- '?‘\:\“‘ﬁ 2@ E E
1073 ; 330s Pt
SO 55| S
X L] ==4#
10°1 Az=0.2 fm ]
103 - 10°
nKr
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Figure 6.15: Same top and bottom panels as Fig. 6.10, but with viscosity. In addition, the
bulk pressure I (central-up panel) and the renormalization factor to stabilize the viscous
equations (central-down panel) are also shown.

and bulk pressure. Such structures can also be seen in the shear stress tensor, although we
did not show it as it would involve showing 5 independent quantities. Once again, we can
see that the maximum number of iterations are located where the largest changes happen.
In particular, at early time 7 = 3 fm, the large number of iterations spans from the center
where the pressure is large up to the further boundary of the bulk pressure.

We can see in the third line of Figs. 6.15, 6.16 that the renormalization factor « takes
values different from unity only at late time 7 > 5 fm, and at the vicinity of the vacuum
where all the quantities are vanishing. As in this location the temperature is far under the
hydrodynamics freeze-out temperature, this forced renormalization of the viscosity should
not affect the particle production. It is to be noted that sometimes the number of iteration
can greatly increase such as in Fig. 6.16 at 7 = 9 fm. However, such increase remains finite
in space and time, so it does not impact the performance.

On Fig 6.17 is shown a 2-dimensional slice at n = 0 of a (3+1)-dimensional evolution. The
interpretation is essentially the same as the (241)-dimensional case, although the patterns
in the pressure p(e) and bulk pressure II are slightly more complex due to the interactions
with the third spatial dimension.
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Figure 6.16: Same as Fig. 6.11, but with viscosity.
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Figure 6.17: Same as Fig. 6.10, but in (3+1)-dimensions.
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6.7 Large At regime

As shown in the different error-cost figures for the viscous cases using the stabilizing pro-
cedure, the implicit method transition to a higher cost at large At. This region is shown
mostly to attest that in that case the implicit method is still stable. However, our choice of
initial guess for the iterative solver assumes that the time step is small. When the time step
is large, choosing k = 0 would be more suitable.

The fact that even in this unfavorable case the implicit method remains stable, we hope
that in an actual stiff case (where for instance there would be very small relaxation times),
this new implicit method would allow for the use of much larger time steps than the explicit
counterpart while remaining stable and accurate.



Chapter 7

Heavy-ion collision modeling

In this chapter we want to investigate if our new implicit method can reproduce non-trivial
experimental data, such as the elliptic flow vg, as correctly as the existing explicit methods can
do. To do so, we perform (3+1)-dimensional event-by-event simulations for lead-lead collisions
with random impact parameters and collision energy /snn = 5.02 TeV. The initial entropy
density is provided by the 3-dimensional version of the TRENTo model [37]. Instead of using a
free-streaming model during the thermalization stage such as in [7], we simply hold the initial
entropy density provided by TRENTo until g = 0.6 fm and multiply it by a normalization factor
N = 11.3. A normalization factor is needed because TRENTo does not provide the entropy
itself but instead a quantity proportional to it. All the other coefficients of the TRENTo model
are taken from the Bayesian analysis [7, 8], where they calculate the probability distribution
that the coefficients of the model, including the initial condition parameters, reproduce the
experimental data. The equation of state used in the hydrodynamics is the parametrization
form [74, 104] of the Wuppertal-Budapest lattice EOS [15]. We also use the bulk (/s and
shear n/s temperature dependent parametrization from [7, 8], which we will discuss in more
details in Sec. 7.1.3.

In order to produce the particles after the freeze-out, we output the zigzag hyper-surface
(see Sec. 7.1.4) at constant temperature 7" = 151 MeV, whose details will be discussed in
Sec. 7.1.4. We then produce 20 random particlizations for each event by using the Cooper-
Frye formulas with the frzout [105] code. For each of these particlizations we then compute
the cascade with the UrQMD afterburner [106]. The observables are first averaged over the
20 particlizations for each event, and then the statistical error is computed over the events.
A total of 1000 initial conditions with random impact parameter are performed.

In order to verify the effectiveness of our implicit method in the case of heavy-ion collisions,
we consider particle yield dN.,/dn as function of centrality and 7, and we also consider
the anisotropy v, as function of centrality determined by the number of charged particles
produced. We use the experimental data from the ALICE experiment [79, 27] as a reference.

A more detailed explanation of the models used in this thesis is presented in the next
section Sec. 7.1.

7.1 Numerical framework of a collision

The physical process described previously is generally split into 5 models as described in
Sec. 1.2. In the following subsection, we will describe the 5 models that will be used in
this thesis. Although the initial thermalization has an impact on the final results, for ef-
ficiency and energy consumption reasons, it was not used for the results presented in this
thesis, which means only 4 of the following models where used. The missing model is still
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presented in Sec. 7.1.2 as it would be important to include it for more accurate results. This
framework comes from the heavy-ion collisions event generator form Duke-QCD collabora-
tion [107] which was used for the Bayesian analysis in [7, 8]. The differences in this thesis is
that the hydrodynamic part is replaced by our new implicit method, and the free-streaming
thermalization part has been skipped.

7.1.1 Collision: Trento initial conditions

The most computationally efficient initial conditions are the geometrically inspired ones such
as TRENTo [37] which directly produce the initial energy density without any evolution. Such
geometrical model has the advantage to be computationally efficient and also the model in
itself tends to be simpler at the cost of not actually describing the physics of the collision.
The TRENTo model [37] is essentially a 2-dimensional transverse entropy density modeliza-
tion at mid-rapidity which is then extended to finite rapidity to reach a full 3-dimensional
description at a starting time 7. The entropy density produced by the collision is propor-
tional to the product of a transverse function f(z) at mid-rapidity and a rapidity-dependent
function g(z,ns):
s(@.n)l,_ry o F(@)g(w,ms) (7.1)

with = (z,y) the position in the transverse plane and 75 the spacetime rapidity.
The transverse function f(x) is the general mean of the thickness function T4 and T of

the two participating nuclei
T 4+ TP 1/p
f(z) x <A 5 B> . (7.2)

In a multiple constituent nucleus, the thickness function is a random-weighted superposition

of nucleons
Npart

TA,B = Z wiTp(az - IL’Z) (73)
=1

with w; a random weight sampled from the gamma distribution of unit mean and variance
1/k, where k is a free parameter, x; is the position of the iy, nucleon, and T}, is the proton

thickness function ) ,

Ty(x) e 27, (7.4)

2mw?
The nucleon positions are sampled from a Woods-Saxon potential and projected to the trans-
verse plane. For both nucleus, the positions are shifted in the opposite direction by half the
impact parameter b.

Not all the nucleons participate in the collision, so they should not all be summed in
Eq. (7.3). Participating nucleons are sampled for the pairwise inelastic probability

inel
doNy

— 1 _ 0947 (b)
9bdb e (7.5)

where 044 is an effective partonic cross-section to be fitted from experimental data, and T),
is the proton-proton overlap function

Typ(b) = / d*xT,(2)Ty(x — b). (7.6)
The extension to finite rapidity is performed through an inverse Fourier transform

g(z,y) = F~ {g(z, k)} (7.7)
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where y here is the rapidity such that g(z,n) = g(z, y)%. The goal of using an inverse Fourier
transform is to describe the rapidity extension by its cumulants

1 1
log(g) = iuk — 502/{2 — gifyagk?’ + .. (7.8)

with ;o the mean and o2 the variance.

7.1.2 Thermalization: free-streaming

Although we could directly use the initial conditions as input for the hydrodynamic equations
used to evolve the QGP, it would suppose that the system reach local equilibrium instantly.
This can be a simple approximation in the same way that assuming boost-invariance greatly
simplifies the problem, but it is not realistic. One extra step should be happening between
the collision and the QGP part.

One simple model would be to consider that the particles produced during the collision
will simply freely fly without interactions for a short time before the system starts to strongly
interact and become a fluid [28]. This simple prescription allows interpolating between a non-
interacting and strongly interacting medium and thus gives time for the strong interaction
to take place and for the system to reach local equilibrium. This addition allows to better
reproduce the experimental results [28], which suggest that the system needs some finite time
to reach local equilibrium.

In more details, the specific procedure from [28] consists of the free propagation of massless
partons through the collisionless Boltzmann equation

pouf(x,7;p) =0 (7.9)
with f(z,p) the distribution function. In this case, the solution is simply

f(x,75;p) = f(x = (75 = 70)P, 70; P) (7.10)

where t( is the starting time, and p = p/p.
After the thermalization is reached at 75, the energy momentum tensor can be obtained
with

» g &p
T (Xst;p) = (27'(')3 fp p f(xu Ts;p) (711)

where g is a degeneracy factor. In the case of boost-invariance, it can be shown that
TH(x,7s; p) can be dirrectly expressed as function of T"¥(x, 79; p), which means that there
is no need to samples partons to perform free-streaming from TRENTo initial conditions.

In the local fluid rest frame, the viscous hydrodynamic form reads

T = eutu” — (p + II)AHY + 7h* (7.12)

where € and p are the energy density and pressure, II is the bulk viscous pressure, 7" is the
shear pressure tensor, u* is the fluid velocity and A*” = gh — utu” the projector orthogonal
to the velocity.

The Landau matching consists of first extracting the velocity u* from T as its time-like
eigenvector, with the energy density € as its eigenvalue

TH v, = eu® (7.13)

with u#u, = 1. As T" has at most one time-like eigenvector, this solution is unique when it
exists.
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The remaining components can be extracted as follows when an equation of state p(e)
has been chosen.

1
1= (8 T*) ~ p(e) (7.14)
and
T =TH — eul'u” + (p(e) + II)AFY. (7.15)

Although hydrodynamics is known to greatly increase flow and especially elliptic flow,
this additional thermalization step actually enhance even more the final flow [28].

This step affects the final results but not in a dramatic way. For time and energy con-
sumption reasons, we do not include it in our framework.

7.1.3 QGP: viscous hydrodynamics

The QGP formed in HIC behaves like a fluid, especially when observing anisotropy in particle
production, even in context such as proton-lead collision or even proton-proton collisions
where the typical scales suggest it should not. For this reason, relativistic hydrodynamics is
used to model the QGP. The detailed equations and derivations are discussed in Chapter 2.

The evolution of the energy-density, the velocities, the bulk pressure and the shear tensor
are described by the hydrodynamic equations. However, the EOS describing the thermo-
dynamic quantities as function of the conserved charges needs to be parametrized, and the
viscous transport coefficients as well. For the EOS, it is possible to parametrize it from theory
at vanishing baryon chemical potential up where lattice QCD provides thermodynamic solu-
tions at high temperature [19]. The low temperature corresponds to the Hadron resonance gas
(HRG) [108] which has analytical solutions. Furthermore, as the experimental results suggest,
the phase transition between QGP and HRG at vanishing up is a crossover [19]. Therefore, a
complete EOS spanning from low to high temperature can be made by connecting the HRG
and the lattice QCD EOS with a smooth transition, as done in the Wuppertal-Budapest
EOS [15]. Such EOS do not have an analytical expression, and they are thus provided either
as table data or interpolation polynomial.

The transport coefficient for the bulk viscosity ¢ and the shear viscosity 1 had been chosen
to be constant for many years. However, they have been recently parametrized as function
of the temperature in [7, 8] to provide better quality results

(m/8)crv
<W@av:mwmm+mwm@yarﬂw(T)" , (7.16)

T
(C/S)max
PR
T—(¢/s)r eak
1+ < /5wt )

where the values of the parameters are provided in [7, 8].
The relaxation time for the bulk pressure II and shear tensor 7" is usually chosen from
a causality consideration as discussed in Sec. 2.2 Eq. (2.28).

(¢/s)(T) =

(7.17)

7.1.4 Particlization: frzout

While expanding, the QGP cools down and the deconfinement progressively stop being ef-
fective. The quarks will therefor confine again into particles. However, this process happens
sporadically in the system, which means that particles that are usually modeled by kinetic
theory cohabit with the fluid modeled by hydrodynamics. Simulating these two models si-
multaneously is very challenging. As a simplification, they are used one after the other.
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The hydrodynamics is first pursued until all cells pass bellow the hydrodynamical freeze-out
temperature. Only then all the particles are produced, and the model is switched to kinetic
theory. However, The particles are supposed to be produced at the freeze-out temperature,
which means that in these two stages modeling it is important to keep track of when and
where the fluid cross the freeze-out temperature. More precisely, we need to track the full
space-time hypersurface corresponding to the constant freeze-out temperature.

Hypersurface extraction

The hydrodynamic equations are usually solved numerically on a discretized lattice made
of fixed sized cubes containing the averaged values of the fields. One very simple way to
find the hypersurface corresponding to the freeze-out temperature is to search for its normal.
When two contiguous cells either in space or time have a temperature on each side of the
freeze-out, we know that the direction from the high temperature cell to the low temperature
is orthogonal to the hypersurface of constant freeze-out temperature. This direction aligned
to one of the discretization axis is the normal. By taking one unit of length or time in the
three remaining axis, the corresponding volume of the hypersurface can be obtained. It then
suffices to store the values of the fields in all these hypersurface volumes and their location
to have the complete hypersurface needed to produce the particles. This prescription is often
called zigzag.

The zigzag prescription is very simple and thus not particularly accurate. It is possible to
obtain a smoother hypersurface with algorithms such as Marching cubes which do not simply
consider the main direction but instead look at the value of the quantity of interest (here
the temperature) at each of the corners of a cell and then split each edges at the distance
between the corners where the quantity would cross the desired threshold (here the freeze-
out temperature). The mainly used variation of such algorithm is CORNELIUS [109]. For
simplicity, we use the zigzag prescription.

Cooper-Frye formula

In order to switch from hydrodynamics described by the energy-momentum tensor to a par-
ticle description with mass and momentum, we need a way to sample particles. To do so,
we consider that the system changes from fluid to gas at a fixed temperature T,.. We can
then use the Cooper-Frye formula [57] to sample the particles on this constant temperature
hypersurface.

The idea behind the Cooper-Frye formula is to count the number of particles that cross
a boundary around the system such that the total energy of these particles is in agreement
with the total energy obtained from the energy-momentum tensor on the surface. Given a
Fermi-Dirac or Bose-Einstein statistics f(x,p), and a hypersurface ¢ with normal vector o*
corresponding to the boundary of the system, we can count the number of particles that cross
o as

N(o) = /Dp/f(:v,p)p"day, (7.18)
g
with Dp = 267 (p? — m?)d*p the causal differential tangent to particle crossing outward the

boundary. From here, we can write the invariant single-particle distribution in momentum
space [57] of the particles on o

N
B = /g F(a, p)pido,. (7.19)
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This last formula Eq. (7.19) can be used as a distribution to sample particles on the
hypersurface produced by any of the algorithms described in Sec. 7.1.4. This sampling is
performed in the python code called frzout [105], which we use in this thesis.

7.1.5 Hadronic transport: UrQMD

The Ultra-relativistic Quantum Molecular Dynamics (UrQMD) model [106] is used to describe
low energy (below 100 GeV) ion collisions. It is based on hadron propagation through the
Boltzmann relativistic equation by including more than 100 hadron species. It especially
includes rescattering of hadrons and decay.

This model can thus be used to propagate the particles produced by the Cooper-Frye
formula on the freeze-out temperature hypersurface until they would reach the detector.
This stage is also important as the particle distribution changes before reaching the detector
due to the rescattering and decay.

7.2 QGP observables

In order to understand the results that will be showed in the next section, an introduction
to the observables of interest is necessary.

The simplest observable is the number of charged particles Ng,.

To study other observables, it would be convenient to know the impact parameter which
is the distance between the center of the nuclei during the collision. This value cannot be
directly observed as only the final produced particles can be seen. However, the usual proxy
is to use the number of charged particle to approximate how central a collision in. When the
impact parameter is small and the collision is very central, a larger number of particles will be
produced. Therefore, instead of the impact parameter, the centrality is obtained by sorting
numerous events by their number of charged particles, and then splitting this list in small
bins of centrality percentages. The first bin near 0% centrality correspond to the highest
number of charged particles, so most likely the collisions with the lowest impact parameter.

If we look at the number of charged particle for central n as function of the centrality
from ALICE data [79] on the left of Fig 7.1, we can see that the number of charged particles
decreases as the centrality increases, which is expected by construction.

To go a little further, we can look at the longitudinal direction dependency. Due to
the extreme longitudinal pressure after the collision, the system will expand at nearly the
speed of light at high rapidity. However, if we represent our system in the Milne expanding
coordinates, it will not expand but mainly stay still as the coordinate system expand as
quickly as the system. In this case, the system will have the general shape of a ball where
the density will be smaller on the outside. Therefore, the density is maximum at vanishing
eta, and the amount of produced charged particles should also be maximum. If we look at
the number of charged particles as function of n on the right of Fig. 7.1, we can see that it
decreases as 7) increases as expected.

A less trivial and more interesting observable is the particle anisotropy which can be
obtained by a Fourier decomposition of the azimuthal distribution of particle production in
the transverse plane [27]

65; x 142 Z Uy, cos [n(o — y,)], (7.20)
n=1

where v,, is the amplitude of the n directional particle emission, and 1, is the symmetry
plane. The most prominent anisotropy will come from the initial elliptic shape for non-
central collisions. Because the pressure is larger inside the medium and lower at its boundary,
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hydrodynamics which follows the gradient of pressure will make the medium expands toward
the normal of its surface. In the case of an elliptic shape with two preferred directions, there
will be an enhancement of the anisotropy in two directions corresponding to wvs.

If we also consider that the content of the nuclei are not perfectly homogeneous, we can
expect that the elliptic shape will be slightly deformed toward a higher number of directions,
producing high order anisotropy.

The experimental data of v, as function of centrality from the ALICE experiment [27]
shown in black dots on Fig. 7.2 confirm that at vanishing centrality all anisotropy vanish,
and as the centrality increases, the anisotropy increases.

7.2.1 Computing v,

There are many ways to compute the anisotropy v,. Some are more suited for experimental
data and other for simulation results. The two most straightforward ones would be the event
plane and the two particle correlation methods.

In the event plane one, we first find the angle v, corresponding to the event plane in
which an anisotropy with n harmonics takes place. It is computed as

= 1 arc anM
Yn = _ arct (cos (n6)) (7.21)

where ¢ is the azimuthal angle of each particle and (-) is the average over all the particles.
The anisotropy is then computed as

vn = (cos [n(¢ — ¢n)]) . (7.22)

This computation is linear in the number of particles, but it is sensitive to non-flow effects
such as jet or resonance decays.

The two-particle correlation is more straightforward as it computes the anisotropy in one
stage by averaging over all pairs ¢; and ¢9 of particle angles

{2} = V{cos[n(d1 — 92)]). (7.23)

This computation is also subject to non-flow events, but in addition it is quadratic in the
number of particles. However, by only including the pairs of particles with a large enough
difference in n (the longitudinal axis of the collision), it is possible to suppress the non-flow
effects. This is usually called an n-gap and is used in experimental data analysis [27].

In the various other methods, there is one which can be used to analyze data in linear
time while reducing non-flow effects described in [110]. It consists of computing the flow
vector for the harmonic n for the M particles of an event

M
Qn=> "%, (7.24)
i=1
and the second order cumulant
— ‘Qn‘Q -M

(2) (7.25)

Wiy

with associated weight
Wigy = M(M —1). (7.26)
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The subtraction of the number of particles in (2) corresponds to removing the contribution
of particle with itself from the square |Q,|?, and the weight Woy are chosen to minimize
multiplicity variations. The second order cumulant flow is constructed as

(Wi2y)i (2);

_ 1€events
vp{2} = I (7.27)

1€events

This is the method we used to analyze the numerical results shown in the next section Sec. 7.3.

7.3 Results

In this section we want to show the results from the heavy-ion collision framework described
in the previous sections including our implicit method. In Fig. 7.1 and Fig. 7.2 we show
the reference ALICE experimental data [79, 27] in black dots, the numerical results of our
implicit method in continuous lines, and the numerical results for the VISH2+1 explicit code
in dashed lines. There are two important differences between our hydrodynamics and the one
of VISH2+1. The first one appears in the name where ”2+1” means (2+1)-dimensional with
boost-invariance, contrary to our (3+1)-dimensional implicit hydrodynamics. The boost-
invariance is only an approximation, which is why most hydrodynamics codes are becoming
(341)-dimensional, including our implicit hydrodynamics. The second difference is in the
framework in which the hydrodynamics is embedded. In the case of VISH2+1 results, the
complete framework including the thermalization stage is used, compared to our simplified
framework where we skip this thermalization part which corresponds to an instantaneous
thermalization approximation.

In Fig. 7.1 we show the particle yield d N, /dn as function of centrality for mid-rapidity
on the left and as function of 7 for different centrality class on the right. We can see that the
particle yield sightly deviates from the experimental data around 30% centrality, although the
results for VISH2+1 from [7] do not have such deviation. The difference is most likely caused
by our simplified framework which skips the thermalization stage, although the transport co-
efficients we took from [7] were tuned with that thermalization stage included. An additional
possible cause is the boost-invariance assumption used in VISH2+1, which is not used in
our (341)-dimensions implicit hydrodynamics. Consequently, the parameters obtained in [7]
might not be directly usable without the boost-invariance approximation. We still decided to
perform the analysis in (341)-dimensions to verify that our new method can work properly
in the dimensions of real physics, and also be sure that it would be suitable for the upcoming
Bayesian analysis in (3+1)-dimensions.

In Fig. 7.2 we show the particle anisotropy v,{2} at mid-rapidity as function of central-
ity. We can see that v9, v3 and vy are well reproduced within the statistical error until 55%
centrality, similarly to the results for VISH2+1 from [7]. From 60% centrality and above vy is
underestimated, contrary to VISH2+1 results. However, older studies using VISH2+1 which
did not include a thermalization stage before the hydrodynamics had the same underestima-
tion issue as shown in Fig. 4 of [111].

Considering three spatial dimensions is important to properly reproduce the longitudinal n
dependence. However, the results from Fig. 7.1 and Fig. 7.2 also show how important the ini-
tial thermalization stage is. Especially, the (2+1)-dimensional boost-invariant results which
include the thermalization stage reproduce better the experimental data at mid-rapidity than
our (3+1)-dimensional hydrodynamics which skips this thermalization. Overall, these results
suggest that the new implicit method should properly reproduce experimental data at both
finite and mid-rapidity in a complete framework including the free-streaming stage.
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Figure 7.1: Comparison between the numerical results in continuous lines and the ALICE [79]
experimental results in black points for the particle yield dNg,/dn as function of centrality
for mid-rapidity on the left and as function of n for different centrality class on the right.
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Figure 7.2: Comparison between the numerical results in continuous lines and the ALICE [27]
experimental results in black points for the particle anisotropy v, {2} as function of centrality.
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Conclusion

8.1 Summary

Over the past few decades, the phase diagram of Quantum Chromodynamics (QCD) has
been probed intensively from both theoretical and experimental angles. At sufficiently high
temperatures the theory predicts, and experiments confirm, the emergence of a quark—gluon
plasma (QGP), which is now routinely created in ultra-relativistic heavy-ion collisions at
facilities such as the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC). A striking outcome of these studies is that the space-time evolution of the QGP
is remarkably well described by relativistic hydrodynamics with low viscosity. As a result,
cutting-edge computational fluid-dynamical simulations constitute the cornerstone of modern
dynamical models of heavy-ion collisions.

In this thesis, we studied how to numerically solve relativistic hydrodynamics used to
model the QGP in HIC. We showed that the use of implicit methods with a locally optimized
fixed-point solver can outperform explicit methods in both efficiency and accuracy, especially
when viscosity is considered. These two properties are essential to explore the phase diagram
of QCD matter and extract physical quantities such as the viscosity of the QGP through
Bayesian analysis.

In Chapter 3, we investigated how relativistic hydrodynamics is solved numerically in the
context of HIC. We discussed existing models which all focus on careful space discretization
with straightforward explicit time discretization. We emphasized that viscous equations
require additional approximations to be usable with explicit time discretization, while they
can be solved exactly in an implicit context.

In Chapter 4, we provided a motivation for implicit methods and investigated how to
solve them numerically. We studied the general principle of numerically solving implicitly
defined equations, and focused on the particular case of the fixed-point solver. We discussed
its stability, efficiency and optimization, and showed that when applied to the one stage
Gauss-Legendre (GL1) implicit method, it automatically reduces to the efficient and accurate
Adams-Bashforth method in stable regions and keeps using the more stable GL1 in stiffer
regions.

In Chapter 5, we investigated how to solve the viscous equations exactly in conjunction
with an implicit solver. We also studied how to reduce oscillations of the energy-density and
velocity in the space discretization process.

In Chapter 6, we investigated the correctness, efficiency and accuracy of both explicit and
implicit methods. We first compared the numerical result to exact solutions of hydrodynamics
in the specific cases of the Riemann problem and the Gubser flow. We then studied the
numerical error as function of the computational cost for both explicit and implicit methods.
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Finally, we showed that in the ideal case, they both reproduce the expected accuracy, with
the implicit method being about twice as efficient. In the viscous case, the implicit method
could reproduce the expected accuracy while the explicit one had reduced accuracy.

In Chapter 7, we concluded the study with an application of our implicit method in a
complete framework for HIC. We showed that a non-trivial experimental observable such
as the flow anisotropy v, is well reproduced by the numerical results including the implicit
method, which suggests that implicit methods are suitable for the study of the QCD phase
diagram.

8.2 Outlook

There are multiple interesting extensions to this study.

First, we should use our new method to study more extensively heavy-ion collisions. One
way to extract meaningful physical quantities from HIC modeling is to use Bayesian anal-
ysis, which requires performing numerous simulations. Therefore, our new efficient implicit
method will be advantageous to perform the analysis in (341)-dimension, which is necessary
to accurately study the 1 dependence of physical observables.

Second, it is highly likely that including a two stage Anderson acceleration in the fixed-
point method would keep it numerically cheap while making it more efficient and more stable.
Studying its cost-error benchmark in stiff contexts, such as magneto-hydrodynamics, might
show that such a simple implicit solver can be efficient, accurate and stable at the same time.
If efficiency is indeed improved, it might be preferable to include Anderson acceleration before
performing a Bayesian analysis.

Third, our method was designed with simplicity in mind, so including additional charges
should be straightforward. It would be interesting to include charges such as the baryon
number and the electric charge to reach the finite up region of the phase diagram.

Fourth, including fluctuations in the dissipative equations would be useful to study the
phase transition between the QGP and hadronic matter. Including fluctuations in numerical
hydrodynamics is known to be challenging and especially leads to instabilities. It would be
interesting to see how the fixed-point integrator can handle the discontinuities produced by
the fluctuations. It would also be interesting to see if stabilization such as the Anderson accel-
eration can reduce the numerical instabilities introduced by these fluctuations, and therefore
help to search for the critical point.
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Appendix A

Comparison with the midpoint
method

In Sec. 6.4 and Sec. 6.6, we compare the computational efficiencies of Heun’s and GL1 methods
as representatives of explicit and implicit methods, respectively. In this appendix, we employ
the midpoint method as another explicit method and compare its efficiency with Heun’s and
GL1 methods. The Butcher table of the midpoint method is shown in the middle column of
Table 3.1. As shown there, this method has the same order of accuracy p = 2 as Heun’s and
GL1 methods.

In Figs. A.1 and A.2, we plot the maximum and the average of the numerical error |A
as functions of nkr for the (141)-dimensional Riemann problem with ey, = 1 and 0 fm ™4,
respectively. The results show that the performance of the midpoint method is almost the
same as Heun’s method.
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Figure A.1: Maximum and average of the numerical error |A,.f| as functions of nkr for the
Riemann problem with epi, = 1 fm~%. The result of the midpoint method is shown by the
green triangle symbols. The results for Heun’s and GL1 methods are the same as Fig. 6.3.
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Figure A.2: Same result as Fig. A.1, but ey =0 fm 2.



Appendix B

Obtaining {0r¢, 0ru”, 0-uY, Oru'}

In order to obtain the expression of the time derivatives of the components of the ideal
energy-momentum tensor Eq. (5.11),

V = (0r¢,0-u”, 0;u?, 0;u"), (B.1)

we first have to express 0,173 as function of the components of V' in the Milne coordinates
with the change of variable introduced in Sec. 2.3:

0; T = 0- (eu™u” — PA™Y) (B.2)
=u"u’0r(e + P) + (e + P)u"0-u” + (e + P)u"0u" — g"" 0, P (B.3)
uTOru”

e )

= (uu’(1+ 9. P) — gV 0 P)0-€ + (e + P)u” (O;u” + u” (B.4)

In this specific coordinate system, g = diag(1, —1, —1, —1), which is why all 9;g*" = 0 were
discarded.
By considering that

uw"Oru” = uToru” + uYoruY + uoru", (B.5)

we can see that 0,1} is linear in {0r€, 0-u”, 0-u¥, 0;u"}. We can thus write

uT)?(1+ 0P) — 0P 2(e + P)a”
o1y =mv = | (SO~ P (%) me
where u = (ux uY u”)T. By inverting it we obtain

V =M'0,T. (B.7)

At this point we can consider several ways to explicit M—!. One basic but tedious approach
consists in inverting it analytically by hand with Gauss pivot, or use a symbolic algebra
software. However, in this case, a more clever approach is to consider rotation symmetry of
the velocity u’. Indeed, in the base B’ where @ = (u 0 O)T with u = v/u - 4, the problem
reduces to a block diagonal matrix:

(u™)2(1 + 0.P) — O.P 2(e + P)u 0 0
T T ’u2
My = | “EH0Pu (et Purl+gom) 0 0 (B.8)
0 0 (e + P)u” 0
0 0 0 (e+ P)u”
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which can easily be inverted as:

w2
(e+P)ur(Al+W) 72(€XP)U 0 0
—u” (14+0.P ")2(14+0. P)—8. P
e R 0 0 (B.9)
0 0 (oo T
with A = ((u7)?(1 + 0. P) — 9.P)(e + P)u" (1 + (JL,Q)Q) —2u"(1 + 0.P)(e + P)u.
1 00 .
By noticing that @a’ /u? = [0 0 0| when @ = (u 0 ()) , we can factor out the 3 by
0 0 0
3 bottom-right block:
(e+P)u”(1+ (u"f)z —2(e+P)a”

M= (B.10)

A A
—u” (14+0:P)u (u™)2(14+0. P)— 0 P wu” + 1 1— aal
A A u? (e+P)u™ u?

and one can easily check that this form of M~! is the actual inverse matrix of M in the
general case.
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Résumé: La riche structure de phase
de la chromodynamique quantique (QCD)
fait l'objet d’études approfondies depuis
des décennies, tant sur le plan théorique
qu’expérimental. En particulier, les pro-
priétés du plasma de quark et gluon
(QGP), qui se forme dans un milieu
a haute température, ont été activement
étudiées dans le cadre de collisions rela-
tivistes d’ions lourds dans de grandes instal-
lations expérimentales telles que le Relativis-
tic Heavy Ion Collider (RHIC) et le Large
Hadron Collider (LHC). L’une des conclu-
sions remarquables de ces expériences est que
I’évolution temporelle du QGP dans le milieu
chaud créé par les collisions est bien décrite
par 'hydrodynamique relativiste a faible vis-
cosité. Dans la modélisation dynamique des
collisions d’ions lourds, I’hydrodynamique nu-

Solveur implicite efficient pour I’hydrodynamique relativiste dans la modélisation
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merique joue donc un role central.

Dans cette these, mnous proposons
une nouvelle méthode pour résoudre les
équations d’hydrodynamique relativiste dans
la modélisation dynamique des collisions
d’ions lourds. Cette méthode utilise une
méthode implicite de Runge-Kutta pour
I'intégration temporelle avec un
itératif & point fixe optimisé localement.
Nous démontrons que la précision et le
colit de calcul de la nouvelle méthode sont
meilleurs que ceux des méthodes explicites
utilisées habituellement. L’avantage est plus
prononcé lorsque la méthode est appliquée
a des équations hydrodynamiques visqueuses.
Nous implémentons le solveur dans un modele
dynamique de collisions d’ions lourds et ef-
fectuons des simulations pour reproduire les
données expérimentales.
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Abstract: The rich phase structure of
Quantum Chromodynamics (QCD) has been
extensively studied for decades, both theo-
retically and experimentally. In particular,
properties of the quark-gluon plasma (QGP),
which is realized in the high-temperature
medium, have been actively investigated in
relativistic heavy-ion collisions at large ex-
perimental facilities such as the Relativistic
Heavy Ion Collider (RHIC) and the Large
Hadron Collider (LHC). One of the remark-
able findings of these experiments is that the
time evolution of the QGP in the hot medium
created by the collisions is well described by
relativistic hydrodynamics with low viscosity.
In the dynamical modeling of heavy-ion colli-
sions, therefore, computational hydrodynam-

Efficient implicit solver for relativistic hydrodynamics in the dynamical modeling of

Heavy-ion collisions, Hydrodynamics, Implicit Runge-Kutta

ics plays a central role.

In this thesis, we propose a new method to
solve the relativistic hydrodynamic equations
in the dynamical modeling of heavy-ion colli-
sions. This method uses an implicit Runge-
Kutta method for time integration with a
locally optimized fixed-point iterative solver.
We demonstrate that the accuracy and com-
putational cost of the new method are bet-
ter than those of conventionally used explicit
ones. The advantage is more pronounced
when the method is applied to viscous hydro-
dynamic equations. We implement the solver
into a dynamical model of heavy-ion collisions
and perform simulations to reproduce exper-
imental data.
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