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Abstract
This dissertation examines control systems in which the controller is fixed. Controllers are

frequently fixed in practical contexts, including certified and safety-critical systems where

stability and performance must be maintained, or when humans act as controllers within the

loop. Consequently, this problem setting is of considerable practical relevance.

Motivated by the above, this dissertation investigates an approach that introduces systems

designed to shape information, termed Alterers. The series interconnection of an Alterer, the

plant, and another Alterer is treated as a new plant, designated as Virtual Dynamics. The

objective is to enhance overall control system performance by constructing Virtual Dynamics

that the fixed controller handles more effectively, utilizing Alterers to obscure problematic

plant characteristics. This dissertation addresses three central questions: (i) which types of

dynamics are more effectively managed by the fixed controller, (ii) which Virtual Dynamics

arise from specificAlterers, and (iii) whether control performance is improved throughVirtual

Dynamics.

Chapter 3 positions dynamic quantizers for discrete-valued input control as Alterers that

conceal the nonlinear characteristics of discrete-valued input constraints. TheVirtual Dynam-

ics design problem is formulated as minimizing deviation from an ideal continuous-valued

system, subject to implementability constraints including stability, gain, and order. An open-

source Python library, NQLib, has been developed to integrate the design and evaluation of

dynamic quantizers. NQLib is used to demonstrate a procedure for designing Virtual Dynam-

ics and to validate its effectiveness.

Chapter 4 introduces an Alterer that presents the agent with altered states of the plant,

aiming to improve learning efficiency and final performance. The Virtual Dynamics design

problem is formulated as finding an Alterer that minimizes the time required to achieve a tar-

get score. Numerical experiments on inverted-pendulum stabilization tasks demonstrate that

prediction-type Alterers accelerate learning and improve final control performance. Addi-

tionally, experiments on second-order linear systems indicate that replacing an unstable zero

with a stable zero through prediction enhances learning efficiency. These findings suggest that

minimum-phase characteristics provide useful design guidelines.

Chapter 5 introduces an Alterer that alters and presents visual information in human-

machine systems, aiming to improve operability. The Virtual Dynamics design problem

is formulated as the problem of finding an Alterer that maximizes task performance. A

simulator, The Inverted Pendulum Game, is developed, enabling information presentation

via Alterers for human stabilization tasks. Experiments with 32 subjects compare a mode
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in which the Alterer presents a prediction of the inverted pendulum state 0.6 seconds ahead

with a mode presenting the actual state. Results indicate that the median score in the

future-prediction mode exceeds that in the real-presentation mode by more than a factor of

two for all subjects, with reductions in both input and angle costs. To further understand the

impact of this operability improvement, an analysis is conducted using a linearized model of

The Inverted Pendulum Game and a human. This analysis demonstrates that prediction-based

Alterers can eliminate the need for velocity and angular velocity information for system

stabilization, providing guidance for Alterer design.

In summary, this dissertation presents a cross-domain framework for Alterer-based Vir-

tual Dynamics design to enhance performance without modifying a fixed controller, validated

through case studies in quantized control, reinforcement learning, and human operation.
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1

Notation and definitions

The following notation is used in this dissertation.

R Set of all real numbers

R>0 Set of all positive real numbers

R≥0 Set of all non-negative real numbers

C Set of all complex numbers

N Set of all natural numbers

Z≥0 Set of all non-negative integers

S Set of all systems

∈ Element of

⊂ Strict subset of

⊆ Subset of (strict or not)

∪ Union

M> Transpose of the matrixM

M† Moore-Penrose pseudoinverse ofM

M−1 Inverse of the matrixM

bxc Floor function

The following notation is also defined.

• For a quantization width d ∈ R>0, the set of quantization steps is denoted as Vd :=

{0,±d,±2d, . . .}.
• For a vector x ∈ Rn, its i-th (1 ≤ i ≤ n) element is denoted as xi.

• For a set of systems X ⊆ S, the set of all static systems in X is denoted by Xstatic.

• For systems S1,S2 ∈ S, their series connection (i.e., the system whose input is that

of S1 and output is that of S2, and the input of S2 is the output of S1) is denoted by

S2 ◦ S1.

• For matrices A, B, C, and D with appropriate dimensions, (A,B,C,D) denotes a



linear system represented in state-space form as{
x[k + 1] = Ax[k] +Bu[k],

y[k] = Cx[k] +Du[k],

where k is the discrete-time index and x[k], u[k], and y[k] are the state, input, and

output signals with appropriate dimensions, respectively.

• 0n×m denotes the zero matrix of size n×m.

• In denotes the identity matrix of size n× n.

• For a matrix M , a vector v, and a vector signal x, ‖M‖, ‖v‖, and ‖x‖ denote their

infinity norms, respectively.

– 2 –



3

Chapter 1

Introduction

1.1 Constraints on Controller Frameworks in Control

Systems

Control engineering is a discipline that provides means for constructing control systems to

guide various objects to desirable states. Through long years of development, theories for

mathematically analyzing and designing diverse control systems have been established, in-

cluding transfer functions, state-space models, optimal control, robust control, and adaptive

control. The design of control systems using the above techniques typically involves design-

ing a controller for a given plant. However, in practical control system design, the controller

is often fixed. For example, when controlling commercialized systems, the controller is often

already determined and cannot be changed. Such systems include motor test machines [1].

Furthermore, there are cases where the controller should not be changed to preserve certain

properties. For example, there is a demand to avoid destabilization due to redesign [2,3] or to

utilize the performance of existing controllers [4,5]. Also, systems that include a human as a

controller are one example where the controller is fixed. Such systems are common in the real

world, including automobiles [6,7], airplanes [8–10], drones [11,12], heavy machinery [13],

and remote surgical systems [14]. These facts indicate that not only methods for designing

controllers but also methods for improving the overall performance of control systems that

can be applied even when the controller is fixed are important.

1.2 Prior Approaches Using Add-on Alterers

An approach to improving performance in control systems with a fixed controller involves

inserting a system that shapes signals before and after the controller, as shown in Fig. 1.1, and



1.3. VIRTUAL DYNAMICS FAVORABLE FOR CONTROLLERS

Controller
(fixed)

Plant
(fixed)

Alterer Alterer

Fig. 1.1: Conceptual diagram of the control system with an inserted Alterer targeted in this

study

designing it. These signal-shaping systems are referred to as Alterers in this dissertation. This

study focuses on this approach. Previous research on Alterers includes the following.

First, we discuss Alterers inserted after the controller to shape control inputs. Control bar-

rier functions [15, 16] are methods that process control inputs generated by the controller to

guarantee safety and stability. Random dither quantizers [17] are methods that intentionally

add noise to control inputs before quantization for plants that only accept discrete-valued in-

puts, thereby reducing the impact of quantization errors on the plant.

Next, we discuss Alterers inserted before the controller to shape inputs to the controller.

First, in networked control systems, such as remote control systems, whether manual or auto-

matic, Alterers are sometimes inserted to compensate for communication delays or data rate

constraints [6]. Additionally, there are methods to shape commands to the plant to reduce

unwanted vibrations in the system [18]. Furthermore, displays that show bullet trajectory

predictions to the human operating fighter jets [8, 9] can also be considered examples of Al-

terers that shape inputs to the controller. Also, disturbance observers [19,20] are Alterers that

estimate disturbances based on outputs from the plant and correct inputs to the controller.

There are also methods that insert Alterers both before and after the plant. For example,

exact linearization of nonlinear control systems [21, 22] is a method that linearizes the plant

dynamics as seen from the controller by inserting nonlinear transformers before and after the

plant.

1.3 Virtual Dynamics Favorable for Controllers

Previous research on Alterers has primarily focused on the controller (as shown in Fig. 1.2),

withAlterers designed to add advanced functions to it. For example, control barrier functions

can be viewed as adding functions to the controller that guarantee the state of the plant remains

within a certain region. Also, Alterers that predict trajectories or perform noise reduction can

– 4 –



1.3. VIRTUAL DYNAMICS FAVORABLE FOR CONTROLLERS

Controller
(fixed)

Plant
(fixed)

Alterer Alterer

New Controller

Fig. 1.2: Block diagram illustrating the concept of considering Alterers combined with the

controller as a new controller

Controller
(fixed)

Plant
(fixed)Alterer Alterer

New Plant (termed Virtual Dynamics)

Fig. 1.3: Block diagram illustrating the concept of considering Alterers combined with the

plant as a new plant (Virtual Dynamics)

be said to add functions that enable the controller or the human to more accurately grasp the

state of the plant. The design of Alterers from this perspective can be considered a policy that

treats the series connection of anAlterer, the controller, and anotherAlterer as a new controller,

as shown in Fig. 1.2, thereby enabling effective plant control. This policy can naturally extend

the controller and has the advantage of being easy to integrate with the functions of the existing

controller.

In contrast, this study takes the approach of designing Alterers by treating the series con-

nection of an Alterer, a plant, and another Alterer as a new plant, as shown in the shaded area

of Fig. 1.3. Specifically, we consider the following. First, the series connection of Alterer,

plant, and Alterer, as shown in the shaded area of Fig. 1.3, has dynamics different from those

of the original plant. Since this dynamics differs from the original dynamics, even though the

plant itself is not modified, we refer to this dynamics as Virtual Dynamics. The plant itself

sometimes contains characteristics that hinder the controller or its design. For example, when

designing a controller using linear control theory, the nonlinearity of the plant may hinder

the analysis of the control system and the design of the controller [23]. Also, when a hu-

man or machine learning operates a machine, it is known that delays or unstable zeros in the

machine adversely affect operability [24, 25]. If the hindering characteristics of the plant for

– 5 –



1.4. CONTRIBUTIONSAND ORGANIZATION OF THIS DISSERTATION

the controller or its designer are not included in the Virtual Dynamics, there is a possibility

of improving the overall performance of the control system. This study aims to improve the

overall performance of the control system by designing Alterers that prevent the hindering

properties of the plant from appearing in the Virtual Dynamics.

Considering Virtual Dynamics is significant for two reasons. The first is that design guide-

lines for Alterers that cannot be obtained from the perspective of adding functions to the

controller may be obtained. For example, Alterers that deceive the controller in a certain way

to hide characteristics that hinder control of the plant may be effective. Such Alterers are

difficult to design from the perspective of adding new functions to the controller. The second

is that Virtual Dynamics can be analyzed even if the controller contains black-box elements.

For example, controllers for systems that interact with complex environments, such as auto-

mobiles, currently require elements such as humans and machine learning. These controllers

are black-box-like and are difficult to analyze mathematically. The design policy using Virtual

Dynamics can be applied to such control systems because the controller is not included in the

Virtual Dynamics.

There are two points to consider for this approach. The first is: whichAlterer is more favor-

able for controller design or for the controller itself? The second is: how to designAlterers to

realize such Virtual Dynamics? In this dissertation, we aim to construct a design theory for

the control performance improvement approach using Virtual Dynamics while considering

these two points.

1.4 Contributions and Organization of This Dissertation

1.4.1 Contributions

This dissertation focuses on an approach to designing control systems in which the controller

is fixed by inserting Alterers before and after the plant, and by designing Alterers so that the

Virtual Dynamics are favorable to the controller. Specifically, the following three contribu-

tions are made.

The first is demonstrating the effectiveness of Virtual Dynamics for a class called discrete-

valued input systems. Discrete-valued input systems are control systems in which the inputs

to the plant are constrained to discrete values. Discrete-valued input systems often appear

in the real world, such as networked control systems with limited communication capacity

and control systems with ON/OFF actuators. Therefore, control system design methods for

discrete-valued input systems are important and have been actively researched. In this study,

we focus on dynamic quantizers [26–34] as an approach to control system design for discrete-

valued input systems. Dynamic quantizers are Alterers that can transform discrete-valued

– 6 –
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input systems, which are nonlinear systems, into Virtual Dynamics close to linear systems.

In this study, we have developed a library, NQLib, for designing dynamic quantizers and

demonstrated its effectiveness.

The second is demonstrating the effectiveness of Virtual Dynamics for control systems that

use deep reinforcement learning (hereafter, simply RL) as a controller, and presenting candi-

dates for design guidelines for Alterers. RL is a machine learning method that learns actions

based on rewards. It is a machine learning method that has attracted attention across various

fields, following the success of AlphaGo [35]. In control engineering, research using RL as a

controller has been actively conducted, and high performance has been reported [36]. On the

other hand, RL requires a large amount of trial data for learning, which consumes significant

time and computational resources [37]. To solve this problem, this study aims to improve the

efficiency and performance of RL by realizing Virtual Dynamics that are easy to learn through

the design of Alterers. Specifically, we presented an example in which learning is made more

efficient through Alterers applied to plant outputs. This example is based on the stabilization

control problem of an inverted pendulum, a benchmark problem for RL that serves as a foun-

dation for research on Virtual Dynamics for RL. Furthermore, to develop design guidelines

for Alterers, we conducted experiments to identify which Virtual Dynamics improve learn-

ing efficiency. This experiment used a second-order linear system as the plant, enabling easy

parameter analysis. As a result, it was shown that learning efficiency can be improved by

removing the unstable zeros of the system using Virtual Dynamics.

The third is demonstrating the effectiveness of Virtual Dynamics for control systems that

include a human as a controller, as well as presenting candidates for design guidelines for Al-

terers. Control systems in which a human is a controller are very common in the real world,

including vehicle operation and remote surgical robots. Humans can make appropriate judg-

ments even in complex environments, but mistakes in operation can occur due to fatigue, lack

of skills, cognitive load, etc. [38]. Since such mistakes can lead to serious accidents, such

as loss of life, improving operability, including the prevention of mistakes, is important. In

this study, we aimed to improve operability by realizing Virtual Dynamics that are easy for

humans to operate through the design of Alterers. Specifically, we presented an example of

how operability can be improved through Alterers for plant outputs, using the inverted pen-

dulum as the subject. The stabilization problem of the inverted pendulum is simple enough

to analyze, is often used in control engineering, and is important due to its relation to human

walkingmodels. Therefore, this result provides a foundation for research onVirtual Dynamics

across all human-machine systems. Furthermore, we conducted numerical analyses to deter-

mine which Virtual Dynamics improve operability in order to obtain design guidelines for

Alterers. This numerical analysis also used the inverted pendulum as the subject. As a result,
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it was shown that if stabilization can be achieved even with a simple static output feedback

controller, operability for humans may also be improved.

1.4.2 Organization of This Dissertation

The organization of this dissertation is as follows. In Chapter 2, we describe the problem set-

ting of Virtual Dynamics and formulate the design problem. In Chapter 3, we discuss Virtual

Dynamics for discrete-valued input systems. In Chapter 4, we discuss Virtual Dynamics for

control systems that include RL as a controller. In Chapter 5, we discuss Virtual Dynamics

for control systems that include a human as a controller. Finally, in Chapter 6, we summarize

this dissertation and discuss future work.
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Chapter 2

Design Problem of Virtual

Dynamics

In this chapter, we describe the problem setting addressed in this dissertation. To this end, we

define the systems and evaluation functions considered in this dissertation. Furthermore, we

explain how this problem setting is treated in each chapter.

2.1 Designing Virtual Dynamics to Enhance Ease of

Control

Controller

PlantAlterer Alterer

Virtual Dynamics 

Fig. 2.1: Block diagram of a control system with Alterers forming Virtual Dynamics

In this study, we consider a system shown in Fig. 2.1. The system consists of a plant P ∈ S
and Alterers Ainput,Aoutput ∈ S that shape the input and output signals of P , respectively.
The series interconnection V := Aoutput ◦ P ◦ Ainput behaves, from the controller’s view-

point, as a system different from the original plantP . Since the dynamics are altered indirectly
without directly modifying P , we refer to V as the Virtual Dynamics in this dissertation. The



2.2. SUBPROBLEMS IN SUBSEQUENT CHAPTERS

Virtual Dynamics is controlled by a controller K ∈ S. If Ainput and Aoutput are designed

appropriately so that V does not possess the detrimental characteristics of P for control, it

is expected that the overall performance of the control system can be improved. Here, detri-

mental characteristics for control include, for example, nonlinearities that cannot be handled

by linear control theory or complexities that hinder RL or human control.

In this study, we consider an evaluation function JK : S → R representing the ease of

control. JK(S) takes smaller values as the plant S ∈ S becomes easier to control by the

controller K. Then, we formulate the problem of finding Ainput,Aoutput that improve the

ease of control as follows.

Problem 2.1 Given a plant P and a controller K. Find Alterers Ainput and Aoutput

that minimize the evaluation function JK(Aoutput ◦ P ◦ Ainput) representing the ease

of control by K.

2.2 Subproblems in Subsequent Chapters

Specifically, the following chapters present concrete instances of Problem 2.1.

Controller

Alterer Plant

(a) System dealt with in Chapter 3

RL Agent

Plant Alterer

(b) System dealt with in Chapter 4

Human

Plant Alterer

(c) System dealt with in Chapter 5

Fig. 2.2: Systems considered in this dissertation

In Chapter 3, we consider Problem 2.1 for the class of control systems known as discrete-
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valued input systems, as shown in Fig. 2.2 (a). In such systems, the signal applied to the plant

P is constrained to discrete values. A controller K designed for a system without discrete-

input constraints generally fails to attain its nominal performance when applied to a plant P
with discrete-valued input constraints [26]. Accordingly, in Chapter 3we choose an evaluation

function JK whose value decreases as the behavior of the ideal system without discrete input

constraints becomes closer to that of the actual system P ◦Ainput with discrete-valued input

constraints. By solving Problem 2.1 under this criterion, we designAlterers that realize control

performance close to that of a continuous-valued input system even under discrete-valued

input constraints.

In Chapter 4, we address Problem 2.1 for control systems employing RL as in Fig. 2.2 (b).

RL is a powerful approach that learns to control P from large amounts of data, but it often

requires substantial time, motivating intensive research to improve efficiency [37]. Therefore,

we take JK to be a function whose value decreases as the agent acquires the target score more

rapidly. Solving Problem 2.1 with this choice enables the design of Virtual Dynamics that

facilitate and accelerate RL.

In Chapter 5, we study Problem 2.1 for human-in-the-loop control systems as in Fig. 2.2 (c).

Humans can skillfully operate many systems. Indeed, countless systems such as automobiles,

bicycles, aircraft, and heavy machinery are operated by humans. However, humans have

limitations in reaction time and processing capacity, and are prone to errors due to fatigue

or inattention [38]. Therefore, the goal is to design Alterers that induce Virtual Dynamics,

making the operation simpler and less error-prone for the human. Accordingly, we consider

Problem 2.1 with an evaluation function JK whose value decreases as human task perfor-

mance improves.

– 11 –
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Chapter 3

Virtual Dynamics Design for

Discrete-Valued Input Control

In this chapter, we consider discrete-valued input control systems in which the control input to

the plant is constrained to discrete values. In discrete-valued input control systems, their non-

linearity often leads to performance degradation when classical linear control design methods

are applied directly. To mitigate this performance degradation, we aim to solve the design

problem stated in Problem 2.1.

Section 3.1 first explains the performance degradation caused by discrete-valued input con-

straints, then formulates the design problem of Virtual Dynamics and Alterer to address it.

Section 3.2 then describes the design methods for dynamic quantizers, which are Alterers

proposed in previous studies. Finally, Section 3.3 introduces NQLib, a dynamic quantizer

design toolbox developed by the author.

3.1 Design Problem

3.1.1 Discrete-Valued Input Control

In this chapter, we consider a discrete-valued input control system shown in Fig. 3.1. In

Fig. 3.1, the plant P ∈ S is given by

P :


xP [k + 1] = APxP [k] +BPv[k],

z[k] = CP1xP [k],

y[k] = CP2xP [k],

(3.1)
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and the controller K ∈ S is given by

K :

{
xK[k + 1] = AKxK[k] +BK1r[k] +BK2y[k],

u[k] = CKxK[k] +DK1r[k] +DK2y[k].
(3.2)

Here, k ∈ Z≥0 is discrete-time, xP ∈ RNP and xK ∈ RNK are states, u ∈ Rm is the control

input, y ∈ RNy is themeasured output, z ∈ RNz is the performance output, r ∈ RNr is the ref-

erence input, and AP ∈ RNP×NP , BP ∈ RNP×m, CP1 ∈ RNz×NP , CP2 ∈ RNy×NP , AK ∈
RNK×NK, BK1 ∈ RNK×Nr , BK2 ∈ RNK×Ny , CK ∈ Rm×NK , DK1 ∈ Rm×Nr , DK2 ∈
Rm×Ny are constant matrices. Furthermore, v ∈ Vm

d is the control input to the plant P
with discrete-valued constraints and quantization width d ∈ R>0.

Controller

Plant

Fig. 3.1: Discrete-valued input control system

Classical linear control design typically assumes that all signals in the loop are continuous-

valued. However, there are many practical discrete-valued input systems (Fig. 3.1) where the

input signals to the plant are constrained to discrete values. Examples of discrete-valued input

systems include control systems with ON/OFF actuators and networked control systems over

digital channels with limited data rates.

When the controller K is linear, it cannot be directly applied to the plant P due to the

discrete-valued input constraints. Therefore, the outputu of the controllerKmust pass through

a system that quantizes it to satisfy the discrete-valued constraints. In discrete-valued input

control systems, this quantization introduces nonlinearity, leading to performance degrada-

tion. Let us see an example. Figure 3.2 shows the simulation results of the output z[k] of the

control system with and without discrete-valued input constraints on v under the following

– 13 –
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Fig. 3.2: Simulation results of a control system with and without discrete-valued input con-

straints

parameters.

AP =

[
1.19 2.22

0.02 −0.49

]
, BP =

[
1

1

]
, CP1 =

[
1 1

]
, CP2 =

[
1 1

]
, (3.3)

AK =

[
0.833 1.95

−0.928 −1.351

]
, BK1 =

[
1

0

]
, BK2 =

[
0.013

0.604

]
, (3.4)

CK =
[
−0.344 −0.257

]
, DK1 = 0, DK2 = 0, (3.5)

xP [0] =

[
−3.21

−0.15

]
, xK[0] =

[
0

0

]
, (3.6)

d = 0.5, (3.7)

r[k] =

 1 if sin(2πk50 ) ≥ 0,

−1 otherwise.
(3.8)
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¡2d ¡d 0 d 2d
u

¡2d

¡d

0

d

2d

q(
u
)

Fig. 3.3: Mid-tread-type static quantizer

Here, when converting the continuous-valued control input u to the discrete-valued v, we

used a function q : Rm → Vm
d defined as

q(u) = d ·
⌊
u

d
+

1

2

⌋
, (3.9)

The function q is a rounding function as shown in Fig. 3.3, known as a mid-tread-type quan-

tizer. From Fig. 3.2, it can be seen that when discrete-valued input constraints are present, the

output z[k] of the control system exhibits significant oscillations, indicating amarked degrada-

tion in control performance. Thus, applying a linear controller to a plant with discrete-valued

input constraints via simple quantization results in performance degradation.

3.1.2 Dynamic Quantizer and Its Design Problem

Numerous studies have sought to mitigate the performance degradation of discrete-valued

input systems relative to their continuous-valued counterparts. References [39, 40] improve

control performance using quantization methods such as pulse-width modulation and ∆-Σ

modulation. Reference [41] analyzes and improves control performance using variable quan-

tization width. Reference [17] improves control performance using quantization with random

dithering. Furthermore, reference [42–44] proposes a method for directly generating discrete-

valued control inputs using model predictive control.

In this chapter, we focus on inserting a dynamic quantizer before the plant as shown in
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Controller

PlantDynamic Quantizer

Fig. 3.4: Discrete-valued input control system with a dynamic quantizer inserted before the

plant

Fig. 3.4. A dynamic quantizer Q ∈ S is given by

Q :

{
xQ[k + 1] = AQxQ[k] +BQ (v[k]− u[k]) ,

v[k] = q (CQxQ[k] + u[k]) .
(3.10)

Adynamic quantizer is a dynamical systemwith statexQ and quantizer q. Here, xQ[k] ∈ RNQ

is the state of the dynamic quantizer with initial condition xQ[0] = 0. Furthermore, AQ ∈
RNQ×NQ , BQ ∈ RNQ×m, and CQ ∈ Rm×NQ are constant matrices parameterizing Q. The

dynamic quantizer converts continuous-valued signals to discrete-valued signals using the

information of its state and the difference between its input and output. It is known that with

appropriate design ofAQ,BQ, andCQ, the behavior of continuous- and discrete-valued input

systems can be closely matched, thereby attenuating the nonlinearity introduced by discrete

input constraints [45].

Therefore, in this chapter, we consider the following evaluation function JK in Problem 2.1

that represents the ease of control byK. First, we consider the system shown in Fig. 3.5. This

system consists of the ideal continuous-valued input control system SI ∈ S without discrete-

valued constraints, and the discrete-valued input control system SD ∈ S with the dynamic

quantizer Q inserted, connected in parallel. Using the difference e := zD − zI between the

outputs zI of SI and zD of SD, we define the evaluation function JK as

JK(P ◦ Q) = sup
(xP [0],xK[0],r)∈RNP×RNK×`Nr

∞

‖e‖∞. (3.11)

A smaller value of this function indicates a smaller output discrepancy and thus a behavior of

SD closer to that of the ideal SI.

For the practical implementation of the dynamic quantizer, the following three constraints

must be considered. First, it is desirable for the dynamic quantizer to be bounded-input

bounded-output (BIBO) stable. Second, it is also necessary to prevent ‖v‖∞ from becom-
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Fig. 3.5: Parallel connection of the discrete-valued input control system SD with a dynamic

quantizer and the continuous-valued input control system SI

ing excessively large. To this end, by introducing the quantization noise

w := q(CQxQ + u)− (CQxQ + u), (3.12)

we define the gain from w to v of Q by

‖Q‖wv := sup
w∈`m∞

s.t. ‖w‖∞ 6=0

‖v‖∞
‖w‖∞

, (3.13)

and impose a constraint that this gain be below a certain threshold. Finally, in some cases,

it is desirable to keep the order NQ of the dynamic quantizer small due to implementation

constraints.

Based on the above, we formulate the following design problem.

Problem 3.1 Suppose the plant P ∈ S and the controllerK ∈ S are given by Eq. (3.1)
and Eq. (3.2), respectively. Assume the evaluation function JK(P ◦ Q) is defined by

Eq. (3.11). Let the maximum gain γwv ∈ R>0 ∪ {∞} and the order of the dynamic

– 17 –
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quantizer Nmax ∈ N ∪ {∞} be given. Then solve the following optimization problem.

minimize
Q

JK(P ◦ Q) (3.14)

subject to Q is BIBO stable, (3.15)

‖Q‖wv ≤ γwv, (3.16)

NQ ≤ Nmax. (3.17)

3.2 Virtual Dynamics Design Methods

Dynamic Quantizer

Ideal System

Fig. 3.6: Generalized system with a dynamic quantizer

As shown in Fig. 3.6, previous studies have considered a more generalized ideal system SI

given by

SI :


x[k + 1] = Ax[k] +B1r[k] +B2v[k],

z[k] = C1x[k] +D1r[k],

u[k] = C2x[k] +D2r[k],

(3.18)

Here, x ∈ RNS is the system state, and A ∈ RNS×NS ,B1 ∈ RNS×Nr ,B2 ∈ RNS×m,C1 ∈
RNz×NS ,D1 ∈ RNz×Nr ,C2 ∈ RNy×NS ,D2 ∈ RNy×Nr are constant matrices. In the fol-

lowing, for notational simplicity, we use this generalized ideal system SI. Note that the ideal

system SI consisting of the plant P given by Eq. (3.1) and the controllerK given by Eq. (3.2)

can be represented by defining it as follows:

A :=

[
AP 0

BK2CP2 AK

]
, B1 :=

[
0

BK1

]
, B2 :=

[
BP

0

]
, (3.19)

C1 :=
[
CP1 0

]
, D1 := 0, C2 :=

[
DK2CP2 CK

]
, D2 := DK1. (3.20)
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3.2.1 Analysis of the Evaluation Function and Constraints

In this section, for the dynamic quantizerQ, we summarize the analysis results from previous

studies [26–29] regarding the evaluation function JK(P ◦ Q) given by Eq. (3.11), the BIBO

stability of the dynamic quantizer, and the gain ‖Q‖wv.

First, we discuss the evaluation function JK(P ◦Q). We assume that the static quantizer q

satisfies

‖q(µ)− µ‖∞ ≤ d

2
(∀µ ∈ Rm). (3.21)

This property is satisfied by functions such as themid-tread quantizer shown in Fig. 3.3. Under

the above assumption, the evaluation function JK(P ◦ Q) can be derived as follows:

JK(P ◦ Q) =

∥∥∥∥∥∥
∞∑
j=0

abs
(
C̄ĀjB̄

)∥∥∥∥∥∥
∞

, (3.22)

Ā :=

[
Ã B2CQ

0 AQ +BQCQ

]
, Ã := A+B2C2 (3.23)

B̄ :=

[
B2

BQ

]
, C̄ :=

[
C1 0

]
. (3.24)

Next, we discuss the BIBO stability of the dynamic quantizer Q. Using the quantization

noise defined in Eq. (3.12), Eq. (3.10) can be rewritten as

Q :

{
xQ[k + 1] = (AQ +BQCQ)xQ[k] +BQw[k],

v[k] = CQxQ[k] + u[k] + w[k].
(3.25)

From this, it follows that the BIBO stability of the dynamic quantizer is equivalent to the

condition that the poles of the matrix AQ +BQCQ lie inside the unit circle.

Finally, we discuss the gain ‖Q‖wv of the dynamic quantizerQ. From Eq. (3.25), the gain

‖Q‖wv can be derived as follows:

‖Q‖wv =

∥∥∥∥∥I +
∞∑
k=0

abs
(
CQ(AQ +BQCQ)

kBQ
)∥∥∥∥∥

∞

. (3.26)

3.2.2 Optimal Dynamic Quantizer

In this section, we introduce a method for analytically designing the optimal dynamic quan-

tizer [26, 28, 33, 45].
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The solution to Problem 3.1 can be obtained analytically if either of the following conditions

(C1) or (C2) is satisfied.

(C1) All transmission zeros of SI are stable, and using the smallest non-negative integer τ

such that C1Ã
τB2 6= 0, both D2 and C2Ã

τB2 are row full rank.

(C2) m = Nr = Nz = 1, C1B2 is nonsingular, D2 6= 0, and there is exactly one unstable

zero in the transfer function from s := v − u to z.

When condition (C1) is satisfied, the optimal dynamic quantizer can be obtained as

A∗
Q = Ã, (3.27)

B∗
Q = B2, (3.28)

C∗
Q = −

(
−
(
C1Ã

τB2

)†
)
C1Ã

τ+1, (3.29)

and the value of the evaluation function can be expressed as

JK(P ◦ Q) =
∥∥∥abs(C1Ã

τB2

)∥∥∥
∞

d

2
. (3.30)

Also, when condition (C2) is satisfied, the optimal dynamic quantizer can be obtained as

follows. First, by substituting v[k] = u[k] + s[k] into Eq. (3.18), we have

SI :

{
x[k + 1] = Ãx[k] + (B1 +B2D2) r[k] +B2s[k],

z[k] = C1x[k] +D1r[k].
(3.31)

Let Gzs be the transfer function from s to z of SI, and let a be the unique unstable zero of Gzs

and i the relative degree. Using these, Gzs(z) can generally be cascade-decomposed into

Gzs(z) = L1(z)L2(z), (3.32)

L1(z) =
(z− a)

zi
, L2 : (AL2 , BL2, CL2, 0), (3.33)

where L2 is minimum-phase and CL2BL2 6= 0. Using these, the optimal dynamic quantizer

can be derived as

A∗
Q = AL2

, (3.34)

B∗
Q = BL2

, (3.35)

C∗
Q = − (CL2

BL2
)
−1

CL2
AL2

. (3.36)

The value of the evaluation function can also be derived as

JK(P ◦ Q) = (1 + |a|) |CL2
BL2

| d
2
. (3.37)
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3.2.3 Relaxing to a Linear Programming Problem

In this section, we introduce a method to numerically solve Problem 3.1 by relaxing it to a

linear programming (LP) problem [29]. As described in Section 3.2.2, the method for ana-

lytically designing the optimal dynamic quantizer is limited to cases where either condition

(C1) or (C2) is satisfied. Furthermore, the optimal dynamic quantizer may not satisfy the gain

constraint represented by Eq. (3.16) and the order constraint represented by Eq. (3.17). Even

in such cases, the dynamic quantizer can be designed through numerical optimization. We

introduce one such method in this section.

First, introduce variablesHk ∈ RNz×m (k = 0, 1, . . . , T−1) corresponding to theMarkov

parameters of the dynamic quantizer. Then, we seek the solutionH•
k (k = 0, 1, . . . , T − 1) of

the following optimization problem:

Problem 3.2 Solve the following optimization problem obtained by relaxing Prob-

lem 3.1 to a linear programming problem.

minimize
Hk(k=0,1,...,T−1)

∥∥∥∥∥∥∥∥∥∥
abs(C1B2) +

T−1∑
k=1

abs

C1Ã
kB2 +Φk


H0

H1

...

Hk−1



∥∥∥∥∥∥∥∥∥∥
∞

(3.38)

subject to

∥∥∥∥∥I +
T−1∑
k=0

abs (Hk)

∥∥∥∥∥
∞

≤ γwv. (3.39)

Here, Φk is a block matrix defined by

Φk :=
[
C1Ã

k−1B2 C1Ã
k−2B2 · · · C1B2

]
. (3.40)

The quantity minimized in Eq. (3.38) is the evaluation function JK(P◦Q) given by Eq. (3.22),

truncated to a sum of T terms,

JK(P ◦ Q;T ) :=

∥∥∥∥∥∥
T−1∑
j=0

abs
(
C̄ĀjB̄

)∥∥∥∥∥∥
∞

. (3.41)

Furthermore, Eq. (3.39) means that the gain ‖Q‖wv given by Eq. (3.26), truncated to a sum

of T terms,

‖Q‖wv; T :=

∥∥∥∥∥I +
T−1∑
k=0

abs
(
CQ(AQ +BQCQ)

kBQ
)∥∥∥∥∥

∞

, (3.42)

– 21 –



3.2. VIRTUAL DYNAMICS DESIGN METHODS

is constrained to be less than or equal to γwv.

Next, using the obtained solution H•
k , we define a block Hankel matrix H• ∈ RmT ′×mT ′

as

H• :=





H•
0 H•

1 H•
2 · · · H•

T ′−1

H•
1 H•

2
. . . H•

T ′−1

...

H•
2

. . .
. . .

. . . H•
T−3

... H•
T ′−1

. . . H•
T−3 H•

T−2

H•
T ′−1 · · · H•

T−3 H•
T−2 H•

T−1


, if T is odd,



H•
0 H•

1 H•
2 · · · H•

T ′−1

H•
1 H•

2
. . . H•

T ′−1

...

H•
2

. . .
. . .

. . . H•
T−3

... H•
T ′−1

. . . H•
T−3 H•

T−2

H•
T ′−1 · · · H•

T−3 H•
T−2 ∗


, if T is even,

(3.43)

with T ′ := bT/2c + 1. Here, when T is even, the last element ∗ can take arbitrary value.

Furthermore, we perform singular value decomposition of H• using matrices W •
o , S

•, and

W •
c ∈ RmT ′×mT ′

as

H• = W •
o S

•W •
c . (3.44)

Using this, we define

A◦
Q :=

([
Im(T ′−1) 0m(T ′−1)×m

]
W •

o (S•)
1
2

)† [
0m(T ′−1)×m Im(T ′−1)

]
W •

o (S•)
1
2

−B◦
QC

◦
Q, (3.45)

B◦
Q := (S•)

1
2 W •

c

[
Im

0m(T ′−1)×m

]
, (3.46)

C◦
Q :=

[
Im 0m×m(T ′−1)

]
W •

o (S•)
1
2 , Ã◦

Q := A◦
Q +B◦

QC
◦
Q. (3.47)

Then, if Ã◦
Q is stable, the dynamic quantizer is obtained as

A∗
Q = A◦

Q, (3.48)

B∗
Q = B◦

Q, (3.49)

C∗
Q = C◦

Q, (3.50)
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otherwise, it is obtained as

A∗
Q =



0 Ã◦
Q 0 · · · 0

0 0 Ã◦
Q

. . .
...

...
. . .

. . . 0

0 0 · · · 0 Ã◦
Q

−B◦
QC

◦
Q −B◦

QC
◦
Q · · · −B◦

QC
◦
Q −B◦

QC
◦
Q


, (3.51)

B∗
Q =


0

0
...

0

B◦
Q

 , (3.52)

C∗
Q =

[
C◦

Q C◦
Q · · · C◦

Q

]
. (3.53)

3.2.4 Nonlinear Optimization for SISO Systems

In this section, we introduce a nonlinear optimization method [31] for single-input single-

output (SISO) systems that explicitly handles order and gain constraints.

Aminimally realized dynamic quantizer of orderNQ can be parameterized by a controllable

canonical form as

AQ =



0 1 0 · · · 0

0 0 1
. . .

...
...

. . .
. . . 0

0 0 · · · 0 1

−aNQ −aNQ−1 · · · −a2 −a1


, (3.54)

BQ =


0
...

0

1

 , CQ =
[
cNQ cNQ−1 · · · c2 c1

]
. (3.55)

Here, ai, ci ∈ R (i = 1, 2, . . . , NQ) are parameters. Next, with these collected into a param-

eter vector θ := [a1, . . . , aNQ , c1, . . . , cNQ]
> ∈ R2NQ , we define functions representing the
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constraint conditions as follows:

hstability(θ) := max
i

|λi(θ)| − 1, (3.56)

hgain(θ) := ‖Q‖wv; T − γwv, (3.57)

hc(θ) := max {hstability(θ), hgain(θ)} . (3.58)

Here, λi(θ) are the eigenvalues of the matrix AQ + BQCQ. Therefore, hstability(θ) takes a

negative value if the dynamic quantizerQ is BIBO stable, and a non-negative value otherwise.

Also, hgain(θ) takes a negative value if the gain ‖Q‖wv; T of the dynamic quantizer Q is

less than or equal to the constraint value γwv, and a non-negative value otherwise. Then the

quantizer satisfies both BIBO stability and gain constraints if and only if hc(θ) is negative.

Thus, by minimizing the evaluation function defined as

E(θ) =

− exp (−JK(P ◦ Q;T )) if hc(θ) < 0,

hc(θ) otherwise,
(3.59)

and achieving a negative value, we can design a dynamic quantizer that satisfies the con-

straints. You can use gradient methods [46] or metaheuristics [31, 47] for the optimization.

3.3 Dynamic Quantizer Design Toolbox NQLib

In this section, we describe the dynamic quantizer design toolbox NQLib, developed to bridge

the gap between existing theory and the practical prototyping needs of control engineers.

3.3.1 Overview of NQLib

Design methods for dynamic quantizers are diverse; each applies to different classes of sys-

tems and yields solutions with distinct properties. The method in Section 3.2.2 produces the-

oretically optimal quantizers, yet the resulting order is fixed, and some systems admit no

solution. The approach in Section 3.2.3 can handle systems beyond those in Section 3.2.2 and

enables fast optimization, but the resulting quantizer order can grow prohibitively large for

implementation. Themethod in Section 3.2.4 allows explicit constraints on order and gain, but

can only be used for SISO systems, requires significant optimization time, and may converge

to local optima.

For control engineers, comprehending these trade-offs, selecting an appropriate method,

implementing the optimization, simulating with the obtained quantizer, and conducting hard-

ware experiments for comparison present a high barrier. To bridge this research-practice gap,

we have developed the dynamic quantizer design toolbox NQLib. NQLib is a Python library
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for integrated design, evaluation, and simulation of dynamic quantizers. With NQLib, we

can:

• represent a plant P , a controller K, and an ideal system SI using state-space models

• represent a static quantizer q, including mid-rise-type and mid-tread-type quantizers

predefined

• represent a dynamic quantizer Q as a state-space model

• design dynamic quantizers using the methods described in Section 3.2

• evaluate designed dynamic quantizers in terms of order NQ, gain ‖Q‖wv, BIBO sta-

bility, and the evaluation function JK(P ◦ Q)

• reduce the order of designed dynamic quantizers using balanced truncation

• simulate the entire control system as an ideal system SI, as a system including a static

quantizer, or as a system including a dynamic quantizer

There exists a MATLAB-based dynamic quantizer design tool called ODQLab [34, 48].

ODQLab features both graphical and command-line interfaces for designing, evaluating, and

simulating dynamic quantizers. Compared to ODQLab, NQLib has the following characteris-

tics. First, NQLib is implemented in Python [49]. Python is a free, open-source programming

language with a vibrant global development community. Thus, NQLib is freely available, in-

cluding its environment, and operates across a wide range of platforms. Python also has li-

braries for control system design, such as the Python Control Systems Library [50], enabling

integrated control system design. Second, NQLib implements a variety of methods for dy-

namic quantizer design. Specifically, in addition to the method for cases satisfying condition

(C1) of Section 3.2.2 and the method of Section 3.2.3 implemented in ODQLab, NQLib also

implements the method for cases satisfying condition (C2) of Section 3.2.2 and the method of

Section 3.2.4. Thus, NQLib can design dynamic quantizers for systems that ODQLab cannot

handle.

3.3.2 Workflow Using NQLib

Typical usage consists of the following steps:

1. Specify the ideal system SI, quantization width d, and constraints γwv, Nmax. You

can use Plant, Controller, and System classes to represent an ideal system.

2. Attempt some designmethod usingmethods implemented inDynamicQuantizer:

• design_AG(): algebraic method described in Section 3.2.2.

• design_LP(): LP-based method from Section 3.2.3.

• design_GD(): gradient-based optimization for SISO from Section 3.2.4.
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• design_DE(): differential evolution for SISO from Section 3.2.4.

• design(): general method trying appropriate design methods based on system

specifications and constraints.

3. Evaluate resulting Q: compute stability, gain, surrogate bound
∑

j≥0 ‖CeĀ
jB̄w‖∞

(truncated at T ), and simulate zD vs zI to approximate JK.

4. Iterate constraints or method selection based on trade-offs (e.g., reduceNQ accepting

mild performance loss).

3.3.3 Illustrative Design Example

To illustrate NQLib’s utility and usage, we present a simple design example. First, we show

how to install NQLib. NQLib is available as an open-source project at https://github.

com/knttnk/NQLib/. Documentation is provided at https://knttnk.github.

io/NQLib/, including simple examples and tutorials. The documentation is also included

in Chapter A. Furthermore, a tutorial notebook running on Google Colab [51] is available,

allowing users to try NQLib without setting up a local environment. The library is licensed

under the MIT License, permitting commercial use. NQLib is distributed via conda-forge

and PyPI [52] at https://pypi.org/project/nqlib/, allowing users to install it

through these channels:

pip install nqlib

# or

conda install -c conda-forge nqlib

Listing 3.1: Installing NQLib

NQLib v1.0.1 depends on Python [49] 3.11 or later, NumPy [53], SciPy [54] 1.24 or later,

Slycot [55], Python Control Systems Library [50, 56], and CVXY [57, 58], which are also

installed automatically.

Next, we import NQLib and define the system representing the control system.

import nqlib

Listing 3.2: Importing NQLib

We use the same parameters as in the simulation of Fig. 3.3, given by Eqs. (3.3) to (3.8).

Such a plant and controller can be represented in NQLib as follows:

P = nqlib.Plant(

A=[[1.19, 2.22],

[0.02, -0.49]],
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B=[[1.],

[1.]],

C1=[[1., 1.]],

C2=[[1., 1.]],

)

K = nqlib.Controller(

A=[[0.833, 1.95],

[-0.928, -1.351]],

B1=[[1.],

[0.]],

B2=[[0.013],

[0.604]],

C=[[-0.344, -0.257]],

D1=[[0]],

D2=[[0]],

)

ideal_system = nqlib.System.from_FB_connection_with_input_quantizer(

P, K)

Listing 3.3: System description

We also set the simulation time, initial state, and reference input r[k] as follows:

import numpy as np

t = np.arange(101)

x0 = [[-3.21],

[-0.15],

[0.],

[0.]]

r = np.where(np.sin(2 * np.pi * t / 50) >= 0, 1.0, -1.0)

max_gain_wv = 2

Listing 3.4: Simulation settings

We adopt a mid-tread quantizer q with d = 1/2, as in Fig. 3.3. NQLib has both mid-

tread and mid-rise quantizers predefined. Thus, the quantizer in this case can be succinctly

described as follows:

q = nqlib.StaticQuantizer.mid_tread(d=0.5)

Listing 3.5: Static quantizer definition

To simulate the continuous-valued input system SI and discrete-valued input system SD with

the above settings, we write as follows:
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response_ideal = ideal_system.response(r, x0)

response_static_q = ideal_system.response_with_quantizer(q, r, x0)

Listing 3.6: Simulation of continuous-valued and discrete-valued input systems

The results of this simulation have already been shown in Fig. 3.2. Furthermore, to compute

the evaluation function at this time, we write as follows:

ideal_system.E(q)

Listing 3.7: Evaluation function calculation for static quantizer

This yields an evaluation function value of JK(P ◦ q) = 2.35.

As the first design method, let’s try designing a dynamic quantizer using the algebraic

method introduced in Section 3.2.2. To do this, we write as follows:

Q_AG, E_AG = nqlib.DynamicQuantizer.design_AG(

ideal_system,

q=q,

)

Listing 3.8: Designing dynamic quantizer using algebraic method

As a result, the dynamic quantizer is obtained as

AQ =


1.19 2.22 −0.344 −0.257

0.02 −0.49 −0.344 −0.257

0.013 0.013 0.833 1.95

0.604 0.604 −0.928 −1.351

 , BQ =


1

1

0

0

 , (3.60)

CQ =
[
−0.605 −0.865 0.344 0.257

]
. (3.61)

To simulate using this dynamic quantizer Q_AG, we write as follows:

response_Q_AG = ideal_system.response_with_quantizer(Q_AG, r, x0)

Listing 3.9: Simulation using dynamic quantizer designed by algebraic method

Figure 3.7 shows the simulation result. Comparing with Fig. 3.3, we see that the output z[k] of

the control system with the dynamic quantizer is closer to that of the ideal continuous-valued

input control system. Also, checking the evaluation function value at this time using the code

below yields JK(P ◦ Q) = 0.50:

ideal_system.E(Q_AG)
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Fig. 3.7: Simulation result of a control system with the dynamic quantizer designed by the

algebraic method described in Section 3.2.2

Listing 3.10: Evaluation function calculation for dynamic quantizer designed by algebraic

method

Compared to JK(P ◦ q) = 2.35 when using the static quantizer, we see that the optimal

dynamic quantizer improves the evaluation function value.

Now, suppose we impose a gain constraint of 2. To compute the gain of the obtained

dynamic quantizer, we write as follows:

gain_AG = Q_AG.gain_wv()

Listing 3.11: Gain calculation for dynamic quantizer designed by algebraic method

The gain of the obtained dynamic quantizer is 5.22, which does not satisfy the constraint.

Thus, we design a dynamic quantizer satisfying the gain constraint using the LP-based method

introduced in Section 3.2.3. To do this, we write as follows:
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Fig. 3.8: Simulation result of a control system with the dynamic quantizer designed by the

LP-based method described in Section 3.2.3

Q_LP, E_LP = nqlib.DynamicQuantizer.design_LP(

ideal_system,

q=q,

T=100,

max_gain_wv=max_gain_wv,

)

Listing 3.12: Designing dynamic quantizer using LP-based method

The quantizer obtained in this way has specifications JK(P ◦Q) = 1.17 and gain 1.99. While

the evaluation function value worsens in exchange for satisfying the gain constraint, it still

achieves better performance than when using the static quantizer. Figure 3.8 shows the simu-

lation result using this dynamic quantizer. Comparing with the case using the above optimal

dynamic quantizer, the output z[k] deviates somewhat from that of the ideal continuous-valued
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input control system, but it still achieves better performance than when using the static quan-

tizer.
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Fig. 3.9: Simulation result of a control system with the dynamic quantizer designed by the

LP-based method with order reduction described in Section 3.2.3

To check the order of the obtained dynamic quantizer, we write as follows:

Q_LP.N

Listing 3.13: Order calculation for dynamic quantizer designed by LP-based method

This reveals that the obtained dynamic quantizer has an order of 5151. To enable implementa-

tion on inexpensive computers, we constrain the order to 2 and attempt order reduction using

NQLib’s order reduction feature. To reduce the order of Q_LP, we write as follows:

N_reduced = 2

Q_LP_reduced = Q_LP.order_reduced(N_reduced)

Listing 3.14: Order reduction of dynamic quantizer designed by LP-based method
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The resulting dynamic quantizer has specifications JK(P ◦ Q) = 1.17, gain 2.01, and order

2. Although the gain constraint is slightly exceeded, the evaluation function value is pre-

served, yielding an implementable dynamic quantizer. Figure 3.9 shows the simulation result

using this dynamic quantizer. Comparing with the case using the previous dynamic quan-

tizer satisfying the gain constraint, the output z[k] deviates somewhat from that of the ideal

continuous-valued input control system, but it still achieves better performance than when

using the static quantizer.
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Fig. 3.10: Simulation result of a control system with the dynamic quantizer designed by the

gradient-based method described in Section 3.2.4

Finally, we design a dynamic quantizer satisfying both gain and order constraints using one

of the methods introduced in Section 3.2.4, specifically the gradient-based method. To do this,

we write as follows:

Q_GD, E_GD = nqlib.DynamicQuantizer.design_GD(

ideal_system,

q=q,
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N=N_reduced,

steptime=100,

max_gain_wv=max_gain_wv,

)

Listing 3.15: Designing dynamic quantizer using gradient-based method

The quantizer obtained has specifications JK(P◦Q) = 1.19, gain 2.00, and order 2. While the

evaluation function value slightly worsens, we obtain a dynamic quantizer satisfying both gain

and order constraints. Figure 3.10 shows the simulation result using this dynamic quantizer.

Although the evaluation function value slightly worsens, it still achieves better performance

than when using the static quantizer.

3.4 Conclusion

In this chapter, we discussed methods for designing dynamic quantizers in discrete-valued

input control, viewing them as Alterers that hide discrete-valued input constraints from the

controller. We explained various design methods for dynamic quantizers and summarized the

strengths of each approach. Furthermore, we described the NQLib toolbox, enabling con-

trol engineers to practically design, evaluate, and simulate dynamic quantizers. Finally, by

presenting a design example using NQLib, we demonstrated the effectiveness of Virtual Dy-

namics in controlling discrete-valued input systems.
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Chapter 4

Virtual Dynamics Design for

Systems with Reinforcement

Learning

In this chapter, we apply Problem 2.1, the Virtual Dynamics design problem, to systems using

reinforcement learning. Reinforcement learning is a framework in which an agent learns a

policy for selecting actions based on observed states to maximize the resulting rewards [59].

Recently, deep reinforcement learning [60] (hereafter simply RL), which employs deep neu-

ral networks for learning, has made remarkable progress, as exemplified by the success of

AlphaGo [35, 61]. Application to control systems is also active, with research in various

fields such as robotics [62, 63] and autonomous driving [64]. RL often requires many trials,

time, and power to achieve satisfactory performance, making improving learning efficiency

an important challenge [65, 66]. As a solution to this problem, in this chapter, we insert an

Alterer that alters the state obtained from the plant before the RL agent, aiming to improve

learning efficiency through its design.

Section 4.1 formulates the design problem of Alterers and Virtual Dynamics to enhance

RL learning efficiency. Section 4.2 then experimentally demonstrates, using RL for stabi-

lization of an inverted pendulum as an example, that Virtual Dynamics can improve learning

efficiency. Finally, Section 4.3 discusses minimum-phase considerations as design guidelines

for Alterers in RL.



4.1. DESIGN PROBLEM

RL Agent

Plant Alterer

Fig. 4.1: Block diagram of a control system where the RL agent serves as the controller

4.1 Design Problem

As a method to enhance learning efficiency, reward shaping, which provides rewards different

from the objective function, is known [67]. Moreover, by analogy with the decisive role of

preprocessing such as normalization and standardization in supervised learning, it is plausible

in RL to enhance efficiency by intentionally altering the agent’s observations. Accordingly,

we insert an Alterer that alters the plant state x before the controller (agent), as illustrated in

Fig. 4.1, to improve learning efficiency through its design. As the evaluation function JK in

Problem 2.1, we adopt a metric that decreases when the agent reaches the target performance

earlier. Specifically, let t ∈ N denote the learning time step, S(t) ∈ R the performance at

time step t, and Starget ∈ R the target performance; we define

JK(Aoutput ◦ P) = min{t | S(t) ≥ Starget}. (4.1)

This means the number of time steps required for the performance S(t) to reach the target

performance Starget.

We define the performance S(t) as follows. First, specify the target state set that the plant

state x must satisfy as Xtarget ⊆ Rn. Each learning episode starts from a state within Xtarget

and terminates when x first exits Xtarget. Next, let t0(t) ∈ N denote the start time of the

episode containing step t. Using these, define the performance S(t) by

S(t) = t− t0(t). (4.2)

That is, S(t) measures how long the target state has been maintained at time t.

Based on the above evaluation function and performance definition, we pose the following

design problem.
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Problem 4.1 Given a plant P , suppose the RL agent K controls the plant so that its

state x remains within a set Xtarget. With the performance S(t) at time step t given

by Eq. (4.2) and a specified target performance Starget, design an Alterer Aoutput that

minimizes the evaluation function JK defined in Eq. (4.1).

4.2 Preliminary Example: Improving Learning Efficiency

via Virtual Dynamics

In this section, we consider RL for stabilization of an inverted pendulum as a concrete example

where Virtual Dynamics via theAltererAoutput improves learning efficiency. It is not a priori

evident that there exists anAlterer whose insertion improves learning efficiency. Our objective

here is therefore to demonstrate the existence ofAoutput that reduces the evaluation function

Eq. (4.1)—namely, achieves earlier attainment of the target performance—and to verify that

Alterer design can contribute to more efficient RL.

Plant Alterer

RL Agent 

Reward function 

DQN 

Fig. 4.2: Block diagram of the control system where the DQN agent serving as the controller

receives altered information from the Alterer

We consider the control system shown in Fig. 4.2, comprising the plant P , an Alterer

Aoutput that transforms the plant state x into x̄, and the RL agent K controlling them. The

details of each block are provided below.
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Fig. 4.3: Cart-type inverted pendulum

4.2.1 Plant: Cart-Type Inverted Pendulum

The plant P is a cart-type inverted pendulum model shown in Fig. 4.3, given by

P : ẋ(t) = f(x(t)) + h(x(t))u(t). (4.3)

Here,

f(x) :=


ṗ

θ̇

f3(x)

f4(x)

 , h(x) :=


0

0
1

M(x)

− 3
2M(x)l cos θ

 , (4.4)

f3(x) :=− 3gm

8M(x)
sin 2θ − Dp

M(x)
ṗ+

3Dθ

2M(x)l
θ̇ cos θ

+
lms

2M(x)
θ̇2 sin θ, (4.5)

f4(x) :=
3gm(m+ms)

2M(x)lms
sin θ +

3Dp

2M(x)l
ṗ cos θ − 3Dθ(m+ms)

M(x)l2ms
θ̇

− 3ms

8M(x)
θ̇2 sin 2θ, (4.6)

M(x) :=m+
ms

4
(1 + 3 sin2 θ),

t ∈ R denotes time, g ∈ R>0 the gravitational acceleration, m ∈ R>0 the cart mass, ms ∈
R>0 the pole mass, l ∈ R>0 the pole length, Dp ∈ R>0 the cart viscous friction coefficient,

Dθ ∈ R>0 the pendulum viscous friction coefficient, p(t) ∈ R the cart position, θ(t) ∈ R
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the angle from the upright vertical, u(t) ∈ R the control input (force on the cart), and x(t) =

[p, θ, ṗ, θ̇]> ∈ R4 the state vector.

4.2.2 Alterer: Prediction

Linearizing the plant P around the origin yields

ẋ(t) = Alinx(t) +Blinu(t), (4.7)

Alin :=


0 0 1 0

0 0 0 1

0 −3gm
4Mc

−Dp

Mc

3Dθ

2Mcl

0 3gm(m+ms)
2Mclms

3Dθ

2Mcl
−3Dθ(m+ms)

Mcl2ms

 , (4.8)

Blin :=


0

0
1

Mc

− 3
2Mcl

 , Mc := m+
ms

4
. (4.9)

Using these, we define the Alterer as

Aoutput : x̄(t) = eAlinTx(t) (4.10)

Here, T ∈ R>0 denotes the prediction period. Thus, x̄(t) is the predicted state at time t+ T

under the linearized model with the input fixed at u(t) = 0. Although not the exact future

state due to nonlinearity and input neglect, Eq. (4.10) enables earlier inference—e.g., from

the sign of the angle component x̄2—of the imminent falling direction, which is expected to

facilitate value-function approximation.

4.2.3 Controller: Reinforcement Learning with Deep Q Network

The controller K outputs the control input u based on the altered state x̄ as follows:

K : u(t) = Π(x̄(t)). (4.11)

Here, Π : R4 → R is the policy learned by the RL agent. This policy Π is a Deep Q Network

(DQN) that selects control inputs from the discrete action set U = {−umax, 0, umax} with

umax ∈ R>0. With control period Tc ∈ R>0, at time step k ∈ N, the following operations

are performed:

1. Observe the altered state x̄((k − 1)Tc).

– 38 –



4.2. PRELIMINARY EXAMPLE: IMPROVING LEARNING EFFICIENCYVIA

VIRTUAL DYNAMICS

2. Select an action ak ∈ U.
3. Apply u(t) = ak for t ∈ {t ∈ R|(k − 1)Tc ≤ t < kTc}.
4. Obtain the reward r(x̄(kTc)).

Here, r : R4 → R is the reward function.

The target state set Xtarget that the state x must satisfy is defined as

Xtarget = {x ∈ R4 | |x1| ≤ pmax, |x2| ≤ θmax}. (4.12)

Here, pmax, θmax ∈ R>0 are the allowable maxima for cart position and pendulum angle. As

the reward function guiding DQN learning, we set

r(x̄) = 1− cp

(
x̄1

pmax

)2

− cθ

(
x̄2

θmax

)2

(4.13)

where cp, cθ ∈ R>0 are weighting coefficients. We consider cp and cθ to be small. The DQN

receives a reward of approximately 1 per step, which slightly decreases as the altered state x̄

approaches the boundary of Xtarget.

The DQN uses 4 input nodes, two hidden layers with 128 nodes each, and 3 output nodes.

The hidden-layer activation is ReLU. The discount factor γ is chosen so that responsibility

halves over 0.5 s:

γ =

(
1

2

) Tc
0.5

. (4.14)

We adopt the ε-greedy exploration policy, with ε in episode s given by

ε = 0.01 + (0.8− 0.01) exp(− s

1000
). (4.15)

The total number of episodes is set to 301, and the replay memory capacity is 104. Further-

more, we employ the soft update of the target network from [68] with τ = 0.005.

4.2.4 Numerical Experiments and Results

We conduct numerical experiments to assess the effect ofAltererAoutput in Eq. (4.10) on RL.

The initial state x0 for each episode is drawn independently from a uniform distribution

with each component bounded in absolute value by 0.01. The task score σ is defined by

σ =

 60 if σ̄ ≥ 60,

σ̄ else.
(4.16)
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Here, σ̄ ∈ R denotes the time when x(t) first exits Xtarget, indicating when the pendulum

falls, or the cart exceeds a certain range. We use σ only for evaluation, not for training. In

other words, training aims to maximize σ, while the reward supplied to the agent is r from

Eq. (4.13). We set pmax = 12, θmax = π/4, cp = 4 × 10−4, cθ = 0.05, umax = 3, and

Tc = 1/30. The simulation parameters are g = 9.81,m = 0.5,ms = 1, l = 2, Dp =

0.2, Dθ = 0.06.

Under these settings, we recorded the performance evolution over learning for 20 trials with

prediction periods T = 0 and T = 1. For each configuration, Fig. 4.4 plots the minimum,

25th percentile, median, 75th percentile, and maximum scores versus the episode index. We

observe that with T = 1, the score tends to reach 60 s earlier, indicating better learning

efficiency and yielding JK(Aoutput ◦ P) < JK(P). In addition, the final performance also

tends to be higher in this experiment, indicating improved control performance.

4.2.5 Discussion

Alterer Eq. (4.10) does not yield the exact future state due to nonlinearity and neglect of

inputs. However, short-term prediction likely accelerates discrimination of falling direction,

contributing to reduced variance in value updates and improved exploration efficiency.

The results of this experiment provide a pioneering example of enhancing the sample ef-

ficiency of learning algorithms by altering the information presented to the agent via Virtual

Dynamics. In summary, inserting a prediction-type staticAlterer as Virtual Dynamics can im-

prove the evaluation function Eq. (4.1) in control systems using RL. Extensions using longer

prediction periods or dynamic (internally stateful) predictors, designs of Alterers incorpo-

rating nonlinear model prediction or uncertainty estimation, and applications to other plants

remain future work.

4.3 Design Guidelines via Minimum-Phase

Considerations

In Section 4.2, we demonstrated experimentally, using an inverted pendulum task, that Virtual

Dynamics can improve RL efficiency. However, the principles underlying learning-efficiency

improvements via Virtual Dynamics, which are necessary for deriving design guidelines, re-

main unclear. Therefore, in this section, we investigate the relationships among properties of

the plant, properties acquired by Virtual Dynamics, and learning efficiency using a simpler

plant to derive design guidelines for Aoutput.

Specifically, we consider the control system shown in Fig. 4.5. We investigate how the
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Fig. 4.4: Score evolution over 20 trials of learning inverted-pendulum stabilization, plotted

with minimum, 25th percentile, median, 75th percentile, and maximum values
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Virtual Dynamics 

Plant 

RL Agent 

Reward function 

PPO 

Alterer 

Fig. 4.5: Block diagram of the control system where the PPO agent serving as the controller

receives altered information from the Alterer

learning efficiency of the RL agent K depends on the minimum-phase properties of the plant

P and the Virtual Dynamics Aoutput ◦ P . The details of each block are provided below.

4.3.1 Plant: Second-Order Linear System

The plant P is given by

P : ẋ(t) = Ax(t) +Bu(t) (4.17)

A :=

[
p1 + p2 −p1p2

0 1

]
, B :=

[
1

0

]
. (4.18)

Here, t ∈ R is time, x(t) ∈ R2 is the state, and u(t) ∈ R is the control input. Also, p1, p2 ∈ C
are the system poles (a real pair or a complex-conjugate pair).
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4.3.2 Alterer: Prediction

Analogously to Section 4.2, for a prediction period T ∈ R≥0, define the Alterer Aoutput(T )

as

Aoutput(T ) : ŷ(t) = CeATx(t), (4.19)

C :=
[
1 −z

]
. (4.20)

Here, ŷ(t) ∈ R is the altered output, and z ∈ R is a parameter. We also define the Virtual

Dynamics VT := Aoutput(T ) ◦ P . When T = 0, the Virtual Dynamics becomes

V0 :

{
ẋ(t) = Ax(t) +Bu(t),

ŷ(t) = Cx(t),
(4.21)

and its transfer function is

V0(s) =
s− z

(s− p1)(s− p2)
. (4.22)

Thus, z is the parameter representing the zero in the absence of prediction.

The state equations of the Alterer VT can be written as

VT :

{
ẋ(t) = Ax(t) +Bu(t),

ŷ(t) = CeATx(t).
(4.23)

This predicts the output of V0 at time t + T , assuming zero input. From Eq. (4.23), we can

deduce two points: First, the poles of VT are the eigenvalues of A, identical to those of the

original Virtual Dynamics V0. Second, the zero and gain of VT may vary depending on the

prediction period T . Summarizing, using the zero zvirtual(T ) and gain kvirtual(T ) that vary

with T , the transfer function of VT can be expressed as

VT (s) = kvirtual(T )
s− zvirtual(T )

(s− p1)(s− p2)
. (4.24)

Systems represented by Eq. (4.22) or Eq. (4.24) are said to be non-minimum-phase when the

zeros z, zvirtual > 0, and minimum-phase when the zeros z, zvirtual < 0.

Zeros with positive values are called unstable zeros, while those with negative values are

called stable zeros. It is well known that control is more challenging for non-minimum-phase

plants [24]. This applies not only to model-based control design but also to controllers that are

difficult to model mathematically, such as RL agents or humans [69–71]. Here, as seen from

Eq. (4.24), even if the original dynamics V0 is non-minimum-phase, changing the prediction

period T may render VT minimum-phase. In this section, we investigate the impact of this

effect on learning efficiency.
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4.3.3 Controller: Reinforcement Learning with Proximal Policy Opti-

mization

The agent K observes the altered output ŷ as in Eq. (4.19) and produces the control input u as

K : u(t) = Π(ŷ(t)) (4.25)

where Π : R → R is the policy. We employ PPO (Proximal Policy Optimization) [72] for the

policyΠ. The agent comprises two networks with distinct roles. One is an actor that produces

actions, and the other is a critic that estimates state value. Both are fully connected multilayer

neural networks with three hidden layers of 512 units each and tanh activation. The input to

both networks is the altered output ŷ. The actor is probabilistic: the network outputs the mean

and variance of the control input u. The control input is clipped to [−1, 1]. The critic outputs

a scalar.

The target state set Xtarget that the state x must satisfy is defined as

Xtarget = {x ∈ R2 | |x1| ≤ 1, |x2| ≤ 1} (4.26)

We set the sampling time to Ts := 0.1 s and the episode length to 500 steps (i.e., 50 s). This

corresponds to 50 s. A reward of 1.0 is given at each time step, and the episode terminates

when any component exceeds its boundary.

The main hyperparameters are as follows: clipping coefficient εclip = 0.2, discount factor

γ = 0.99, GAE parameter λ = 0.95, and entropy coefficient ε = 1.0 × 10−4. We use

Adam [73] for optimization, cosine annealing for the learning rate schedule, gradient norm

clipping at 1.0, 1000 environment steps per update, 50,000 total training steps, a sub-batch

size of 64, and 10 epochs per update.

4.3.4 Numerical Experiments and Results

We systematically evaluate, for the second-order linear system Eq. (4.17), the impact of

future-prediction Eq. (4.19) on learning efficiency. Specifically, we prepare multiple plants

with different parameter settings and train PPO agents while varying the prediction period

T for each plant. We then classify the plants based on two points: (i) whether prediction

can replace an unstable zero with a stable zero, and (ii) whether prediction improves learning

efficiency.

For the plant poles, we consider combinations (p1, p2) expressible as p1 = 0.5n1+0.5n2j,

p2 = 0.5n3 + 0.5n4j with integers n1, n2, n3, n4, and select those that:
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• satisfy |p1| ≤ 1.5 and |p2| ≤ 1.5,

• are either both real or a complex-conjugate pair,

• and satisfy Re(p1) ≤ Re(p2).

We consider all 14 combinations satisfying these conditions. We set the zero z ∈
{0.05, 0.25, 1.0}, thus all V0 are non-minimum-phase systems. From the resulting 42

combinations, we exclude 3 that are uncontrollable or unobservable, leaving 39 plants for

analysis. The prediction period is chosen from T ∈ {0, 0.25, 0.5, 0.75, 1.0} s.
For each of the 39 systems and 5 prediction periods, we train a PPO agent and classify each

system as follows.

1. Regarding minimum-phase properties,

• “Zero Became Stable” if zvirtual(T ) < 0 for some T ∈ {0.25, 0.5, 0.75, 1.0},
• “Zero Remained Unstable” otherwise.

2. Regarding learning results,

• “Failed” if S(T ) = ∞ for all T ∈ {0, 0.25, 0.5, 0.75, 1.0},
• “Better w/ Prediction” if there exists T ∈ {0.25, 0.5, 0.75, 1.0} such that

JK(VT ) < JK(V0),

• “Better w/o Prediction” otherwise.

Here, if learning fails to reach the target score Starget within the total of 50,000 training steps,

we treat it as S(T ) = ∞. The results are summarized in Table 4.1.

Of the 39 systems, 11 were labeled “Zero Became Stable”. All 11 of these were “Better w/

Prediction”. This means that whenever prediction could replace an unstable zero with a stable

one, learning efficiency consistently improved. This suggests that transforming dynamics

from non-minimum-phase to minimum-phase via an Alterer is a useful design guideline for

enhancing RL efficiency.

Among the 28 systems labeled “Zero Remained Unstable”, 8 were “Better w/ Prediction”,

11 were “Better w/o Prediction”, and 9were “Failed”. Hence, in 8 systems, learning efficiency

improved despite prediction not stabilizing the zero. This indicates that learning efficiency can

improve even if the Virtual Dynamics remains non-minimum-phase after the insertion of an

Alterer.

4.3.5 Discussion

In summary, when prediction can replace an unstable zero with a stable one, learning effi-

ciency consistently improves; even when it cannot, improvements may still occur. This result

suggests that replacing unstable zeros with stable ones via Eq. (4.19) is a useful design guide-
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Table 4.1: Summary of the effect of future-prediction shaping on learning efficiency for

second-order LTI systems

Zero Became Stable Zero Remained Unstable

Better w/o Prediction 0 11

Better w/ Prediction 11 8

Failed 0 9

line for Alterers to enhance RL efficiency.

4.4 Conclusion

In this chapter, we addressed improving learning efficiency and final performance in control

systems using RL by applying Virtual Dynamics. First, we formulated the design problem of

Virtual Dynamics for RL as finding an Alterer that minimizes the time for the task score to

reach a target. Next, using the inverted pendulum as an example, we demonstrated that insert-

ing a future-predictive Alterer improves learning efficiency and final performance. Finally,

we examined the relationships among the minimum-phase property of a second-order linear

plant, that of the plant with an Alterer, and learning efficiency. As a result, we confirmed that

whenever the Alterer replaced an unstable zero with a stable one, learning efficiency consis-

tently improved, suggesting a design guideline for Alterers.
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Chapter 5

Virtual Dynamics Design for

Human-Machine Systems

In this chapter, we apply Problem 2.1, the Virtual Dynamics design problem formulated in

Chapter 2, to human-machine systems. Human-machine systems play a crucial role in many

real-world systems, but they are also associated with numerous accidents that result in sig-

nificant property damage and loss of life. Therefore, in this chapter, we aim to design Virtual

Dynamics that improve the operability of human-machine systems.

Section 5.1 formulates the design problem of Virtual Dynamics that are easy for humans

to operate. Section 5.2 experimentally demonstrates that altering visual information can en-

hance operability using a system, The Inverted Pendulum Game, developed by the author.

Section 5.3 conducts numerical analysis using a linear model of a human-machine system to

obtain guidelines for Virtual Dynamics design.

5.1 Design Problem

Automobiles [74–78], heavy machinery [13, 79], aircraft [8, 10, 80], drones [81, 82], and re-

motely operated robots [83–87] are representative human-machine systems operated based

on visual information. In these systems, improving operability — including subjective ease

of operation, failure avoidance, and reduced learning time — is crucial.

There are two principal approaches to improve operability:

• Input rectification: rectifying the input generated by the human operator before feeding

it to the machine.

• Information presentation: modifying the information presented to the human operator.

The former input rectification has the advantage of directly managing the machine’s state
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and is an important approach. For example, control barrier functions that rectify inputs to

avoid dangerous states [88,89] are examples of this approach. However, rectified inputs may

contradict the operator’s intentions, causing confusion and reduced trust, which can lead to

accidents in the worst cases. The latter information presentation approach does not contradict

the human operator’s intentions and is an important complement to input rectification. In this

research, we focus on this approach to information presentation.

A common research topic in information presentation is to devise ways to present infor-

mation more accurately and comprehensively. For example, position/target scaling [90] in-

vestigates the impact of information presentation methods on operability. Furthermore, rear

parking cameras [91,92] and AR for blind spots [93] improve operability by providing wider

and more accurate information. Predictive delayed displays [6] improve operability by com-

pensating for prediction in environments with delays. Moreover, devising user interfaces,

such as relative targeting interfaces [94], motion cueing and multisensory feedback [95–98],

haptic excavator assistance [99, 100], and natural user interfaces [81, 101], is also an impor-

tant aspect. However, systems like inverted pendulums remain difficult to operate due to

limitations in reaction speed and sensory accuracy, even with accurate and comprehensive

information presentation.

Human

Plant Alterer

Display

Controller 

Fig. 5.1: Block diagram of a control system where a human operator serves as the controller

We therefore introduce alteration of visual information. Figure 5.1 shows the system struc-

ture considered in this chapter. In the figure, P ∈ S is the plant, D ∈ Sstatic is the display
that converts the machine’s state into an image, and H ∈ S is the human operator. Then, we

regard K := H ◦ D as the controller. Moreover, the Alterer Aoutput ∈ S is a system that

alters the machine’s state before image generation. Such alteration of visual information has

been studied in various contexts, including overlay displays of parking trajectories [92], lead-

computing sights that show bullet trajectory predictions [8,9], projection transformations for

remote driving [75,76], and displays that predict opponents’movements in martial arts [102].

However, to the best of our knowledge, the effectiveness of state alteration for stabilization

tasks remains unclear. Therefore, we verify the effectiveness of the Alterer in stabilization
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tasks.

We define the evaluation function JK such that better operability results in a smaller value.

Specifically, let the score of a task be S ∈ R. Then we define

JK(Aoutput ◦ P) = −S. (5.1)

Using this evaluation function, we consider the following design problem.

Problem 5.1 Given a plant P ∈ S, a controller K = H ◦ D consisting of a human

operatorH ∈ S and a displayD ∈ Sstatic, design anAltererAoutput ∈ S that minimizes
the evaluation function JK defined in Eq. (5.1).

5.2 The Inverted Pendulum Game: A Pioneering Example

of Operability Enhancement via Virtual Dynamics

It is not self-evident whether an Alterer Aoutput exists that can truly enhance operability.

Therefore, we developed a system named The Inverted Pendulum Game and experimentally

demonstrated that altering visual information can enhance operability.

5.2.1 The Inverted Pendulum Game

This section describes The Inverted Pendulum Game, which I developed to verify the effec-

tiveness of the Alterer.

Figure 5.2 shows the game screen. After the experiment described later, we published

almost the same implementation of The Inverted Pendulum Game at https://knttnk.

github.io/pendulum_game_web/. Interested readers can play the game from this

link. Playing the game provides a clear understanding of its difficulty. Therefore, we highly

recommend experiencing it firsthand.

The dynamics of the inverted pendulum are given by Eq. (4.3). The game starts with the

initial state x(0) = [0.01, 0.01, 0, 0]>. The player can input u(t) ∈ [−3, 3] with a joystick.

In this game, the player aims to manually stabilize the inverted pendulum displayed in the

center of the screen. The score of a performance is defined as the time it takes from the start

of the performance until |θ| reaches π/4, which results in a game over. The goal of this game

is to keep the pendulum upright for as long as possible, so the higher the score, the better the

operation. The game screen displays the range −pmax < p < pmax. Here, pmax ∈ R>0 is a

constant. The game does not end even if the cart moves out of this range, but the player cannot

grasp the system’s state. Therefore, it is practically necessary to play within this range.
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Pendulum's State

Input Indicator

Score

Fig. 5.2: Game screen of The Inverted Pendulum Game

5.2.2 Alteration: Prediction Based on the Current State

The Inverted Pendulum Game has two modes: one that presents the machine’s state as it is

and one that presents the altered state. In this study, we adopted future prediction as one of

the information alterations that may enhance operability. This section describes the specific

method.

We first define x̂(τ ; t) ∈ R4 as the value at τ of the solution of the partial differential

equation

∂

∂τ
x̂(τ ; t) = f(x̂(τ ; t)), (5.2)
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with the initial value x̂(0; t) = x(t). In this way, x̂(T ; t) represents the state after time T has

passed from state x(t) in Eq. (4.3) with u(t) = 0, serving as a prediction of the future state.

Next, we denote the first component of x̂(τ ; t) as p̂τ and the second component of it as θ̂τ .

Given the above, The Inverted Pendulum Game displays altered visual information in each

frame as follows.

1. Calculate x̂(T ; t) numerically.

2. Generate an image of an inverted pendulum with position p̂T and angle θ̂T and display

it on the game screen.

Real

(Prediction after 0.6s)
Altered

Fig. 5.3: Illustration of state alteration in The Inverted Pendulum Game

Figure 5.3 illustrates how the real and predicted states are displayed on the game screen. In

the figure, the Real side shows how the inverted pendulum falls when u(t) = 0. The Altered

side displays the predicted state; the pendulum appears to be tilted more than in the Real side

at the same time.

5.2.3 Experimental Method

Figure 5.4 shows a photo of an experiment. This experiment was conducted with the approval

of the Ethics Committee on Research Involving Human Subjects at the School of Engineering,

Osaka University (Approval number: 6–1–1). Written informed consent was obtained from

the subjects. Each experiment targeted one subject. At the beginning of the experiment, we

explained the following to the subject.

• The subject will play The Inverted Pendulum Game.

• The score of The Inverted Pendulum Game is the time until the bar falls.

• The higher the score, the more reward the subject will receive after the experiment.

– 51 –



5.2. THE INVERTED PENDULUM GAME: A PIONEERING EXAMPLE OF

OPERABILITY ENHANCEMENT VIAVIRTUAL DYNAMICS

Game Controller

Subject (Human)

Game Screen

Fig. 5.4: Photo of an experiment using The Inverted Pendulum Game

(We did not disclose the specific calculation method to the subject.)

• The subject can stabilize the inverted pendulum by applying force to the cart with the

joystick.

Furthermore, we explained the following strategies for The Inverted Pendulum Game.

• The behavior is similar to a bar placed on the palm.

• If the bar is likely to fall to the right, applying force to the right may prevent it from

falling, and vice versa.

After that, the experimenter did not give any advice on the strategy ofThe Inverted Pendulum

Game.

The experimental procedure is as follows.
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(i) Randomly assign the subject to either the group that shows real information first (here-

inafter referred to as group R) or the group that shows altered information first (here-

inafter referred to as group A).

(ii) Set the game to show real information if the subject belongs to group R and altered

information if the subject belongs to group A.

(iii) Let the subject practice The Inverted Pendulum Game for 5 min.

(iv) Encourage the subject to take a break for an arbitrary amount of time.

(v) Let the subject play 10 performances.

(vi) Encourage the subject to take a break for an arbitrary amount of time.

(vii) Switch the setting of whether to show real or altered information and repeat (iii) to (v).

(viii) Let the subject answer a questionnaire.

Note that we did not tell the subjects what each presentation represents (e.g., real or altered),

but only that the two presentations are different. Furthermore, if a subject did not experience

a game over within 2 min of starting a performance, the performance was terminated, and the

score was recorded as 120 s. This was done to prevent the experiment from being unnecessar-

ily prolonged and increasing the burden on the subjects, as it is expected that skilled subjects

can keep the pendulum upright for quite a long time.

In each experiment, we recorded the subject’s input u, the position p, the angle θ, and the

video of the subject’s hands and the screen.

The experiment targeted 35 subjects. However, three subjects were deemed invalid due to

procedural errors. Specifically, the value of pmax was incorrectly set for two subjects, and

one subject completed only 19 of the intended 20 performances. The 32 valid subjects ranged

in age from late teens to early thirties, comprising 22 males and 10 females. The experiment

was conducted in Japanese. Thus, the subjects were required to be able to speak Japanese in

daily conversation.

The values of the parameters of The Inverted Pendulum Game were set to g = 9.81 m/s2,

m = 0.5 kg,ms = 1 kg, l = 2m,Dp = 0.2 N · s/m,Dθ = 0.06 N ·m · s/rad, pmax = 6m,

and T = 0.6 s. The frame rate was 60 fps. The value of T was determined through trial and

error in a preliminary experiment conducted by the game’s developer (the first author). All

length-related parameters, such as l and p, were set so that 1 m was displayed as 0.023 m

on the screen. The distance between each subject’s eyes and the display was adjusted by the

subject at their discretion, resulting in distances ranging from 0.5 to 1.0 m.
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5.2.4 Experimental Results: Example of Time Evolution

In this section, we show how the input u, position p, and angle θ evolve in two performances

of one subject as an example.
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Fig. 5.5: Time evolution of input, position, and angle in a performance in which one subject

is shown real visual information

Figure 5.5 shows the time evolution of input, position, and angle when one subject is shown

real visual information. And, Figure 5.6 shows one when the same subject is shown altered vi-

sual information. We can see that the score was 17.0 s in the performance shown in Figure 5.5

and 82.3 s in the performance shown in Figure 5.6.

5.2.5 Experimental Results: Comparison and Analysis of Scores

In this section, we compare and analyze the scores when information was altered and when

real information was presented.

First, Figure 5.7 shows the scores of 32 subjects. The vertical and horizontal axes indicate

the scores when altered and real information was presented, respectively. Each marker corre-

sponds to the median calculated from the scores of 10 performances for each subject, while
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Fig. 5.6: Time evolution of input, position, and angle in a performance in which the same

subject as in Fig. 5.5 is shown altered visual information

the error bars represent the interquartile range of these scores.

From this, we can see that the median is more than twice as large when altered information

is presented for all subjects. We additionally performed the one-sided Wilcoxon signed-rank

test and found that the median score is significantly higher when altered information is pre-

sented, with a p-value of 2.3×10−10. Note that the scores are limited to 120 s, but it is worth

noting that only the performances in which altered information is presented are limited by

this restriction. From these facts, we can confirm that presenting altered visual information

improves the score of The Inverted Pendulum Game. Furthermore, we can see that show-

ing altered information results in a higher score in both group R and group A. The one-sided

Wilcoxon signed-rank test supported this with p-values of 1.2×10−4 and 1.9×10−6, respec-

tively. Therefore, it is clear that showing altered information improves the score, regardless

of whether it is presented first.

5.2.6 Experimental Results: Comparison of Input Cost

In this section, we define input cost to evaluate how the subject’s input changes when altered

information is presented compared to when real information is presented. We then calculate
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Fig. 5.7: Comparison of scores when real and altered information was presented

and compare the cost.

We define the input cost (real) Creal as

Creal =

∑10
i=1

∫ Treal(i)

0
ureal(i)(t)

2 dt∑10
i=1 Treal(i)

. (5.3)

Here, for the i-th performance in which the subject was presented with real information,

Treal(i) ∈ R is the performance score, and ureal(i)(t) ∈ R is the input u at time t after the start

of the performance. The input cost (real) Creal is the time average of the square of the input

u, so it becomes larger as the duration for which u2 is large is longer. Similarly, we define

the input cost Caltered for the performances in which the subject was presented with altered

information.

We calculated the input costs Creal and Caltered for 32 subjects and plotted them in Fig-

ure 5.8. From this, we can see that Caltered is smaller than Creal for all subjects except two.

Therefore, it is clear that presenting altered information reduces the input cost.
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Fig. 5.8: Comparison of input costs when presented with real versus altered information

5.2.7 Experimental Results: Comparison of Angle Cost

In this section, we define angle cost to evaluate how the pendulum’s angle changes when

altered information is presented compared to when real information is presented. We then

calculate and compare the cost.

We define the angle cost (real) Θreal as

Θreal =

∑10
i=1

∫ Treal(i)

0
θreal(i)(t)

2 dt∑10
i=1 Treal(i)

. (5.4)

Here, for the i-th performance, θreal(i)(t) ∈ R is the angle of the pendulum θ after time t

from the start of that performance. This is obtained by replacing u in Eq. (5.3) with θ. Thus,

Θreal is the time average of the square of the angle θ, so it becomes larger as the duration for

which θ2 is large is longer. Similarly, we define the angle cost Θaltered for the performances

in which the subject was presented with altered information.

We calculated the angle costsΘreal andΘaltered for 32 subjects and plotted them in Fig. 5.9.

From this, we can see thatΘaltered is smaller thanΘreal for all subjects. In brief, we can con-

firm that presenting altered information allows the angle to be small for a longer time. There-
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fore, it is considered that presenting altered information improves operability. Furthermore,

we can see that subjects with a higher median score when altered information was presented

(represented by black markers) tend to have a smaller value of Θaltered/Θreal. We can see

similar phenomena in Figure 5.8. These suggest that altered information may be more effec-

tive for subjects accustomed to the operation.
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Fig. 5.9: Comparison of angle costs when presented with real versus altered information

5.2.8 Questionnaire Results

The first question was: “Which was easier to operate”? This question was answered on a

5-point scale, with “1” for “when presented with altered information” and “5” for “when

presented with real information”. The answers to this question were “1” for 30 subjects, “2”

for 2 subjects, and no other answers, indicating that all subjects found it easier to operate

when presented with altered information. The one-sample Wilcoxon signed-rank test showed

that the answers were significantly lower than “3” with a p-value of 1.8× 10−8. From these

facts, we can see that the subjective operational feeling is better when altered information is

presented.

The second question was: “If you have any other comments about the game, please write

them down”. Excerpts from the answers that mention differences between presenting real and

altered information are as follows. These are all translated from Japanese to English.
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• When presented with real information, the angle at which the bar falls and the slipper-

iness of the cart seemed to be more severe.

• When presented with altered information, the allowable range of inclination was wider

and easier to operate.

• When presented with altered information, both large and fine adjustments were pos-

sible, but when presented with real information, only fine adjustments were possible,

making it difficult to maintain.

• When presented with real information, I felt that the angle at which the game was over

was small, and the bar was more likely to fall. I felt that direction correction was often

too late and that a delicate operation was required.

• When presented with real information, I found the movement heavy.

From these answers, we can see that presenting altered information is preferred concerning

operational feeling. Furthermore, there are at least two reasons why the score improved. The

first reason is that the allowable range of inclination felt wider due to prediction. The second

reason is that an effect made the subjects feel the movement of the bar was light.

5.3 Design Guidelines for Virtual Dynamics to Enhance

Human-Machine Operability

In Section 5.2, using the Inverted Pendulum Game as an example, we experimentally demon-

strated that Virtual Dynamics can enhance operability in human-machine systems. However,

the principles bywhichVirtual Dynamics improve operability and designmethods forAoutput

required to solve Problem 2.1 remain unclear. To obtain design guidelines, we analyze lin-

earized models approximating each system.

5.3.1 Alterer: Linear Future Prediction

We consider the human-machine system shown in Fig. 5.10, composed of a human operator

H, an inverted pendulum P , an information Alterer Aoutput, and a display D. The inverted

pendulum P ∈ S is a dynamical system represented by the linearized cart-pendulum model

in Eq. (4.7). The display D ∈ Sstatic is a static system that generates and outputs an image y

based on the virtual state x̄.
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Controller 

Human

Plant Alterer

DisplayJoystick

Fig. 5.10: Block diagram of the Inverted Pendulum Game model to investigate factors for

operability improvement

5.3.2 Models of the Inverted Pendulum and the Information Alterer

The Alterer in Eq. (5.2) uses the nonlinear pendulum model to predict the state T seconds

ahead under u = 0. Here, we consider an Alterer using the linearized cart-pendulum model

in Eq. (4.7) as

Aoutput : x̄(t) = eAlinTx(t). (5.5)

5.3.3 Controller: Static Output Feedback

In this section, we describe the models of the display D and the human operatorH.

For the displayD, we assume the following model. To render the image y(t) at time t, only

the cart position p(t) and the pendulum angle θ(t) are required from the state x(t); the cart

velocity ṗ(t) and the pendulum angular velocity θ̇(t) are unnecessary. Thus, the display D
can be regarded as a static map extracting part of the machine state x(t), namely

D : y(t) = Cx(t), C :=

[
1 0 0 0

0 1 0 0

]
. (5.6)

Therefore, not all states are observable to the human, leading to output-feedback control.

Next, we model the human operatorH using a constant feedback gain. Since the displayD
outputs part of the machine state x, the observable information y for the human consists only

of the cart position and pendulum angle. Thus, to utilize the cart velocity ṗ and pendulum

angular velocity θ̇ when generating the control input u, the human must estimate them from

past information. If stabilization is possible with constant feedback gain, stabilization can be

achieved without estimating ṗ and θ̇. This may lead to improved operability. Therefore, in
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this paper, we assume that the human control law is a static output feedback

u(t) = Ky(t) (5.7)

using a constant feedback gainK = [kp kθ] ∈ R2 and investigate stabilizability. Note that kp

is the proportional gain for the cart position in the generated image, and kθ is the proportional

gain for the pendulum angle.

From the above, the closed-loop model of the Inverted Pendulum Game becomes

ẋ(t) = Ãx(t) (5.8)

Ã := A+BKCeAT (5.9)

Even if Ã = A + BKC (T = 0) is unstable, Ã = A + BKCeAT may become stable for

T > 0. This suggests that the stabilizability under the gain K depends on T . In the next

section, we order the four eigenvalues of Ã by ascending real part as λ1, λ2, λ3, and λ4 and

study how they vary with the pair (K,T ).

5.3.4 Numerical Example

Parameters were set to g = 9.81 m/s2,m = 0.5 kg,ms = 1 kg, l = 2 m,Dp = 0.2 N · s/m,

and Dθ = 0.06 N ·m · s/rad.
To fix kp = 0.01 N/m, we computed the four eigenvalues of Ã as we varied T and kθ.

Plotting T on the vertical axis and kθ on the horizontal axis, with blue for negative real parts

and red for non-negative real parts, yields Fig. 5.12 (a). From this, we see that λ1 and λ2 are

stable regardless of how T and kθ vary within the range. On the other hand, for λ3 and λ4, at

T = 0, one cannot make their real parts negative for any choice of kθ. However, for T > 0,

i.e., when some prediction is made, selecting kθ appropriately can make the real parts of λ3

and λ4 negative.

Next, Fig. 5.12 (a) summarizes the stability of the four poles. In each figure, blue indicates

the region where the real parts of all four poles are negative, and red indicates the region where

at least one real part is non-negative. In other words, the closed-loop system is stable in the

blue region and unstable in the red region. From these figures, for example, at T = 0.6 s used

in Section 5.2, selecting kθ = 15 N/rad stabilizes the system. Thus, inserting a prediction-

basedAlterer enables stabilization via an input proportional to both the displayed cart position

and the pendulum angle.

A similar plot with kp = 1 N/m fixed is shown in Fig. 5.12 (b). It exhibits trends similar

to Fig. 5.12 (a). Thus, the tendency that Ã is not stabilizable by any kθ without prediction, yet

becomes stabilizable with moderate prediction, was observed for kp ∈ [0.01, 1].
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5.4 Conclusion

In this chapter, we tackled the design of Virtual Dynamics to enhance operability in human-

machine systems. First, we formulated the design problem of Virtual Dynamics for human-

machine systems as maximizing the median task score. Next, using the Inverted Pendulum

Game as an example, we experimentally demonstrated that Virtual Dynamics can enhance

operability in human-machine systems. Finally, we analyzed linearized models approximat-

ing each system and showed that inserting a prediction-basedAlterer enables stabilization via

an input proportional to both the displayed cart position and the pendulum angle. This sug-

gests that Virtual Dynamics may enhance operability in human-machine systems by enabling

stabilization through static output-feedback control.
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Chapter 6

Conclusion

This chapter summarizes the contributions of this dissertation and discusses future work.

The central theme of this dissertation is a designmethodology for improving the overall per-

formance of a control system even when the controller is fixed and cannot be redesigned. To

this end, we have introduced systems that shape signals (Alterers) before and after the plant,

regarding the series interconnection Alterer-plant-Alterer as a new plant. Then, by construct-

ing Virtual Dynamics that is easier for the controller to handle, we have aimed to improve the

overall performance of the control system.

This dissertation clarified three points: i) what dynamics are easier for the controller to

handle, ii) how a given Alterer induces specific Virtual Dynamics, and iii) whether Virtual

Dynamics designed in this way can actually improve control performance. Building on these

insights, the objective of this dissertation is to establish a design theory for Virtual Dynamics.

An important feature of this framework is that the controller is not included in the Virtual

Dynamics, enabling principled discussion even when the controller is effectively a black box.

Moreover, this framework is important in that it can provide insights that cannot be obtained

from the perspective of adding new functionalities to the controller.

In Chapter 2, we have introduced an evaluation function for Virtual Dynamics and formu-

lated the design problem. The key idea is that minimizing the value of the evaluation function

allows us to select and construct Virtual Dynamics that is favorable for the controller.

In Chapter 3, we have positioned dynamic quantizers as input-side Alterers in discrete-

valued input control and studied a design problem that minimizes discrepancy from an ideal

continuous-valued input system. Under implementability constraints on stability, gain, and

order, we have organized multiple design methods — analytic solutions, linear-programming

relaxations, and nonlinear optimization— and provided practical pathways to implementable

designs. We also developed the open-source Python library NQLib, providing an integrated

environment for design, evaluation, and simulation. This has provided one tool for designing



Virtual Dynamics.

In Chapter 4, we have introduced an output-side Alterer that shapes the observed states

presented to the agent in reinforcement learning control, aiming to improve learning effi-

ciency and final performance. For an inverted-pendulum stabilization task, we have shown

that prediction-type Alterers based on local linear models accelerate learning and can also

improve final performance. Moreover, systematic evaluations on second-order linear plants

have confirmed that when prediction replaces an unstable zero with a stable zero, learning

efficiency consistently improves, suggesting that minimum-phase characteristics serve as a

design guideline.

In Chapter 5, we have introduced an output-side Alterer that shapes and presents visual

information in human-machine systems, aiming to improve operability. We have constructed

The Inverted Pendulum Game and experimentally demonstrated that a prediction-based Al-

terer presenting a 0.6-second-ahead state prediction can substantially increase scores. In

comparative experiments with 32 valid subjects, the median score exceeded that of the real-

presentation mode by more than a factor of two for all subjects, while both input and angle

costs decreased. Furthermore, analysis assuming a linearized model and static output feed-

back suggested that enabling stabilization via static output feedback control can serve as a

design guideline for Alterers.

Overall, this dissertation has proposed signal-shaping-based Virtual Dynamics design as

a cross-domain framework for performance improvement without altering a fixed controller,

and demonstrated its effectiveness in control systems involving quantization, reinforcement

learning, and human operation.

A first direction for future work is to build a theoretical foundation for applying Virtual

Dynamics to awider variety of control targets. In this dissertation, we have focused on specific

cases targeting systems such as linear systems with discrete-valued input constraints, inverted

pendulums, and second-order linear systems. Future work aims to construct a design theory

for Virtual Dynamics while extending it to more general systems, such as those including

friction and saturation nonlinearities, as well as higher-order linear systems.

Another direction for future work is to apply Virtual Dynamics to systems controlled in

the real world by a human or reinforcement learning. By applying Virtual Dynamics to the

operation and autopilot of airplanes, drones, and robots, it may be possible to reduce the risk of

accidents and failures, as well as lower implementation costs. Furthermore, Virtual Dynamics

design may be applicable to fields such as image and video recognition and natural language

processing in machine learning, as well as physical activities like rehabilitation and sports for

humans.
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Appendix A

This appendix provides the documentation of NQLib described in Chapter 3.

A.1 Documentation of NQLib

NQLib is a Python library to design noise shaping quantizer for discrete-valued input control.

A.1.1 What Can I Do with NQLib?

In the real world, a dynamic systemmay have to be controlled by discrete-valued signals due to

the inclusion of actuators that are driven by ON/OFF or network with capacity limitations. In

such a case, a good output may be obtained by converting continuous-valued input to discrete-

valued input with a quantizer designed by NQLib.

A.1.2 Documentation

All the documentation is available at https://knttnk.github.io/NQLib/.

Examples of usage are available at https://colab.research.google.com/

drive/1Ui-XqaTZCjwqRXC3ZeMeMCbPqGxK9YXO.

A.1.3 References

NQLib is a Python library version of ODQ Toolbox, which were developed in MATLAB.

• https://github.com/rmorita-jp/odqtoolbox

• https://www.mathworks.com/products/matlab.html

The algorithms used in NQLib are based on the following paper.

https://knttnk.github.io/NQLib/
https://colab.research.google.com/drive/1Ui-XqaTZCjwqRXC3ZeMeMCbPqGxK9YXO
https://colab.research.google.com/drive/1Ui-XqaTZCjwqRXC3ZeMeMCbPqGxK9YXO
https://github.com/rmorita-jp/odqtoolbox
https://www.mathworks.com/products/matlab.html
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1. S. Azuma and T. Sugie: Synthesis of optimal dynamic quantizers for discrete-valued

input control; IEEE Transactions on Automatic Control, Vol. 53, pp. 2064 – 2075
(2008)

2. S. Azuma, Y. Minami and T. Sugie: Optimal dynamic quantizers for feedback control

with discrete-level actuators; Journal of Dynamic Systems, Measurement, and Control,

Vol. 133, No. 2, 021005 (2011)

3. Y. Minami and K. Kashima: Synthesis of dynamic quantizers based on series decom-

position of systems; Trans. of SICE, Vol. 52, pp. 46 – 51(2016) (in Japanese)
4. R. Morita, S. Azuma, Y. Minami and T. Sugie: Graphical design software for dynamic

quantizers in control systems; SICE Journal of Control, Measurement, and System

Integration, Vol. 4, No. 5, pp. 372-379 (2011)

5. Y. Minami and T. Muromaki: Differential evolution-based synthesis of dynamic quan-

tizers with fixed-structures; International Journal of Computational Intelligence and

Applications, Vol. 15, No. 2, 1650008 (2016)

A.1.4 License

This software is released under the MIT License, see LICENSE.txt.

A.2 Classes

A.2.1 nqlib.Controller

State-space model of a controllerK. The controllerK is given by:

K :

x(t+ 1) = Ax(t) +B1r(t) +B2y(t)

u(t) = Cx(t) +D1r(t) +D2y(t)
(A.1)

Example

import nqlib

K = nqlib.Controller(A=0,

B1=0,

B2=[0, 0],

C=0,

D1=1,

D2=[-20, -3])

K.A
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# array([[0]])

Methods

■__init__(A, B1, B2, C, D1, D2) Initialize a Controller instance.

Parameters:

• A (array_like) – State matrix (n× n), real.

• B1 (array_like) – Input matrix for r (n× l), real.

• B2 (array_like) – Input matrix for y (n× p), real.

• C (array_like) – Output matrix (m× n), real.

• D1 (array_like) – Feedthrough matrix for r (m× l), real.

• D2 (array_like) – Feedthrough matrix for y (m× p), real.

A.2.2 nqlib.DynamicQuantizer

Dynamic quantizer.

Example

import nqlib

q = nqlib.StaticQuantizer.mid_tread(1.0)

Q = nqlib.DynamicQuantizer(0.6, 1, 1, q)

Q.quantize([0.4, 0.4, 0.4, 0.4, 0.4, 0.4, 0.4, 0.4])

# array([[ 0., 0., 0., 0., 0., -1., -2., -3.]])

Properties

• A: State matrix (N ×N , real). N ≥ 1.

• B: Input matrix (N ×m, real). m ≥ 1.

• C: Output matrix (m×N , real).

• N: Order of this dynamic quantizer (N ≥ 1). Equals the number of rows (or columns)

in A.

• delta: The maximum allowed quantization error of q.
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Methods

■__init__(A, B, C, q) Initialize a DynamicQuantizer instance. The dynamic quantizer

is defined by the following equations:

Q :

 ξ(t+ 1) = Aξ(t) +Bu(t)

v(t) = q(Cξ(t) + u(t))
(A.2)

Parameters:

• A (array_like) – State matrix (N ×N , real). N ≥ 1.

• B (array_like) – Input matrix (N ×m, real). m ≥ 1.

• C (array_like) – Output matrix (m×N , real).

• q (StaticQuantizer) – Static quantizer instance.

Methods

■cost(system, steptime=InfInt.Value, _check_stability=True) Compute the cost

(E(Q)) for this quantizer and system.

■design(system, *, q, steptime=InfInt.Value, max_gain_wv=inf, max_N=In-

fInt.Value, verbose=False, use_analytical_method=True, use_LP_method=True,

use_design_GB_method=True, use_DE_method=False, solver=None) Design a

stable and optimal dynamic quantizer for a system.

Example:

import nqlib

P = nqlib.Plant(

A =[[ 1.8, 0.8],

[-1.0, 0. ]],

B =[[1.],

[0.]],

C1 =[0.01, -0.09],

C2 =[0, 0],

)

G = nqlib.System.from_FF(P)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design(

system=G,

q=q,

steptime=100,
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)

Q.is_stable

# True

E < 0.5

# np.True_

■design_AG(system, *, q, allow_unstable=False, verbose=False) Algebraically de-

sign a stable and optimal dynamic quantizer for a system.

Example:

import nqlib

P = nqlib.Plant(

A =[[ 1.8, 0.8],

[-1.0, 0. ]],

B =[[1.],

[0.]],

C1 =[0.01, -0.09],

C2 =[0, 0],

)

G = nqlib.System.from_FF(P)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design_AG(system=G, q=q)

Q.is_stable

# True

E < 0.5

# np.True_

■design_DE(system, *, q, N, steptime=InfInt.Value, max_gain_wv=inf, ver-

bose=False) Design a stable and optimal dynamic quantizer using differential evolution.

Example:

import nqlib

G = nqlib.System(

A=[[1.15, 0.05],

[0.00, 0.99]],

B1=[[1],

[1]],

B2=[[0.004],

[0.099]],

C1=[1., 0.], C2=[-15., -3.],

D1=0, D2=0,
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)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design_DE(

system=G,

q=q,

N=2,

)

Q.is_stable

# True

E < 0.01

# np.True_

■design_GD(system, *, q, N, steptime=InfInt.Value, max_gain_wv=inf, ver-

bose=False, method=’SLSQP’, obj_type=’exp’) Design a stable and optimal dynamic

quantizer using gradient-based optimization.

Example:

import nqlib

G = nqlib.System(

A=[[1.15, 0.05],

[0.00, 0.99]],

B1=[[1],

[1]],

B2=[[0.004],

[0.099]],

C1=[1., 0.], C2=[-15., -3.],

D1=0, D2=0,

)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design_GD(

system=G,

q=q,

N=2,

)

Q.is_stable

# True

E < 0.01

# np.True_
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■design_LP(system, *, q, dim=InfInt.Value, T=InfInt.Value, max_gain_wv=inf,
solver=None, verbose=False) Design a stable and optimal dynamic quantizer using the

linear programming method.

Example:

import nqlib

P = nqlib.Plant(

A =[[ 1.8, 0.8],

[-1.0, 0. ]],

B =[[1.],

[0.]],

C1 =[0.01, -0.09],

C2 =[0, 0],

)

G = nqlib.System.from_FF(P)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design_LP(

system=G,

q=q,

T=100,

dim=2,

max_gain_wv=2.0,

)

Q.is_stable

# True

E < 0.5

# np.True_

■from_SISO_parameters(parameters, *, q) Create a SISO dynamic quantizer from

parameters.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer.from_SISO_parameters([1, 0.33], q=q)

■gain_wv(steptime=InfInt.Value, verbose=False) Compute the gain from w to v for

this quantizer.

Example:
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import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

dq = nqlib.DynamicQuantizer(0.5, 0.1, 0.1, q)

dq.gain_wv() < 1.021

# np.True_

■objective_function(system, steptime=InfInt.Value) Calculate the objective

function E(Q) for a given system.

Example:

import nqlib

G = nqlib.System(

A=[[1.15, 0.05],

[0.00, 0.99]],

B1=[[1],

[1]],

B2=[[0.004],

[0.099]],

C1=[1., 0.], C2=[-15., -3.],

D1=0, D2=0,

)

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q, E = nqlib.DynamicQuantizer.design_AG(system=G, q=q)

e = Q.objective_function(G)

abs(e - E) < 1e-4

# True

■order_reduced(new_N) Returns a reduced-order quantizer.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

import numpy as np

Q = nqlib.DynamicQuantizer(

np.eye(2)*0.5,

np.eye(2, 1),

np.eye(1, 2),

q

)

Q.N # Original order

# 2

– 73 –



A.2. CLASSES

Q2 = Q.order_reduced(1) # Reduce the order to 1

Q2.N

# 1

Parameters:

• new_N (int) – Desired order (1 ≤ new_N < self.N).

■quantize(u) Quantize input u.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer.from_SISO_parameters([0.9], q=q)

u = [0.1, 0.2, 0.3]

v = Q.quantize(u)

v.shape

# (1, 3)

■spec(steptime=InfInt.Value, show=True) Specification of the quantizer (range and in-

tervals).

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer.from_SISO_parameters([0.9], q=q)

Q.spec()

# (inf, 0.1)

■to_parameters() Convert to parameter representation.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer.from_SISO_parameters([0.9], q=q)

Q.to_parameters()

# [0.9]

Properties

■gain_uv L2 gain from u to v.

Example:
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import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer.from_SISO_parameters([0.9], q=q)

Q.gain_uv

# 1.0

■is_stable Check stability of the dynamic quantizer.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer.from_SISO_parameters([0.9], q=q)

Q.is_stable

# True

■m Input/output dimension.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer.from_SISO_parameters([0.9], q=q)

Q.m

# 1

■minreal Minimal realization of the internal system H .

Example:

import nqlib

import numpy as np

q = nqlib.StaticQuantizer.mid_tread(0.1)

Q = nqlib.DynamicQuantizer(

np.array([[0.1, 0], [0, 0.2]]),

np.array([[1], [1]]),

np.array([[1, 1]]),

q

)

Q.N

# 2

Q_min = Q.minreal

Q_min.N
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# 2

A.2.3 nqlib.Plant

State-space model of a plant P . The plant P is given by:

P :


x(t+ 1) = Ax(t) +Bu(t)

z(t) = C1x(t)

y(t) = C2x(t)

(A.3)

Methods

■__init__(A, B, C1, C2) Initialize a Plant instance.

■from_TF(tf) Create a Plant instance from a transfer function.

Example:

import nqlib

import control

tf = control.TransferFunction([1], [1, 2, 1], 1) # 1 / (s^2 + 2s +

1)

P = nqlib.Plant.from_TF(tf)

P.A.shape[0]

# 2

A.2.4 nqlib.StaticQuantizer

Static quantizer.

Properties

• delta: The maximum allowed quantization error. Declares that for any real vector u,

max(|q(u)− u|) ≤ delta. delta > 0.

Methods

■__init__(function, delta, *, error_on_excess=True) Initialize a StaticQuantizer q.

Example:

import nqlib

import numpy as np

q = nqlib.StaticQuantizer(lambda u: np.round(u), 1.0)
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q([1.2, 2.3])

# array([1., 2.])

■cost(system, steptime=InfInt.Value, _check_stability=True) Compute the cost

(E(Q)) for this quantizer and system.

Example:

import nqlib

import numpy as np

G = nqlib.System(

A=[[1.15, 0.05],

[0.00, 0.99]],

B1=[[1],

[1]],

B2=[[0.004],

[0.099]],

C1=[1., 0.], C2=[-15., -3.],

D1=0, D2=0,

)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design_AG(

system=G,

q=q,

)

Q.cost(G) < q.cost(G)

# np.True_

■mid_riser(d, bit=InfInt.Value, *, error_on_excess=True) Create a mid-riser uni-

form StaticQuantizer.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_riser(0.5)

q([0.2, 0.7, 1.1, 0, -1])

# array([ 0.25, 0.75, 1.25, 0.25, -0.75])

■mid_tread(d, bit=InfInt.Value, *, error_on_excess=True) Create a mid-tread uni-

form StaticQuantizer.

Example:

import nqlib
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q = nqlib.StaticQuantizer.mid_tread(0.5)

q([0.2, 0.7, 1.1, 0, -1])

# array([ 0. , 0.5, 1. , 0. , -1. ])

■quantize(u) Quantize the input signal.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.5)

u = [0, 0.32, 0.44]

q.quantize(u)

# array([0. , 0.5, 0.5])

A.2.5 nqlib.System

State-space model of an ideal system. The system is given by:

G :


x(t+ 1) = Ax(t) +B1r(t) +B2v(t)

z(t) = C1x(t) +D1r(t)

u(t) = C2x(t) +D2r(t)

(A.4)

Methods

■__init__(A, B1, B2, C1, C2, D1, D2) Initialize a System instance.

Example:

import nqlib

G = nqlib.System(

A=[[1.15, 0.05],

[0.00, 0.99]],

B1=[[0.],

[0.]],

B2=[[0.004],

[0.099]],

C1=[1., 0.],

C2=[-15., -3.],

D1=0,

D2=1,

)

G.A

# array([[1.15, 0.05],
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# [0. , 0.99]])

■E(Q, steptime=InfInt.Value, _check_stability=True, verbose=False) Estimate E(Q)

for the system and quantizer.

Example:

import nqlib

import numpy as np

G = nqlib.System(

A=[[1.15, 0.05],

[0.00, 0.99]],

B1=[[1],

[1]],

B2=[[0.004],

[0.099]],

C1=[1., 0.], C2=[-15., -3.],

D1=0, D2=0,

)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design_AG(

system=G,

q=q,

)

np.isclose(E, G.E(Q))

# np.True_

G.E(Q) < G.E(q)

# np.True_

■from_FBIQ(P, K) Alias for from_FB_connection_with_input_quantizer.

■from_FBOQ(P, K) Alias for from_FB_connection_with_output_quantizer.

■from_FB_connection_with_input_quantizer(P, K) Create a System in-

stance from Plant and Controller with input quantizer (feedback connection). ’from_FB_con-

nection_with_input_quantizer’ means that a quantizer is inserted as shown in the following

figure.

+-------+ +-------+ +-------+

r ---->| | u | | v | |---> z

| K |---->| Q |---->| P |

+->| | | | | |--+
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| +-------+ +-------+ +-------+ | y

+-----------------------------------------+

■from_FB_connection_with_output_quantizer(P, K) Create a Sys-

tem instance from Plant and Controller with output quantizer (feedback connection).

’from_FB_connection_with_output_quantizer’ means that a quantizer is inserted as shown

in the following figure.

+-------+ +-------+

r ---->| | | |---> z

| K |---------->| P |

+->| | | |--+

v | +-------+ +-----+ +-------+ | u

+-------------| Q |<------------+

+-----+

■from_FF(P) Create a System instance from a Plant (feedforward connection).

■is_stable Check if the closed-loop system is stable.

Example:

import nqlib

sys = nqlib.System(0.3, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5)

sys.is_stable

# True

■is_stable_with(Q) Alias for is_stable_with_quantizer.

■is_stable_with_quantizer(Q) Check if the closed-loop system with the quan-

tizer is stable.

Example:

import nqlib

G = nqlib.System(

A=[[1.15, 0.05],

[0.00, 0.99]],

B1=[[1],

[1]],

B2=[[0.004],

[0.099]],

C1=[1., 0.], C2=[-15., -3.],
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D1=0, D2=0,

)

q = nqlib.StaticQuantizer.mid_tread(d=2)

Q, E = nqlib.DynamicQuantizer.design_AG(

system=G,

q=q,

)

G.is_stable_with_quantizer(Q)

# True

■response(input, x_0) Simulate the system and return results.

Example:

import nqlib

import numpy as np

sys = nqlib.System(1, 1, 1, 1, 1, 1, 1)

t, u, z = sys.response(np.ones((1, 5)), np.zeros((1, 1)))

t.shape

# (1, 5)

■response_with_quantizer(quantizer, input, x_0) Simulate the system with a

quantizer and return results.

Example:

import nqlib

import numpy as np

sys = nqlib.System(1, 1, 1, 1, 1, 1, 1)

q = nqlib.StaticQuantizer.mid_tread(0.1)

t, u, v, z = sys.response_with_quantizer(q, np.ones((1, 5)), np.

zeros((1, 1)))

A.3 Functions

A.3.1 nqlib.installed_solvers

■installed_solvers() List the installed solvers.

A.3.2 nqlib.order_reduced

■order_reduced(Q, new_N) Returns the quantizer with its order reduced.
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Note that the quantizer with the reduced order will generally have largerE(Q) and a larger

gain_wv than those of the original quantizer. You should check the performance and gain

yourself.

This function requires slycot. Please install it.

Example:

import nqlib

q = nqlib.StaticQuantizer.mid_tread(0.1)

import numpy as np

Q = nqlib.DynamicQuantizer(

np.eye(2)*0.4,

np.eye(2, 1),

np.eye(1, 2),

q

)

Q.N # Original order

# 2

Q2 = nqlib.order_reduced(Q, 1) # Reduce the order to 1

Q2.N

# 1

Parameters:

• Q (DynamicQuantizer) –The quantizer to be reduced. Must be an instance of Dynam-

icQuantizer.

• new_N (int) – Desired order (1 ≤ new_N < Q.N).
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