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On the Composition of Some Representations of
Lattices of Law Relations

By H. F. J. LowiG

By (IV) (see the bibliography at the end of the paper) Theorems
1.4 and 3.9,

(\I’{gz’ @1} )((\P{@1 » (5’2} )1’) or for re L(‘Sl ,
and
(¥{C,, E})(Y{€,,Cly)=r for relLGC,

if and only if €,—=€,. In the present paper, I wish to prove that,
more generally,

(P{E,, EN(Y{C,, €}r) D (¥{€,,E})r for rel€,,
and that
\If{@w @3} .\I,{@l’ @’z} = \P{@w @3}

if and only if € =€, or €,=C,. Besides I am going to prove some
further theorems of this sort. It is understood that all conventions on
terminology and notation introduced in (IV) hold in this paper.

Theorem 1. Let re€ LE,. Then
(VA{E,, EH(Y{E,, €.})r) D (¥{€,, C})r.
Proof. By (IV), Definition 1.1 and Theorem 1.3,

(VH{E,, EHN((W{C,, €.})r) = (V{E,, E}(DPE,)(E,/r)) D (DC,)(E,/7)
= (\F{@ly @3})7 .

Theorem 2. Let re LS,. Then
(PHE,, EINHE,, E1r) = (v {€,, C})r.
Proof. By (IV), Theorem 1.5,
r = (V{C;, EIN({C,, €;})r).
By Theorem 1,
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({C,, E})(HE,, E})r) = (YA, ENYA{C,, E}((H{E,, E})r).
Hence
r < (P, ENWAC,, EN((W1{E,, E})r) .
By (IV), Theorem 1.8,
(1) (P {€,, &} r = (W{C,, (W H{E,, &})r),
and
(W {E,, EH({E,, E}r) = (P {E,, C})r.
If, in (1), we interchange €, and €,, we obtain the following theorem :
Theorem 3.
WG, EN(OHE,, D) D ({6, 6} for relLS,.
Theorem 4. Let rc LE,. Then
(W H{E,, ENYAE,, €,})r) = (V{E,, E})r.
Proof. By Theorem 1,
(W{E,, ENIYAC,, €})r) D (¥{E,, C.})r.
By (IV), Theorem 1.8,
(W{E,, &}y D (P {E,, EH((P{E,, C.})r).
Theorem 5.
(2) V{E,, €} -¥{C,, €} = ¥{C,, C,}
if and only if
(3) C=¢C, or C,=GC,.

Proof. (i) Let »€ L&,. Then, by Theorem 1 and by (IV), Theorem
1.2,

(4) (Y{C,, ENY{E,, & }r) = (V{€,, EN(V{E,, EHIY{E,, €})r),
and
(5) (W{C,, &HW{E,, C.})r) = (V{€,, €.}H((W{C,, EH(P{C,, €})r)).

If (3) holds then, by (IV), Theorem 3.3, ¥{¢,, €} -¥{€,6 €} or
v{€,, €} -v{C,, €} is the identical representation of LG, or LG,,
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respectively, (4) or (5) implies that

(WA{E,, ENIYAE,, €.})r) = (¥{E,, &.})r,
Theorem 1 implies that

(WA, ENYA{E,, €.1)r) = (¥{E,, G},

and (2) holds.

(i) Let (2) hold, and let €,c=€, not hold. Then, by (IV), Theorem
3.9, v{€,, €,} is not simple. By (2), ¥{€,, €} is not simple. By (IV),
Theorem 3.9, €,=C, does not hold. Hence €,—€,. By the result
obtained under (i),

(6) \I,{@:xr @2} .\P{QS’ @1} = \If{(‘gs) @z} .
Let r€ LE,. Then, by (2) and (6),
(V{C,, ENY{G,, €.})r) = (F{E,, E}NPH{E,, E}(¥{C,, €})r)
= (\I’{@:u @3})((\1’{@3: @:1})7’) .
By (IV), Theorem 3.9,
(V{E€,, EHV{E,, €})r) =7,
(\I’{@z» @3})((\If{@3, @2})7) =7,
€,=€,, and (3) holds, completing the proof.

Theorem 6.

(2) Pv{€,, €} "I’{(‘Sn €.} ={C,, S}

if and only if (3) holds.

A proof of Theorem 6 is obtained from the proof of Theorem 5 by
replacing ¥, <, (2), Theorem 1, and Theorem 1.2 by v, D, (2’), Theorem
2, and Theorem 1. 12, respectively.

Theorem 7. Let B be a relation on C,, let ¢ and ci be elements of
C, with
(P {€,, E1HABC)B))c:’ ,

and let |D|=2m,. (See (III), Definition 2.2, and (II), Definition 3.4.)
Then there exist elements, ¢ and ¢, of C such that

((P1{E,, EH((BEC,)B))”
and
{¢, "}({€, €,;}-conf){cs, ¢’} .
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(See (III), Definition 1.1.)

Proof. By (IV), Definition 2.2, €,c=€. By (IV), Theorem 1. 20, and
by Theorem 6,

(¥ {€, EN(VAE,, EH(BEC)B)) = (P{€, E}((V{E,, €})(BE,)B))
= (“i'/'{@n @2})((®@1)B) .

The assertion is now obvious from (IV), Definition 1. 3.

Let B be a relation on C,, let € be fixed, and let |D|=2m,.
Theorem 7 shows that then our (V{€,, €})((8€,)B) may be regarded as
an analogue of Birkhoff’s ®(B). (See (I), p. 440, Definition 5.)

Theorem 8. Let B be a relation on C,. Let ¢ and ¢’ be elements
of C such that

(7 ; he = ke’ for every homomorphism h of € into

L€,/ (¥ {C,, €,})(BC)B)
and such that
|SL(PE), (PE) ]I =D, .
Then
¢((P{€,, BH(BE)B))” .

Proof. By (III), Definition 3.1, (7) is a €-law of
G,/ (y{€,, €.})(BC,)B), and

C((@C)E,/ (¥ {E,, E}(BC,)B)))” .
By (IV), Definition 1.1,
((T{G,, EH((¥{C,, EHNU(BC)B)))" .
By (IV), Theorems 1.17 and 1.18,
((PHE,, EINEHE,, E}N(OE,)B)))” .
By Theorem 2,
(P {€,, EHU(BE)B))” .

Compare Theorem 8 with the following statement occurring in (I),
p. 441, lines 4 and 5: “Every law of F(B, m) involving m primitive
symbols is an equation of ®(B).”

Theorem 9. The following propositions (3), (2), (2'), and (8) to (14)
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are equivalent :

(3) C=€, or C=GC,.
(2) \lf{@zr @3} '\F{(S’n QS2} = \lf{@” @3} .
(2) ‘i'f{@zr C‘S:a} "1"’{@:“ @2} = 1f"{@n @3} .

(8) (P{C,, EH((W{C,, E})r) D (¥{C,, €} for relG,.

(9) (Y{G,, E}(({C,, €})r) = (¥{C,, C})r for relLG,.

(10) (€, EH(YA{E,, C})r) = (W {C,, €&})r for relG,.

(11) W{C,, EH(Y{E,, E.})r) > (W{C,, G}y for relG,.

12) V{E,, €} -w{C,, €} = ¥{C,, C;}-{C,, €} .

(13) Vi€, €} i€, €} = i€, G} -w{C,, €} .

14) (¥{C,, EH((¥HE,, C.})r) > (1€, E(W{E,, E})r) for relLE,.

Corollary. Each of the propositions (2), (2’), and (8) to (14) is
equivalent to the proposition arising from it by interchanging the sub-
scripts 1 and 3.

Proof. That (3), (2) and (2') are equivalent follows from Theorems
5 and 6. If (2) holds, then

(P{€,, EN((P{E,, €})r) = (¥{C,, ENWY{E,, EN(({C,, €})r)
for relLG,,

and (8) holds by (IV), Theorems 1.2 and 1.5. If (8) holds, then

(P{€,, EINWHE,, €.})r) = (V{E,, EINWHE,, EINWHE,, E.})r)
for relLG,,

and (9) holds by (IV), Theorems 1.2, 1.9 and 3.4. If (9) holds, and
€,=¢,, then (3) holds, hence (2) holds. If (9) holds, and €,—€,, then

‘l’{@:m @2} = \If{@u @2}
by (IV), Theorem 2.5,
(VH{G,, EH(¥{E,, E}r) = (¥{C,, C})r for relLE,,

and (2) holds by Theorem 1. Hence (2), (8) and (9) are equivalent.

By a similar argument it can be shown that (2’), (10) and (11) are
equivalent.

By (IV), Theorem 3.4,
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\P{@z» @3} '(\I’{@u @2} '\I’{C‘Sz» @1}) = \F{@m @3} '(\P{@:n @2} "P{@zy @1}) .
Hence (2) implies (12). Let (12) hold. Then

(P{C,, &N {E,, ENY{E,, €.})r)=({C,, E})((V{C,, ENT{E,, €.})r))
for reLG,.

By (IV), Theorems 1.2, 1.4 and 1.9,
(P{€,, E}((¥{C,, EN(Y{C,, €})r) = (Y{€,C})r for relLC,.
If €,=¢C,, (2) holds. If €,—€, then, for the same reason,
v{€, €} -¥{C,, €} = ¥{C,, €},
(P{C,, EHY{C,, C})r) = (¥{€,,E})r for relLC,,

and (2) holds again. Hence (2) is equivalent to (12).
In a similar way, it can be shown that (2") is equivalent to (13).
If (8) and (10) hold then (14) holds by (IV), Theorem 1.13. Let (14)
hold. If €,=€, then, by (IV), Theorems 1.2, 1.13 and 3.9,
(i€, €} = (T{G,, ENAC,, E}N({E,, €. })r)
D (Y{E,, EN({E,, ENHAY{E,, €})r)
= (V{C,, C})r for relLC,,
lI/\{(‘g’zr @1} = \I’{@Z, @1} ’

€,—=¢,, and (3) holds. If €,=€, then
i€, €} = ¥{€, G},
({€,, EN((P{C,, €})r) D (Y{E,, EN(P{E,, €})r) for relLC,,
WH{E,, CHr o (¥{C,, €} for relLG,
by Theorems 1 and 2,
v{€,, &} = ¥{€,, &},

€,—=¢,, and (3) holds. Thus (3) holds in both cases.
This completes the proof that the propositions (3), (2), (2'), and (8)
to (14) are equivalent.

Theorem 10. The following three propositions are equivalent :
15) €,=3€,, or C,=C€, as well as €,=€,. (See (IV), Definition 2.3.)
(16) v{C,, €}y {€,, €} =¥{€,C,}.
a7 vi{C,, €} -v{C,, €} = {€, C}.
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Corollary. (16) as well as (17) is equivalent to the equation arising
from it by interchanging the subscripts 1 and 2.

Proof. By Theorem 9, the following three propositions are equivalent:
(18) €,=€, or €C=¢C,.
(19) P{C,, EN(AE,, € }r) D (Y{C,,C})r for relLC,.
(20) WH{E,, ENY{CE,, EHr) = ({€,,C})r for rel€,.

By the same theorem, (3), (9) and (11) are equivalent. Hence the
statement that both (3) and (18) hold is equivalent to the statement that
both (9) and (19) hold and also to the statement that both (11) and (20)
hold. This implies that (15), (16) and (17) are equivalent.

Theorem 11. The following propositions (21) to (32) are equivalent :

(21) €C,=€C, and C,=C,.

(22) v{C¢,, €} -¥{€, €} ={C€,6 C}.

(23) Y{€,, €} -4 {€,, €} = ¥{€, C,}.

(24) v{€,, €} -¥{€, €} ={C,, €}-{C,,6 C}.
(25) Vi€, €}.-v{C,, €} is simple.

(26) v{C,, €} -y{C,, €} is simple.

1)) vi{€,, €}-v{C,, €,} is simple.

(28) ¥ {C€,, €} -y {C,, €} s simple.

(29) v{C,, €} -v{€,kh €} takes all values of LGC,.
(30) v{C,, €} -v{C€,, €} takes all values of LGC,.
(31) v{€,, G} -v{C,, €} takes all values of LEG,.
(32) Vi{€,, €}y {C,, ) takes all values of LE,.

Corollary. Each of the propositions (22) to (32) is equivalent to the
proposition arising from it by interchanging the subscripts 1 and 2.

Proof. If (21) holds, (22) holds by Theorem 5 and by (IV), Theorem
2.5. If (22) holds, then

(W {€,, €Hr o (¥{€,, €})r for relLC,
by Theorem 1,
(33) '\1{’{@1’ @3} = \1,{@1: @:3}
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by (IV), Theorem 1.13,
€, =g,
by (IV), Theorem 2.5,
v{C,, €} -v{C€, €} =¥{€, €E},

(3) holds by Theorem 5, and (21) holds. Hence (21) is equivalent to (22).
By a similar argument it can be shown that (21) is equivalent to (23).
As (21) implies (22), (23) and (33), (21) implies (24). Conversely,
if (24) holds, then

(W{C,, E}r — (¥{C,, ENIYLE,, €D = (¥{C,, &})r  for relLl,

by Theorems 1 and 2, and (22) holds by (IV), Theorem 1. 13.
We may now assert that (21), (22), (23) and (24) are equivalent.
If (21) holds, ¥{€,, €} is simple by (IV), Theorem 3.9,

(34) v{C,, €} -¥{C,, €} = v{C,, €}

by Theorem 5, and (25) holds. If (25) holds, then ¥{€,, €,} is simple,
€,=C,, (34) holds, V{€,, €} is simple, €,c=C,, and (21) holds. Hence
(21) is equivalent to (25). For a similar reason, (21) is equivalent
to (28).

Also, if €,—¢,, then

\1%{@27 (5’1} = \P{@z’ (5’1}

by (IV), Theorem 2.5, (25) is equivalent to (27), and (26) is equivalent
to (28). If, on the other hand, €,—C€,, and one of (25) to (28) holds,
then ¥{€,, €,} or {€,, €} is simple; by (IV), Theorem 3.9, ¥{€,, €,},
J{€,, €}, v{€,, €}, and {C,, €} are all simple, and (25) to (28) all
hold. In both cases, the propositions (25) to (28) are equivalent.

If (21) holds, ¥{¢€,, €} takes all values of L&, by (IV), Theorem 3.9,

(2) \Ir{@:w @3} '\y{@n @2} = \If{@n (5’3}

by Theorem 5, and (29) holds. If (29) holds, then ¥{€,, €} takes all
values of LG,, €,c=C,, (2) holds, ¥{C€,, €} takes all values of LE,,
€,—¢€,, and (21) holds. Thus (21) is equivalent to (29). For a similar
reason, (21) is equivalent to (32).

Finally, if one of (29) to (32) holds, ¥{€,, €} or V{€,, €,} takes all
values of LG,, €,—¢€,, and

vi€,, &} = ¥{E,, &}
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by (IV), Theorem 2.5; hence (29) is equivalent to (31), and (30) is
equivalent to (32).

This completes the proof that the propositions (21) to (32) are
equivalent.

For the rest of this paper, # is a non-zero finite cardinal, €, (ve b {1, n})
are freely generated algebras (even if n _>3),

(35) each of 6,, A, A, and A, is the identical representation of LE,,

(36) &, and A, are representations of L&, into LG, for v €b{2, n},
(37) A, and A, are representations of L€, into LG, for »€b{2, n},

(33) 8y, =Y{C,, €, }-6, for vea{l, n},
(39) Ay, = W{C,,6,.}-A, for veafl,n},
(40) Nosr = Ay {€,.,, €} for vea{l, n},
and

(41) Ay = Ay P{€,,,, €} for veafl,n}.

It is obvious that the functions 8,, A,, A, and A, (v € b{1, n}) are uniquely
determined by (35) to (41) if the algebras €, (»€b{l, n}) are given.

Theorem 12. The following propositions (42) to (46) are equivalent :

(42) C=€, or G, =€, for veafl, n}.
(43) 8, =v{€,C} for veb{l,n}.
(44) A, =V{C,6C} for veb{l, n}.
(45) A, = 9{C,, 6} for veb{l, n}.
(46) A, =WV{€,,C} for veb{l, n}.

Proof. If a=1, it is obvious that the following five propositions
are equivalent :

(42") =€, or €, ,=€, for veafl, a}.
(43) 5, =G, 6} for veb{l, a}.
(44" A, =V{€,C} for veb{l, a}.
(45') A, ={C,,E} for veb{l, a}.
(46") A, =T{€,, €} for veb{l, a}.

Let m be an element of a{l, n} such that the propositions (42) to (46")
are equivalent if @=m. Let one of (42') to (46") hold for a=m+1,
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Then one of (42') to (46") holds for a«=m, and one of the following
propositions (47) to (51) holds:

47) €=¢, or €,.,=C,.
(48) Opmin = ¥{C,, €01} .
(49) A,.=Y{€,C€,.}.
(50) Min = Y{€,,,,, €}
(51) A =V{€,. ,C}.

Hence all of (42') to (46’) hold for a=m, and all of (42') to (46’) hold
for a=m+1 if and only if the propositions (47) to (51) all hold. Because
of (38) to (41), and because (42') to (46’) hold for a=m, the propositions
(47) to (51) are, respectively, equivalent to the following propositions
(47 to (51"):

47) C=¢, or €, ,=C,.

(48) Vi€, €, {€,, €} = ¥{C,, C,..}.
(49) v{c,, ¢, }v{€, €} =V{E€,C,.}.
(50 Vi€, €} {C,01, €} = ¥{C,,,,, €} .
(51) vi{¢,, €} -¥{€,.,,C,} =V{C,,,, 6 C}.

But these five propositions are equivalent by Theorems 5 and 6. Hence
the propositions (47) to (51) are equivalent. Hence these propositions
all hold. Hence all of (42') to (46’) hold for a«=m+1. Dropping the
hypothesis that one of (42) to (46’) holds for a=m+1, we have the
result that the propositions (42’) to (46’) are equivalent if a=m+1. By
induction, these propositions are equivalent if «=#, or the propositions
(42) to (46) are equivalent as asserted.

Theorem 13. The following propositions (52) to (56) are equivalent :

(52) € =€, for veb{l, n}.
(53) 6, is simple.

(54) A, is simple.

(55) A, takes all values of LG, .
(56) A, takes all values of LE,.

Proof. If a=1, it is obvious that the following five propositions
are equivalent :
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(52" €, =€, for veb{l a}.
(53" 8, 1is simple.

(54" A, is simple.

(55" A, takes all values of L€, .
(56") A, takes all values of LG, .

Let m be an element of a{l, n} such that the propositions (52") to (56")
are equivalent if a¢=m. If one of (53’) to (56’) holds for «=m+1 then,
by (38) or (39) or (40) or (41), this proposition holds for «¢=m. Let one
of (52') to (56’) hold for a«=m-+1. Then one of (52') to (56’) holds for
a=m. Hence all of (52') to (56”) hold for a«=m. Because (52') holds
for a=m,

€=C, or €, =€, for vea{l, m+1}.
By Theorem 12, with #n replaced by m+1,
8m+1 = Ilf','{@l) @m+1} ’
A»‘H—l = \If{@U @m—H} ’
AJm+1 = ‘lb‘{@m—#l’ @1} ’

and

Am+1 = \I’{@m+1’ CS”l} M

Therefore and because of (IV), Theorem 3.9, the following five proposi-
tions are equivalent :

(57) €=¢C,.,.

(58) 6,., is simple.

(59) A,,:, is simple.

(60) A, takes all values of LG,.
(61) A, ., takes all values of LG,.

Because one of (52) to (56’) holds for a¢=m+1, one of (57) to (61) holds.
Hence all of (57) to (61) hold. Hence all of (52') to (56’) hold for
a=m+1. Dropping the hypothesis that one of (52') to (56”) holds for
a=m+1, we have the result that the propositions (52) to (56") are
equivalent if «=m+1. By induction, these propositions are equivalent
if a=n,
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- Theorem 14. Let C,=C,. Then each of the propositions (52) to (56)
(see Theorem 13) is equivalent to each of the following propositions (62)
to (65):

(62) 8, 1is the identical representation of L€, .
(63) A, is the identical representation of LG, .
(64) A, 1S the identical representation of L€, .
(65) A, 1is the identical representation of LG, .

Proof. If (52) holds then, by Theorem 12,

5 =v{C,C},
A, =¥{¢,C},
A = Y{C,, €},

»=Y{C,, €},

and (62) to (65) hold by (IV), Theorems 1.1 and 1.11. Conversely, if
(62), (63), (64) or (65) holds then (53), (54), (55) or (56) holds, respectively.

Department of Mathematics,
University of Alberta.
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