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Abstract

Achieving reliable, safe, and computationally efficient control of nonlinear and

complex systems remains a central challenge in modern control engineering. Clas-

sical model-based approaches provide strong theoretical guarantees of stability

and robustness, but depend on accurate models and well-characterized environ-

ments. In contrast, learning-based methods can flexibly adapt to data and changing

conditions, yet reconciling their flexibility with rigorous guarantees and practical

implementability remains challenging. This dissertation comprises three studies

that address these challenges from complementary perspectives.

The first study develops a reference-free Learning Model Predictive Control

(LMPC) framework that enhances control performance through iterative exe-

cution of MPC-based control. The proposed method employs Gaussian Process

(GP) regression to model the uncertain components of the system dynamics and

refines both the terminal set and terminal cost of the MPC optimization prob-

lem. These refinements are achieved using reachable sets computed from the

reproducing kernel Hilbert space representation and the Lipschitz constants of

the learned dynamics, accumulated over previous iterations. Theoretical analyses

establish recursive feasibility of the MPC optimization problem and input-to-state

stability (ISS) of the goal region, and a bound on the control performance of the

closed-loop system at each iteration is also derived.

The second study addresses safe autonomous control in previously unseen envi-

ronments by constructing Control Barrier Functions (CBFs) online from onboard

sensor data. By combining Bayesian meta-learning with Bayesian surface recon-

struction, the approach enables fast and data-efficient adaptation of the learned

CBF to new environments and provides a probabilistic assessment of safety within

a CBF-based quadratic program (CBF-QP) suitable for real-time implementation.

The third study focuses on control for temporal task specifications expressed

in Signal Temporal Logic (STL). A learning framework is developed to train a

single recurrent neural network (RNN) controller capable of handling multiple

STL specifications. The proposed STL2vec embedding encodes STL formulas

as vectors that capture their semantic relationships, allowing the controller to



generate task-conditioned policies that generalize across different objectives with

improved computational and memory efficiency.
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Chapter 1

Introduction

Designing effective policies for control and decision-making―determining appropriate actions based

on system states to achieve desired objectives―remains a central challenge in engineering and intel-

ligent autonomous systems [1, 2]. Classical model-based control theory offers a rigorous foundation

for analyzing and guaranteeing stability, robustness, and performance of a closed-loop system [3–5].

However, its success fundamentally relies on the availability of accurate system models and consis-

tent knowledge of the operating environment. When models are misspecified or the environment

undergoes unanticipated changes, the nominal guarantees of stability and performance can deteriorate

rapidly [6]. To extend the reach of classical control to increasingly complex and uncertain domains

such as autonomous driving, robotic manipulation, and large-scale energy systems, it is essential to

develop design principles that ensure reliable and adaptive operation even when precise models or

fixed operating conditions cannot be assumed.

In recent years, rapid progress in the machine learning has positioned data-driven approaches as

powerful tools for addressing the modeling and design limitations of conventional control methods.

Within the learning community, Reinforcement Learning (RL) has emerged as a general framework for

sequential decision-making, where an agent learns a control policy that maximizes cumulative rewards

through trial-and-error interaction with an initially unknown environment [7]. This formulation

enables learning directly from experience without relying on explicit analytical models, and has

demonstrated remarkable flexibility in high-dimensional, nonlinear, and partially observed settings

[8]. Notably, RL has achieved superhuman performance in challenging domains such as Go and real-

time strategy games [9, 10]. However, these achievements have yet to fully translate to safety-critical

physical systems such as robotics, where issues of high sample complexity and the absence of formal

guarantees for safety and stability remain major barriers to reliable deployment [11, 12]. Addressing

these safety concerns is a central goal of the growing subfield of safe reinforcement learning (Safe
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RL) [12], yet bridging the gap between empirical performance and the formal verification required by

safety-critical systems remains a key obstacle.

In parallel, the control community has sought to augment classical model-based control theory by

integrating adaptation and learning techniques. A key line of research in this direction is data-driven

system identification, which aims to learn dynamical models directly from experimental or operational

data, thereby enabling controller synthesis even when accurate physical models are unavailable [13].

Recent advances in neural-network-based identification and differentiable dynamics learning have

further enhanced the expressiveness and adaptability of learned models for complex nonlinear systems

[14, 15]. Building on these developments in model learning, a significant research effort has focused

on addressing the inherent uncertainty associated with data-driven models during both design and

operation. Instead of relying solely on nominal predictions, these approaches explicitly characterize

uncertainty, often through probabilistic learning frameworks, and incorporate this information into

reasoning about system behavior. For example, probabilistic models such as Gaussian processes have

been used to identify reliable operating regions and to expand these regions cautiously as additional data

reduce uncertainty, ensuring that the system operates within confidence-certified bounds throughout

the learning process [16–18].

In addition to learning dynamical models and their uncertainty, recent work has investigated how

data can refine key structural components of the controller itself, including performance objectives,

feasible-set descriptions, and feedback parameterizations. These approaches preserve a model-based

architecture while treating central design elements as tunable parameters that can be optimized to

better reflect real system behavior. Early examples include self-tuning and adaptive optimal control

schemes that update feedback gains or estimator parameters online in response to observed performance

[19, 20]. More recent contributions employ Bayesian optimization and other data-efficient black-box

optimization methods to automatically tune quadratic performance weights, cost-shaping parameters,

and feedback gains based on experimental data [21–24].

Another prominent research direction in learning-based control literature is learning control cer-

tificate functions, such as the Control Lyapunov Function (CLF) [25], the Control Barrier Function

(CBF) [26], and contraction metric [27]. A certificate function provides a formal means to verify

that a control system satisfies desired properties―most commonly stability, safety, or performance. A

CLF ensures stability by guaranteeing the existence of a control input that decreases a Lyapunov-like

energy function, driving the system toward a desired equilibrium. Conversely, a CBF ensures safety by

maintaining forward invariance of a predefined safe set through inequality constraints that prevent the

system from leaving that region [28–31]. A contraction metric, in turn, certifies incremental stability
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or exponential convergence rates by ensuring that trajectories converge to each other [27]. The primary

challenge lies in constructing valid certificate functions for nonlinear or high-dimensional systems,

as doing so often requires strong analytical insight into system dynamics. This task becomes partic-

ularly difficult when the environment or safe set is not known a priori. To overcome this limitation,

recent research has focused on learning certificate functions directly from data [32–35]. These meth-

ods typically employ neural networks or optimization-based representations to enforce Lyapunov or

barrier inequalities at sampled states, sometimes with robustness margins or counterexample-guided

refinement, i.e., iteratively searching for states that violate the certificate conditions and adding them

to the training/constraint set to refine the candidate certificate.

Beyond certificate-based approaches, formal methods grounded in temporal logic―including

Linear Temporal Logic (LTL) [36] and Signal Temporal Logic (STL) [37]―provide a complementary

framework for specifying and verifying complex, time-dependent behaviors of dynamical systems

[38]. Whereas Lyapunov- and barrier-based certificates impose continuous-time conditions that

ensure stability and safety, temporal logic captures higher-level task requirements such as ordered

events, timing constraints, and persistent objectives. LTL encodes qualitative logical relations among

propositions over time, while STL extends this capability to real-valued, continuous-time signals

and supports quantitative reasoning through robustness scores [37, 39]. In control synthesis, such

robustness metrics can be incorporated into optimization or MPC formulations to enforce temporal

and safety constraints in a unified manner [40–42]. Motivated by these developments, learning-

based approaches have recently been explored for synthesizing control policies that satisfy temporal

logic specifications directly from data [43–45]. In these methods, neural networks are trained to

maximize differentiable approximations of STL robustness or minimize the deviation from the expert

demonstrations, enabling the policy to acquire temporal reasoning abilities while accounting for

nonlinear dynamics. Once trained offline, the resulting controller can generate appropriate inputs in

real time without repeatedly solving nonconvex optimization problems in online control execution.

This dissertation builds on the research themes introduced above and develops new methodologies

that address their limitations in the context of learning-based control. The detailed outlines, related

works, and specific contributions of each chapter are presented in the following section.
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1.1 Outline, Related Works, and Contribution

1.1.1 Chapter 2

Model Predictive Control (MPC) [46] is one of the most commonly used control methods that has

a wide range of industrial applications. The ability to systematically cope with multivariate plants

and system constraints has made MPC an attractive control strategy. However, since the control

inputs are determined by solving a finite time horizon optimal control problem in a receding horizon

manner, the resulting state trajectory is generally a sub-optimal solution to the original infinite time

optimal control problem. To address this optimality issue, arising from the short-sightedness of MPC,

some previous works consider improving the control performance by iteratively executing control

with finite-horizon MPC. Exploiting such a framework is especially beneficial for applications that

are required to iteratively execute the same task, e.g., robots for assembling. Under the assumption

that the reference signal is given in advance, many works, such as [47, 48] achieve zero tracking error

with the iterative MPC schemes. The authors of the works [49, 50] proposed a different iterative MPC

approach, called Learning Model Predictive Control (LMPC) that considers improving the terminal

components (i.e., terminal cost and terminal set) of the MPC problem, by using the experiences in

the previous iterations. In these works, the reference signal is not required, which improves the

applicability of the method.

In addition to the optimality issue, the lack of an accurate prediction model is also a major practical

challenge for MPC implementations [6]. Thus, the ways to learn the system dynamics with data, and

incorporate it into the MPC optimization problem are studied in the vast literature [6]. Specifically,

Gaussian Process (GP) [51, 52] is one of the most popular learning methods in this context [18, 53–57].

Since the GP can capture the uncertainty in the prediction and is equipped with formal probabilistic

bounds on the prediction [58, 59], it can be used to consider or ensure robust constraint satisfaction of

the resulting controller [55].

In this study, we investigate a reference-free iterative MPC scheme for unknown nonlinear systems.

Our method extends the LMPC framework [49], specifically adapted to scenarios where the system

dynamics are not known apriori and learned from data. This extension is not trivial since the terminal

constraint in [49] requires the terminal state to coincide with one of the states that are visited in past

iterations, which is impossible in our setting due to the state-dependent uncertainty in the prediction

model. Since the dynamics model always includes some prediction error and the dynamics may

change during the control execution, it is crucial to develop such a method to enhance the LMPC

framework’s applicability. In the proposed method, we first consider learning the controlled dynamics
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by GP regression and derive forward-reachable sets of system states with respect to a sequence of

control inputs using the Reproducing Kernel Hilbert Space (RKHS) augment. Then, the terminal

set and cost in the MPC problem are defined based on the reachable sets that are calculated and

collected in the previous iterations. To iteratively improve the terminal components, we leverage and

extend the ideas in the works [49, 50]. Specifically, how to construct the terminal components for the

unknown dynamics setting to get a desirable performance is considered. The proposed MPC scheme

meets several desirable properties such as recursive feasibility and Input-to-State Stability (ISS) of

the goal region. We also derive the performance bound of the resulting closed-loop system in each

iteration under certain assumptions. The case study shows that the proposed iterative MPC scheme

can effectively improve the performance cost along with the iterations.

Related works and contributions: Learning-based approaches for MPC have been actively

studied over the last few decades, and many attempts have been made in the literature [6, 60]. Most

research efforts in learning-based MPC have focused on the automatic adaptation of the system model.

Specifically, how to guarantee robust constraint satisfaction with learned models has gained significant

attention in the literature. The robust adaptive formulations that use set membership estimation to

tighten the constraints are introduced in the works such as [61, 62]. Machine learning-based approaches

are also extensively studied in a variety of works [18, 53–57, 63–65]. Specifically, the works [18, 53–

57] use the GP, which can express uncertainty in the prediction and enable controllers to evaluate

the probability of violating the constraints. While the works [18, 53, 54] rely on the approximated

prediction of uncertainty propagation of the GP such as statistical moment matching, the authors of

the work [55] derive ellipsoidal sets that are ensured to include the actual system states with high

probability based on Reproducing Kernel Hilbert Space (RKHS) augment and use them to tighten

the constraints in MPC problem. The works [56, 57] guarantee closed-loop stability of the GP-based

robust MPC.

The potential for learning and data-driven adaptation in MPC extends further than just enhancing

model accuracy. Specifically, how to improve the closed-loop performance of MPC controllers by

adjusting parameters within MPC formulation with collected data is considered in the literature.

Bayesian optimization for optimal control [66], inverse optimal control [67], and a combination of

reinforcement learning and MPC [68] are examples of such a method. This study is mainly built on

the seminal works by Ugo Rosolia and Francesco Borrelli [49, 50], which propose a way to effectively

incorporate the obtained data in the previous control executions to refine the terminal components

of the MPC problem. With this scheme, the infinite-time optimal control problem with state and

input constraints is guaranteed to be solved by iteratively performing finite-time horizon MPC for
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known linear systems [50] and the monotonically non-increasing property of the performance cost is

guaranteed for known nonlinear systems [49], under the assumption that one or more feasible (not

optimal) solution to the control problem is given in advance. Moreover, the desired properties for

MPC, such as recursive feasibility and stability of the closed-loop system, are also guaranteed with

the learned terminal components. This method is extended to the case of uncertain linear systems

[69, 70], nonlinear probabilistic systems [71, 72], multi-agent systems [73], certificate function based

approach [74], and multi-modal setting [75], and tested on a number of challenging applications such

as autonomous vehicles [76] and surgical robots [71]. However, all of these studies assume that the

system dynamics are known or uncertain, but the noise distribution is given, which motivates our

work.

The contributions of our work in the literature are the following three hold: First, we consider how

to iteratively improve the terminal components of the MPC problem with the learned dynamics and

show the resulting MPC formulation meets desirable properties such as recursive feasibility and Input-

to-State Stability (ISS) of the target region under certain assumptions. By further adding conditions

to the proposed control scheme, we can also show the system states converge to the target region.

Moreover, we analyze the performance bound along with the control execution in each iteration. The

conditions required for the learned dynamics to be incorporated into the proposed scheme are also

clarified. To the best of the author’s knowledge, this is the first work that considers an LMPC method

(method aiming to iteratively improve the terminal components) for unknown nonlinear systems,

while adaptive control strategies for linear systems are explored in [77]. Second, we introduce

the technique called Backward Enlargement, which enlarges the confidence regions obtained in the

previous iterations backward in time to improve the method’s applicability (for details, see subsection

2.3.2). Third, compared to the MPC strategies with the uncertainty propagation techniques such as

[55, 63] without iterative control schemes, our work can effectively use the reachable sets observed

in the past iterations and ensure the feasibility of control problems that require larger execution time

steps than the MPC horizon, discuss the stability property of the target region and the performance

cost bound. Lastly, we test the proposed method with the simulation study on two control problems

and see that the proposed method can improve the performance cost along with the iterations.

1.1.2 Chapter 3

Ensuring safety while achieving certain tasks is a fundamental yet challenging problem that has

drawn significant attention from researchers in the control and robotics communities over the past

few decades. In the control community, such safety requirements are often handled by imposing
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corresponding state constraints on an optimal control problem. Model Predictive Control (MPC) [46]

and control synthesis methods based on the certificate functions, such as Control Lyapunov Function

(CLF) and Control Barrier Function (CBF) [25, 26, 30] are notable examples of such a method.

Desirable theoretical results for these methods, such as feasibility, stability, and safety are offered for

known system dynamics [25, 26, 30, 46] or noisy dynamics with known noise distribution [78–80].

The CBF is a prominent tool to impose forward invariance of a safe set in state space. If a dynamical

system is control-affine, Quadratic Programming formulation called CBF-QP [30] is available, which

can produce safe control inputs much faster than many other control methods, including MPC, and

enables real-time implementations for challenging applications such as autonomous vehicles [81] and

bipedal locomotion [82]. However, the majority of the existing works presuppose the availability of

a valid CBF that represents safe and unsafe regions in state space. This assumption, however, cannot

be maintained if a robot is expected to operate autonomously in unknown or uncertain environments.

In such situations, it is essential for a robotic system to automatically identify unsafe regions on the

fly, employing data from sensory devices. Thus, in this study, we consider a learning-based method

for constructing a CBF based on online measurements obtained from onboard sensors such as LiDAR

scanners.

In the previous studies regarding this line of the topic (e.g., [83–85]), the robotic system iteratively

improves the prediction of the CBF by collecting online sensor measurements without any prior

knowledge about the environment or learning task. However, in such cases, even a slight change

in the environment necessitates a complete retraining process, which is inefficient and requires a

substantial amount of data. To efficiently and effectively learn CBF, adapting it to a new environment

with minimal or small amount of training data, we suggest implementing meta-learning [86, 87],

a technique that allows an agent to learn how to learn, as opposed to creating it from scratch.

During the meta-training process, the model parameters are trained with data collected from various

different environments, aiming to learn common underlying knowledge or structure of the learning

task. The parameters obtained through meta-learning are then utilized as initial parameters for the

online phase in a new environment and updated with online measurements in the environment. In this

study, we specifically employ a learning scheme combining the recently developed Bayesian meta-

learning method [88] which is equipped with probabilistic bounds on the prediction [89], and the

Bayesian surface reconstruction method [90–92] that can learn the unsafe regions from noisy sensor

measurements. With this method, we can learn CBF and synthesize a safe controller with few amount

of data and provide a probabilistic guarantee on the resulting controller.

Related works on learning and CBF : Learning-based approaches for certificate functions such
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as CBF and CLF are one of the active research topics in the area of intersections between control

and learning [93]. In the following, we summarize the recent progress in the topic of learning and

CBF. The authors of the works [94–99] used CBF for active safe learning of uncertain dynamics. The

works [94, 95] consider machine learning approaches to safely reduce the model uncertainty and show

the methods yield empirically good performances, while the Gaussian Process (GP) is also used in

[96–99] and rigorous theoretical results for safety requirements are offered under certain assumptions.

CBF is also used in Imitation Learning (IL) and Reinforcement Learning (RL) [100–104] to account

for safety concerns.

While the above studies assume a valid CBF is given and consider leveraging it to impose safety

conditions, several previous studies also consider parameterizing CBF itself by Neural Network (NN)

and learning it to be a valid barrier function [83–85, 105–108]. The work [105] considers jointly

learning NNs representing CBF and CLF as well as a control policy based on safe and unsafe samples.

The method proposed in [106] considers recovering CBF from expert demonstrations and theoretically

guarantees that the learned NN meets the CBF conditions under the Lipsitz continuity assumptions.

In [83], GP is also used to synthesize CBF. The works most related to this study are [84, 85], which

propose ways to learn CBF with sensor measurements. In [84], Support Vector Machine (SVM)

classifier representing CBF is trained with safe and unsafe samples constructed by using the LiDAR

measurements. Similarly, the authors of the work [85] present a synthesis method using Signed

Distance Function (SDF).

Related works on meta-learning and control : Meta-learning, also known as “learning to learn,”

is a technique capable of learning from previous learning experiences or tasks in order to improve

the efficiency of future learning [86]. Meta-learning has recently become increasingly popular in

the control literature. In several previous studies, such as [89, 109], meta-learning is used to learn

system dynamics to enable quick adaptation to the changes in surrounding situations. In these works,

the trained models are incorporated into MPC, which requires relatively heavy online computation.

Meta-learning is also used in policy learning in the context of adaptive control [110] and reinforcement

learning [86, 111].

Contributions: Our contributions compared to the existing methods are threefold: First, compared

to the methods that synthesize CBF with sensor measurements [83–85] which rely on traditional

supervised learning, the proposed meta-learning scheme can effectively use past data collected from

different environments and produce a prediction of CBF with few amount of data. Consequently,

the resulting control scheme realizes less conservative control performance with few amount of data

(small number of online CBF updates) as we see in the case study. Second, different from the previous
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NN-based CBF synthesis methods [84, 85, 105, 107, 108], our method can readily take into account

uncertainty in data and calculate formal probabilistic bounds on CBF. Based on this, we provide a

probabilistic safety guarantee on the proposed control scheme. Although the work [85] takes into

account the prediction error in Signed Distance Function (SDF), such an error bound is assumed to

be given and actual computation is not provided. Third, the learned CBF can readily be incorporated

into ordinary QP formulation, which can be efficiently solved. Thus, our method can produce control

input much faster than the previous methods regarding meta-learning, and MPC, such as [89, 109].

1.1.3 Chapter 4

Recently, formal methods have attracted much attention in control to address complex and temporal

objectives such as periodic, sequential, or reactive tasks, going beyond the traditional control objectives

like stability and tracking. Temporal logics such as linear temporal logic (LTL)[36], metric temporal

logic (MTL)[112], and signal temporal logic (STL)[37] allow us to write down formal descriptions

for these specifications.

In this study, we focus on dealing with the STL specifications, which can specify the temporal

properties of real-valued signals. One of the notable advantages of using the STL specifications in

control is that we have access to the quantitative semantics, called robustness, which measures how

much a signal satisfies the STL specification. The robustness has been used for control purposes in

many existing works [40, 113–118]. The authors of [40, 113, 114] proposed a scheme of encoding STL

constraints or robustness of the STL specifications by mixed-integer linear constraints, and these are

utilized to employ Model Predictive Control (MPC). To alleviate the computational burden of mixed-

integer programming, the works [115–118] proposed the concept of smooth robustness, allowing us

to solve the maximization problem of the robustness based on gradient-based algorithms.

Aiming to further improve the scalability and meet real-time requirements, neural network (NN)

based feedback controller was employed for STL tasks [43–45, 106, 119]. Although the learning

procedure itself may be time-consuming, once this computation can be done offline, applying the

resulting controller online becomes much faster than directly solving the optimization problem at each

time step. In [45], the parameters of the feed-forward NN were trained to maximize the robustness

of the STL specifications. Reinforcement learning algorithms such as deep Q-learning (DQN) and

learning from demonstrations (Lfd) were used for learning the NN controller in [119] and [106],

respectively. The works of [43, 44] used a Recurrent Neural Network (RNN) [120] instead of a

feed-forward NN, which is more suitable for control with STL specifications since the satisfaction of

an STL formula depends on a state trajectory (not just the current state). In [43, 44], RNN parameters
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were trained using imitation learning and model-based reinforcement, respectively.

However, the afore-cited previous works can deal with only one STL specification (i.e., the NN

controller is trained for only one prescribed STL specification), and did not explicitly deal with multiple

STL specifications. In particular, it may be more desirable and flexible in practice that the user is

able to choose an STL specification freely from multiple STL specifications, such as the case where a

surveillance task in a certain region (building, park, etc.) changes from day to day. A naive approach

to achieve this would be to learn a set of NN controllers independently for all the candidate STL

specifications, although this would be expensive in terms of memory consumption and computational

resources if the number of the STL specifications is large (i.e., the number of the parameters to be

learned could increase as the number of the candidate STL specifications increases). Hence, we

here consider learning a single NN controller, in which not only the states of the system but also a

chosen STL specification are regarded as inputs to the NN. We in particular focus on learning an RNN

controller since as previously mentioned, it is suitable for dealing with history-dependent nature of the

STL specifications. The above formulation leads us to the following question to be answered, which

has not been investigated in previous works of literature:

How should we encode the STL specifications by vectors, so that they are readable to the RNN?

Naively, we could assign any unique numbers or one-hot vectors to all the STL specifications and

use them as the inputs to the RNN. Although these approaches are easy to implement, information

about the similarities in the specifications cannot be encoded with these schemes. Thus, the underlying

function to be learned can be unreasonably complex as the number of candidate STL specifications

increases, which leads to increased computation time for training as well as a critical failure in control

execution.

Motivated by the above issue, we propose a novel scheme for constructing a vector representation

of STL specifications, called STL2vec, which captures similarities between the STL specifications.

The vectors for the specifications will be trained based on Word2vec [121, 122], which is a technique

widely known in natural language processing. Then, the parameters for the RNN are trained by taking

the vectors obtained by STL2vec and state trajectory as the inputs (to the RNN) and defining a loss

function by the average of negative robustness scores for all the candidate STL specifications.

The main contributions of this work are summarized as follows. First, we propose a method for

obtaining vector representations of STL specifications that capture their similarities in terms of control

policy. Although STL2vec is constructed based on the concept of Word2vec, which is a technique

that maps a word of the natural language onto the vector space, how to generate a dataset to learn

appropriate vector representations for STL specifications in control synthesis is not a trivial problem.

14



We address the details on how to construct dataset to train an appropriate STL2vec in Section 4.4.

Second, by using the vectors generated by STL2vec, we train the controller that can deal with multiple

STL specifications with one RNN model. Naively, if one aims to train the NN controller to deal with

multiple specifications by simply applying existing NN-based control synthesis methods such as [43–

45, 106, 119], one needs to ready NN models as many as the number of the STL specifications, which

leads to large memory consumption and computational resources (for details, see subsection 4.4.3).

Moreover, the proposed method has the potential to accelerate the training as will be seen in the case

study of subsection 4.5. Although there exist other methods that make the NN controller flexible

such as [43] and [123], which can handle (unknown) obstacles by using control barrier function, these

methods are restricted to the specification of only collision avoidance and thus are not intended to deal

with multiple temporal logic specifications. The proposed method in this study allows us to overcome

such limitations; it allows the user to have a flexibility of selecting an STL specification freely from

multiple ones, and this will be achieved by constructing STL2vec.
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Chapter 2

Robust Learning-Based Iterative Model

Predictive Control for Unknown

Non-Linear Systems

This chapter presents a learning-based iterative model predictive control (MPC) scheme for unknown

(Lipschitz continuous) non-linear dynamical systems. The proposed method begins by learning the

unknown part of the controlled system using a Gaussian process (GP), which helps derive multi-step

reachable sets that are guaranteed to encompass the actual system states. At each time step in each

iteration, the MPC controller calculates a sequence of control inputs that robustly satisfy state and

control constraints, as well as terminal constraints based on the GP-based reachable sets. Then only

the first control input is applied to the system. After the iteration, we reset the initial state, and the

same procedure is executed with the MPC optimization problem defined by the updated terminal set

and cost. As iteration goes on, improvement of the control performance is expected since more data

is obtained and the environment is progressively explored. The proposed method provides properties

such as recursive feasibility and input to state stability of the goal region under certain assumptions.

Moreover, bound on the performance cost in each iteration associated with the implementation of the

proposed MPC scheme is also analyzed. The results of the simulation study show that the proposed

control scheme can iteratively improve the control performance.

This chapter is organized based on“ Robust Learning-Based Iterative Model Predictive Control

for Unknown Non-Linear Systems”[124] which appeared in IET Control Theory & Applications.

Notations: A function 𝛼 : [0, 𝑎) → [0,∞) (𝑎 ∈ (0,∞]) is of class-K if it is continuous, strictly

increasing, and satisfies 𝛼(0) = 0. It is of class-K∞ if, in addition, 𝑎 = ∞ and 𝛼(𝑟) → ∞ as 𝑟 → ∞.

A function 𝛽 : [0, 𝑎) × [0,∞) → [0,∞) is of class-KL if for each fixed 𝑡 ≥ 0, 𝛽(·, 𝑡) is of class-K,
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and for each fixed 𝑟 ∈ [0, 𝑎), 𝛽(𝑟, ·) is non-increasing in 𝑡 and satisfies 𝛽(𝑟, 𝑡) → 0 as 𝑡 → ∞. For a

set S ⊂ R𝑛, the distance-to-set notation is |𝑥 |S := inf𝑦∈S ‖𝑥 − 𝑦‖, where ‖ · ‖ denotes a chosen norm

(typically the Euclidean norm).

2.1 Preliminaries

2.1.1 System description

We consider a nonlinear, discrete-time system of the form:

𝑥𝑡+1 = 𝑓 (𝑥𝑡 , 𝑢𝑡 ) = ℎ(𝑥𝑡 , 𝑢𝑡 )︸    ︷︷    ︸
known

+ 𝑔(𝑥𝑡 , 𝑢𝑡 )︸   ︷︷   ︸
unknown

,

𝑥𝑡 ∈ X, 𝑢𝑡 ∈ U, (2.1)

where 𝑥𝑡 and 𝑢𝑡 denote the state and control input at time 𝑡 ∈ N, respectively. We assume that X and

U are given constraint sets and are compact (closed and bounded), with 0 ∈ X and 0 ∈ U. The term

ℎ : R𝑛 × R𝑚 → R𝑛 captures the known system dynamics, while the function 𝑔 : R𝑛 × R𝑚 → R𝑛 is a

function that accounts for the unknown part of the dynamics that are either difficult to model accurately

or are unknown. Throughout this study, we use both notations 𝐹 (𝑥, 𝑢) and 𝐹 (𝑧) with 𝑧 = [𝑥>, 𝑢>]>

for any function 𝐹 that takes a state 𝑥 ∈ R𝑛 and control 𝑢 ∈ R𝑚 as inputs, depending on the context.

In addition, we assume that the functions ℎ and 𝑔 are Lipsitz continuous as the following.

Assumption 1. The functions ℎ and 𝑔 are Lipsitz continuous, i.e., there exist constants 𝐿ℎ > 0 and

𝐿𝑔 > 0 such that the following inequalities hold for all 𝑧1, 𝑧2 ∈ R𝑛+𝑚.

|ℎ(𝑧1) − ℎ(𝑧2) | ≤ 𝐿ℎ |𝑧1 − 𝑧2 |,

|𝑔(𝑧1) − 𝑔(𝑧2) | ≤ 𝐿𝑔 |𝑧1 − 𝑧2 |.

2.1.2 Gaussian process regression

In this study, we utilize the Gaussian process regression (GPR) to estimate the unknown part of the

dynamics 𝑔. We separately learn each element 𝑔𝑖 using the measurement dataD𝑖 = {𝑍,𝑌𝑖}, where 𝑍 =

[𝑧1, . . . , 𝑧𝑁data]>,𝑌𝑖 = [𝑦1,𝑖 , . . . , 𝑦𝑁data,𝑖]>, 𝑧𝑡 = [𝑥>𝑡 𝑢>𝑡 ]>, and 𝑦𝑡 ,𝑖 = 𝑔𝑖 (𝑥𝑡 , 𝑢𝑡 ) = 𝑓𝑖 (𝑥𝑡 , 𝑢𝑡 )−ℎ𝑖 (𝑥𝑡 , 𝑢𝑡 ).

In GPR, we first need to specify the prior mean function and the covariance function. In this study, we

consider the zero prior mean function and use the following squared exponential covariance function:

𝑘𝑖 (𝑧𝑝, 𝑧𝑞) = 𝜎2
𝑖 exp

(
−1

2
(𝑧𝑝 − 𝑧𝑞)>Λ−1

𝑖 (𝑧𝑝 − 𝑧𝑞)
)
+ 𝛿𝑝𝑞𝜎2

𝜖 , (2.2)
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where 𝛿𝑝𝑞𝜎2
𝜖 is a noise covariance function, Λ𝑖 := diag([𝜆1,𝑖 , . . . , 𝜆𝑛+𝑚,𝑖]) and 𝜎𝑖 are the hyper-

parameters typically determined by solving evidence maximization problem [52]. Then, with the

dataset D𝑖 , the posterior distribution at a point 𝑧 ∈ R𝑛+𝑚 can be computed as a Gaussian distribution

N(𝜇𝑔𝑖 (𝑧), 𝜎2
𝑔𝑖 (𝑧)) with

𝜇𝑔𝑖 (𝑧) = 𝑘∗>𝑖 (𝑧)𝐾−1
𝑖 𝑌𝑖 , (2.3)

𝜎2
𝑔𝑖 (𝑧) = 𝑘𝑖 (𝑧, 𝑧) − 𝑘

∗>
𝑖 (𝑧)𝐾−1

𝑖 𝑘∗𝑖 (𝑧), (2.4)

where 𝑘∗𝑖 (𝑧) = [𝑘𝑖 (𝑧, 𝑧1), . . . , 𝑘𝑖 (𝑧, 𝑧𝑁data)]> ∈ R𝑁data and 𝐾𝑖 ∈ R𝑁data×𝑁data is a kernel matrix whose

each entry is defined as [𝐾𝑖] 𝑝,𝑞 = 𝑘𝑖 (𝑧𝑝, 𝑧𝑞), 𝑝, 𝑞 ∈ N1:𝑁data . The resulting multivariate GP

approximation of the unknown function 𝑔 is then given by stacking the individual dimensions, i.e.,

𝜇𝑔 = [𝜇𝑔1 , . . . , 𝜇𝑔𝑛]> and 𝜎𝑔 = diag([𝜎𝑔1 , . . . , 𝜎𝑔𝑛]>).

2.1.3 Propagation of the confidence regions

To incorporate the learned GPR model into the proposed predictive control strategy, we need a multi-

step ahead prediction of the system evolution given a control input sequence. To this end, we here

introduce a derivation proposed in [55]. Since it is hard to derive confidence regions for arbitrary

given function 𝑔, we first restrict each element of the function 𝑔, (𝑔𝑖 : R𝑛 × R𝑚 → R) to the class

of the reproducing kernel Hilbert space (RKHS), which is one of the common assumptions in the

GPR-based control methods [125, 126].

Assumption 2. For each 𝑖 ∈ N1:𝑛, the function 𝑔𝑖 lies in the RKHS corresponding to a given kernel

function 𝑘𝑖 : R𝑛+𝑚 × R𝑛+𝑚 → R with the induced norm denoted as ‖ · ‖𝑘𝑖 . Moreover, ‖𝑔𝑖 ‖𝑘𝑖 ≤ 𝑏𝑖
holds for all 𝑖 ∈ N1:𝑛 and given 𝑏𝑖 > 0. □

Under Assumption 2, the following lemma can be obtained [59], which is used to derive the

confidence regions.

Lemma 1. Given the training datasetD𝑖 and let Assumption 2 hold. Then, the following holds for all

𝑥 ∈ R𝑛, 𝑢 ∈ R𝑚, and 𝑖 ∈ N1:𝑛:

𝑔𝑖 (𝑥, 𝑢) ∈ [𝜇𝑔𝑖 (𝑧) ± 𝛽𝑖𝜎𝑔𝑖 (𝑧)], (2.5)

where 𝑧 = [𝑥>𝑢>]>, 𝛽𝑖 =
√
𝑏2
𝑖 − 𝑌>𝑖 𝐾−1

𝑖 𝑌𝑖 . □

For the proof of Lemma 1, see Proposition 1 in [59]. We shall then derive a multi-step ahead

propagation of ellipsoidal confidence regions of system states given a sequence of control inputs. We
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first introduce the following notation to express an ellipsoid:

E(𝑝, 𝑃) := {𝑥 ∈ R𝑛 | (𝑥 − 𝑝)>𝑃−1(𝑥 − 𝑝) ≤ 1}, (2.6)

where 𝑝 ∈ R𝑛 is a center and 𝑃 is a symmetric positive definite matrix that encodes the shape of

an ellipsoid. Let an ellipsoid Φ𝑡 = E(𝑝𝑡 , 𝑃𝑡 ) be the confidence region of the system states at time

𝑡. Then, we derive an ellipsoid at the next time step Φ𝑡+1 = E(𝑝𝑡+1, 𝑃𝑡+1) that includes all possible

states evolved from any states within Φ𝑡 with a control input 𝑢𝑡 ∈ U. To this end, we first consider

the linear approximation of the mean prediction ℎ(𝑧) + 𝜇𝑔(𝑧) around a point 𝑧𝑡 = (𝑝𝑡 , 𝑢𝑡 ) as follows:

𝑓 (𝑧) ≈ ℎ(𝑧𝑡 ) + 𝐽ℎ (𝑧𝑡 )(𝑧 − 𝑧𝑡 ) + 𝑃 𝑧̄𝑡𝜇𝑔 (𝑧) = 𝑓 (𝑧), (2.7)

where 𝐽ℎ (𝑧𝑡 ) = [𝐴ℎ,𝑡 , 𝐵ℎ,𝑡 ] is the Jacobian of the function ℎ at 𝑧𝑡 , and 𝑃 𝑧̄𝑡𝜇𝑔 (𝑧) = 𝜇𝑔(𝑧𝑡 ) + 𝐽𝜇𝑔 (𝑧𝑡 )(𝑧 −

𝑧𝑡 ), where 𝐽𝜇𝑔 (𝑧𝑡 ) = [𝐴𝜇𝑔,𝑡 , 𝐵𝜇𝑔,𝑡 ] is the Jacobian of 𝜇𝑔 at 𝑧𝑡 . Then, by applying the Lagrangian

remainder theorem on the linearization of ℎ and using the inequality |𝑔 𝑗 (𝑧) − 𝑃 𝑧̄𝑡𝜇𝑔, 𝑗 (𝑧) | ≤ |𝑔 𝑗 (𝑧) −

𝜇𝑔 𝑗 (𝑧) | + |𝑃
𝑧̄𝑡
𝜇𝑔, 𝑗 (𝑧) − 𝜇𝑔 𝑗 (𝑧) |, we have the following for all 𝑧 ∈ X ×U and 1 ≤ 𝑗 ≤ 𝑛:

| 𝑓 𝑗 (𝑧) − 𝑓 𝑗 (𝑧) | ≤
𝐿∇ℎ 𝑗

2
‖𝑧 − 𝑧𝑡 ‖22 + |𝑃 𝑧̄𝑡𝜇𝑔, 𝑗 (𝑧) − 𝜇𝑔 𝑗 (𝑧) | + |𝜇𝑔 𝑗 (𝑧) − 𝑔 𝑗 (𝑧) |, (2.8)

where 𝐿∇ℎ 𝑗
is the Lipsitz constant of the gradient ∇ℎ 𝑗 and the second and third terms in the right-hand

side of (2.8) are further upper-bounded by

|𝑃 𝑧̄𝑡𝜇𝑔, 𝑗 (𝑧) − 𝜇𝑔 𝑗 (𝑧) | ≤
𝐿∇𝜇𝑔𝑗

2
‖𝑧 − 𝑧𝑡 ‖22, (2.9)

|𝜇𝑔 𝑗 (𝑧) − 𝑔 𝑗 (𝑧) | ≤ 𝛽(𝜎𝑔 𝑗 (𝑧𝑡 ) + 𝐿𝜎𝑔𝑗
‖𝑧 − 𝑧𝑡 ‖2), (2.10)

where 𝐿𝜎 𝑗 and 𝐿∇𝜇𝑔𝑗 are the Lipschitz constants of 𝜎𝑔 𝑗 and ∇𝜇𝑔 𝑗 . Moreover, in (2.10), we used

Lemma 1.

Then, we can interpret (2.8) as the edges of the confidence hyper-rectangle:

𝑚̃(𝑧) = 𝑓 (𝑧) ±
[
𝛽(𝜎𝑔(𝑧𝑡 ) + 𝐿𝜎 ‖𝑧 − 𝑧𝑡 ‖2) +

𝐿∇ℎ + 𝐿∇𝜇𝑔
2

‖𝑧 − 𝑧𝑡 ‖22
]
, (2.11)

where 𝑓 = [ 𝑓1, . . . , 𝑓𝑛], 𝐿∇ℎ = [𝐿∇ℎ1 , . . . , 𝐿∇ℎ𝑛] and 𝐿∇ℎ = [𝐿∇𝜇𝑔1
, . . . , 𝐿∇𝜇𝑔𝑛 ]. Now we consider

propagating the ellipsoidal regionΦ𝑡 through the confidence region of 𝑓 (𝑧) and derivingΦ𝑡+1 covering

that region. First, by using the well-known linear transformation of the ellipsoidal region [127] and

allowing a slight abuse of notation, we can write the propagation of the ellipsoid Φ𝑡 through the linear

function (2.7) as follows:

𝑓 (Φ𝑡 , 𝑢𝑡 ) = E(ℎ(𝑧𝑡 ) + 𝜇𝑔(𝑧𝑡 ), (𝐴ℎ,𝑡 + 𝐴𝜇𝑔,𝑡 )𝑃(𝐴ℎ,𝑡 + 𝐴𝜇𝑔,𝑡 )>). (2.12)
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We can see that the resulting region is still ellipsoid. Next, we define the upper bound of ‖𝑧 − 𝑧𝑡 ‖2 as

𝐼 (Φ𝑡 , 𝑢𝑡 ) := max
𝑧 (𝑥 )=(𝑥,𝑢𝑡 ) ,𝑥∈Φ𝑡

‖𝑧(𝑥) − 𝑧𝑡 ‖2. (2.13)

Then we have the upper bound of the remaining term in (2.11) as

𝑑 (Φ𝑡 , 𝑢𝑡 ) = 𝛽(𝜎𝑔(𝑧𝑡 ) + 𝐿𝜎 𝐼 (Φ𝑡 , 𝑢𝑡 ))

+ (𝐿∇ℎ + 𝐿∇𝜇𝑔)𝐼2(Φ𝑡 , 𝑢𝑡 )/2. (2.14)

From ‖𝑧(𝑥) − 𝑧𝑡 ‖2 = ‖𝑥 − 𝑝𝑡 ‖2 and the property of the ellipsoid [127], we can calculate 𝐼 (Φ𝑡 , 𝑢𝑡 ) by

the maximum eigenvalue of 𝑃−1. Then we over-approximate 𝑑 (Φ𝑡 , 𝑢𝑡 ) with an ellipsoid as follows:

0 ± 𝑑 (Φ𝑡 , 𝑢𝑡 ) ⊂ E(0, 𝑃𝑑 (Φ𝑡 , 𝑢𝑡 )), (2.15)

where we can obtain 𝑃𝑑 (Φ𝑡 , 𝑢𝑡 ) by using the property of the ellipsoid: 𝑎±𝑏 := [𝑎1±𝑏1] × . . . ,×[𝑎𝑛±

𝑏𝑛] ⊂ E(𝑎,
√
𝑛diag ( [𝑏1, . . . , 𝑏𝑛])), ∀𝑎, 𝑏 ∈ R𝑛. By combining the results above, we can compute

an over-approximation of the propagation as the following:

Φ+𝑡+1 = 𝑓 (Φ𝑡 , 𝑢𝑡 ) ⊕ E(0, 𝑃𝑑 (Φ𝑡 , 𝑢𝑡 )). (2.16)

Although the Minkowski sum Φ+𝑡+1 is not an ellipsoid in general, we can over-approximate this set

with an ellipsoid by using the following property regarding the Minkowski sum of two ellipsoidal sets:

E(𝑝1, 𝑃1) ⊕ E(𝑝2, 𝑃2) ⊂ E𝑐 (𝑝, 𝑃̃), (2.17)

where 𝑝 = 𝑝1 + 𝑝2, 𝑃̃ = (1+ 𝑐−1)𝑃1 + (1+ 𝑐)𝑃2, for all 𝑐 > 0. Thus, from (2.12), (2.15), (2.16), and

(2.17), the evolution of the confidence ellipsoids is obtained as

Φ𝑡+1 = E(𝑝𝑡+1, 𝑃𝑡+1) := 𝑚̃(Φ𝑡 , 𝑢𝑡 ), (2.18)

with 𝑝𝑡+1 = ℎ(𝑧𝑡 ) + 𝜇𝑔(𝑧𝑡 ) and 𝑃𝑡+1 = (1+ 𝑐−1) (𝐴ℎ,𝑡 + 𝐴𝜇𝑔,𝑡 )𝑃(𝐴ℎ,𝑡 + 𝐴𝜇𝑔,𝑡 )>) + (1+ 𝑐)𝑃𝑑 (Φ𝑡 , 𝑢𝑡 ).

The multi-step ahead prediction of the confidence regions can be obtained by iteratively applying 𝑚̃.

We note here that the evolution of the center of ellipsoids is equivalent to that of the certainty equivalent

model (prediction with mean function) from the definition above. For the ellipsoidal confidence region

defined above, we have the following properties (i.e., guarantee on the uncertainty propagation and

monotonicity property) that are important in the proposed control strategy.

Lemma 2. For the propagation of confidence region (2.18), the following two properties hold. (i)

Suppose 𝑥0 is included in an initial ellipsoid Φ0. Then, for any control inputs 𝑢0, . . . , 𝑢𝑇−1 ∈ U, the

resulting sequence of the states 𝑥0:𝑇 based on (2.1) and the confidence ellipsoids Φ0:𝑇 with (2.18) meet
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Φ𝑡−1
1 Φ𝑡

1

Mapping ෥𝑚(∙,∙)
Φ𝑡−1
2

Φ𝑡
2

𝑝𝑡−1 𝑝𝑡
1 = 𝑝𝑡

2

Figure 2.1: The monotonicity property of the mapping 𝑚̃. If Φ1
𝑡−1 ⊆ Φ2

𝑡−1 holds for two ellipsoids

Φ1
𝑡−1 = E(𝑝𝑡−1, 𝑃

1
𝑡−1) and Φ2

𝑡−1 = E(𝑝𝑡−1, 𝑃
2
𝑡−1), the ellipsoids mapped by 𝑚̃ with any control input

𝑢𝑡−1 ∈ U hold the relationships Φ1
𝑡 ⊆ Φ2

𝑡 and 𝑝1
𝑡 = 𝑝2

𝑡 .

𝑥𝑡 ∈ Φ𝑡 , ∀𝑡 ∈ N0:𝑇 . (ii) if two ellipsoids Φ1
𝑡−1 := E(𝑝𝑡−1, 𝑃

1
𝑡−1) and Φ2

𝑡−1 := E(𝑝𝑡−1, 𝑃
2
𝑡−1) have the

relationship Φ1
𝑡−1 ⊆ Φ2

𝑡−1, then the ellipsoids at the next time step Φ1
𝑡 = 𝑚̃(Φ1

𝑡−1, 𝑢𝑡−1) := E(𝑝1
𝑡 , 𝑃

1
𝑡 )

and Φ2
𝑡 = 𝑚̃(Φ2

𝑡−1, 𝑢𝑡−1) := E(𝑝2
𝑡 , 𝑃

2
𝑡 ) satisfy Φ1

𝑡 ⊆ Φ2
𝑡 and 𝑝1

𝑡 = 𝑝2
𝑡 for any control input 𝑢𝑡−1 ∈ U.

Proof. The first property holds from the construction of the confidence regions. In the following,

we show the second property. From the definition of the propagation of the ellipsoidal confidence

region, the center of the ellipsoid 𝑝𝑡 is computed by ℎ(𝑧𝑡−1) + 𝜇(𝑧𝑡−1) with 𝑧𝑡−1 = [𝑝𝑡−1, 𝑢𝑡−1]>.

Thus, 𝑝1
𝑡 = 𝑝2

𝑡 = ℎ(𝑧𝑡−1) + 𝜇(𝑧𝑡−1). Moreover, from (2.12), (2.16) and (2.17), we can easily see that

Φ1
𝑡 ⊆ Φ2

𝑡 holds if Φ1
𝑡−1 ⊆ Φ2

𝑡−1. □

We call the second property as monotonicity property and the illustrative explanation is shown in

Fig. 2.1, which is important in the proposed control scheme. Although the discussion in this subsection

is restricted to the specific derivation proposed in [55], we here emphasize that any confidence sets

that satisfy the properties in Lemma 2 can be used in the proposed control scheme. For example, the

uncertainty propagation technique developed in [63] can also be used in the proposed scheme.

2.2 Problem Statement

We first consider the following optimal control problem that requires satisfying the state and control

constraints at all time steps and the system states reaching within the goal set O at some point in time
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while minimizing the performance cost:

𝐽∗0→∞(𝑥𝑠) = min
𝑢0,𝑢1,...

∞∑
𝑘=0

ℓ(𝑥𝑘 , 𝑢𝑘), (2.19a)

s.t. 𝑥𝑘+1 = 𝑓 (𝑥𝑘 , 𝑢𝑘), ∀𝑘 ≥ 0, (2.19b)

𝑥0 = 𝑥𝑠, (2.19c)

𝑥𝑘 ∈ X, ∀𝑘 ∈ {1, 2, . . .}, (2.19d)

𝑢𝑘 ∈ 𝑈, ∀𝑘 ∈ {0, 1, . . .}, (2.19e)

𝑥𝑘′ ∈ O ∃𝑘 ′ ∈ {1, 2, . . .}, (2.19f)

where 𝑥𝑠 ∈ X is the initial state and the function ℓ : R𝑛 × R𝑚 → R≥0 represents the stage cost of the

problem. We make the following assumptions on the function ℓ.

Assumption 3. ℓ(𝑥, 𝑢) = 0, ∀𝑥 ∈ O, ∀𝑢 ∈ U, where O is control invariant set, i.e., 𝑥 ∈ O =⇒

∃𝑢 ∈ U, 𝑓 (𝑥, 𝑢) ∈ O. Moreover, we assume that the control policy 𝜋O : O → U that makes 𝑂

forward invariant exists and is given.

Assumption 4. The function ℓ(·, ·) is continuous and jointly convex in its augments. Moreover, we

assume that for all 𝑥 ∈ R𝑛, and for all 𝑢 ∈ R𝑚, there exist 𝛼𝑙𝑥 , 𝛼𝑢𝑥 , 𝛼𝑙𝑢, and 𝛼𝑢𝑢 ∈ K∞ such that:

𝛼𝑙𝑥 (|𝑥 |O) ≤ ℓ(𝑥, 0) ≤ 𝛼𝑢𝑥 (|𝑥 |O),

𝛼𝑙𝑢 (|𝑢 |UO ) ≤ ℓ(0, 𝑢) ≤ 𝛼𝑢𝑢 ( |𝑢 |UO ),

whereUO = {𝑢 ∈ U | ∃𝑥 ∈ O, 𝑓 (𝑥, 𝑢) ∈ O}.

We here also define the Input-to-State Stability (ISS) for the invariant set O and given GP model,

which is used in the theoretical analysis of subsection 2.4.

Definition 1. Given a control policy 𝜋(·) and trained GP model, the closed-loop system is ISS with

respect to the invariant set O and given GP model if for all errors between the mean prediction and the

actual system states 𝑒𝑡 = 𝜇𝑔(𝑥𝑡−1, 𝑢𝑡−1) −𝑔(𝑥𝑡−1, 𝑢𝑡−1), 𝑢𝑡−1 = 𝜋(𝑥𝑡−1) ∈ U, 𝑡 ≥ 0, and 𝑥0 ∈ X, there

exist a class-KL function 𝜁 (·, ·) and a class-K function 𝛾(·) (see the notation part in the beginning

of this chapter for definitions) such that:

|𝑥𝑡+1 |O ≤ 𝜁 ( |𝑥0 |O , 𝑡 + 1) + 𝛾(sup𝑘∈{0,...,𝑡 } ‖𝑒𝑘 ‖). (2.20)

In this study, we consider approaching to (2.19) by performing MPC with the learned dynamics

discussed in Section 2.1. Since an MPC optimization problem solved at each time step has a finite

and short horizon window, the control input sequence obtained by solving the optimization problem
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in a receding horizon manner is generally a sub-optimal solution to the problem (2.19). Moreover,

a designer needs to appropriately construct a terminal set and cost to ensure the feasibility of the

optimization problem for all time steps, which is especially challenging in our setting because of the

unknown part of the dynamics in (2.1). To tackle these challenges, we consider iteratively performing

the MPC and improving the performance cost by effectively updating the terminal components of the

MPC problem with the data collected in the past iterations. To this end, we first assume that at least

one sequence of control inputs (which may be far from the optimal solution of (2.19)) that steer the

confidence region of the system state calculated by the current GP prediction into the control invariant

set O and the associated confidence regions are given before the execution as summarized in the

following assumption.

Assumption 5. A sequence of control inputs 𝑢0
0 |0, 𝑢

0
1 |0, . . . , 𝑢

0
𝑇0−1 |0 ∈ U and corresponding multi-

step confidence regions of the system (2.1) Φ0
1 |0,Φ

0
2 |0, . . . ,Φ

0
𝑇0 |0 ⊆ X with Φ0

0 |0 = 𝑥𝑠, Φ0
𝑡+1 |0 ⊇

𝑚̃(Φ0
𝑡 |0, 𝑢

0
𝑡 |0), and Φ0

𝑇0 |0 ⊆ O are given in advance.

Subscripts for control inputs and corresponding ellipsoidal sets in Assumption 5 are adapted from

the discussion in subsection 2.3.1. We also denote the control inputs generated by the proposed MPC

scheme at time 𝑡 ∈ {0, 1, . . .} in iteration 𝑗 ∈ {1, 2, . . .} and the resulting actual system states observed

at time 𝑡 ∈ {0, 1, . . .} in iteration 𝑗 ∈ {1, 2, . . .} as 𝑢 𝑗𝑡 and 𝑥 𝑗𝑡 .

Since practically it is hard to obtain the global optimal solution of the problem (2.19) in our

setting, we propose an iterative MPC strategy that alternatively satisfies the following properties at

each iteration 𝑗 : (P1) With the proposed MPC strategy, constraints in (2.19) are robustly satisfied

despite the model uncertainty (P2) The proposed MPC optimization problem is feasible for all time

𝑡 > 0 (P3) The resulting closed-loop system is ISS for the goal set O with certain assumptions (P4)

There always exists a control input sequence that safely steers the state of the system (2.1) in the set O

for all time during the control execution (P5) With the certain restrictions on the proposed scheme, the

system states converge to the setO in finite time with the proposed MPC scheme (P6) The iteration cost

defined as 𝐽 𝑗0→𝑇 𝑗 (𝑥𝑠) :=
∑𝑇 𝑗

𝑡=0 ℓ(𝑥
𝑗
𝑡 , 𝑢

𝑗
𝑡 ) is upper bounded as 𝐽 𝑗0→𝑇 𝑗 (𝑥𝑠) ≤ 𝑄 𝑗−1(𝑥𝑠) + 𝐿

∑𝑇 𝑗

𝑡=0 ‖𝑒
𝑗
𝑡 ‖,

where the function 𝑄 𝑗 is non-increasing with respect to the number of iteration 𝑗 , 𝐿 > 0, 𝑒 𝑗𝑡 is the

error between the (one-step) certainty equivalent prediction and actual state, and 𝑇 𝑗 is execution time

at iteration 𝑗 . The concrete definition of 𝑄 𝑗 and 𝐿 > 0 is explained in Section 2.3.

In the following, we first introduce the proposed MPC strategy in Section 2.3. Then, we show

that the proposed control scheme meets the properties (P1)-(P6) in Section 2.4. The property (P1) is

ensured from the definition of the proposed MPC formulation and the properties (P2)-(P6) are shown

in Theorem 1, Theorem 2, Remark 1, Remark 2, and Theorem 3 respectively.
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Before execution 𝑡 = 1

Obstacle
𝑶

𝒙𝒔

𝚽𝟏|𝟎
𝟎,∗

𝚽𝟐|𝟎
𝟎,∗

ෝ𝒖𝟎|𝟎
𝟎,∗

ෝ𝒖𝟏|𝟎
𝟎,∗

ෝ𝒖𝟐|𝟎
𝟎,∗

ෝ𝒖𝟒|𝟎
𝟎,∗

ෝ𝒖𝟓|𝟎
𝟎,∗

ෝ𝒖𝟔|𝟎
𝟎,∗

𝚽𝟑|𝟎
𝟎,∗

𝚽𝟓|𝟎
𝟎,∗

𝚽𝟔|𝟎
𝟎,∗

𝑡 = 0

Obstacle
𝑶

𝒙𝒔

𝚽𝟏|𝟎
𝟎,∗

𝚽𝟐|𝟎
𝟎,∗ = 𝚽𝟐|𝟎

𝟏,∗

෡𝚽𝟏|𝟎
𝟏,∗

𝒖𝟎
𝟏 = ෝ𝒖𝟎|𝟎

𝟏,∗

ෝ𝒖𝟏|𝟎
𝟏,∗

ෝ𝒖𝟎|𝟎
𝟎,∗

ෝ𝒖𝟏|𝟎
𝟎,∗

ෝ𝒖𝟐|𝟎
𝟎,∗

ෝ𝒖𝟒|𝟎
𝟎,∗

ෝ𝒖𝟓|𝟎
𝟎,∗

ෝ𝒖𝟔|𝟎
𝟎,∗

෡𝚽𝟐|𝟎
𝟏,∗

𝚽𝟑|𝟎
𝟎,∗

𝚽𝟓|𝟎
𝟎,∗

𝚽𝟔|𝟎
𝟎,∗

Obstacle
𝑶

𝒙𝒔

𝚽𝟏|𝟎
𝟎,∗

𝚽𝟐|𝟎
𝟎,∗ = 𝚽𝟐|𝟎

𝟏,∗

෡𝚽𝟏|𝟎
𝟏,∗

𝒖𝟎
𝟏 = ෝ𝒖𝟎|𝟎

𝟏,∗

𝒖𝟏
𝟏 = ෝ𝒖𝟏|𝟏

𝟏,∗
ෝ𝒖𝟏|𝟎
𝟏,∗

ෝ𝒖𝟐|𝟏
𝟏,∗

ෝ𝒖𝟎|𝟎
𝟎,∗

ෝ𝒖𝟏|𝟎
𝟎,∗

ෝ𝒖𝟐|𝟎
𝟎,∗

ෝ𝒖𝟒|𝟎
𝟎,∗

ෝ𝒖𝟓|𝟎
𝟎,∗

ෝ𝒖𝟔|𝟎
𝟎,∗

෡𝚽𝟐|𝟎
𝟏,∗

෡𝚽𝟐|𝟏
𝟏,∗

෡𝚽𝟑|𝟏
𝟏,∗

𝚽𝟑|𝟎
𝟎,∗ = 𝚽𝟑|𝟏

𝟏,∗

𝚽𝟓|𝟎
𝟎,∗

𝚽𝟔|𝟎
𝟎,∗

Obstacle
𝑶

𝒙𝒔

𝚽𝟏|𝟎
𝟎,∗

𝚽𝟐|𝟎
𝟎,∗ = 𝚽𝟐|𝟎

𝟏,∗

෡𝚽𝟏|𝟎
𝟏,∗

𝒖𝟎
𝟏 = ෝ𝒖𝟎|𝟎

𝟏,∗

𝒖𝟏
𝟏 = ෝ𝒖𝟏|𝟏

𝟏,∗

𝒖𝟐
𝟏 = ෝ𝒖𝟐|𝟐

𝟏,∗

ෝ𝒖𝟏|𝟎
𝟏,∗

ෝ𝒖𝟐|𝟏
𝟏,∗

ෝ𝒖𝟑|𝟐
𝟏,∗

ෝ𝒖𝟎|𝟎
𝟎,∗

ෝ𝒖𝟏|𝟎
𝟎,∗

ෝ𝒖𝟐|𝟎
𝟎,∗

ෝ𝒖𝟒|𝟎
𝟎,∗

ෝ𝒖𝟓|𝟎
𝟎,∗

ෝ𝒖𝟔|𝟎
𝟎,∗

෡𝚽𝟐|𝟎
𝟏,∗

෡𝚽𝟐|𝟏
𝟏,∗

෡𝚽𝟑|𝟏
𝟏,∗

෡𝚽𝟑|𝟐
𝟏,∗

෡𝚽𝟒|𝟐
𝟏,∗

𝚽𝟑|𝟎
𝟎,∗ = 𝚽𝟑|𝟏

𝟏,∗

𝚽𝟓|𝟎
𝟎,∗

𝚽𝟔|𝟎
𝟎,∗ = 𝚽𝟒|𝟐

𝟏,∗

𝑡 = 2

Obstacle
𝑶

𝒙𝒔

𝚽𝟏|𝟎
𝟎,∗

𝚽𝟐|𝟎
𝟎,∗ = 𝚽𝟐|𝟎

𝟏,∗

෡𝚽𝟏|𝟎
𝟏,∗

𝒖𝟎
𝟏 = ෝ𝒖𝟎|𝟎

𝟏,∗

𝒖𝟏
𝟏 = ෝ𝒖𝟏|𝟏

𝟏,∗

𝒖𝟐
𝟏 = ෝ𝒖𝟐|𝟐

𝟏,∗

𝒖𝟑
𝟏 = ෝ𝒖𝟑|𝟑

𝟏,∗

ෝ𝒖𝟏|𝟎
𝟏,∗

ෝ𝒖𝟐|𝟏
𝟏,∗

ෝ𝒖𝟑|𝟐
𝟏,∗

ෝ𝒖𝟎|𝟎
𝟎,∗

ෝ𝒖𝟏|𝟎
𝟎,∗

ෝ𝒖𝟐|𝟎
𝟎,∗

ෝ𝒖𝟒|𝟎
𝟎,∗

ෝ𝒖𝟓|𝟎
𝟎,∗

ෝ𝒖𝟔|𝟎
𝟎,∗

ෝ𝒖𝟒|𝟑
𝟏,∗

෡𝚽𝟐|𝟎
𝟏,∗

෡𝚽𝟐|𝟏
𝟏,∗

෡𝚽𝟑|𝟏
𝟏,∗

෡𝚽𝟑|𝟐
𝟏,∗

෡𝚽𝟒|𝟐
𝟏,∗

𝚽𝟑|𝟎
𝟎,∗ = 𝚽𝟑|𝟏

𝟏,∗

𝚽𝟓|𝟎
𝟎,∗

𝚽𝟔|𝟎
𝟎,∗ = 𝚽𝟒|𝟐

𝟏,∗

෡𝚽𝟒|𝟑
𝟏,∗

𝑡 = 3

Figure 2.2: An example of the execution in iteration 1 when the initial control sequence and the

corresponding sequence of confidence regions (blue ellipsoids) are given by 𝑢̂0,∗
0:6 |0 and Φ0,∗

1:6 |0 as shown

in the left above figure. The horizon length is set to 𝑁 = 2 in this example. At time 0 in iteration 1

(middle above figure), the LMPC optimization (2.21) at 𝑥 𝑗0 = 𝑥𝑠 is solved, and the optimal sequence

of inputs 𝑢̂1,∗
0 |0, 𝑢̂

1,∗
1 |0 and the corresponding confidence regions Φ1,∗

1 |0,Φ
1,∗
2 |0 are obtained to satisfy the

terminal constraint (in this case, Φ1,∗
2 |0 ⊆ Φ0,∗

2 |0). Then, the first control input 𝑢1
0 = 𝑢̂1,∗

0 |0 is applied to

the system and the next state 𝑥1
1 is observed. This process is repeated until the prescribed time 𝑇1 is

reached. After iteration 1, the terminal set SS0 and cost 𝑄0 are updated by following the procedures

in subsections 2.3.1, 2.3.2 and 2.3.3. The procedures in the later iterations similarly follow.

2.3 Proposed Method

In this section, we explain the proposed method to solve the problem discussed in Section 2.2. We

here assume that the GP model is trained with an initially given dataset and is not updated during

the execution. The control scheme including GP update is additionally discussed later in subsection

2.5.1. As discussed in Section 2.2, we consider iteratively performing MPC as gathering data under

Assumption 5. The entire control scheme is summarized in Algorithm 1 and Fig. 2.2. The proposed

LMPC optimization problem solved at time 𝑡 in iteration 𝑗 is defined as follows with 𝑝 𝑗 ,∗0 |−1 = 𝑥 𝑗0 = 𝑥𝑠:
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𝐽
LMPC, 𝑗
𝑡→𝑡+𝑁 𝑗

𝑡

(𝑥 𝑗𝑡 , 𝑝
𝑗 ,∗
𝑡 |𝑡−1) = min

𝑢̂𝑡 |𝑡 ,...,𝑢̂𝑡+𝑁 𝑗
𝑡 −1|𝑡


𝑡+𝑁 𝑗

𝑡 −1∑
𝑘=𝑡

ℓ(𝑥 𝑗
𝑘 |𝑡 , 𝑢̂

𝑗
𝑘 |𝑡 ) +𝑄

𝑗−1(Φ̂ 𝑗

𝑡+𝑁 𝑗
𝑡 |𝑡
)
 (2.21a)

s.t.

𝑥
𝑗
𝑘+1 |𝑡 = 𝑓 (𝑥 𝑗

𝑘 |𝑡 , 𝑢̂
𝑗
𝑘 |𝑡 ), 𝑥

𝑗
𝑡 |𝑡 = 𝑥

𝑗
𝑡 , (2.21b)

Φ̂ 𝑗
𝑘+1 |𝑡 = E(𝑝

𝑗
𝑘+1 |𝑡 , 𝑃̂

𝑗
𝑘+1 |𝑡 ) = 𝑚̃(Φ̂

𝑗
𝑘 |𝑡 , 𝑢̂

𝑗
𝑘 |𝑡 ), (2.21c)

Φ̂ 𝑗
𝑡 |𝑡 = B(𝑝

𝑗 ,∗
𝑡 |𝑡−1, |𝑥

𝑗
𝑡 − 𝑝

𝑗 ,∗
𝑡 |𝑡−1 |), (2.21d)

Φ̂ 𝑗
𝑘 |𝑡 ⊆ X, ∀𝑘 ∈ N𝑡:𝑡+𝑁 𝑗

𝑡
, (2.21e)

𝑢̂
𝑗
𝑘 |𝑡 ∈ U, ∀𝑘 ∈ N𝑡:𝑡+𝑁 𝑗

𝑡 −1, (2.21f)

Φ̂ 𝑗

𝑡+𝑁 𝑗
𝑡 |𝑡
⊆ Φ = E(𝑝, 𝑃), 𝑝 𝑗

𝑡+𝑁 𝑗
𝑡 |𝑡

= 𝑝, ∃Φ ∈ SS 𝑗−1, (2.21g)

where the function 𝑓 is the mean prediction of the dynamics (2.1), i.e., 𝑓 (𝑥 𝑗
𝑘 |𝑡 , 𝑢̂

𝑗
𝑘 |𝑡 ) = ℎ(𝑥

𝑗
𝑘 |𝑡 , 𝑢̂

𝑗
𝑘 |𝑡 ) +

𝜇𝑔(𝑥 𝑗𝑘 |𝑡 , 𝑢̂
𝑗
𝑘 |𝑡 ). Moreover, 𝑁 𝑗

𝑡 > 0 is the horizon length at time 𝑡 in iteration 𝑗 . If the set O is selected

as the terminal set at the previous time step 𝑡′(< 𝑡), 𝑁 𝑗
𝑡 is defined as 𝑁 𝑗

𝑡 = max(𝑁 − (𝑡′ − 𝑡), 0) and

if not, 𝑁 𝑗
𝑡 = 𝑁 , where 𝑁 is the maximum number of the horizon length chosen by the designer. If

𝑁
𝑗
𝑡 = 0 (i.e., initial ellipsoid is already within the set O), the cost for MPC (2.21a) is defined as

𝐽
LMPC, 𝑗
𝑡→𝑡+𝑁 𝑗

𝑡

(𝑥 𝑗𝑡 , 𝑝
𝑗 ,∗
𝑡 |𝑡−1) = 0. 𝑝 𝑗 ,∗

𝑡 |𝑡−1 in (2.21d) is a center of the optimal ellipsoid at time 𝑡 obtained at

previous time 𝑡 − 1 by solving (2.21) and B(𝑝, 𝑟) in (2.21d) is a ball with center 𝑝 and radius 𝑟 . The

reason we define the initial confidence region in this way instead of just defining Φ̂ 𝑗
𝑡 |𝑡 = 𝑥

𝑗
𝑡 when

𝑡 ≠ 0 is to ensure the recursive feasibility as explained later in subsection 2.4.1. SS 𝑗−1 and 𝑄 𝑗−1 are

the collection of the terminal sets and the terminal cost for iteration 𝑗 , respectively. The set SS 𝑗−1

basically consists of the confidence regions calculated in the previous iterations, and the cost 𝑄 𝑗−1 is

defined based on the components withinSS 𝑗−1. The details regarding how to construct these terminal

components are provided in the following subsections. The constraint (2.21e) is the state constraint

that enforces the actual system (2.1) robustly satisfies the original state constraint (2.19d) despite the

model uncertainty, and the constraint (2.21g) is the terminal constraint that enforces the last confidence

region Φ̂ 𝑗

𝑡+𝑁 𝑗
𝑡 |𝑡

to be included in a component within SS 𝑗−1 and the centers of these ellipsoids are

matched. The inclusion condition in (2.21g) can be rewritten as 𝑃 − 𝑃̂ 𝑗
𝑡+𝑁 𝑗

𝑡 |𝑡
� 0. We denote the

optimal control sequence, certainty equivalent predictions, and the corresponding confidence regions
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Algorithm 1: Control execution
Input : 𝑓 , 𝑚̃ (GP prediction models); 𝑥𝑠 (initial state); SS0 (initial terminal set); 𝑁ite (number of

iteration); 𝑇 𝑗 (execution time steps in each iteration)

1 ; for 𝑗 = 1, 2, . . . , 𝑁ite do

2 Set the initial state by Φ̂ 𝑗
0 |0 = 𝑥 𝑗0 = 𝑥𝑠;

3 for 𝑡 = 0, 1, . . . , 𝑇 𝑗 do

4 Solve problem (2.21) and obtain the solutions (2.22)–(2.24);

5 Apply the control input (2.25) to the system (2.1) and observe the next state 𝑥 𝑗𝑡+1;

6 end

7 Update the terminal set SS 𝑗−1 → SS 𝑗 by following the procedures in subsections 2.3.1 and 2.3.2;

8 Update the terminal cost 𝑄 𝑗−1 (·) → 𝑄 𝑗 (·) by following the procedures in subsection 2.3.3;

9 end

at time 𝑡 in iteration 𝑗 as

𝑢̂
𝑗 ,∗
𝑡:𝑡+𝑁 𝑗

𝑡 −1 |𝑡
= [𝑢̂ 𝑗 ,∗

𝑡 |𝑡 , . . . , 𝑢̂
𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 −1 |𝑡
], (2.22)

𝑥
𝑗 ,∗
𝑡+1:𝑡+𝑁 𝑗

𝑡 |𝑡
= [𝑥 𝑗 ,∗

𝑡+1 |𝑡 , . . . , 𝑥
𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 |𝑡
], (2.23)

Φ̂ 𝑗 ,∗
𝑡+1:𝑡+𝑁 𝑗

𝑡 |𝑡
= [Φ̂ 𝑗 ,∗

𝑡+1 |𝑡 , . . . , Φ̂
𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 |𝑡
] . (2.24)

Then, at each time 𝑡 in iteration 𝑗 , the following control input is applied to the system (2.1):

𝑢
𝑗
𝑡 =


𝑢̂
𝑗 ,∗
𝑡 |𝑡 if 𝑁 𝑗

𝑡 > 0,

𝜋O (𝑥 𝑗𝑡 ) if 𝑁 𝑗
𝑡 = 0,

(2.25)

where 𝜋O (·) is the control policy that makes the set O forward invariant defined in Assumption 4.

After applying the control input 𝑢 𝑗𝑡 , the state at the next time step 𝑥 𝑗𝑡+1 is observed. This procedure

is iteratively executed until the prespecified execution time 𝑇 𝑗 is reached. After the iteration 𝑗 ,

the terminal components 𝑄 𝑗−1 and SS 𝑗−1 are updated with the data collected in iteration 𝑗 by the

procedures explained later in subsections 2.3.1, 2.3.2, and 2.3.3, and the iteration 𝑗 + 1 is executed

from the initial state 𝑥 𝑗+1
0 = Φ̂ 𝑗+1

0 |0 = 𝑥𝑠. In the following subsections, we will discuss the concrete

procedures of constructing the set SS 𝑗 and the terminal cost 𝑄 𝑗 .

2.3.1 Collection of terminal sets SS 𝑗

Let us explain how to construct the collection of the terminal sets SS 𝑗 based on the data collected

in the past iterations. Specifically, the set SS 𝑗 is constructed to be a collection of subsets of the

reachable set to the goal region O for the current GP model. First of all, based on Assumption
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5, we define the initial collection of the terminal sets which is used in the execution in iteration

1 as SS0 = {Φ0
1 |0,Φ

0
2 |0, . . . ,Φ

0
𝑇0−1 |0,O} with 𝑚̃(Φ0

𝑇0−1 |0, 𝑢
0
𝑇0−1 |0) ⊆ O. Here, we can easily see

that any set within SS0 is a subset of the reachable set to O from Assumption 5. Then, at each

time 𝑡 in iteration 1, we solve the optimization (2.21) and obtain the optimal sequence of inputs

𝑢̂1,∗
𝑡:𝑡+𝑁1

𝑡 −1 |𝑡 and the corresponding confidence regions Φ̂1,∗
𝑡+1:𝑡+𝑁1

𝑡 |𝑡
with Φ̂1,∗

𝑡+𝑁1
𝑡 |𝑡
⊆ Φ0

𝑡∗ |0, ∃𝑡
∗ ∈ N1:𝑇0−1

or Φ̂1,∗
𝑡+𝑁1

𝑡 |𝑡
⊆ O. Since it is hard to directly use these sets as terminal sets in future itera-

tions, as discussed in the following subsection, we modify these sets with the procedure explained

in the following subsection and construct the updated sets Φ1,∗
𝑡+1:𝑡+𝑁1

𝑡 −1 |𝑡 . For notational conve-

nience, we define the sequence of ellipsoidsΦ1,∗
𝑡+1 |𝑡 , . . . ,Φ

1,∗
𝑡+𝑁1

𝑡 −1 |𝑡 ,Φ
0
𝑡∗ |0, . . . ,Φ

0
𝑇0−1 |0 asΦ1

𝑡+1:𝑡+𝑇1
𝑡 |𝑡

=

Φ1
𝑡+1 |𝑡 , . . . ,Φ

1
𝑡+𝑁1

𝑡 −1 |𝑡 ,Φ
1
𝑡+𝑁1

𝑡 |𝑡
, . . . ,Φ1

𝑡+𝑇1
𝑡 |𝑡

. Similarly, we also define the sequence of the control in-

puts 𝑢̂1,∗
𝑡 |𝑡 , . . . , 𝑢̂

1,∗
𝑡+𝑁1

𝑡 −1 |𝑡 , 𝑢
0
𝑡∗ |0, . . . , 𝑢

0
𝑇0−1 |0 as 𝑢1

𝑡:𝑡+𝑇1
𝑡 |𝑡

= 𝑢1
𝑡 |𝑡 , . . . 𝑢

1
𝑡+𝑁1

𝑡 −1 |𝑡 , 𝑢
1
𝑡+𝑁1

𝑡 |𝑡
, . . . , 𝑢1

𝑡+𝑇1
𝑡 |𝑡

. Af-

ter the execution of iteration 1, we set the updated terminal set SS1 by appending the newly

obtained sets during the execution of iteration 1, Φ1,∗
𝑡+1:𝑡+𝑁1

𝑡 −1 |𝑡 = Φ1
𝑡+1:𝑡+𝑁1

𝑡 −1 |𝑡 , ∀𝑡 ∈ N0:𝑇1 to

SS0. In the same way, at each time 𝑡 in iteration 𝑗 , Φ 𝑗

𝑡+1:𝑡+𝑇 𝑗
𝑡 |𝑡

is computed and after the execu-

tion of iteration 𝑗 , the set SS 𝑗 is constructed by appending the newly obtained sets at iteration 𝑗 ,

Φ 𝑗 ,∗
𝑡+1:𝑡+𝑁 𝑗

𝑡 −1 |𝑡
= Φ 𝑗

𝑡+1:𝑡+𝑁 𝑗
𝑡 −1 |𝑡

, ∀𝑡 ∈ N0:𝑇 𝑗 to SS 𝑗−1.

2.3.2 Backward enlargement of reachable sets

Practically, the forward reachable sets obtained at time 𝑡 in iteration 𝑗 , i.e., Φ̂ 𝑗 ,∗
𝑡+1:𝑡+𝑁 𝑗

𝑡 |𝑡
with Φ̂ 𝑗 ,∗

𝑡+𝑘 |𝑡 =

E(𝑝 𝑗 ,∗
𝑡+𝑘 |𝑡 , 𝑃̂

𝑗 ,∗
𝑡+𝑘 |𝑡 ) are likely to be too small to use as the terminal sets in the following iterations

since the size of the uncertainty ellipsoids grows along with the time steps and the terminal predicted

ellipsoid needs to be included in a terminal set in SS 𝑗−1, which leads to poor performance due to a

small number of the available terminal sets. Since the obtained predictive sequence of the ellipsoidal

set usually meets the terminal constraint with some margin, we can use this degree of freedom to

enlarge the sets without breaking the inclusion relationships. To this end, we introduce a technique,

Backward Enlargement (BE), which enlarges the reachable sets backward in time (see also Fig. 2.3).

We denote the updated reachable sets calculated by BE as Φ 𝑗 ,∗
𝑡+𝑘 |𝑡 = E(𝑝

𝑗 ,∗
𝑡+𝑘 |𝑡 , 𝑃

𝑗 ,∗
𝑡+𝑘 |𝑡 ), ∀𝑘 ∈ N1:𝑁 𝑗

𝑡

with Φ 𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 |𝑡
= Φ 𝑗∗

𝑡∗+𝑘∗ |𝑡∗ ⊇ Φ̂ 𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 |𝑡
, where Φ 𝑗∗

𝑡∗+𝑘∗ |𝑡∗ ∈ SS
𝑗−1 is the terminal set selected at time

𝑡 in iteration 𝑗 . These sets are obtained by solving the following optimization problem from time
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BE of ෡𝛷𝑡+2|𝑡
𝑗,∗

ො𝑢𝑡|𝑡
𝑗,∗ ො𝑢𝑡+1|𝑡

𝑗,∗

𝚽𝒕∗+𝒌∗|𝒕∗
𝒋,∗

෡𝚽𝒕|𝒕
𝒋,∗

෡𝚽𝒕+𝟐|𝒕
𝒋,∗

෡𝚽𝒕+𝟏|𝒕
𝒋,∗

ො𝑢𝑡+2|𝑡
𝑗,∗

ො𝑢𝑡|𝑡
𝑗,∗ ො𝑢𝑡+1|𝑡

𝑗,∗

𝚽𝒕∗+𝒌∗|𝒕∗
𝒋,∗

෡𝚽𝒕|𝒕
𝒋,∗

ො𝑢𝑡+2|𝑡
𝑗,∗

ො𝑢𝑡|𝑡
𝑗,∗ ො𝑢𝑡+1|𝑡

𝑗,∗

𝚽𝒕∗+𝒌∗|𝒕∗
𝒋,∗

෡𝚽𝒕|𝒕
𝒋,∗

ො𝑢𝑡+2|𝑡
𝑗,∗

𝚽𝒕+𝟏|𝒕
𝒋,∗

BE of ෡𝛷𝑡+1|𝑡
𝑗,∗

𝚽𝒕+𝟐|𝒕
𝒋,∗෡𝚽𝒕+𝟑|𝒕

𝒋,∗

෡𝚽𝒕+𝟏|𝒕
𝒋,∗

𝚽𝒕+𝟐|𝒕
𝒋,∗

Figure 2.3: Backward Enlargement of the reachable sets. In this example, we first assume that the

optimal control inputs 𝑢̂ 𝑗 ,∗
𝑡:𝑡+2 |𝑡 and reachable sets Φ̂ 𝑗 ,∗

𝑡:𝑡+3 |𝑡 with Φ̂ 𝑗 ,∗
𝑡+3 |𝑡 ⊆ Φ𝑖

∗

𝑡∗+𝑘∗ |𝑡∗ are obtained by

solving the problem (2.21) as shown in the left above figure. Then, the enlargement of the sets Φ̂ 𝑗 ,∗
𝑡+2 |𝑡

and Φ̂ 𝑗 ,∗
𝑡+1 |𝑡 are performed in this order by solving (2.26) with Φ 𝑗 ,∗

𝑡+3 |𝑡 = Φ𝑖
∗

𝑡∗+𝑘∗ |𝑡∗ . With this scheme, we

can enlarge the sets without breaking the inclusion relationships 𝑚̃(Φ 𝑗 ,∗
𝑡+𝑘 |𝑡 , 𝑢̂

𝑗 ,∗
𝑡+𝑘 |𝑡 ) ⊆ Φ 𝑗 ,∗

𝑡+𝑘+1 |𝑡 , ∀𝑘 ∈

{1, 2} by effectively using the fact that the terminal ellipsoid Φ̂ 𝑗 ,∗
𝑡+3 |𝑡 satisfies the terminal constraint

(2.21g) with some margin.

𝑘 = 𝑁 𝑗
𝑡 − 1 to 1:

Φ 𝑗 ,∗
𝑡+𝑘 |𝑡 (=argmax𝐿Vol(Φ)) = argmax𝐿𝑃

tr(𝐿𝑃), (2.26a)

s.t. Φ = E(𝑝 𝑗 ,∗
𝑡+𝑘 |𝑡 , 𝑃), 𝑃 = 𝐿𝑃𝐿

>
𝑃,Φ ⊆ X, (2.26b)

E(𝑝′, 𝑃′) := 𝑚̃(Φ, 𝑢̂ 𝑗 ,∗
𝑡+𝑘 |𝑡 ), (2.26c)

𝑃 − 𝑃̂ 𝑗 ,∗
𝑡+𝑘 |𝑡 � 0, 𝑃 𝑗 ,∗

𝑡+𝑘+1 |𝑡 − 𝑃
′ � 0, (2.26d)

where tr(·) is the trace of a matrix, 𝐿𝑃 is a lower triangular matrix, Vol(·) represents the volume of an

ellipsoid, and we used the Cholesky decomposition in (2.26b) to avoid numerical instability. The con-

dition (2.26d) enforces the new ellipsoidsΦ 𝑗 ,∗
𝑡+𝑘 |𝑡 include the old ones Φ̂ 𝑗 ,∗

𝑡+𝑘 |𝑡 and the one step forwarded

ellipsoid 𝑚̃(Φ 𝑗 ,∗
𝑡+𝑘 |𝑡 , 𝑢̂

𝑗 ,∗
𝑡+𝑘 |𝑡 ) is included in the ellipsoid at the next time stepΦ 𝑗 ,∗

𝑡+𝑘+1 |𝑡 which is previously

calculated by (2.26). This procedure is performed for all sequences of ellipsoids Φ̂ 𝑗 ,∗
𝑡+1:𝑡+𝑁 𝑗

𝑡 |𝑡
, ∀𝑡. We

note that the BE holds the inclusion relationships 𝑚̃(Φ 𝑗 ,∗
𝑡+𝑘 |𝑡 , 𝑢̂

𝑗 ,∗
𝑡+𝑘 |𝑡 ) ⊆ Φ 𝑗 ,∗

𝑡+𝑘+1 |𝑡 , ∀𝑘 ∈ N0:𝑁 𝑗
𝑡 −1 due to

the backward procedure and thus each set calculated by the BE is still a subset of the reachable set to

O.
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2.3.3 Terminal cost 𝑄 𝑗

Next, we explain how to construct the terminal cost 𝑄 𝑗 (·). Given the terminal set SS 𝑗 , we define the

cost-to-go corresponding to each component Φ𝑖
𝑡+𝑘 |𝑡 in SS 𝑗 (for the definition of Φ𝑖

𝑡+𝑘 |𝑡 , please see

subsection 2.3.1) as follows:

𝐽𝑖,𝑡 ,𝑘 =
𝑇𝑖
𝑡∑

𝑝=𝑘

max
𝑥∈Φ𝑖

𝑡+𝑝 |𝑡

ℓ(𝑥, 𝑢𝑖𝑡+𝑝 |𝑡 ). (2.27)

The terminal cost 𝑄 𝑗 for an ellipsoidal set Φ̄ = E(𝑝, 𝑃̄) in state space X is defined as the following.

𝑄 𝑗 (Φ̄) =


min(𝑖,𝑡 ,𝑘 ) ∈𝐹 𝑗 (Φ̄) 𝐽𝑖,𝑡 ,𝑘 if ∃Φ = E(𝑝, 𝑃) ∈ SS 𝑗 ,

Φ̄ ⊆ Φ, 𝑝 = 𝑝,

+∞ otherwise,

(2.28)

𝐹 𝑗 (Φ̄) = {(𝑖, 𝑡, 𝑘) : 𝑖 ∈ [0, 𝑗], 𝑡 ≥ 0 with Φ̄ ⊆ Φ𝑖𝑡+𝑘 |𝑡 , 𝑝 = 𝑝𝑖𝑡+𝑘 |𝑡 ; for Φ𝑖𝑡+𝑘 |𝑡 ⊆ SS
𝑗}. (2.29)

In addition, the terminal cost at the initial point 𝑥 𝑗0 = 𝑥𝑠 is similarly defined as𝑄 𝑗 (𝑥𝑠) = min𝑖∈[0, 𝑗 ] 𝐽𝑖,0,0

with 𝐽𝑖,0,0 = ℓ(𝑥𝑠, 𝑢𝑖0 |0) +
∑𝑇𝑖

0
𝑝=1 max𝑥∈Φ𝑖

𝑝 |0
ℓ(𝑥, 𝑢𝑖

𝑝 |0).

2.4 Properties

In this section, we show the theoretical properties of the proposed MPC scheme (2.21). Specifically,

the recursive feasibility, input-to-state stability, and performance bound of the closed-loop system are

discussed in the following subsections.

2.4.1 Recursive feasibility

We first show the recursive feasibility of the proposed scheme. The illustrative explanation of the

recursive feasibility is also shown in Fig. 2.4.

Theorem 1. Suppose that the trained GP model of the system (2.1) is given and the system (2.1) is

controlled by executing the control policy (2.25). Let Assumption 1-5 hold, then the optimization

problem (2.21) is feasible for all 𝑡 ≥ 0 and iteration 𝑗 ≥ 1.

Proof. We show the recursive feasibility at each iteration 𝑗 ≥ 1 by induction. From the definition

of SS 𝑗−1, we have SS0 ⊆ SS 𝑗−1. Thus, at time 0 in iteration 𝑗 ≥ 1, we have a feasible control

sequence of the problem (2.21), 𝑢0
0 |0, . . . , 𝑢

0
𝑁

𝑗
0 −1 |0

by following Assumption 5.
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𝚽𝒕∗+𝒌∗|𝒕∗
𝒊∗

෡𝚽𝒕|𝒕
𝒋,∗

෡𝚽𝒕+𝟐|𝒕
𝒋,∗

෡𝚽𝒕+𝟏|𝒕
𝒋,∗

෡𝚽𝒕+𝟑|𝒕
𝒋,∗

𝚽𝒕∗+𝒌∗+𝟏|𝒕∗
𝒊∗

෩𝚽𝒕+𝟏|𝒕+𝟏
𝒋 ෩𝚽𝒕+𝟐|𝒕+𝟏

𝒋

෩𝚽𝒕+𝟑|𝒕+𝟏
𝒋

෩𝚽𝒕+𝟒|𝒕+𝟏
𝒋

ෝ𝒖𝒕|𝒕
𝒋,∗ ෝ𝒖𝒕+𝟏|𝒕

𝒋,∗
ෝ𝒖𝒕+𝟐|𝒕
𝒋,∗

𝒖𝒕∗+𝒌∗|𝒕∗
𝒊∗

Figure 2.4: The explanation of the recursive feasibility property when 𝑁
𝑗
𝑡 = 𝑁

𝑗+1
𝑡 = 𝑁 . The

blue, green, and red ellipsoids represent the set in SS 𝑗−1 (Φ𝑖∗
𝑡∗+𝑘∗ |𝑡∗ is the terminal set selected

at time 𝑡 in iteration 𝑗 and Φ𝑖
∗

𝑡∗+𝑘∗+1 |𝑡∗ is the corresponding one step forwarded set), the optimal

sequence of ellipsoids calculated at time 𝑡 in iteration 𝑗 , and the sequence of ellipsoids generated

by the control inputs 𝑢̂ 𝑗 ,∗
𝑡+1 |𝑡 , . . . , 𝑢̂

𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 −1 |𝑡
, 𝑢𝑖

∗

𝑡∗+𝑘∗ |𝑡∗ at time 𝑡 + 1 from the initial ellipsoid Φ̃ 𝑗
𝑡+1 |𝑡+1 =

B(𝑝 𝑗 ,∗
𝑡 |𝑡−1, |𝑥

𝑗
𝑡 − 𝑝

𝑗 ,∗
𝑡 |𝑡−1 |), respectively. From the monotonicity property of the propagation of the

ellipsoids summarized in Theorem 2 and the definition of the terminal set discussed in subsections

2.3.1 and 2.3.2, the above sequence of control inputs is a feasible solution of the problem (2.21) at time

𝑡 + 1 (red ellipsoids are within a blue or green ellipsoid and centers of these ellipsoids are matched).

Next, assume that at time 𝑡 > 0 in iteration 𝑗 ≥ 1, the LMPC (2.21) is feasible and let 𝑢̂ 𝑗 ,∗
𝑡:𝑡+𝑁 𝑗

𝑡 −1 |𝑡
,

𝑥
𝑗 ,∗
𝑡+1:𝑡+𝑁 𝑗

𝑡 |𝑡
and Φ̂ 𝑗 ,∗

𝑡+1:𝑡+𝑁 𝑗
𝑡 |𝑡

be the optimal sequences. The terminal constraint (2.21g) enforces

Φ̂ 𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 |𝑡
⊂ Φ𝑖

∗

𝑡∗+𝑘∗ |𝑡∗ , where (𝑖∗, 𝑡∗, 𝑘∗) = argmin(𝑖,𝑡 ,𝑘 ) ∈𝐹 𝑗 (Φ̂ 𝑗,∗
𝑡+𝑁 𝑗

𝑡 |𝑡
)𝐽𝑖,𝑡 ,𝑘 .

Then, at time 𝑡 in iteration 𝑗 , the control input (2.25) is applied to the system (2.1), and the

system state at the next time step is obtained as 𝑥 𝑗𝑡+1. Here, we denote the sequence of the confidence

regions obtained by applying the control inputs 𝑢̂ 𝑗 ,∗
𝑡+1:𝑡+𝑁 𝑗

𝑡+1−1 |𝑡
from the initial ellipsoid at time 𝑡 + 1

Φ̃ 𝑗
𝑡+1 |𝑡+1 = B(𝑝 𝑗 ,∗

𝑡 |𝑡−1, |𝑥
𝑗
𝑡 −𝑝

𝑗 ,∗
𝑡 |𝑡−1 |) = E(𝑝

𝑗
𝑡+1 |𝑡+1, 𝑃̃

𝑗
𝑡+1 |𝑡+1) as Φ̃ 𝑗

𝑡+1:𝑡+𝑁 𝑗
𝑡+1 |𝑡+1

. Since the initial ellipsoid

has properties Φ̃ 𝑗
𝑡+1 |𝑡+1 ⊆ Φ̂ 𝑗 ,∗

𝑡+1 |𝑡 and 𝑝
𝑗
𝑡+1 |𝑡+1 = 𝑝

𝑗 ,∗
𝑡+1 |𝑡 , we have Φ̃ 𝑗

𝑘 |𝑡+1 ⊆ Φ̂ 𝑗 ,∗
𝑘 |𝑡 and 𝑝

𝑗
𝑘 |𝑡+1 =

𝑝
𝑗 ,∗
𝑘 |𝑡 , ∀𝑘 ∈ N

𝑡+1:𝑡+𝑁 𝑗
𝑡

from the definition and monotonicity property of the confidence region (see

subsection 2.1.3 and Lemma 2). Thus, if 𝑁 𝑗
𝑡 = 𝑁

𝑗
𝑡+1 + 1, the control input sequence 𝑢̂ 𝑗 ,∗

𝑡+1:𝑡+𝑁 𝑗
𝑡+1−1 |𝑡

satisfies all the constraints in (2.21) and is a feasible solution to the problem (2.21) at time 𝑡 +

1. Moreover, when 𝑁
𝑗
𝑡 = 𝑁

𝑗
𝑡+1 = 𝑁 , since Φ̃ 𝑗

𝑡+𝑁 𝑗
𝑡+1 |𝑡+1

⊆ Φ̂ 𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 |𝑡
⊆ Φ𝑖

∗

𝑡∗+𝑘∗ |𝑡∗ holds and the

centers of these ellipsoids are the same, the control input 𝑢𝑖∗
𝑡∗+𝑘∗ |𝑡∗ brings the confidence region

Φ̃ 𝑗

𝑡+𝑁 𝑗
𝑡+1+1 |𝑡+1

to the inside of Φ𝑖∗
𝑡∗+𝑘∗+1 |𝑡∗ (i.e., 𝑚̃(Φ̃ 𝑗

𝑡+𝑁 𝑗
𝑡+1+1 |𝑡+1

, 𝑢𝑖
∗

𝑡∗+𝑘∗ |𝑡∗) ⊆ Φ𝑖
∗

𝑡∗+𝑘∗+1 |𝑡∗) and centers of

these ellipsoids match from the monotonicity property of the confidence ellipsoids and the definition

of sets within SS 𝑗−1 discussed in subsections 2.3.1 and 2.3.2. Thus, the sequence of control inputs

𝑢̂
𝑗 ,∗
𝑡+1 |𝑡 , . . . , 𝑢̂

𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 −1 |𝑡
, 𝑢𝑖

∗

𝑡∗+𝑘∗ |𝑡∗ satisfies all the constraints in (2.21) and is a feasible solution to the
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problem (2.21) at time 𝑡 + 1. Then, by induction, we can conclude that the LMPC (2.21) is feasible

∀ 𝑗 ≥ 1 and 𝑡 ≥ 0. □

2.4.2 Input to state stability of the invariant set O

Next, we discuss the stability property of the proposed method. Specifically, ISS is shown for the

proposed control scheme. Moreover, we show that the system states converge to the set O with a

specific choice of the terminal set. For the input-to-state stability and analysis of the performance-

bound discussed in the next subsection, we require the following assumption on the terminal set

SS 𝑗 .

Assumption 6. All the ellipsoidal sets within SS 𝑗 , ∀ 𝑗 have different centers.

Note that Assumption 6 is required only for the ISS and performance cost bound (Theorem 2

and 3), and the other properties including the recursive feasibility (Theorem 1) and the convergence

properties (Remark 1 and 2) hold without Assumption 6. As a tool to check the ISS property of the

closed loop system with respect to the control invariant set O, we first introduce the dissipative-form

ISS-Lyapunov function.

Definition 2. A dissipative-form ISS-Lyapunov function for the closed-loop system and the invariant

set O is a function 𝑉 : R𝑛 → R≥0 such that there exist 𝛼1, 𝛼2, 𝛼 ∈ K∞, and 𝜎 ∈ K so that for all

𝑥
𝑗
𝑡 ∈ R𝑛 and the one-step prediction error of the certainty equivalent prediction 𝑒 𝑗𝑡 ,

𝛼1( |𝑥 𝑗𝑡 |O) ≤ 𝑉 (𝑥
𝑗
𝑡 ) ≤ 𝛼2( |𝑥 𝑗𝑡 |O), (2.30)

𝑉 ( 𝑓 (𝑥 𝑗𝑡 , 𝑢
𝑗
𝑡 )) −𝑉 (𝑥

𝑗
𝑡 ) ≤ −𝛼( |𝑥

𝑗
𝑡 |O) + 𝜎(‖𝑒

𝑗
𝑡 ‖). (2.31)

The following proposition gives the relationship between the above ISS-Lyapunov function and

ISS of O.

Proposition 1. The following statements are equivalent:

• The close loop system is ISS with respect to the robust invariant set O.

• There exists a dissipative-form ISS-Lyapunov function.

Proof. The proof follows from Theorem 2.3 in [128]. □

We note here that the continuity of the function 𝑉 is not required in [128]. Then, the ISS property

holds for the proposed control scheme as summarized in the following theorem.
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Theorem 2. Suppose the GP model is given, and consider the closed-loop system (2.1) and (2.25).

Let Assumption 1-6 hold. Then, the closed-loop system is ISS for the set O.

Proof. In the following, we first consider the case when 𝑁 𝑗
𝑡 = 𝑁

𝑗
𝑡+1 = 𝑁 , and the other cases are

subsequently discussed. The LMPC cost at time 𝑡 can be written as

𝐽
LMPC,j
𝑡→𝑡+𝑁 (𝑥

𝑗
𝑡 , 𝑝

𝑗 ,∗
𝑡 |𝑡−1) =

𝑡+𝑁−1∑
𝑘=𝑡

ℓ(𝑥 𝑗 ,∗
𝑘 |𝑡 , 𝑢̂

𝑗 ,∗
𝑘 |𝑡 ) +𝑄

𝑗−1(Φ̂ 𝑗 ,∗
𝑡+𝑁 |𝑡 )

= ℓ(𝑥 𝑗 ,∗
𝑡 |𝑡 , 𝑢̂

𝑗 ,∗
𝑡 |𝑡 ) + 𝑝(𝑥

𝑗 ,∗
𝑡+1 |𝑡 ) +𝑄

𝑗−1(Φ̂ 𝑗 ,∗
𝑡+𝑁 |𝑡 ), (2.32)

where 𝑝(𝑥 𝑗 ,∗
𝑡+1 |𝑡 ) represents the total cost from time 𝑡 + 1 to 𝑡 + 𝑁 − 1 when the control inputs

[𝑢̂ 𝑗 ,∗
𝑡+1 |𝑡 , . . . , 𝑢̂

𝑗 ,∗
𝑡+𝑁−1 |𝑡 ] are applied to the certainty equivalent prediction model. After the control input

(2.25) is applied to the system (2.1), the next state is obtained as 𝑥 𝑗𝑡+1. Then, from the discussion in sub-

section 2.4.1, the sequence of the control inputs [𝑢̂ 𝑗 ,∗
𝑡+1 |𝑡 , . . . , 𝑢̂

𝑗 ,∗
𝑡+𝑁 𝑗

𝑡 −1 |𝑡
, 𝑢𝑖

∗

𝑡∗+𝑘∗ |𝑡∗], where (𝑖∗, 𝑡∗, 𝑘∗) =

argmin(𝑖,𝑡 ,𝑘 ) ∈𝐹 𝑗 (Φ̂ 𝑗,∗
𝑡+𝑁 |𝑡 )

𝐽𝑖,𝑡 ,𝑘 , is a feasible solution to the problem (2.21) at time 𝑡 + 1 and we denote

the associated mean predictions and confidence regions of system states as [𝑥 𝑗
𝑡+1 |𝑡+1, . . . , 𝑥

𝑗
𝑡+𝑁+1 |𝑡+1]

with 𝑥 𝑗
𝑡+1 |𝑡+1 = 𝑥

𝑗
𝑡+1 and [Φ̃ 𝑗

𝑡+1 |𝑡+1, . . . , Φ̃
𝑗
𝑡+𝑁+1 |𝑡+1] with Φ̃ 𝑗

𝑡+1 |𝑡+1 = B(𝑝 𝑗 ,∗
𝑡 |𝑡−1, |𝑥

𝑗
𝑡 − 𝑝

𝑗 ,∗
𝑡 |𝑡−1 |). Then,

the cost of the LMPC at time 𝑡 + 1 satisfies the following inequality

𝐽
LMPC,j
𝑡+1→𝑡+1+𝑁 (𝑥

𝑗
𝑡+1, 𝑝

𝑗 ,∗
𝑡+1 |𝑡 ) ≤

𝑡+𝑁−1∑
𝑘=𝑡+1

ℓ(𝑥 𝑗
𝑘 |𝑡+1, 𝑢̂

𝑗 ,∗
𝑘 |𝑡 ) + ℓ(𝑥

𝑗
𝑡+𝑁 |𝑡+1, 𝑢̂

𝑖∗

𝑡∗+𝑘∗ |𝑡∗) +𝑄
𝑗−1(Φ̃ 𝑗

𝑡+𝑁+1 |𝑡+1)

≤
𝑡+𝑁−1∑
𝑘=𝑡+1

ℓ(𝑥 𝑗
𝑘 |𝑡+1, 𝑢̂

𝑗 ,∗
𝑘 |𝑡 ) +𝑄

𝑗−1(Φ̃ 𝑗
𝑡+𝑁 |𝑡+1) = 𝑝(𝑥 𝑗𝑡+1) +𝑄

𝑗−1(Φ̃ 𝑗
𝑡+𝑁 |𝑡+1),

(2.33)

where the last inequality follows from

𝑄 𝑗−1(Φ̃ 𝑗
𝑡+𝑁 |𝑡+1) =

𝑇
𝑖∗2
𝑡∗2∑

𝑝=𝑘∗2

max
𝑥∈Φ

𝑖∗2
𝑡∗2+𝑝 |𝑡

∗
2

ℓ(𝑥, 𝑢𝑖
∗
2
𝑡∗2+𝑝 |𝑡

∗
2
) =

𝑇𝑖∗
𝑡∗∑

𝑝=𝑘∗
max

𝑥∈Φ𝑖∗
𝑡∗+𝑝 |𝑡∗

ℓ(𝑥, 𝑢𝑖∗𝑡∗+𝑝 |𝑡∗)

≥ ℓ(𝑥 𝑗
𝑡+𝑁 |𝑡+1, 𝑢

𝑖∗

𝑡∗+𝑘∗ |𝑡∗) +
𝑇𝑖∗
𝑡∗∑

𝑝=𝑘∗+1
max

𝑥∈Φ𝑖∗
𝑡∗+𝑝 |𝑡∗

ℓ(𝑥, 𝑢𝑖∗𝑡∗+𝑝 |𝑡∗)

= ℓ(𝑥 𝑗
𝑡+𝑁 |𝑡+1, 𝑢

𝑖∗

𝑡∗+𝑘∗ |𝑡∗) +𝑄
𝑗−1(Φ̃ 𝑗

𝑡+𝑁+1 |𝑡+1), (2.34)

where (𝑖∗2, 𝑡∗2, 𝑘∗2) = argmin(𝑖,𝑡 ,𝑘 ) ∈𝐹 𝑗 (Φ̃ 𝑗
𝑡+𝑁 |𝑡+1 )

𝐽𝑖,𝑡 ,𝑘 , the second equality follows from the definition of

the terminal cost discussed in subsection 2.3.1, Assumption 6, and the relationships of the ellipsoids

Φ̃ 𝑗
𝑡+𝑁 |𝑡+1 ⊆ Φ𝑖

∗

𝑡∗+𝑘∗ |𝑡∗ and 𝑝 𝑗
𝑡+𝑁 |𝑡+1 = 𝑝𝑖

∗

𝑡∗+𝑘∗ |𝑡∗ . The first inequality follows from 𝑥
𝑗
𝑡+𝑁 |𝑡+1 ∈ Φ

𝑖∗

𝑡∗+𝑘∗ |𝑡∗ ,

and the last equality follows from the property discussed in Lemma 2, Assumption 6, and Φ̃ 𝑗
𝑡+𝑁+1 |𝑡+1 ⊆
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Φ𝑖
∗

𝑡∗+𝑘∗+1 |𝑡∗ and centers of these ellipsoids match. Then, from (2.32) and (2.33), we have

𝐽
LMPC,j
𝑡+1→𝑡+1+𝑁 ( 𝑓 (𝑥

𝑗
𝑡 , 𝑢

𝑗
𝑡 ), 𝑝

𝑗 ,∗
𝑡+1 |𝑡 ) − 𝐽

LMPC,j
𝑡→𝑡+𝑁 (𝑥

𝑗
𝑡 , 𝑝

𝑗 ,∗
𝑡 |𝑡−1)

≤ 𝑝(𝑥 𝑗 ,∗
𝑡+1 |𝑡 + 𝑒

𝑗
𝑡 ) − 𝑝(𝑥

𝑗 ,∗
𝑡+1 |𝑡 ) − ℓ(𝑥

𝑗 ,∗
𝑡 |𝑡 , 𝑢

𝑗 ,∗
𝑡 |𝑡 )

≤ −ℓ(𝑥 𝑗 ,∗
𝑡 |𝑡 , 𝑢

𝑗 ,∗
𝑡 |𝑡 ) + 𝐿‖𝑒

𝑗
𝑡 ‖ ≤ −ℓ(𝑥

𝑗 ,∗
𝑡 |𝑡 , 0) + 𝐿‖𝑒

𝑗
𝑡 ‖

≤ −𝛼𝑙𝑥 (𝑥
𝑗
𝑡 ) + 𝐿‖𝑒

𝑗
𝑡 ‖, (2.35)

where we used 𝑄 𝑗−1(Φ̂ 𝑗 ,∗
𝑡+𝑁 |𝑡 ) = 𝑄 𝑗−1(Φ̃ 𝑗

𝑡+𝑁 |𝑡+1) which holds from Assumption 6, Lemma 2, and

Φ̃ 𝑗
𝑡+𝑁 |𝑡+1 ⊆ Φ̂ 𝑗 ,∗

𝑡+𝑁 |𝑡 and 𝑝 𝑗
𝑡+𝑁 |𝑡+1 ⊆ 𝑝

𝑗 ,∗
𝑡+𝑁 |𝑡 . 𝐿 is the Lipscitz constant of the function 𝑝 and 𝑒 𝑗𝑡 is the

prediction error of 𝑓 (i.e., 𝑒 𝑗𝑡 = 𝑥
𝑗
𝑡+1 − 𝑥

𝑗 ,∗
𝑡+1 |𝑡 ). The last inequality follows from Assumption 4. Since

the condition (2.30) is satisfied irrespective of the values of 𝑝 𝑗 ,∗
𝑡 |𝑡−1 and 𝑝 𝑗 ,∗

𝑡+1 |𝑡 , we can confirm that

the condition (2.30) is satisfied if 𝑁 𝑗
𝑡 = 𝑁

𝑗
𝑡+1 = 𝑁 by defining 𝑉 (𝑥 𝑗𝑡 ) = 𝐽

LMPC,j
𝑡→𝑡+𝑁 (𝑥

𝑗
𝑡 , 𝑝

𝑗 ,∗
𝑡 |𝑡−1). Next,

we consider the case 𝑁𝑡 = 𝑁𝑡+1 + 1. In this case, the inequality (2.35) is obviously satisfied since

𝑄 𝑗 (Φ̃ 𝑗

𝑡+𝑁 𝑗
𝑡+1 |𝑡+1

) = 0 holds from the fact Φ̃ 𝑗

𝑡+𝑁 𝑗
𝑡+1 |𝑡+1

⊆ O. □

Remark 1. Although the above ISS property does not imply that the system states always converge to

the set O with the control inputs calculated by the proposed MPC strategy (2.25), there always exists

a sequence of control inputs that steer the system states to the set O, which first goes to the currently

chosen terminal set Φ𝑖∗
𝑡∗+𝑘∗ |𝑡∗ (i.e., 𝑢̂ 𝑗 ,∗

𝑡:𝑡+𝑁 𝑗
𝑡 −1 |𝑡

) and then goes to O (i.e., 𝑢𝑖∗
𝑡∗+𝑘∗:𝑡∗+𝑇𝑖∗

𝑡∗ |𝑡
∗).

Remark 2. In addition to the ISS of the set O, we can further show that the system states converge to

the set O with the control input (2.25) by restricting the candidate terminal set within SS 𝑗 when the

optimization (2.21) is solved so that only the sets with terminal costs lower than that of the terminal set

selected in the previous time step are considered. With this scheme, we can ensure that the terminal

cost is monotonically decreasing with respect to the time step, and thus the terminal cost eventually be

0 (i.e., O is selected as the terminal set in finite time). Then, the convergence to the set O is guaranteed

from the definition of the MPC problem (2.21).

2.4.3 Performance bound

Lastly, we discuss the bound on the performance cost when the proposed LMPC strategy (2.25) is

executed on the system (2.1) at 𝑗-th iteration.

Theorem 3. Let Assumption 1-6 hold. Then, the upper bound on the iteration cost of the close-loop

system (2.1) and (2.25) is obtained as the following:

𝐽
𝑗

0→𝑇 𝑗 (𝑥
𝑗
0) :=

𝑇 𝑗∑
𝑡=0

ℓ(𝑥 𝑗𝑡 , 𝑢
𝑗
𝑡 ) ≤ 𝑄 𝑗−1(𝑥 𝑗0) + 𝐿

𝑇 𝑗∑
𝑡=0
‖𝑒 𝑗𝑡 ‖,
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where 𝑒 𝑗𝑡 = 𝑥
𝑗
𝑡 − 𝑥

𝑗 ,∗
𝑡 |𝑡−1 and 𝐿 is defined in the proof of Theorem 2.

Proof. From the definition of 𝑄 𝑗−1 discussed in subsection 2.3.3, we have

𝑄 𝑗−1(𝑥 𝑗0) = ℓ(𝑥
𝑗
0 , 𝑢

𝑖∗

0 |0) +𝑄
𝑗−1(Φ𝑖∗1 |0) = ℓ(𝑥

𝑗
0 , 𝑢

𝑖∗

0 |0) + max
𝑥∈Φ𝑖∗

1|0

ℓ(𝑥, 𝑢𝑖∗1 |0) +𝑄
𝑗−1(Φ𝑖∗2 |0)

≥ ℓ(𝑥 𝑗0 , 𝑢
𝑖∗

0 |0) + ℓ(𝑥
𝑖∗
1 , 𝑢

𝑖∗

1 |0) +𝑄
𝑗−1(Φ𝑖∗2 |0)

≥
𝑁

𝑗
0 −1∑
𝑘=0

ℓ(𝑥𝑖∗𝑘 , 𝑢
𝑖∗

𝑘 |0) +𝑄
𝑗−1(Φ𝑖∗

𝑁
𝑗

0 |0
) ≥ 𝐽LMPC, 𝑗

0→𝑁 𝑗
0
(𝑥 𝑗0 , 𝑥

𝑗
0), (2.36)

where 𝑖∗ = argmin𝑖∈[0, 𝑗 ]𝐽𝑖0→∞(𝑥𝑠) and and 𝑥𝑖∗𝑘 is the state that is obtained by applying control inputs

𝑢𝑖
∗

0 , . . . , 𝑢
𝑖∗
𝑘−1 to the dynamics (2.1). The last inequality follows from the fact that the sequence of

control inputs 𝑢𝑖∗
0:𝑁 𝑖∗

0 −1
is a feasible solution to 𝐽LMPC, 𝑗

0→𝑁 𝑗
0
(𝑥 𝑗0). Moreover, from (2.35), we have

𝐽
LMPC, 𝑗
𝑡+1→𝑡+1+𝑁 𝑗

𝑡+1
(𝑥 𝑗𝑡+1, 𝑝

𝑗 ,∗
𝑡+1 |𝑡 ) − 𝐽

LMPC, 𝑗
𝑡→𝑡+𝑁 𝑗

𝑡

(𝑥 𝑗𝑡 , 𝑝
𝑗 ,∗
𝑡 |𝑡−1) ≤ −ℓ(𝑥

𝑗 ,∗
𝑡 |𝑡 , 𝑢̂

𝑗
𝑡 ) + 𝐿‖𝑒

𝑗
𝑡 ‖. (2.37)

By iteratively applying (2.37), we have

𝐽
LMPC, 𝑗
0→𝑁 𝑗

0
(𝑥 𝑗0 , 𝑥

𝑗
0) ≥

𝑇 𝑗∑
𝑡=0

ℓ(𝑥 𝑗𝑡 , 𝑢
𝑗
𝑡 ) − 𝐿

𝑇 𝑗∑
𝑡=0
‖𝑒 𝑗𝑡 ‖ + 𝐽

LMPC, 𝑗
𝑇 𝑗+1→𝑇 𝑗+1+𝑁 (𝑥

𝑗
𝑡+1, 𝑝

𝑗 ,∗
𝑇 𝑗+1 |𝑇 𝑗 )

≥ 𝐽 𝑗0→𝑇 𝑗 (𝑥
𝑗
0) − 𝐿

𝑇 𝑗∑
𝑡=0
‖𝑒 𝑗𝑡 ‖, (2.38)

where the last inequality follows from the Lipschitz continuity of the function ℓ. From (2.36) and

(2.38), we have

𝑄 𝑗−1(𝑥 𝑗0) ≥ 𝐽
LMPC, 𝑗
0→𝑁 𝑗

0
(𝑥 𝑗0 , 𝑥

𝑗
0) ≥ 𝐽

𝑗

0→𝑇 𝑗 (𝑥
𝑗
0) − 𝐿

𝑇 𝑗∑
𝑡=0
‖𝑒 𝑗𝑡 ‖. (2.39)

This concludes the proof. □

Regarding the above performance bound, we have the following: (i) The part𝑄 𝑗−1(𝑥 𝑗0) is improved

when the iteration proceeds from the definition of 𝑄 𝑗 (·) discussed in subsection 2.3.1. (ii) If the error

associated with the GP prediction becomes small, the part 𝐿
∑𝑇 𝑗

𝑡=0 ‖𝑒
𝑗
𝑡 ‖ becomes small, and thus the

upper bound of the performance cost is also reduced.

2.5 Practical Considerations

2.5.1 Control scheme with GP update

If the GP models are updated during the execution, the properties discussed in Section 2.4 do not hold

anymore with the terminal components SS 𝑗 and 𝑄 𝑗 defined using the past GP models since a control
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input collected in a past iteration 𝑢𝑖
𝑡+𝑘 |𝑡 does not necessarily bring the confidence ellipsoids of a new

GP model from Φ𝑖
𝑡+𝑘 |𝑡 to the inside of Φ𝑖

𝑡+𝑘+1 |𝑡 . Thus, we need to recalculate the terminal components

with the updated GP model. Similar to the discussion of the BE in subsection 2.3.2, the recalculation

of the terminal sets can be done by solving the following problem backward in time (from time 𝑡 + 𝑁 𝑗
𝑡

to 𝑡) with Φ 𝑗 ,new
𝑡+𝑁 𝑗

𝑡 |𝑡
= Φ𝑖

∗,new
𝑡∗+𝑘∗ |𝑡∗ , where (𝑖∗, 𝑘∗, 𝑡∗) is the triple of integers with Φ 𝑗

𝑡+𝑁 𝑗
𝑡 |𝑡

= Φ𝑖
∗

𝑡∗+𝑘∗ |𝑡∗ (see

also subsection 2.3.2):

Φ 𝑗 ,new
𝑡+𝑘 |𝑡 =argmaxΦVol(Φ) = argmaxΦtr(𝐿𝑃), (2.40a)

s.t. Φ = E(𝑝 𝑗
𝑡+𝑘 |𝑡 , 𝑃), 𝑃 = 𝐿𝑃𝐿

>
𝑃,Φ ⊆ X, (2.40b)

E(𝑝′, 𝑃′) := 𝑚̃(Φ, 𝑢̂ 𝑗
𝑡+𝑘 |𝑡 ), (2.40c)

𝑃
𝑗 ,new
𝑡+𝑘+1 |𝑡 − 𝑃

′ � 0, 𝑝 𝑗 ,new
𝑡+𝑘+1 |𝑡 = 𝑝′, (2.40d)

where Φ 𝑗 ,new
𝑡+𝑘 |𝑡 is the new ellipsoid for the updated GP model. This procedure is executed from 𝑗 = 0.

With this recalculation, the desired inclusion relations 𝑚̃(Φ 𝑗 ,new
𝑡+𝑘 |𝑡 , 𝑢̂

𝑗 ,∗
𝑡+𝑘 |𝑡 ) ⊆ Φ 𝑗 ,new

𝑡+𝑘+1 |𝑡 hold.

2.5.2 Construction of the initial sets

The initial ellipsoids in Assumption 5 can be obtained with the BE procedure discussed in subsection

2.3.2, given control input sequence. If the growth of the confidence ellipsoids along with the time

steps is fast and the required number of time steps to solve the original control problem (2.21) is large,

it may not be easy to construct the initial sets that meet inclusion relation in Assumption 5. Then,

the designer may want to instead use the initial sets Φ0
1 |0,Φ

0
2 |0, . . . ,Φ

0
𝑇0 |0 ⊆ X that do not necessarily

satisfy the inclusion relations Φ0
𝑡+1 |0 ⊇ 𝑚̃(Φ

0
𝑡 |0, 𝑢

0
𝑡 |0). In this case, the theoretical results discussed in

Section 2.4 do not hold anymore. Instead, the following properties hold for all time 𝑡 > 0 and iteration

𝑗 > 1: (i) There always exists a sequence of the control inputs that bring the confidence ellipsoidal set

to the one of the initial safe set Φ0
𝑡 |0, ∃𝑡 ∈ N0:𝑇0 (ii) If the terminal set selected in the previous time

step is not a set within the initial sets, the feasibility of the problem (2.21) at that time is guaranteed.

Thus, if the initial sets Φ0
𝑡 |0, ∃𝑡 ∈ N0:𝑇0 are somehow guaranteed to be safe (e.g., there exist sequences

of control inputs that safely bring the state within the initial sets to the initial state or the target set

O), our method can still provide safety while allowing to iteratively improve the terminal sets of the

MPC problem by effectively utilizing the data obtained in the previous iterations. In the case study in

Section 2.6, we have empirically confirmed that the proposed control scheme with the above case of

initial sets can attain monotonically decreasing performance cost without experiencing infeasibility

during the execution.
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2.6 Case Study

(a) Double integrator (b) Vehicle navigation

Figure 2.5: The actual trajectories obtained by executing the proposed method. We can see that the

performance of the closed-loop system is improved along with the iterations.

In this section, we show the efficacy of the proposed method through the examples of a double

integrator system and vehicle navigation problem. Specifically, we investigate whether the proposed

iterative MPC scheme can improve the performance cost along with the number of iterations. All

the experiments are conducted on Python, and the IPOPT solver in CasADi [129] is used to solve

all of the optimization problems in the experiments. For training the GP model, we used the GPy

library [130], and the GP uncertainty propagation model is implemented based on [131]. Since the

uncertainty ellipsoids are overly conservative if we directly use the actual values of the constant 𝛽 and

Lipschitz constants 𝐿𝜎 and 𝐿∇𝜇𝑔 , we set 𝛽 and each element of 𝐿𝜎 and 𝐿∇𝜇𝑔 to 1, 0.001 and 0.01,

respectively for both cases. Such reduction is also employed in previous studies such as [55, 131]. We

also set the maximum horizon length 𝑁 and the execution time 𝑇 𝑗 , ∀ 𝑗 ≥ 1 to 4 and 10, respectively,

for both cases. Although the optimization problem (2.21) can be formulated as a non-linear mixed

integer program similar to [49], we instead implement the problem (2.21) by separately solving all

of the optimization problems corresponding to each candidate terminal set in SS 𝑗−1 and using the

solution with the smallest cost. Although this procedure requires solving many optimization problems

at each time instance, we note that the optimizations for the candidate sets can be solved in parallel.
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Table 2.1: Performance cost of the proposed control scheme at each iteration (double integrator)

𝑗 = 0 𝑗 = 1 𝑗 = 2 𝑖 = 3 𝑖 = 4

128.267 102.754 98.8373 97.5147 97.5147

2.6.1 Double integrator

As an initial experiment, we consider the control problem of the double integrator system with the

dynamics:

𝑥𝑡+1 =


1 1

0 1

 𝑥𝑡 +

0

1

 𝑢𝑡 . (2.41)

The dynamics are assumed to be fully unknown and learned with GP. The GP model is trained with

160 pairs of a control input and system state randomly collected from the intervals [−1, 6]× [−1.5, 1.5]

and [−1.5, 1.5], respectively, and the corresponding outputs of the dynamics above. The cost function

is defined as ℓ(𝑥, 𝑢) = 𝑥>𝑥 + 2𝑢2 and the set O is the disk with a radius of 1.5 centered at the origin.

Although the value of the cost function should be zero for all pairs of 𝑥 ∈ O and 𝑢 ∈ U according

to Assumption 3, we use the above cost for simple implementation in this experiment. The constraint

sets for control input and the second element of system states are given by U = {𝑢 | |𝑢 | < 1.5}

and X = {𝑥 | |𝑥𝑡 ,2 | < 1.5}, ∀𝑡 > 0, respectively. The initial ellipsoids mentioned in Assumption 5

are constructed by first generating the control inputs that correspond to the state transition of the red

points in Fig. 2.5 (a) and then executing the computation similar to the BE from the set O. Then,

we execute Algorithm 1. More specifically, at each time in each iteration, the optimization problem

(2.21) is solved and the control input (2.25) is applied to the actual system (2.1), and then the next state

is observed. After each iteration, the terminal set and cost are updated with the collected ellipsoids

and control inputs with the procedures discussed in subsections 2.3.1, 2.3.2, and 2.3.3. The results are

shown in Table 2.1 and Fig. 2.5. In Table 2.1, the performance cost of the proposed control scheme

at each iteration is summarized. As we can see from the table, the iteration cost is monotonically

decreased until it reaches the steady state value at iteration 4. In Fig. 2.5 (a), the state trajectories

obtained by applying the control inputs (2.25) to the actual system (4.1) are shown. We can also

confirm the improvement of the control performance from the figure.
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Table 2.2: Performance cost of the proposed control scheme at each iteration (vehicle navigation)

𝑗 = 0 𝑗 = 1 𝑗 = 2 𝑖 = 3 𝑖 = 4

423.5 279.935 226.057 220.627 179.76

2.6.2 Vehicle navigation

In the second experiment, we consider vehicle navigation in a 2D space. The dynamics of the vehicle

are given by

𝑥𝑡+1 = 𝑥𝑡 +


cos 𝜃𝑡 0

sin 𝜃𝑡 0

0 1


𝑢𝑡 , (2.42)

where the state 𝑥𝑡 ∈ R3 = [𝑞𝑥,𝑡 , 𝑞𝑦,𝑡 , 𝜃𝑡 ]> consists of the position in an 𝑥-𝑦 coordinate (𝑞𝑥,𝑡 , 𝑞𝑦,𝑡 ) and

heading angle 𝜃𝑡 . The control input 𝑢𝑡 = [𝑣𝑡 , 𝜔𝑡 ]> ∈ R2 includes the speed 𝑣𝑡 and angular speed 𝜔𝑡 .

The GP model is trained with 160 pairs of control inputs and system states randomly collected from

the intervals [−4, 4] × [−0.5, 6.5] × [−𝜋/2, 𝜋/2] and [−1.3, 1.3] × [−1.3,−1.3], respectively, and the

corresponding outputs of the dynamics above. The cost function is defined as ℓ(𝑥, 𝑢) = ‖𝑥 − 𝑥target‖2

with the target state 𝑥target = [3.5, 0, 0]>. The initial state is set to 𝑥𝑠 = [−3.5, 0, 𝜋/4]> and the goal

set O is defined by the disk with a radius of 0.75 centered at 𝑥target. We define the initial terminal sets

by the balls with a radius of 0.75 centered around the pairs of 𝑥-𝑦 position represented by a red cross

in Fig. 2.5 (b) and a heading angle (𝜋/3 for the first 5 red crosses, 0 for the next 2 red crosses, and

−𝜋/3 for the rest). This is the case discussed in subsection 2.5.2. The obstacle that is required to be

avoided for all the execution time is the 2-D ellipsoid shown in Fig. 2.5. Since it is hard to obtain

an analytical expression of the condition that an uncertainty ellipsoid is outside of the obstacle, we

instead calculate the maximum and minimum 𝑥, 𝑦 values within the uncertainty ellipsoid and impose

the constraints that all of the combinations of these 𝑥, 𝑦 values are outside of the obstacle. Moreover,

we also impose the constraints for the velocity and angular velocity as |𝑣𝑡 | < 1.2 and |𝜔𝑡 | < 1.2,

respectively. The results are shown in Fig. 2.5 (b), and Table 2.2. From these, we can see that the cost

is improved along with iteration.

2.7 Summary

In this study, we considered an iterative MPC scheme with the learned dynamics model. Specifically,

we proposed how to construct and improve the terminal components (terminal cost and set) of the MPC

problem by effectively utilizing the data collected from the past iterations. To overcome the practical
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challenges associated with the proposed control scheme, we additionally introduced some techniques

such as backward enlargement (BE) of reachable sets. Then, we showed that the proposed MPC

scheme meets recursive feasibility and the ISS properties under certain assumptions. With further

restrictions on the proposed scheme, the convergence to the set O with the proposed MPC scheme

can also be guaranteed. Moreover, we analyzed the performance bound of the resulting closed-loop

system. The results from the case study show that the proposed method can improve the performance

cost along with iterations for some control problems. In future research, we will explore approaches

to reduce the conservativeness of the confidence ellipsoids, aiming to enhance the applicability of the

proposed MPC scheme.
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Chapter 3

Data-Efficient Safe Learning and Control

with On-Board Sensors: Bayesian

Meta-Learning and Barrier Function

Based Approach

We consider the safe navigation of robots in unknown environments using data from sensory devices.

The control barrier function (CBF) is one of the promising approaches to enforcing safety in robot

navigation and the recent progress on learning-based approaches realizes online synthesis of CBF-

based safe controllers with sensor measurements. However, the learned CBF candidates in these works

cannot be generalized to different environments and the re-synthesis is necessary when changes in the

environment occur. With this observation, this study attempts to develop a method that can effectively

use past data in different environments to quickly learn the CBF candidate in the current setting by

leveraging the currently developed Bayesian meta-learning framework. Our method realizes data-

efficient online learning as shown in the simulation and provides safety guarantees on the resulting

controller.

This chapter is organized based on“Data-efficient safe learning and control with on-board sensors:

Bayesian meta-learning and barrier function based approach” [132] which appeared in Advanced

Robotics.

Notations: Continuous functions 𝛼1 : R≥0 → R≥0 and 𝛼2 : R → R are class K and extended

class K∞ functions, respectively, if they are strictly increasing with 𝛼1(0) = 0 and 𝛼2(0) = 0. X2
𝑑 (𝑝)

is the 𝑝-th quantile of the X2 distribution with 𝑑 degrees of freedom. The maximum and minimum
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eigenvalues for any positive definite matrix 𝐴 are defined as 𝜆̄(𝐴) and 𝜆(𝐴), respectively. For a vector

field 𝑓 and a function 𝐹, 𝐿 𝑓 𝐹 (𝑥) := 𝜕𝐹 (𝑥 )
𝜕𝑥 𝑓 (𝑥) is the Lie derivative of the function 𝐹 in the direction

of 𝑓 .

3.1 Problem Statement

Throughout this chapter, we consider the following control affine system1:

¤𝑥(𝑡) = 𝑓 (𝑥(𝑡)) + 𝑔(𝑥(𝑡))𝑢(𝑡), (3.1)

where 𝑥(𝑡) ∈ D ⊂ R𝑛 and 𝑢(𝑡) ∈ U := {𝑢 ∈ R𝑚 | 𝐴𝑢 ≤ 𝑏} with 𝐴 ∈ R𝑚×𝑚 and 𝑏 ∈ R𝑚 are the

admissible system states and control inputs at time 𝑡, respectively. The functions 𝑓 : R𝑛 → R𝑛 and

𝑔 : R𝑛 → R𝑛×𝑚 are continuously differentiable functions representing dynamics of a robotic system

(e.g., ground vehicles or drones) equipped with sensors such as LiDAR. The state space is assumed to

contain initially unknown 𝑁obs obstacles and the outside of each obstacle is defined by the following:

C𝜉𝑖 = {𝑥 ∈ D ⊂ R𝑛 | ℎ(𝑥; 𝜉𝑖) ≥ 0}, 𝑖 ∈ N1:𝑁obs , (3.2)

where ℎ(·; 𝜉) : R𝑛 → R is a continuously differentiable function with unobserved latent variable 𝜉

that encodes the geometric information about an obstacle, e.g., the position and shape of an obstacle.

We assume realizations of the variable, 𝜉𝑖 , 𝑖 ∈ N1:𝑁obs are determined by samples from a probabilistic

distribution 𝑝(𝜉) and they are fixed during the control execution. For simplicity, the obstacles are

chosen not to overlap with each other.

Our goal is to synthesize a controller that achieves a given task (e.g., goal-reaching task) without

deviating from the safe region C =
⋃𝑁obs
𝑖=1 C𝜉𝑖 given initial state 𝑥(0) ∈ C. Since the safe/unsafe regions

are initially unknown, the robotic system needs to identify them based on the sensor measurements.

A naive approach is to use supervised learning based on measurement data obtained under a pre-

determined environment. However, in this case, the trained model cannot be generalized to different

environments, and even slight changes in the environment necessitate a complete re-fitting of the

model, which is not only inefficient but also demands a substantial amount of data. Thus, we consider

a way to effectively use past data in the different environments sampled from 𝑝(𝜉) to quickly learn

safe/unsafe regions in a new environment and synthesize the safe controller with few amount of online

data.
1Although our proposed method is applicable to broader classes of non-linear systems, we focus on control affine systems

because this approach simplifies the control problem into a QP, which can be solved efficiently. Note that this limitation is

typical in the literature on CBF (see, e.g., [26]).

41



3.2 CLF-CBF-QP

In this section, we first introduce the Zeroing Control Barrier Function (ZCBF) as a tool to enforce

safety on the system (3.1). The following discussion is a summary of the works [26, 30]. In ZCBF,

the safety is defined as the forward-invariance of a safe set C which is defined by the zero super level

set of a function ℎ : R𝑛 → R, i.e., the system (3.1) is considered to be safe if there exists a Lipschitz

continuous control 𝑢(𝑡) that results in 𝑥(𝑡) ∈ C := {𝑥 | ℎ(𝑥) ≥ 0} for all 𝑡 ≥ 0 when 𝑥(0) ∈ C. Given

an extended class K∞ function 𝛼𝐶 : R→ R, the ZCBF is defined as follows.

Definition 3. Let C ⊂ D ⊂ R𝑛 be the zero super level set of a continuously differentiable function

ℎ : R𝑛 → R. Then, the function ℎ is a zeroing control barrier function (ZCBF) for (3.1) on C if there

exists an extended class K∞ function 𝛼𝐶 such that, for all 𝑥 ∈ D, the following inequality holds.

sup
𝑢∈U

{
𝐿 𝑓 ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢 + 𝛼𝐶 (ℎ(𝑥))

}
≥ 0, (3.3)

where 𝐿 𝑓 ℎ(𝑥) and 𝐿𝑔ℎ(𝑥) are the Lie derivatives of the function ℎ in the direction of the vector fields

𝑓 and 𝑔, which are defined in notations in the beginning of this chapter. We additionally define the set

of control inputs that satisfy the CBF condition as follows:

𝑈𝐶 (𝑥) = {𝑢 ∈ U | 𝐿 𝑓 ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢 + 𝛼𝐶 (ℎ(𝑥)) ≥ 0}.

If the function ℎ is a valid CBF for (3.1) on C, the safety of the system (3.1) is guaranteed as the

following theorem.

Theorem 4 ([30]). Let C ⊂ D ⊂ R𝑛 be a zero super level set of a continuously differentiable function

ℎ : R𝑛 → R and the function ℎ is ZCBF for (3.1). Then, any Lipschitz continuous policy that selects

control inputs from𝑈𝐶 (𝑥) renders the safe set C forward invariant for the system (3.1).

In this study, the control objectives, except for the safety requirements, are encoded through the

control Lyapunov function (CLF) which is given in advance. With a classK function 𝛼𝑉 , the definition

of CLF is formally given as follows [26].

Definition 4. A continuously differentiable function 𝑉 : R𝑛 → R≥0 is a CLF if 𝑉 (𝑥𝑒) = 0 and

𝑉 (𝑥) > 0, 𝑥 ≠ 𝑥𝑒 with equilibrium point 𝑥𝑒 ∈ D, 𝑉 is radially unbounded, and there exists a class K

function 𝛼𝑉 : R→ R such that, for all 𝑥 ∈ D ⊂ R𝑛, the following inequality holds.

inf
𝑢∈U

{
𝐿 𝑓𝑉 (𝑥) + 𝐿𝑔𝑉 (𝑥)𝑢 + 𝛼𝑉 (𝑉 (𝑥))

}
≤ 0. (3.4)

Given a CLF 𝑉 , we consider the set of all control inputs that satisfy (3.4) for a state 𝑥 ∈ D as

𝑈𝑉 (𝑥) = {𝑢 ∈ U | 𝐿 𝑓𝑉 (𝑥) + 𝐿𝑔𝑉 (𝑥)𝑢 + 𝛼𝑉 (𝑉 (𝑥)) ≤ 0}.

If a function𝑉 is CLF, the stability of the equilibrium point 𝑥𝑒 is guaranteed as the following theorem.
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Theorem 5 ([25]). Let a continuously differentiable function 𝑉 : R𝑛 → R≥0 be CLF for (3.1). Then,

any Lipschitz continuous policy that selects control inputs from 𝑈𝑉 (𝑥) renders the equilibrium point

𝑥𝑒 of the system (3.1) asymptotically stable.

Note that if the class K function 𝛼𝑉 is linear, i.e., 𝛼𝑉 (𝑉 (𝑥)) := 𝛾𝑉 (𝑥) with 𝛾 > 0, the condition

(3.4) exhibits exponential stability [30]. Having CBF and CLF defined above, we can synthesize a

controller satisfying CBF and CLF conditions (3.3) and (3.4) with quadratic programming (QP) as

follows:

min
(𝑢,𝜖 ) ∈R𝑚+1

1
2
𝑢>𝐻𝑢 + 𝜆𝜖2, (3.5a)

s.t. 𝐿 𝑓𝑉 (𝑥) + 𝐿𝑔𝑉 (𝑥)𝑢 + 𝛼𝑉 (𝑉 (𝑥)) ≤ 𝜖, (3.5b)

𝐿 𝑓 ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢 + 𝛼𝐶 (ℎ(𝑥)) ≥ 0, (3.5c)

𝐴𝑢 ≤ 𝑏, (3.5d)

where 𝐻 ∈ R𝑚×𝑚 is a positive definite matrix and 𝜆 (> 0) is a tunable parameter for relaxing the

CLF condition (3.5b). The relaxation of the CLF condition ensures the solvability of the QP. If the

safety is defined by multiple CBFs, we can handle them by adding the corresponding CBF constraints

to the optimization problem. The CLF-CBF-QP controller (3.5) exhibits local Lipschitz continuity as

shown in [30] and thus the local existence and uniqueness of solutions to the resulting closed-loop

system are guaranteed.

3.3 Bayesian Meta-Learning of CBF Candidate

In this section, we consider learning the safe region (3.2) based on the measurement data from sensor

devices. To this end, we employ a technique based on the Gaussian process implicit surfaces (GPIS)

[90–92] which is developed for non-parametric probabilistic reconstruction of object surfaces. Note

that we consider the case of 𝑁obs = 1 for a while, and the case of multiple obstacles is discussed later

in the next section. In this study, the implicit surfaces (IS) are defined by the distance from the surface

of objects to a certain point 𝑧 in 2D or 3D space, and the inside and outside of the object surfaces are

interpreted through the sign of the function as follows.

ℎIS(𝑧; 𝜉) =

𝑑𝜉 (𝑧) if 𝑧 is outside the obstacle

−𝑑𝜉 (𝑧) otherwise
(3.6)

where 𝑧 ∈ R𝑏, 𝑏 ∈ {2, 3} is a position in a 2D or 3D space and 𝑑𝜉 : R𝑏 → R≥0 is the function

that returns the minimum Euclidean distance between 𝑧 and surface of the obstacle corresponding
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Figure 3.1: The construction of data points from noisy sensor measurements: The gray dots are the

points on the surface detected by the sensors. The green, blue, and red dots represent the points that

have distance 2Δ, Δ, −Δ from the surface (negative value means inside of the obstacle) which are

calculated by using surface normal approximation explained in subsection 3.3.1 (we show the case of

𝑛− = 1 and 𝑛+ = 2).

to 𝜉 ∼ 𝑝(𝜉). Though this study focuses on a 2D environment, our method can easily be extended

to a 3D case. In GPIS, the function ℎIS is estimated with the GP, which enables us to deal with

uncertainty arising from measurement noise and scarcity of data. The GP is estimated with a dataset

{(𝑧𝑖 , ℎIS(𝑧𝑖 , 𝜉) + 𝜍𝑖)}𝑛data
𝑖=1 , where 𝜍𝑖 is bounded 𝜎-subgaussian noise and 𝑛data is the number of data.

Remark 3. Although this study considers a learning method for separated obstacles, our proposed

learning method introduced in this section can potentially be extended to scene-level learning. Since

this extension is ideal for many practical applications, we will consider it in future work.

3.3.1 Dataset construction

In this subsection, we explain how to construct a dataset to learn implicit surfaces (3.6) based on the

measurement data from sensors such as LiDAR. A pictorial image for obtaining training data from

noisy sensor measurements is shown in Fig. 3.1. First, assume we have a point cloud on the surface

P0 = ∪𝑛surf
𝑖=1 {𝑧

0,𝑖}, where 𝑛surf ∈ Z>0 is the number of surface points and 𝑧0,𝑖 ∈ R2, ∀𝑖 ∈ N1:𝑛surf are

the world Cartesian coordinates of surface points computed with the raw depth readings produced

by sensors and current position of the robot. Then, for each surface point 𝑧0,𝑖 , the normal to the

surface of the obstacle at that point is approximated by the perpendicular to the segment between the

point and the nearest neighbor point within the same scan [92]. Under the assumption that the sensor

measurements on the surface are dense enough, this method yields accurate approximations. For each

surface point 𝑧0,𝑖 and corresponding approximated normal to the surface, we construct a set of points
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Figure 3.2: The summary of the proposed approach: The proposed method consists of offline meta-

training and online control execution. The offline training follows the procedures in subsection 3.3.2.

In each iteration, we first sample 𝐽 obstacles from the distribution 𝑝(𝜉) and construct the datasets

𝐷tr
𝜉 𝑗

and 𝐷ts
𝜉 𝑗

for each of these obstacles. Then, the loss (3.10) of the prediction made by the model

adopted from 𝐷tr
𝜉 𝑗

is evaluated for test data 𝐷ts
𝜉 𝑗

and the parameters are updated with the gradients of

the loss. In the online control execution, the control input is generated by CLF-CBF-QP (3.5) with the

CBF candidates obtained through the adaptation of the posterior parameters (3.8) and the probabilistic

bounds (3.14). The dataset for the adaptation is constructed using the sensor measurements obtained

during the operation by following procedures in subsection 3.3.1 and the data selection scheme

discussed in subsection 3.4.1.

∪𝑛+𝑝=−𝑛− {𝑧𝑝Δ,𝑖} with Δ ∈ R>0 and 𝑛+, 𝑛− ∈ Z≥0, where 𝑧𝑝Δ,𝑖 , ∀𝑝 ∈ Z−𝑛− :𝑛+ are the representations of

the points that are 𝑝Δ away from the surface of the obstacle (see the red, blue, or green colored points

in Fig. 3.1). A negative 𝑝 value means that the point 𝑧𝑝Δ,𝑖 is inside the obstacle. Then, we construct

the data set to train ℎIS as 𝐷 = ∪𝑛surf
𝑖=1 ∪

𝑛+
𝑝=−𝑛− {(𝑧𝑝Δ,𝑖 , 𝑝Δ)}.

3.3.2 Bayesian meta-learning of the function ℎIS

When we train the IS function online, the efficiency of the training may be problematic while the

model trained offline is not capable of generalizing to new environments. Thus, instead of relying on

either online or offline training, we consider employing a meta-learning [86] scheme, which enables

quick prediction on ℎIS with a few amount of online data by effectively using data from different

settings. In the following, we first introduce a Bayesian meta-learning framework ALPaCA (Adaptive

Learning for Probabilistic Connectionist Architectures) [88]. Then, the probabilistic bounds on the

prediction are subsequently discussed.
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Overview of ALPaCA

We first parameterize the prediction of the function ℎIS by the following form:

ℎ̂IS(𝑧; 𝜃) = 𝜃>𝜙𝑤(𝑧), (3.7)

where 𝜙𝑤 : R2 → R𝑑 represents a feed-forward neural network with parameter 𝑤 and 𝜃 ∈ R𝑑 is a

coefficient matrix that follows a Gaussian distribution N(𝜃, 𝜎2Λ−1) which encodes the information

and uncertainty associated with the unknown variable 𝜉 ∼ 𝑝(𝜉). Here, 𝜃 ∈ R𝑑 denotes the mean

parameters and Λ ∈ R𝑑×𝑑 is the positive definite precision matrix. Once the parameters of 𝜙𝑤 and the

prior distribution, (𝑤, 𝜃0,Λ0), are determined through the offline meta-training procedure explained

later, and the new measurement data along with a fixed 𝜉 ∼ 𝑝(𝜉) is given as 𝐷 𝜉 = {(𝑧𝑖 , 𝑦𝑖)}
𝑛adapt
𝑖=1 with

𝑦𝑖 = ℎIS(𝑧𝑖 , 𝜉) by following the procedures in subsection 3.3.1, the mean 𝜃 and precision matrix Λ𝜉

for the parameter 𝜃 are obtained as follows:

Λ𝜉 = Φ>𝜉Φ𝜉 + Λ0, 𝜃 𝜉 = Λ−1
𝜉 (Φ>𝜉𝐺 𝜉 + Λ0𝜃0), (3.8)

where 𝐺>𝜉 = [𝑦1, 𝑦2, . . . , 𝑦𝑛adapt] ∈ R𝑛adapt , and Φ>𝜉 = [𝜙𝑤(𝑧1), 𝜙𝑤(𝑧2), . . . , 𝜙𝑤(𝑧𝑛adapt)] ∈ R𝑑×𝑛adapt .

The above computation is based on Bayesian linear regression. Here, the mean and precision matrices

are subscripted by 𝜉 to explicitly show that they are calculated using the data associated with unknown

variable 𝜉 ∼ 𝑝(𝜉). Then, for any 𝑧 ∈ R2, the mean and variance of the posterior distribution are

obtained as

𝜇𝜉 (𝑧) = 𝜃>𝜉𝜙𝑤(𝑧), Σ𝜉 (𝑧) = 𝜎2(1 + 𝜙𝑤(𝑧)>Λ−1
𝜉 𝜙𝑤(𝑧)). (3.9)

Offline meta-training procedures

In the offline meta-training procedure, the parameters (𝑤, 𝜃0, Λ0) are trained so that the previously

discussed online adaptation yields accurate prediction. To this end, we iterate the following procedures

prescribed 𝑁ite ∈ Z>0 times (the procedures are also summarized in Fig. 3.2). First, we prepare

𝐽 ∈ Z>0 data sets by sampling obstacles 𝜉1, 𝜉2, . . . , 𝜉𝐽 from the distribution 𝑝(𝜉) and collect the data for

each obstacle as 𝐷 𝜉 𝑗 = ∪
𝑛 𝑗

𝑖=1{(𝑧
𝑗
𝑖 , 𝑦

𝑗
𝑖 )}, where 𝑛 𝑗 is the number of data within 𝐷 𝜉 𝑗 . Then, we randomly

split each dataset 𝐷 𝜉 𝑗 into training set 𝐷tr
𝜉 𝑗

= ∪
𝑛tr
𝑗

𝑖=1{(𝑧
tr, 𝑗
𝑖 , 𝑦

tr, 𝑗
𝑖 )} and test set 𝐷ts

𝜉 𝑗
= ∪

𝑛ts
𝑗

𝑖=1{(𝑧
ts, 𝑗
𝑖 , 𝑦

ts, 𝑗
𝑝 )},

where 𝑛tr
𝑗 and 𝑛ts

𝑗 are the number of data within 𝐷tr
𝜉 𝑗

and 𝐷ts
𝜉 𝑗

with 𝑛tr
𝑗 + 𝑛ts

𝑗 = 𝑛 𝑗 (𝑛tr
𝑗 is also randomly

chosen from the uniform distribution over {1, . . . , 𝑛 𝑗} in each iteration). The data within 𝐷tr
𝜉 𝑗

is used

to calculate the posterior distribution on the parameter 𝜃 𝜉 𝑗 (i.e., mean 𝜃 𝜉 𝑗 and precision matrix Λ𝜉 𝑗 )

through (3.8) while data within 𝐷ts
𝜉 𝑗

is used to evaluate the following negative log-likelihood loss

associated with the prediction based on the above posterior distribution:
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ℓ(𝜃0,Λ0, 𝑤) := −
𝐽∑
𝑗=1

𝑛ts
𝑗∑

𝑖=1
log 𝑝(𝑦ts, 𝑗

𝑖 | 𝑧ts, 𝑗𝑖 )

= −
𝐽∑
𝑗=1

𝑛ts
𝑗∑

𝑖=1
(log(1 + 𝜙𝑤(𝑧ts, 𝑗𝑖 )

>Λ−1
𝜉 𝑗
𝜙𝑤(𝑧ts, 𝑗𝑖 ))

− (𝑦ts, 𝑗
𝑖 − 𝜃>𝜉 𝑗𝜙𝑤(𝑧

ts,j
𝑖 ))

>Σ−1
𝜉 𝑗
(𝑧ts,j𝑖 )

(𝑦ts, 𝑗
𝑖 − 𝜃>𝜉 𝑗𝜙𝑤(𝑧

ts,j
𝑖 ))). (3.10)

Then the parameters are updated with stochastic gradient descent.

Probabilistic bounds on CBF

From the discussions above, we can compute the predictive distribution of the function value ℎIS(𝑧; 𝜉)

for any 𝑧 ∈ R2 and 𝜉 ∼ 𝑝(𝜉) by (3.9) once the offline meta-training procedure discussed in subsection

3.3.2 has been done and new measurements are obtained along with the online execution. Here,

we consider deriving a deterministic function with probabilistic guarantees, which can readily be

incorporated in the QP formulation (3.5). The following discussion follows from [89]. Before

deriving the probabilistic bounds on the prediction of ℎIS, we make two assumptions on the quality of

the offline meta-training.

Assumption 7. For all 𝜉 ∼ 𝑝(𝜉), there exists 𝜃∗𝜉 ∈ R𝑑 such that

𝜃∗𝜉
>𝜙𝑤(𝑧) = ℎIS(𝑧; 𝜉), ∀𝑧 ∈ R2. (3.11)

Assumption 8. For all 𝜉 ∼ 𝑝(𝜉) we have the following:

P(‖𝜃∗𝜉 − 𝜃0‖2Λ𝑖
≤ 𝜎2X2

𝑑 (1 − 𝛿)) ≥ 1 − 𝛿, (3.12)

where 𝛿 ∈ R>0 is a constant representing a small tolerable probability of failure.

Assumption 7 implies that the meta-learning model (3.7) is capable of fitting the true function

while Assumption 8 says that the uncertainty in the prior is conservative enough.

Remark 4. From the universal approximation theorem [133], Assumption 7 can be satisfied if the

meta parameters are appropriately trained. If the condition (3.11) is restrictive in practice, there are

some options to relax the condition (3.11) to allow a bounded error as stated in [89].

Under these assumptions, we can derive the bounds on the function ℎIS as follows.
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Theorem 6. Suppose the offline meta-training of the parameters 𝑤, 𝜃0, and Λ0 is done to satisfy

Assumption 7 and 8, and the parameters defining posterior distribution 𝜃 𝜉 and Λ𝜉 are computed by

(3.8) with data from the new environment 𝜉 ∼ 𝑝(𝜉). Then, the L-1 norm of the difference between the

true function value ℎIS(𝑧; 𝜉) and the mean prediction ℎ̄IS(𝑧; 𝜃 𝜉 ) = 𝜃 𝜉𝜙(𝑧) with 𝜃 𝜉 ∼ N(𝜃 𝜉 ,Λ𝜉 ), for

all 𝑧 ∈ R2 and 𝜉 ∼ 𝑝(𝜉), is bounded as the following.

|ℎIS(𝑧; 𝜉) − ℎ̄IS(𝑧; 𝜃 𝜉 ) | ≤ |𝜙(𝑧)>(𝜃 𝜉 − 𝜃∗𝜉 ) | ≤ ‖𝜙(𝑧)‖Λ−1
𝜉
𝛽𝜉 , (3.13)

with

𝛽𝜉 = 𝜎
©­«
√

2 log
(
1
𝛿

det(Λ𝜉 )1/2
det(Λ0)1/2

)
+

√
𝜆̄(Λ0)
𝜆(Λ𝜉 )

X2
𝑑 (1 − 𝛿)

ª®¬ ,
with probability at least (1 − 2𝛿).

Proof. Proof of this result follows from [89] and [134]. In the middle of the proof of Theorem 1 in

[89], it is shown that |𝑎>(𝜃 𝜉 −𝜃∗𝜉 ) | ≤ ‖𝑎‖Λ−1
𝜉
𝛽𝜉 holds for any 𝑎 ∈ R𝑑 with probability at least (1−2𝛿)

(see pp. 18 of [89]). Then, (3.13) is obtained by substituting 𝜙𝑤(𝑧) to 𝑎 in the inequality. □

The bound in Theorem 6 is derived by adapting the result from the context bandit literature [134].

The expression on the right-hand side of (3.13) approaches zero when the number of data points tends

to infinity since the regret bound in [134] achieves a sub-linear rate.

Since the difference between the true value and mean prediction is probabilistically bounded by

‖𝑎‖Λ−1
𝜉
𝛽𝜉 as discussed in Theorem 6, we can provide the associated lower bound of ℎIS corresponding

to a robot state 𝑥 and obstacle parameter 𝜉 as the following.

ℎ𝑏 (𝑥; 𝜃 𝜉 ) := ℎ̄IS(𝑣(𝑥); 𝜃 𝜉 ) − ‖𝜙(𝑣(𝑥))‖Λ−1
𝜉
𝛽𝜉 , (3.14)

where 𝑣 : R𝑛 → R2 is the function that maps the robot’s state to the robot’s position in 2D space. If

ℎ𝑏 (𝑥; 𝜃 𝜉𝑖 ) > 0 holds for all 𝑖 ∈ N1:𝑁obs at a point 𝑥, then the probability of the point 𝑣(𝑥) being outside

of all the 𝑁obs obstacles is obtained as (1 − 2𝛿)𝑁obs from Theorem 6. By using ℎ𝑏 as the CBF, we can

provide a probabilistic guarantee of the resulting controller as elaborated in Section 3.4.

Remark 5. In the GPIS training discussed in this section, the dataset basically relies on points near

the obstacle surfaces and this can affect the conservativeness of the model’s uncertainty prediction in

free space (especially locations far from the obstacle). We can partially address this issue by setting

𝑛+ defined in subsection 3.3.1 large value depending on the learning problem. More radical solutions

would be considered in future work.

Remark 6. Although our proposed method directly models the distance field as a GP similar to

most standard GPIS techniques, enforcing the Eikonal property in training as proposed in [135] may

increase the model’s efficiency and accuracy, especially for complex environments.
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Algorithm 2: Online control execution
Input : 𝑓 , 𝑔 (system dynamics model); 𝑝(𝜉) (distribution of obstacles); (𝑤, 𝜃0,Λ0) (prior

parameters); 𝛿 (confidence level); 𝑉 (CLF); 𝑇 (execution time)

1 𝜉𝑖 ∼ 𝑝(𝜉), B𝑖 ← ∅, ∀𝑖 ∈ N1:𝑁obs ;

2 while 𝑡 < 𝑇 do

3 if 𝑡 = 𝑘Δlidar, 𝑘 ∈ Z≥0 then

4 [CBF candidate update]

5 for 𝑖 = 1 : 𝑁obs do

6 Obtain sensor measurements P0
𝑖 ;

7 Construct dataset 𝐷𝑖 by procedures in subsection 3.3.1

8 Update the buffer B𝑖 by procedures in subsection 3.4.1;

9 if B𝑖 ≠ ∅ then

10 Compute the posterior parameters 𝜃 𝜉𝑖 and Λ𝜉𝑖 by (3.8);

11 Set ℎ𝑏 (·; 𝜃 𝜉𝑖 ) = ℎ𝑏𝐼𝑆 (𝑣(·); 𝜃 𝜉𝑖 ) by (3.14);

12 end

13 end

14 end

15 [Control execution]

16 Solve the QP (3.5) with the CBF candidates above;

17 Solve (3.1) and update state 𝑥(𝑡);

18 end

3.4 Online Control Execution

Given system (3.1), meta-learned parameters (𝑤, 𝜃0,Λ0), and CLF 𝑉 that encodes a control objective,

the procedures in the online control execution is as summarized in Algorithm 2. Before the execution,

an environment is determined by sampling the obstacles 𝜉𝑖 , ∀𝑖 ∈ N1:𝑁obs from the distribution 𝑝(𝜉)

and the data buffers B𝑖 for 𝜉𝑖 , ∀𝑖 ∈ N1:𝑁obs are initialized by empty sets (Line 1). Then, the control

is executed by repeatedly solving the QP (3.5) with the learned functions (3.14) defined using the

current posteriors 𝜃 𝜉𝑖 and Λ𝜉𝑖 calculated by the data in the current buffers (Line 10). The buffers B𝑖
and the posterior parameters 𝜃 𝜉𝑖 and Λ𝜉𝑖 ∀𝑖 ∈ N1:𝑁obs are updated at every Δlidar ∈ R>0 [s] through the

procedures in the following subsection (Line 3-14). Since each buffer B𝑖 is empty at the beginning,

we ignore the CBF constraint for 𝜉𝑖 until surface points of the corresponding obstacle are detected.

To justify this, we make the following assumption.

Assumption 9. The length of the laser is long enough and the measurements are taken constant enough

such that the control invariant of the safe region is maintained even if the unobserved obstacles are
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ignored in the current QP.

3.4.1 The update scheme of each buffer B𝑖

The update procedures of each buffer B𝑖 are discussed here. We ignore the subscription 𝑖 in the

following discussion for simplicity of notation. At time instance 𝑘 , suppose we have new data points

𝐷𝑘 = ∪𝑛𝑘𝑖=1 ∪
𝑛+
𝑝=𝑛− {(𝑧

+𝑝Δ,𝑖
𝑘 , 𝑝Δ)} obtained by following the procedures in subsection 3.3.1 and the

buffer B which is constructed by the data points obtained at past time instances 0 to 𝑘 − 1. Intuitively,

the data points in 𝐷𝑘 will include many data points that are similar to those obtained in the past

instances if the time interval of updating the dataset is small. Thus, it is important to select only the

informative data points before adding them to the buffer. Here, we consider the data selection scheme

for this purpose based on [136]. We repeat the following procedures for 𝑖 ∈ N1:𝑛𝑘 . First, we compute

the predictive variance at a data point on the surface 𝑧0,𝑖𝑘 with posterior parameters calculated by the

current B as Σ𝜉 (𝑧0,𝑖𝑘 ). Then, if the value Σ𝜉 (𝑧0,𝑖𝑘 ) is larger than the prescribed threshold 𝜂 ∈ R≥0, the

data points ∪𝑛+𝑝=𝑛− (𝑧
𝑝Δ,𝑖
𝑘 , 𝑝Δ) are considered to be informative for the current model and thus added

to the buffer B.

3.4.2 Theoretical results

The probabilistic safety guarantees for our control scheme are summarized in the following theorem.

Theorem 7. Suppose Assumption 9 holds and the offline meta-training of the parameters 𝑤, 𝜃0, and

Λ0 is performed to satisfy Assumption 7 and 8, and feasible solution of the QP in Algorithm 2 is

obtained at all time 𝑡 < 𝑇 . Then, 𝑥(𝑡) ∈ C𝜉𝑖 holds with probability at least 1 − 2𝛿 for all 𝑡 ∈ R>0 and

𝑖 ∈ N1:𝑁obs .

Proof. From Theorem 4, the implicit control policy defined by the QP in Algorithm 2 keeps the system

states within Ĉ𝜉𝑖 := {𝑥 ∈ D ⊂ R𝑛 | ℎ𝑏 (𝑥, 𝜉𝑖) ≥ 0} for all of the observed obstacles 𝜉𝑖 . Since each

state in Ĉ𝜉𝑖 is included in the actual safe set C𝜉𝑖 with probability at least 1 − 2𝛿 from Theorem 6, we

can guarantee 𝑥(𝑡) ∈ C𝜉𝑖 with probability at least 1 − 2𝛿 for each 𝑡 ∈ R>0 and the observed obstacles

𝜉𝑖 . This result and Assumption 9 prove the theorem. □

Note that the safety guarantee in Theorem 7 is point-wise rather than trajectory-wise similar to

the previous works such as [98, 99, 137] since the prediction of the boundary on the safe region is

determined from the probabilistic bound (3.14).
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3.5 Case Study

We test the proposed approach through a simulation of vehicle navigation in a 2D space. All the

experiments are conducted on Python running on a Windows 10 with a 2.80 GHz Core i7 CPU and

32 GB of RAM. TensorFlow and PyBullet [138] are used in the implementation of the meta-learning

and construction of the simulation environment, respectively. We first define the controlled system by

the unmanned vehicle that has the following dynamics:
¤𝑞𝑥
¤𝑞𝑦
¤𝜗

︸︷︷︸
¤𝑥

=


0

0

0

︸︷︷︸
𝑓 (𝑥 )

+


cos 𝜗 −ℓ sin 𝜗

sin 𝜗 ℓ cos 𝜗

0 1

︸                ︷︷                ︸
𝑔(𝑥 )


𝑣

𝜔

︸︷︷︸
𝑢

, (3.15)

where 𝑞𝑥 , 𝑞𝑦, and 𝜗 are 𝑥 − 𝑦 coordinates of the robot position and heading angle of the robot, 𝑣 and

𝜔 are the velocity and angular velocity of the vehicle, respectively. The control inputs and system

states are defined as 𝑢 = [𝑣, 𝜔]> ∈ R2 and 𝑥 = [𝑞𝑥 , 𝑞𝑦, 𝜗]> ∈ R3, respectively. Note that in (3.15),

we consider the dynamics of a point off the axis of the robot by a distance ℓ (> 0) to make the system

relative degree one. Moreover, the LiDAR scanner which has a 360-degree field of view and radiates

150 rays with a 3-meter length is assumed to be mounted on the vehicle. In the following subsections,

we compare the proposed method and the case where we use GP [51], a commonly used Bayesian

method, instead of ALPaCA. We choose a zero mean GP with a squared exponential kernel and the

GP is implemented by the Python library GPy.

3.5.1 Meta learning of unsafe regions

We first test the performance of the proposed scheme for constructing the IS function ℎIS : R2 → R.

We consider 2 settings: (I) Ellipsoidal obstacles with randomly chosen semi-axes lengths, center

positions, and rotation angles (II) Objects in Fig. 3.3 with randomly chosen positions, rotation angles,

and scales. In setting (I), the semi-axes lengths along the 𝑥 and 𝑦 coordinates, rotation angles, and

centers of ellipsoids are randomly sampled from the uniform distribution in the range [0.4, 0.8],

[−0.8, 0.8], and [0, 2𝜋], respectively. In setting (II), we used PyBullet objects to test with more

arbitrary shapes. The rotational angles and the center position of the objects are sampled in the same

way as setting (I). For both cases, the architecture of 𝜙 in (3.7) is defined by three hidden layers of

256 units with 32 basis functions, and meta-parameters are trained with the procedure in subsection

3.3.2. Moreover, we set 𝑁ite, 𝜎, 𝑛−, 𝑛+, and Δ to 30000, 0.001, 1, 5, and 0.1, respectively. A few

examples of the prediction of obstacle surfaces calculated with small amounts of data are shown in
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cylinder box duck bunny

Figure 3.3: PyBullet objects in case (II). The figures in the first and second lows are the GUI of

the objects and corresponding cross sections at 𝑥-𝑦 coordinates, respectively. The surfaces with the

smallest and largest sizes are shown by the black and blue lines, respectively.

Table 3.1: The CSEs between the robot position and the goal position

Method

Env
1 2 3 4 5 6

Proposed 619 830 654 843 487 1077

GP case 1011 1095 897 1804 503 1648

Fig. 3.4. The blue lines and blue shaded areas in the figure are the mean predictions of the surfaces

and the regions between the 0-level sets of the upper and lower 90% bounds of ℎIS. We can see that

the confidence bounds are reasonably tight even when the number of data points is small, which is the

main effect of the offline meta-training. Similar results are also observed for different obstacles. The

average negative log-likelihood (NLL) for cases (I) and (II), and the time required for adaptation are

also summarized in Fig. 3.5. We can see that the prediction made by the proposed scheme is superior

to that of the GP case when the number of data is small. Moreover, same as reported in [88], the

meta-learning scheme can produce the prediction very fast compared to the GP case.

3.5.2 Control execution

Based on the trained ℎIS, we next consider executing the control with Algorithm 2. The control

objective is to steer the vehicle toward the goal position (𝑞𝑔𝑥 , 𝑞𝑔𝑦) while avoiding obstacles. The goal-

reaching objective is encoded through the CLF 𝑉 (𝑥) = (𝑞𝑥 − 𝑞𝑔𝑥)2 + (𝑞𝑦 − 𝑞𝑔𝑦)2. Moreover, 𝛼𝐶 and
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Figure 3.4: A few examples of the prediction on surfaces: The black and blue lines show the actual

surface and the mean prediction of the surface, respectively. The blue shaded areas show the regions

between the 0-level sets of the upper and lower 90% bounds of ℎIS obtained from the discussion in

subsection 3.3.2, and the black cross marks show the data points on the surface used for the adaptation.

𝛼𝑉 in (3.5) are defined by the linear functions 𝛼𝐶 (𝑐) = 𝛾𝐶𝑐 and 𝛼𝑉 (𝑐) = 𝛾𝑉𝑐. We set parameters

𝛾𝐶 , 𝛾𝑉 , 𝜆, and 𝜂 to 1.0, 1.0, 10, and 0.003 respectively. Since the theoretically guaranteed bounds of

GP [52, 139] tend to be overly conservative, we instead use the 2-𝜎 lower bounds in the GP case. The

metric of the control performance is defined by the cumulative squared error (CSE) of the difference

between the robot and goal positions, along with the resulting state trajectory (the squared errors are

corrected every 0.02 [s]). The experiment is conducted on 6 different environments shown in Fig. 3.6.

An example of the control execution in Env 1 with Δlidar = 5 [s] is visualized in Fig. 3.7. From Fig.

3.7, we can see the vehicle successfully reaches the goal while avoiding the unsafe region. Notably,

the control of the proposed method is much less conservative than the GP case because of the tight

prediction of the unsafe region (the vehicle in the GP case is often forced to be stacked in small safe

regions until the subsequent update of the CBF). The CSEs when Δlidar = 5 for all 6 environments

are summarized in Table 3.1 and we can confirm the less conservative performance of the proposed

scheme for all the environments. Although the CSEs of the proposed method and the GP case get

closer as Δlidar becomes smaller, it is ideal to maintain the value Δlidar to be large to save computation

and the use of sensor devices that have limited batteries. Moreover, the GP can not be updated so

frequently because of the time required for the training (see Fig. 3.5).
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Figure 3.5: Left and Middle: NLLs for predictions of the proposed meta-learning scheme and GP

case against the number of data points for the cases (I) and (II) (the number of data points in the figure

means the number of surface points and the actual number of data points is 𝑛+ + 𝑛− + 1 (= 7) times

of that). Right: the time required for the training against the number of data points. The means and

3 − 𝜎 intervals are plotted in the figures.

3.6 Summary

In this study, we proposed an efficient and probabilistically ensured online learning method of CBF

with sensor measurements. In the proposed method, we utilized a technique based on the GPIS

to train unsafe regions from the measurements. Specifically, a Bayesian meta-learning scheme was

employed to learn IS function, which enables us to effectively use past data from different settings.

To avoid the volume of data buffers becoming unnecessarily large in the online control execution, we

also considered the data selection scheme which effectively uses the uncertainty information provided

by the current model. The prediction made by the proposed scheme was readily incorporated in

the CBF-CLF-QP formulation and the probabilistic safety guarantee for the control scheme was also

provided. In the case study, we have shown the efficacy of our method in terms of the conservativeness

of the prediction, the time required for the online training, and the conservativeness of the control

performance.
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Figure 3.6: Environments for testing the control performance.
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Figure 3.7: The control execution in Env 1 with the proposed method (above) and GP case (below).

The red crosses, heat maps, blue solid lines, black solid lines, and black dotted lines represent data

points on the surface, the values of CBF, 0-level sets of 95% lower bounds of CBF, actual surfaces,

and robot trajectories, respectively. The CBF is updated every 5 [s].
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Chapter 4

STL2vec: Signal Temporal Logic

Embeddings for Control Synthesis With

Recurrent Neural Networks

In this chapter, a method for learning a recurrent neural network (RNN) controller that maximizes the

robustness of signal temporal logic (STL) specifications is presented. In contrast to previous methods,

we consider synthesizing the RNN controller for which the user is able to select an STL specification

arbitrarily from multiple STL specifications. To obtain such a controller, we propose a novel notion

called STL2vec, which represents a vector representation of the STL specifications and exhibits their

similarities. The construction of the STL2vec is useful since it allows us to enhance the efficiency and

performance of the controller. We validate our proposed method through the examples of the path

planning problem.

This chapter is organized based on“ STL2vec: Signal Temporal Logic Embeddings for Control

Synthesis With Recurrent Neural Networks”[140] which appeared in IEEE Robotics and Automation

Letters.

4.1 Preliminaries

4.1.1 System description and notations

We consider a non-linear discrete-time system of the form:

𝑥𝑡+1 = 𝑓 (𝑥𝑡 , 𝑢𝑡 ), 𝑥0 ∈ X0, 𝑢𝑡 ∈ U, (4.1)
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where 𝑥𝑡 ∈ R𝑛 and 𝑢𝑡 ∈ U are the state and the control input at time 𝑡 ∈ Z≥0, X0 ⊂ R𝑛 is the set of

initial states, U ⊂ R𝑚 is the set of control inputs, and 𝑓 : R𝑛 × U → R𝑛 is a function capturing the

dynamics of the system. We assume that the initial state 𝑥0 is randomly chosen from X0 according to

the probability distribution 𝑝 : X0 → R, and U is given by U = {𝑢 ∈ R𝑚 : 𝑢min ≤ 𝑢 ≤ 𝑢max} for

given 𝑢max, 𝑢min ∈ R𝑚 (the inequalities are interpreted element-wise). Given 𝑥0 ∈ X0 and a sequence

of control inputs 𝑢0, . . . , 𝑢𝑇−1, we can generate a unique sequence of states according to the dynamics

(4.1), which we call a trajectory: 𝑥0:𝑇 = 𝑥0, 𝑥1, . . . , 𝑥𝑇 .

4.1.2 Signal Temporal Logic

Signal temporal logic (STL) [37] is a logical formalism that can specify temporal properties of

real-valued signals. The syntax of the STL formula is recursively defined as follows:

𝜙 :=> | 𝜇 | ¬𝜙 | 𝜙1 ∧ 𝜙2 | 𝜙1 ∨ 𝜙2 | 𝑭𝐼𝜙 |

𝑮 𝐼𝜙 | 𝜙1𝑼𝐼𝜙2 (4.2)

where 𝜇 : R𝑛 → B is the predicate whose boolean truth value is determined by the sign of a function

ℎ : R𝑛 → R, >, ¬, ∧, and ∨ are Boolean true, negation, and, and or operators, respectively,

and 𝑭𝐼 , 𝑮 𝐼 , 𝑼𝐼 are the temporal eventually, always, and until operators defined on a time interval

𝐼 = [𝑎, 𝑏] = {𝑡 ∈ Z≥0 : 𝑎 ≤ 𝑡 ≤ 𝑏} (𝑎, 𝑏 ∈ Z≥0).

We define the semantics of an STL formula 𝜙 with respect to the trajectory x := 𝑥0:𝑇 of the system

(4.1) at time 𝑡 as follows:

(x, 𝑡) |= 𝜇⇔ ℎ(𝑥𝑡 ) > 0

(x, 𝑡) |= ¬𝜇⇔ ¬((x, 𝑡) |= 𝜇)

(x, 𝑡) |= 𝜙1 ∧ 𝜙2 ⇔ (x, 𝑡) |= 𝜙1 ∧ (x, 𝑡) |= 𝜙2

(x, 𝑡) |= 𝜙1 ∨ 𝜙2 ⇔ (x, 𝑡) |= 𝜙1 ∨ (x, 𝑡) |= 𝜙2

(x, 𝑡) |= 𝑭𝐼𝜙⇔ ∃𝑡1 ∈ 𝑡 + 𝐼, (x, 𝑡1) |= 𝜙

(x, 𝑡) |= 𝑮 𝐼𝜙⇔ ∀𝑡1 ∈ 𝑡 + 𝐼, (x, 𝑡1) |= 𝜙

(x, 𝑡) |= 𝜙1𝑼𝐼𝜙2 ⇔ ∃𝑡1 ∈ 𝑡 + 𝐼 s.t. (x, 𝑡1) |= 𝜙2

∧ ∀𝑡2 ∈ [𝑡, 𝑡1], (x, 𝑡2) |= 𝜙1,

where 𝑡 + 𝐼 = {𝑡 + 𝑘 ∈ Z≥0 : 𝑘 ∈ 𝐼}. For simplicity, we denote x |= 𝜙 to abbreviate (x, 0) |= 𝜙. The

above semantics is qualitative, in the sense that it reveals only if the trajectory x either satisfies or

violates 𝜙.
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The notion of robustness of STL formulas provides quantitative semantics, and it measures how

much the trajectory satisfies the STL formula. The robustness is sound in the sense that positive

robustness value implies satisfaction of STL formula and negative robustness implies violation of STL

formula. The robustness score of the STL formula 𝜙 is defined with respect to a trajectory x and a

time 𝑡, which we denote by 𝜌𝜙 (x, 𝑡), and is recursively defined as follows:

𝜌𝜇 (x, 𝑡) = ℎ(𝑥𝑡 )

𝜌¬𝜇 (x, 𝑡) = −ℎ(𝑥𝑡 )

𝜌𝜙1∧𝜙2 (x, 𝑡) = min(𝜌𝜙1 (x, 𝑡), 𝜌𝜙2 (x, 𝑡))

𝜌𝜙1∨𝜙2 (x, 𝑡) = max(𝜌𝜙1 (x, 𝑡), 𝜌𝜙2 (x, 𝑡))

𝜌𝑭𝐼 𝜙 (x, 𝑡) = max
𝑡1∈𝑡+𝐼

𝜌𝜙 (x, 𝑡)

𝜌𝑮𝐼 𝜙 (x, 𝑡) = min
𝑡1∈𝑡+𝐼

𝜌𝜙 (x, 𝑡)

𝜌𝜙1𝑼𝐼 𝜙2 (x, 𝑡) = max
𝑡1∈𝑡+𝐼

(
min(𝜌𝜙2 (x, 𝑡1),

min
𝑡2∈[𝑡 ,𝑡1 ]

𝜌𝜙1 (x, 𝑡2))
)

Note that the trajectory length 𝑇 should be selected large enough to determine the robustness score

(see, e.g., [40]). For simplicity, we denote 𝜌𝜙 (x) to abbreviate 𝜌𝜙 (x, 0).

4.2 Problem Statement

Let us now formulate a problem that we seek to solve throughout the chapter. First, let Φ =

{𝜙1, 𝜙2, . . . , 𝜙𝑀 } denote a set of 𝑀 candidate STL specifications. We assume that the STL specifica-

tion can be freely chosen from the 𝑀 candidate specifications by the user before the control execution.

Once the STL specification is chosen by the user, say 𝜙𝑖 ∈ Φ, the system (4.1) is then controlled

aiming to satisfy 𝜙𝑖 . We also assume for simplicity that the chosen STL specification is fixed during

control execution (as detailed below).

In this work, we aim to learn a feedback controller that maximizes the robustness of the STL

specification. Note that the satisfaction and the robustness of an STL specification are defined over

the trajectory of the system (4.1), and that the STL specification is freely chosen from Φ. Hence, we

seek a parameterized control policy 𝜋(·; 𝑊) that maps the state history and the STL specification to

the control input:

𝑢𝑡 = 𝜋(𝑥0:𝑡 , 𝜙𝑖; 𝑊) , 𝑥0:𝑡 := (𝑥0, . . . , 𝑥𝑡 ), 𝜙𝑖 ∈ Φ,

where 𝑥0:𝑡 is the state trajectory generated by (4.1), 𝜙𝑖 is an STL specification selected from Φ, and
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⋯

Figure 4.1: The structure of RNN.

𝑊 denotes the learnable parameters of the policy 𝜋. More formally, the problem considered in this

chapter is defined as follows:

Problem 1. Given the system (4.1), horizon length 𝑇 , probability distribution of initial states 𝑝 :

X0 → R, and the candidate STL specifications Φ = {𝜙1, 𝜙2, . . . , 𝜙𝑀 }, find a set of parameters𝑊 that

is the solution to the following problem:

maximize
𝑊

1
𝑀

𝑀∑
𝑖=1

E𝑝 (𝑥𝑖0 )
[
𝜌𝜙𝑖

(
𝑥𝑖0:𝑇

) ]
(4.3)

s.t. 𝑥𝑖𝑡+1 = 𝑓
(
𝑥𝑖𝑡 , 𝜋

(
𝑥𝑖0:𝑡 , 𝜙𝑖;𝑊

) )
, (4.4)

𝑡 = 0, 1, . . . , 𝑇 − 1, 𝑖 = 0, 1, . . . , 𝑀,

where 𝜋(·, ·;𝑊) denotes a control policy parameterized by𝑊 and 𝑥𝑖0:𝑡 = 𝑥
𝑖
0, 𝑥

𝑖
1, . . . , 𝑥

𝑖
𝑡 is the trajectory

of (4.1) along with the policy 𝜋(·, 𝜙𝑖;𝑊). □

In Problem 1, we look for a set of the parameters of the control policy𝑊 that maximizes the sum

of the expectation of the robustness score with respect to the distribution of initial states over all 𝑀

candidate STL specifications. Since the control policy depends on the past and present states, or it is

history dependent, in this study we use a recurrent neural network (RNN) to learn the control policy 𝜋

(see, [43, 44]). RNN is a type of a neural network that has a feedback architecture. A basic structure

of the RNN is illustrated in Fig. 4.1. As shown in Fig. 4.1, RNN keeps processing the sequential

information via internal hidden state ℎ. The update rule of the hidden state and derivation of the

output at time 𝑡 are as follows:

ℎ𝑡 = 𝑔𝑊1 (ℎ𝑡−1, 𝑠𝑡 ), 𝑢𝑡 = 𝑙𝑊2 (ℎ𝑡 ), (4.5)

where 𝑔𝑊1 and 𝑙𝑊2 are the functions parameterized by weights𝑊1 and𝑊2, respectively, and 𝑠𝑡 denotes

the input that is fed to the RNN. Hence, the set of the RNN parameters is given by {𝑊1,𝑊2}. As
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discussed in [45], we can restrict the output of the RNN (i.e., the control input 𝑢𝑡 ) within the lower

bound 𝑢min and the upper bound 𝑢max by defining each element 𝑖 (𝑖 = 1, . . . , 𝑚) of the function 𝑙𝑊2 as

follows:

𝑢𝑡 ,𝑖 = 𝑢min,𝑖 +
𝑢max,𝑖 − 𝑢min,𝑖

2
(tanh ( [𝑊2ℎ𝑡 ]𝑖) + 1) , (4.6)

where the subscript 𝑖 denote 𝑖-th element of the vector. Using (4.6), we can generate control inputs

satisfying 𝑢𝑡 ∈ U. A detailed definition of 𝑠𝑡 in (4.5) as well as a concrete procedure to learn𝑊1,𝑊2

are elaborated in Section 4.4.

Indeed, solving Problem 1 is not trivial and challenging in the following sense. Since the control

policy depends on an STL specification 𝜙𝑖 , we should consider how to transform each STL specification

𝜙𝑖 ∈ Φ into a corresponding vector, so that it can be fed to the RNN as the inputs together with the

state trajectory 𝑥1:𝑡 . Intuitively, it may be desirable that we can provide similar inputs to the RNN

if the two STL specifications are close to each other in terms of their control policies. For example,

consider a simple case with 𝑥 ∈ R and the STL candidate specifications

𝜙1 = 𝑭[0,10] (0 ≤ 𝑥 ≤ 1), (4.7)

𝜙2 = 𝑭[0,11] (0 ≤ 𝑥 ≤ 1), (4.8)

𝜙3 = 𝑭[0,10] (10 ≤ 𝑥 ≤ 11), (4.9)

𝜙4 = 𝑭[0,10] (10 ≤ 𝑥 ≤ 11) ∨ 𝑭[0,10] (12 ≤ 𝑥 ≤ 13). (4.10)

Intuitively, control policies to satisfy 𝜙1 and 𝜙2 may be almost the same (as we aim to control the

system to the same region with almost the same time intervals), while the control policies to satisfy 𝜙1

and 𝜙3 may be quite different (as we aim to control the system to different regions). In addition, if we

could find a control policy to satisfy 𝜙3, this control policy also leads to the satisfaction of 𝜙4. Hence,

it is convenient that we could provide a certain mapping, where 𝜙1 and 𝜙2 are mapped onto the vector

points that are close to each other but far from those corresponding to 𝜙3 and 𝜙4. In addition, 𝜙3 and

𝜙4 are mapped onto the same vector points if a control policy to satisfy 𝜙3 could be found.

Motivated by the above intuition, in this study, we propose a novel scheme for constructing a vector

representation of the STL specifications, which is referred to as STL2vec. The proposed approach is

inspired by the notion of Word2vec [121], a vector representation of words that has been proposed in

machine learning literature and widely utilized for natural language processing. A concrete procedure

of the proposed approach is elaborated in Section 4.4.
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Figure 4.2: Skip-gram model.

4.3 Summary of Word2vec (skip-gram)

Before providing the proposed approach, we summarize the basic concept of Word2vec. As we will

see in the next section, the concept of Word2vec is a key ingredient to introduce STL2vec and how

to train for it. The main objective of Word2vec is to group the vectors of similar or related words

(for example, the words ”man” and ”boy” are mapped onto similar points in the vector space). As

such, we can let the computer perform mathematical operations on words to detect their similarities.

The mapping from each word to the vector is represented via an NN, i.e., the input for the NN is a

word, and its output is a corresponding vector. One of the common techniques to train the NN is

the skip-gram[121]. The structure of the skip-gram is shown in Fig. 4.2. As shown in Fig. 4.2, the

skip-gram has a shallow three-layer NN. The input to the NN is an 𝑀-dimensional one-hot vector,

i.e., only one single element is 1 and the other elements are all zero, where 𝑀 indicates a total number

of words in the corpus (typically with 𝑀 > 106). Here, each word is assigned by a unique one-hot

vector (for example, ”man” is labeled by [1, 0, 0, . . . , 0]T, and ”boy” is labeled by [0, 1, 0, . . . , 0]T,

etc.), so that each word in the corpus is readable to the NN. The outputs of the NN are the collection

of 𝑃 (𝑀-dimensional) vectors whose each element represents the probability of the corresponding

word in the corpus (training data for the output layer will be explained later in this section), where 𝑃

is a user-defined parameter. The mapping from the input layer to the hidden layer is given by a matrix

𝑊in ∈ R𝑀×𝑁 , where 𝑁 is a user-defined parameter that indicates the dimension of the word vector.

The mapping from the hidden layer to each output layer is given by another matrix 𝑊out ∈ R𝑁×𝑀 .
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Here, we note that the matrix𝑊out is the same for all the output layers. The weight parameters𝑊in,𝑊out

are trained from a large number of sentences, such as those in the news report (see, e.g. [121]). For

example, suppose 𝑃 = 2 and we have a sentence: ”I want to eat an orange every morning”. Then, we

regard the training input as a certain word in this sentence and the training output as the set of 𝑃 = 2

words around it. For example, the word ”eat” is regarded as the training input, and the set of 𝑃 = 2

words around it, i.e., {to, an} is regarded as the training outputs. Generating the training dataset as

above is motivated by the insight that the meaning of a word is established by the surrounding words.

Using the dataset constructed above, we train the skip-gram model. First, we pass the one-hot

encoded input data to the input layer and perform the forward computation. As an output layer and

loss function, we use softmax and cross-entropy loss, respectively. Then, we update the weights 𝑊in

and𝑊out using the gradients obtained by back-propagation computation (for details, see [121]). After

the training, the vector representation of each word in the corpus is given through the projection of the

weight matrix𝑊in (hence, we drop the matrix𝑊out in the skip-gram model). That is, for each word 𝑤

in the corpus, the corresponding vector representation is given by 𝑧𝑤 = 𝑊in𝑒𝑤 ∈ R𝑁 , where 𝑒𝑤 ∈ R𝑀

denotes the one-hot vector of the word 𝑤.

4.4 Proposed Scheme

In this section, we describe the solution approach to Problem 1. The proposed approach consists of

the two steps: (i) train a vector representation of the STL specifications, namely STL2vec, whose

input is the STL specification 𝜙𝑖 ∈ Φ and output is the 𝑁-dimensional vector; (ii) train the RNN,

whose inputs are the state trajectory 𝑥0:𝑡 and the vector representation of the STL specification 𝑧𝜙𝑖 ,

and the output is the control input 𝑢𝑡 . The illustration of the two steps are shown in Fig. 4.3. Since

STL2vec will be trained based on the skip-gram, the parameter to be learned in Step (i) is𝑊in (recall

in Section 4.3 that we neglect𝑊out). Also, recall that the parameters to be learned for RNN in Step (ii)

is {𝑊1,𝑊2} (see Section 4.2). Hence, the overall parameters to be learned for the control policy 𝜋 is

𝑊 = {𝑊in,𝑊1,𝑊2}.

The proposed approach is beneficial in the following sense. By constructing STL2vec, we can

obtain a vector representation that exhibits similarities between the STL specifications. This allows

us to accelerate both efficiency and performance of the RNN controller in contrast to some naive

approaches, such as integer or one-hot encoding, i.e., simply assigning arbitrary numbers or one-hot

vectors to the STL specifications (e.g., 𝜙1 is assigned by 1, 𝜙2 is assigned by 2, and so on) and use these

numbers as the inputs to the RNN; for details, see an experimental result in Section 4.5. Moreover, the

proposed approach is more beneficial than the approach of learning RNN controllers one by one for
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Figure 4.3: Overview of the proposed approach.

each STL formula in terms of computational memory; for details, see subsection 4.4.3 and Section 4.5.

The concrete procedures of the above two steps are given in the following subsections.

4.4.1 Training STL2vec

In this subsection, we provide a detailed procedure of Step (i) (train STL2vec). To train STL2vec,

we use the skip-gram model as explained in Section 4.3. First, we encode all the STL candidate

specifications by the 𝑀-dimensional one-hot vectors, i.e., each STL specification 𝜙𝑖 ∈ Φ is encoded

by an 𝑀-dimensional vector whose 𝑖-th element is 1, and all other elements are 0 (𝜙1 is encoded as

[1, 0, . . . , 0]T and 𝜙2 is encoded as [0, 1, 0, . . . , 0]T, and so on), so that they are readable to the NN.

For simplicity, the one-hot vector of 𝜙𝑖 ∈ Φ is denoted by 𝑒𝜙𝑖 ∈ {0, 1}𝑀 .

A key question regarding the construction of STL2vec is how to learn the weight parameters

𝑊in,𝑊out for the skip gram model, or in other words, how to generate the training dataset to learn

𝑊in,𝑊out. In this work, we learn these parameters such that similar vector representations can be

obtained if the two STL specifications are close to each other in terms of their control policies

(for a detailed intuition for this, see Section 4.2). To this end, we generate training dataset by

comparing robustness scores among the STL specifications, aiming at measuring their closeness.

More specifically, for each 𝜙𝑖 ∈ Φ, we randomly select an initial state 𝑥0 ∈ X0 (following the

probability distribution 𝑝 : X0 → R), and solve the following maximization problem:

maximize
𝑢0,...,𝑢𝑇−1

𝜌𝜙𝑖 (𝑥0:𝑇 )

s.t. 𝑥𝑡+1 = 𝑓 (𝑥𝑡 , 𝑢𝑡 ) , 𝑢𝑡 ∈ U, 𝑡 = 0, 1, . . . , 𝑇 − 1. (4.11)

Let 𝑢∗0, 𝑢
∗
1, . . . , 𝑢

∗
𝑇−1 ∈ U denote the optimal control inputs as the solution to (4.11), and 𝑥∗0:𝑇 =

𝑥∗0, 𝑥
∗
1, . . . , 𝑥

∗
𝑇 the corresponding trajectory of the system (4.1). Thus, the corresponding (maximized)

robustness score is 𝜌𝜙𝑖
(
𝑥∗0:𝑇

)
. Then, we compute the robustness scores of the obtained trajectory 𝑥∗0:𝑇
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Algorithm 3: Learning𝑊in,𝑊out in the skip-gram.
Input : Φ = {𝜙1, . . . , 𝜙𝑀 } (candidate specifications); 𝑥0 (initial state); 𝑃 (number of output layers);

𝑁 (dimension of vector representation); 𝑁ite (number of iterations)

Output

:

𝑊in,𝑊out (weight parameters for the skip-gram)

1 D ← ∅;

2 for each 𝜙𝑖 ∈ Φ do

3 for ℓ = 1 : 𝑁ite do

4 Select 𝑥0 ∈ X0 according to the probability distribution 𝑝 : X0 → R;

5 Given 𝜙𝑖 ∈ Φ, 𝑥0 ∈ X0, solve (4.11) to obtain the optimal trajectory 𝑥∗0:𝑇 = 𝑥∗0, . . . , 𝑥
∗
𝑇 ;

6 Compute the robustness scores of 𝑥∗0:𝑇 with respect to the other STL specifications (4.12);

7 Sort (4.12) in order of their closeness to 𝜌𝜙𝑖
(
𝑥∗0:𝑇

)
, and pick up the first 𝑃 STL specifications:

𝜙𝑖𝑘1
, 𝜙𝑖𝑘2

, . . . , 𝜙𝑖𝑘𝑃 ;

8 Let Dtemp be given by (4.13). Then, update the dataset as D ← D ∪Dtemp;

9 end

10 end

11 Based on the training data set D and the cross entropy loss, train𝑊in,𝑊out via back propagation.

with respect to all the other STL specifications, i.e.,

𝜌𝜙 𝑗 (𝑥∗0:𝑇 ), for all 𝜙 𝑗 ∈ Φ with 𝑖 ≠ 𝑗 . (4.12)

Then, we sort the robustness scores of (4.12) in order of their closeness to 𝜌𝜙𝑖
(
𝑥∗0:𝑇

)
(i.e., sort by eval-

uating |𝜌𝜙𝑖
(
𝑥∗0:𝑇

)
− 𝜌𝜙 𝑗

(
𝑥∗0:𝑇

)
|, 𝑖 ≠ 𝑗). We denote the ordered specifications by 𝜙𝑖𝑘1

, 𝜙𝑖𝑘2
, . . . , 𝜙𝑖𝑘𝑀−1

,

where 𝜙𝑖𝑘 𝑗 ∈ Φ denotes the specification which has 𝑗-th closest robustness value to 𝜌𝜙𝑖 (𝑥∗0:𝑇 ).

Then, we pick up the first 𝑃 STL specifications, i.e., 𝜙𝑖𝑘1
, 𝜙𝑖𝑘2

, . . . , 𝜙𝑖𝑘𝑃 (recall that 𝑃 is the

number of output layers in the skip-gram model), and set the input and output training data as{
𝜙𝑖 ,

(
𝜙𝑖𝑘1

, 𝜙𝑖𝑘2
, . . . , 𝜙𝑖𝑘𝑃

)}
, where 𝜙𝑖 represents the input data and (𝜙𝑖𝑘1

, 𝜙𝑖𝑘2
, . . . , 𝜙𝑖𝑘𝑃 ) represents the

output data. This data is then encoded by the one-hot vectors, regarded as the training data to learn

the skip-gram: {
𝑒𝜙𝑖 ,

(
𝑒𝜙𝑖

𝑘1
, 𝑒𝜙𝑖

𝑘2
, . . . , 𝑒𝜙𝑖

𝑘𝑃

)}
. (4.13)

The data in (4.13) is then added to the dataset. For each 𝜙𝑖 ∈ Φ, we repeat the above process 𝑁ite

times so as to obtain a collection of the training data. The proposed approach presented above is

summarized in Algorithm 3. Then, the weight parameters 𝑊in,𝑊out are learned by minimizing the

cross entropy loss via back-propagation.
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Remark 7. Note that, due to the definition of the robustness given in Section 4.1, the robustness can be

nested with max/min functions and thus the optimization problem (4.11) can be non-differentiable. To

deal with such a problem, we adopt a smooth approximation of the min/max operators by the log-sum-

exp as follows: max(𝑎1, . . . , 𝑎𝑚) ≈ 1
𝛽 ln

∑𝑚
𝑖=1 exp(𝛽𝛼𝑖) and min(𝑎1, . . . , 𝑎𝑚) ≈ 1

𝛽 ln
∑𝑚
𝑖=1 exp(−𝛽𝛼𝑖),

where 𝛽 > 0 is the scaling parameter. It is known that the approximation error goes to 0 as 𝛽 → ∞

(see, e.g., [115]). This approximation allows the problem (4.11) to be solved based on gradient-based

algorithms. □

Remark 8. Since the optimization problem (4.11) is non-linear, finding the global optimal solution

of the problem (4.11) is difficult and some local optima that leads to undesirable control performance

can be obtained. To the best of author’s knowledge, there are no general, systematic methodologies to

obtain the global optimum of (4.11). However, we believe that there are some heuristic methods that

potentially improve the solution. For example, in the case study of Section 4.5, we have confirmed

that we could increase the possibility to obtain the reasonable solution (the solution with the positive

robustness) by appropriately setting the parameter 𝛽 in the smooth approximation. Furthermore, we

have also confirmed that we could deal with the problem by solving (4.11) several times with the initial

states randomly sampled from the vicinity of 𝑥0, i.e., once 𝑥0 is chosen, (4.11) is solved with the initial

state 𝑥0 newly sampled satisfying ‖𝑥0 − 𝑥0‖ ≤ 𝜖 , where 𝜖 is a given small positive constant, which

could increase the possibility to obtain positive robustness. □

Finally, similarly to Word2vec, the vector representation of the STL specifications is given through

the projection of𝑊in, i.e., the vector representation of 𝜙𝑖 ∈ Φ is given by 𝑧𝜙𝑖 = 𝑊in𝑒𝜙𝑖 .

Example 1. Consider 𝑀 = 5 candidate STL specifications Φ = {𝜙1, 𝜙2, . . . , 𝜙5} and 𝑃 = 2. Suppose

that we consider 𝜙1 and solve the corresponding optimization problem (4.11) (i.e., 𝑖 = 1) to obtain

the optimal trajectory 𝑥∗0:𝑇 . Suppose that the robustness scores of 𝑥∗0:𝑇 with respect to the STL

specifications are obtained as 𝜌𝜙1 (𝑥∗0:𝑇 ) = 0.3, 𝜌𝜙2 (𝑥∗0:𝑇 ) = 0.2, 𝜌𝜙3 (𝑥∗0:𝑇 ) = −0.5, 𝜌𝜙4 (𝑥∗0:𝑇 ) = 0.1,

and 𝜌𝜙5 (𝑥∗0:𝑇 ) = 0.25. Then, we select the top 𝑃 = 2 specifications among {𝜙2, 𝜙3, 𝜙4, 𝜙5} whose

robustness scores are the closest to the one of 𝜙1. In this case, we select 𝜙5 and 𝜙2, since the robustness

scores of 𝜙5 and 𝜙2 have the most and the second closest robustness values to 𝜌𝜙1 (𝑥∗0:𝑇 ), respectively.

Thus, the resulting data is {(𝜙1), (𝜙5, 𝜙2)} and the encoded training data to be added in the dataset

is {[1, 0, 0, 0, 0], ( [0, 0, 0, 0, 1], [0, 1, 0, 0, 0])}. □

Remark 9. If there exist two or more STL specifications that have the same robustness values in the

output data, we add all the combinations to the training data set. For example, in Example 1, if the

66



robustness values are obtained as 𝜌𝜙1 (𝑥∗0:𝑇 ) = 0.3, 𝜌𝜙2 (𝑥∗0:𝑇 ) = 0.2, 𝜌𝜙3 (𝑥∗0:𝑇 ) = −0.5, 𝜌𝜙4 (𝑥∗0:𝑇 ) =

0.2, and 𝜌𝜙5 (𝑥∗0:𝑇 ) = 0.1, then we add the training data as {(𝜙1), (𝜙2, 𝜙5)} and {(𝜙1), (𝜙4, 𝜙5)}. □

4.4.2 Training RNN

Here, we describe a detailed procedure of Step (ii). Recall that in Step (ii), we aim to train RNN, whose

inputs are the trajectory 𝑥0:𝑡 and the vector representation of 𝜙𝑖 (i.e., 𝑧𝜙𝑖 ), and the output is the control

input 𝑢𝑡 . Further, remember that the concrete unfolded structure of the RNN is shown in Fig. 4.1, and

the update rules are given by (4.5)–(4.6). Here, the input variable 𝑠𝑡 is given by the concatenation of

the state 𝑥𝑡 and the vector representation of the chosen STL specification, i.e., 𝑠𝑡 = [𝑥T
𝑡 , 𝑧

T
𝜙𝑖
]T, where

𝑧𝜙𝑖 ∈ R𝑁 is the vector representation of the chosen STL specification 𝜙𝑖 . Now, let 𝜋̃(𝑥0:𝑡 , 𝑧𝜙𝑖 ;𝑊1,𝑊2)

denote the control policy (or a mapping) for the RNN, where 𝑊1,𝑊2 are the RNN parameters to be

learned (for the illustration, see Fig. 4.3b). Since the parameters for STL2vec 𝑊in is fixed, we here

focus on learning the RNN parameters𝑊1,𝑊2 to characterize 𝜋̃.

To numerically solve Problem 1, we keep repeating the following procedure until a certain number

of epochs 𝑁epo is reached. First, in each epoch, we construct mini-batch of the specifications by

randomly rearranging the order of the candidate specifications and splitting them up according to the

prespecified batch size 𝑁𝑏, i.e., we construct the batches B1 = {𝜙1
1, . . . , 𝜙

1
𝑁𝑏
}, B2 = {𝜙2

1, . . . , 𝜙
2
𝑁𝑏
},

. . . , B𝐾 = {𝜙𝐾1 , . . . , 𝜙𝐾𝑁𝑏
}, where 𝐾 = 𝑀

𝑁𝑏
(assuming that 𝑀 can be divided by 𝑁𝑏) 1. Then, we

iterate the following procedures for all the batches B𝑝 (𝑝 = 1, . . . , 𝐾) to update the parameters 𝑊1

and𝑊2.

Forward Computation

For all the pairs of the initial state 𝑥 𝑗0 ( 𝑗 = 1, . . . , 𝐿) which are randomly sampled from the initial

region X0 and the vectors of the specifications 𝑧𝜙𝑝
𝑖
(𝑖 = 1, . . . , 𝑁𝑏) in a batch B𝑝, we generate the

trajectories 𝑥𝑖, 𝑗0:𝑇 by iteratively applying 𝑥𝑖, 𝑗𝑡+1 = 𝑓
(
𝑥
𝑖, 𝑗
𝑡 , 𝜋̃

(
𝑥
𝑖, 𝑗
0:𝑡 , 𝑧𝜙𝑝

𝑖
;𝑊1,𝑊2

))
for fixed𝑊1 and𝑊2 from

the initial state 𝑥𝑖, 𝑗0 = 𝑥
𝑗
0 . Then, by using all the 𝑁𝑏𝐿 trajectories obtained above, we compute the

following loss:

− 1
𝑁𝑏𝐿

𝑁𝑏∑
𝑖=1

𝐿∑
𝑗=1

𝜌𝜙
𝑝
𝑖

(
𝑥
𝑖, 𝑗
0:𝑇

)
, (4.14)

which is an approximation of the expectation (4.3) in Problem 1 with the specifications in a batch

(note that we take the negative of the robustness to define a loss).
1If 𝑀 is not divisible by 𝑁𝑏, we construct minibatch with 𝐾 = b 𝑀𝑁𝑏

c ( b·c denotes a floor function) and append the

remaining specifications in the last batch. For example, if Φ = {𝜙1, 𝜙2, . . . , 𝜙5}, and 𝑁𝑏 = 2, we construct minibatch e.g.,

B1 = {𝜙1, 𝜙3}, B2 = {𝜙2, 𝜙4, 𝜙5}.
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Backward Computation

After the forward computation, we compute the gradients for all the parameters via backpropagation

through time (BPTT) [120]. This computation can be easily implemented by combining the auto-

differentiation tools designed for NNs like PyTorch [141] and STLCG [142] which is a newly developed

python toolbox for computing the STL robustness using computation graph.

Weight Update

Lastly, we update all the parameters in the RNN controller by using the weights obtained above. In

this study, we use Adam optimizer [143].

4.4.3 Some comparisons between the proposed approach and the approach of learning

the RNNs one by one

As one of the alternative methods, one could consider learning a set of RNN controllers independently

one by one for all the STL specifications. This one-by-one approach might eventually provide higher

control performance than the proposed method, since it tries to learn a set of RNN controllers

independently for all the candidate STL specifications (on the other hand, the proposed method learns

the controller by using only one RNN model). However, the proposed approach has the potential

to require much less computational memory than the one-by-one approach due to the following

reason. In the proposed method, the total number of the parameters to be learned is given by

𝑁in + 𝑁𝑅1 + 𝑁𝑅2, where 𝑁in, 𝑁𝑅1, and 𝑁𝑅2 are the number of elements in 𝑊in, 𝑊1, and 𝑊2. For

instance, when we use the Long-Short-Term-Memory (LSTM) as the RNN model, 𝑁1 and 𝑁2 are given

by 𝑁𝑅1 = 4𝑁ℎ𝑁lstm(𝑛 + 𝑁) and 𝑁𝑅2 = 4𝑁ℎ𝑁lstm𝑚, where 𝑁ℎ is the dimension of the hidden state of

RNN and 𝑁lstm is the number of LSTM layers. The number of parameters for STL embedding 𝑁in is

given by 𝑁in = 𝑀𝑁 . On the other hand, the required number of parameters when we train the controller

one-by-one for each candidate specifications is given by 𝑀 (𝑁 ′1 + 𝑁2), where 𝑁 ′1 = 4𝑁ℎ𝑁lstm𝑛. From

the above, the number of parameters is proportional to the number of STL specifications 𝑀 for both

the proposed approach and the one-by-one approach. However, it is noted that we typically have

𝑁 � 𝑁
′
𝑅1 + 𝑁

′
𝑅2

2, i.e., the size of the vector representation of STL is selected much smaller than

2It is argued that 𝑁 � 𝑁
′
𝑅1 + 𝑁

′
𝑅2 indeed holds for many control problems with STL tasks based on the fact that

the previous works regarding the control synthesis with RNN (e.g., in [44]) use the structure of 2 LSTM layers with 32

dimensional hidden states, which leads to 𝑁 ′𝑅1 + 𝑁
′
𝑅2 = 1280, even for simple 2-D path planning problem. On the other

hand, in the literature of Word2vec [121], vector size 𝑁 for word embedding is typically set from 50 to 200 for very large

corpus like 780 × 103 (in our case study of Section 4.5, we have set 𝑁 = 20 that is smaller than these typical values, since

the total number of the candidate STL specifications considered in the case study is 369 � 780 × 103).
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the number of the RNN parameters, and thus the number of the required parameters by the proposed

approach is smaller than the one-by-one approach. For example, in the case study of Section 4.5, it

is shown that the total number of parameters to learn the controller by the proposed approach is 24

times smaller than the one-by-one approach; for details, see Section 4.5.

4.5 Case Study

We show the efficacy of the proposed method through the example of a path planning problem of

a vehicle in 2D space. We used PyTorch package [141] for the implementation of RNN, IPOPT in

CasADi [129] to solve optimization (4.11), and STLCG [142] for the computation regarding STL

robustness. We used Windows 10 with a 2.80 GHz Core i7 CPU and 32 GB of RAM for all the

experiments discussed in this section. Throughout this section, we consider the following non-linear,

discrete-time nonholonomic system: 𝑞𝑥,𝑡+1 = 𝑞𝑥,𝑡 + 𝑣𝑡 sin 𝜃𝑡 , 𝑞𝑦,𝑡+1 = 𝑞𝑦,𝑡 + 𝑣𝑡 cos 𝜃𝑡 , 𝜃𝑡+1 = 𝜃𝑡 +𝜔𝑡 ,

where 𝑞𝑥,𝑡 , 𝑞𝑦,𝑡 represent position of the vehicle, 𝜃𝑡 is the heading angle, 𝑣𝑡 and 𝜔𝑡 are velocity and

angular velocity, respectively. The state 𝑥𝑡 and control input 𝑢𝑡 are defined as 𝑥𝑡 = [𝑞𝑥,𝑡 , 𝑞𝑦,𝑡 , 𝜃𝑡 ]>

and 𝑢𝑡 = [𝑣𝑡 , 𝜔𝑡 ]>, respectively. As illustrated in Fig. 4.4, we consider 4 regions in a 2D space:

Reg 1 = [3, 5] × [7, 9], Reg 2 = [3, 5] × [3, 5], Reg 3 = [7, 9] × [3, 5], Reg 4 = [7, 9] × [7, 9], and

the set of initial states X0 = [0, 0.7] × [0, 0.7] (blue-edged color region). In addition, we consider 4

sub-regions in each region, which are labeled by indices as shown in Fig. 4.4. In the following, we

denote 𝑗-th sub-region ( 𝑗 = 1, 2, 3, 4) in region 𝑖 (𝑖 = 1, 2, 3, 4) as Reg (𝑖, 𝑗).

The STL candidate specifications are shown in Table 4.1. Here, the specifications are considered

for all 𝑖, 𝑖1, 𝑖2, 𝑖3 ∈ {1, . . . , 4} (𝑖1 > 𝑖2, 𝑖3 ≠ 1, 𝑖1 ≠ 𝑖3) and 𝑗 , 𝑗1, 𝑗2, 𝑗3 ∈ {1, . . . , 4}. The total number

of the STL candidate specifications is given by 369.

4.5.1 Training STL2vec

Now we train STL2vec based on the proposed approach presented in Section 4.4.1. The parameters

for the skip-gram are 𝑁 = 20 and 𝑃 = 2. 𝑁ite in Algorithm 3 and the number of epochs for the training

of skip-gram model are set to 1 and 100, respectively. After the training, we evaluate similarities

between all the 2 different vector representations 𝑧𝜙𝑖 , 𝑧𝜙 𝑗 (𝑖 ≠ 𝑗) by the cosine similarity, which is

defined as (𝑧T
𝜙𝑖
𝑧𝜙 𝑗 )/(‖𝑧𝜙𝑖 ‖‖𝑧𝜙 𝑗 ‖) and it takes the maximum value of 1 if 𝑧𝜙𝑖 has the same orientation

as 𝑧𝜙 𝑗 . The time required to train STL2vec is summarized in Table 4.2. In Table 4.3, we illustrate

STL specifications that have the largest to fourth-largest cosine similarity values for some example

specifications.

We summarize some characteristics that we have observed in the obtained embeddings in the
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Figure 4.4: Regions and sub-regions in a 2D space.

Table 4.1: STL candidate specifications

Specifications

(a) 𝑭[0,20] Reg (𝑖, 𝑗)

(b) 𝑭[0,20] Reg (𝑖1, 𝑗1) ∨ 𝑭[0,20] Reg (𝑖2, 𝑗2)

(c) 𝑭[0,10] Reg (𝑖1, 𝑗1) ∧ 𝑭[11,20] Reg (𝑖3, 𝑗2)

(d) 𝑭[0,15]𝑮 [0,5] Reg (𝑖, 𝑗)

(e) 𝑭[0,15]𝑮 [0,5] Reg (𝑖1, 𝑗1) ∨ 𝑭[0,15]𝑮 [0,5] Reg (𝑖2, 𝑗2)

(f) 𝑭[0,20] Reg (4, 4) ∧
(
¬Reg (4, 4) 𝑼[0,20] Reg (2, 3)

)
followings: (I) Each specification in (a) of Table 4.1 is typically embedded close to the corre-

sponding specification in (d). Moreover, each specification in (b) and (e) is embedded close to either

𝑭[0,20] Reg (𝑖1, 𝑗1) (and 𝑭[0,15]𝑮 [0,5]Reg (𝑖1, 𝑗1)) or 𝑭[0,20] Reg (𝑖2, 𝑗2) (and 𝑭[0,15]𝑮 [0,5]Reg (𝑖2, 𝑗2)).

Typically, (b) and (e) are embedded close to the specification regarding the region which is closer

to init region. For example, as we can partially see in Ex 1 of Table 4.3, we have observed that

almost all the specifications 𝑭[0,20] Reg (2, 2) ∨ 𝑭[0,20] Reg (𝑖, 𝑗) and 𝑭[0,15] 𝑮 [0,5] Reg (2, 2) ∨

𝑭[0,15] 𝑮 [0,5] Reg (𝑖, 𝑗) (𝑖 ∈ {1, 3, 4}, 𝑗 ∈ {1, 2, 3, 4}) are embedded close to the specification

𝑭[0,20] Reg (2, 2). This is an intuitive and desirable result when we train the controller since all

of these specifications are satisfied by entering whether Reg (𝑖1, 𝑗1) or Reg (𝑖2, 𝑗2) and stay there

more than 5 steps, which is possible actions for all of regions in this example. (II) Each specifi-

cation in (c) of Table 4.1 is basically embedded close to the specifications which are satisfied by

similar trajectory. Specifically, the properties same as the following examples are observed for all

70



Table 4.2: The time required to obtain STL2vec (in sec)

Procedure Run-time

Dataset generation (STL2vec) 1452

Training STL2vec 87

Table 4.3: Cosine similarities of vector representations of the STL candidate specifications

Ex 1 𝑭[0,20] Reg (2, 2) sim Ex 2 𝑭[0,10] Reg (1, 3) ∧ 𝑭[11,20] Reg (3, 1) sim

1 𝑭[0,20] Reg (3, 3) ∨ 𝑭[0,20] Reg (2, 2) 0.99 1 𝑭[0,10] Reg (1, 3) ∧ 𝑭[11,20] Reg (3, 4) 0.99

2 𝑭[0,20] Reg (2, 2) ∨ 𝑭[0,20] Reg (1, 1) 0.99 2 𝑭[0,10] Reg (1, 3) ∧ 𝑭[11,20] Reg (3, 3) 0.99

3 𝑭[0,15]𝑮 [0,5] Reg (4, 4) ∨ 𝑭[0,15]𝑮 [0,5] Reg (2, 2) 0.99 3 𝑭[0,10] Reg (1, 3) ∧ 𝑭[11,20] Reg (3, 2) 0.95

4 𝑭[0,15]𝑮 [0,5] Reg (2, 2) 0.99 4 𝑭[0,15]𝑮 [0,5] Reg (3, 3) ∨ 𝑭[0,15]𝑮 [0,5] Reg (1, 3) 0.76

Ex 3 𝑭[0,10] Reg (2, 2) ∧ 𝑭[11,20] Reg (3, 1) sim Ex 4 𝑭[0,20] Reg (4, 4) ∧
(
¬Reg (4, 4) 𝑼[0,20] Reg (2, 3)

)
sim

1 𝑭[0,20] Reg (3, 1) 0.96 1 𝑭[0,10] Reg (2, 3) ∧ 𝑭[11,20] Reg (4, 4) 0.81

2 𝑭[0,20] Reg (3, 1) ∨ 𝑭[0,20] Reg (1, 1) 0.95 2 𝑭[0,10] Reg (4, 4) ∧ 𝑭[11,20] Reg (3, 3) 0.73

3 𝑭[0,20] Reg (4, 4) ∨ 𝑭[0,20] Reg (3, 1) 0.95 3 𝑭[0,10] Reg (4, 4) ∧ 𝑭[11,20] Reg (3, 1) 0.71

4 𝑭[0,15]𝑮 [0,5] Reg (4, 4) ∨ 𝑭[0,15]𝑮 [0,5] Reg (3, 1) 0.93 4 𝑭[0,10] Reg (4, 4) ∧ 𝑭[11,20] Reg (3, 4) 0.71

the specifications in (c): (i) specifications 𝑭[0,10] Reg (1, 3) ∧ 𝑭[11,20] Reg (3, 𝑗) ( 𝑗 ∈ {1, 2, 3, 4})

are embedded close to each other (see Ex 2 of Table 4.3); (ii) as we can see in Ex 3 of Table 4.3,

the specifications 𝑭[0,10] Reg (2, 2) ∧ 𝑭[11,20] Reg (3, 1) and 𝑭[0,20] Reg (3, 1) are mapped onto

similar vectors (these specifications are satisfied with the same trajectory since Reg(2, 2) is on the

way from the starting point to Reg(3, 1)). (III) The specification (f) of Table 4.1 is embedded close to

𝑭[0,10] Reg (2, 3) ∧ 𝑭[11,20] Reg (4, 4) as we can see from EX 4 in Table 4.3. This is also desirable

result since the specifications (f) basically require to firstly reach Reg (2, 3) and then reach Reg (4, 4)

after that.

4.5.2 Training RNN

Next, we evaluate the control performance of the proposed method. In this experiment, we train

the parameters of RNN model for the specifications (a), (b), (c), (f) and 𝑭[0,15]𝑮 [0,5] Reg (1, 1) ∨

𝑭[0,15]𝑮 [0,5] Reg (3, 2) in (e) in Table 4.1. As for the specifications in (c), we only consider the

specifications with (𝑖1, 𝑖3) = (1, 3), (2, 1), (2, 3), (2, 4), (4, 3). Thus the total number of specifications

is 194. We retrain the STL embeddings (20 dimension) with these specifications and use them as

the input to the RNN. Same as the previous work [44], all of the RNN models used in this example

consists of 2 LSTM layers with 32-dimensional hidden states. As summarized in Table 4.4, we

consider the following 3 alternative approaches for comparison with the proposed method: (A1)
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Table 4.4: Some alternative approaches

Approaches

(A1) Integer encoding scheme

(A2) One-hot encoding scheme

(A3) Training controllers one-by-one

Table 4.5: Run time needed to reach several average of robustness (in sec)

approach \average of robustness 0.1 0.15 0.2 0.22

Proposed method 3494 4054 6722 14668

Learning one-by-one 5686 7663 10336 12168

One-hot encoding 27238 33863 – –

Integer encoding – – – –

Integer encoding scheme: we incrementally assign an integer number for each STL specification

(for example, 𝑭[0,20] Reg (1, 1) is assigned by 1, 𝑭[0,20] Reg (1, 2) is assigned by 2, etc), and use

it as the input to the RNN (instead of the vectors generated by STL2vec) (A2) One-hot encoding

scheme: we generate and assign 194 dimensional one-hot vectors for all the 194 specifications (for

example, 𝑭[0,20] Reg (1, 1) is assigned by [1, 0, . . . , 0], 𝑭[0,20] Reg (1, 2) is assigned by [0, 1, . . . , 0],

etc) (A3) Training one-by-one: we ready 194 RNN models and train each specification one-by-one.

When we train the controllers for the approaches (A1) and (A2), we used the same training procedure

discussed in Section 4.4.2 and used integer numbers or one-hot vectors instead of the vectors obtained

by STL2vec. In both the proposed approach and (A1), (A2), we set the batch size and the number

of initial states sampled for training in each iteration (𝑁𝑏 and 𝐿 in subsection 4.4.2) to 8 and 3,

respectively. In (A3), for each epoch we generate initial states 𝑥 𝑗0 ( 𝑗 = 1, . . . , 𝐿 = 3) randomly from

X0 and update the RNN parameters assigned for each STL specification 𝜙𝑖 ∈ Φ (𝑖 = 1, . . . , 𝑀) one

by one via forward/backward computation (similarly to the procedure of subsection 4.4.2) with the

following loss: − 1
𝐿

∑𝐿
𝑗=1 𝜌

𝜙𝑖
(
𝑥
𝑗
0:𝑇

)
.

Fig. 4.5 shows the average of robustness values for all the control schemes and Table 4.5 summarizes

the actual time (in sec) required to reach the robustness values 0.1, 0.15, 0.2, 0.22 for all the proposed

and alternative methods (the symbol ”–” indicates that the corresponding average of the robustness

value has not been achieved). Furthermore, the resulting few trajectories obtained by applying the

RNN controller trained by the proposed method and approach (A3) are plotted in Fig. 4.6 (both

controllers were trained 1100 epochs and the trajectories are plotted for 10 initial states newly sampled
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Figure 4.5: The average of robustness values for each control scheme (proposed method and schemes

(A1)-(A3)). The average has been taken by testing the controllers for every 10 epochs with 30 initial

states randomly sampled from the initial region X0.

from X0). The robustness values are collected by testing the controllers once every 10 epochs with

30 initial states newly sampled from the initial region X0. The values in Fig. 4.5 for the one-by-one

scheme (A3) are plotted by taking the mean of the average of the robustness values for all the 194 RNN

controllers at the same epochs. We further note here that the actual times required to run one epoch

for all the approaches are different from each other. The averaged times required to run the proposed

approach and the approaches (A1)-(A3) were 14.2, 14.0, 32.2, and 14.0 [s], respectively (note that the

time for approach (A3) is the total sum of the times required to update the parameters of all the RNN

models). The time required for the approach (A2) is larger than the other methods because of the large

input dimension (the dimension of the one-hot vector is 194). On the other hand, we have confirmed

that the time required to update the parameters is not so much increased for the proposed method when

𝑁 = 20 as shown above. As we can see from Fig. 4.5 and Table 4.5, the average of robustness value

of the proposed method are improving faster at the beginning of the training procedure than the other

methods in terms of both the number of epochs and actual time. Especially, from Table 4.5, we can

confirm that the average of robustness value of the proposed method reaches 0.1, 0.15, and 0.2 faster

than the other approaches. Moreover, as we mentioned in subsection 4.4.3, we can largely save the

memory consumption compared with the scheme (A3). In Table 4.6, we summarize the total number

of parameters required for each approach in this example.
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(a) Trajectories for the proposed method.
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(b) Trajectories for the approach (A3).

Figure 4.6: The testing result for 10 initial states and the 3 specifications: (i) 𝐹[0,15]𝐺 [0,5] Reg (1, 1) ∨

𝐹[0,15]𝐺 [0,5] Reg (3, 2), (ii) 𝐹[0,10] Reg (4, 1) ∧ 𝐹[11,20] Reg (3, 2), (iii) 𝑭[0,20] Reg (4, 4) ∧(
¬Reg (4, 4) 𝑼[0,20] Reg (2, 3)

)
. Results are shown for both (a) the proposed scheme and (b) ap-

proach (A3).
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Table 4.6: Total number of parameters in each method

Number of parameters

Proposed method 10280

approach (A1) 1280

approach (A2) 50432

approach (A3) 248320

However, the average of robustness value of the proposed method is subtly overtaken by the

approach (A3) around 500 epoch and the averaged robustness value of the approach (A3) reaches 0.22

faster than the proposed approach. Within 1100 epochs, the maximum average of robustness values

of the proposed method and approach (A3) were 0.233 and 0.235, respectively. The reason why the

average of robustness values of the proposed method is overtaken by that of the approach (A3) may be

because of the effect of the other specifications, i.e., since only one RNN controller is trained for many

specifications in the proposed method, the control performance for a specification may be affected

by the other specifications, depending on the obtained embedding. Such effect is observed in (b) of

Fig. 4.6. The resulting trajectories are converged to the ones that are relatively far from the middle of

Reg(3, 2), which leads to the low robustness although the specification itself is satisfied. To remove

such behavior, further investigation for obtaining more superior embedding will be one of our future

works.

4.6 Summary

We proposed a method for mapping STL specifications onto the vector space (STL2vec) based on

the Word2vec technique. To obtain the STL embeddings that capture the similarities in specifications

in terms of control policy, we have provided a method for constructing the dataset by solving the

robustness maximization problem for all the candidate specifications. Then, we trained the RNN

controller whose inputs are the state trajectory and a vector generated by STL2vec to deal with

multiple STL specifications with one RNN model. The example shown in the simulation section

shows efficacy of the proposed method in terms of memory consumption and the time required for the

training. In this work, it is assumed that the chosen STL specification is fixed during control execution

and not allowed to change during the execution. Hence, future work should involve investigating the

case where the STL specification is changed during control execution so as to provide more flexibility
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of the RNN controller.
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Chapter 5

Conclusion

5.1 Summary

This dissertation advances learning-based control for constrained and safety-critical systems by de-

veloping controller design methodologies that (i) exploit data efficiently, (ii) explicitly quantify and

manage uncertainty, and (iii) preserve formal properties such as feasibility, stability, and safety.

Across Chapters 2–4, the unified theme is to bridge modern learning and representation techniques

with control-theoretic structures so that learning improves performance and flexibility without com-

promising constraint satisfaction.

From this perspective, the dissertation provides three complementary building blocks. Chapter 2

develops a data-driven construction of terminal ingredients (terminal set and terminal cost) for iterative

MPC using trajectories from past iterations, including a backward-enlargement mechanism to address

practical reachability issues. Under suitable assumptions, recursive feasibility and an ISS-type stability

property are established, and iteration-wise performance improvement is demonstrated in case studies.

Chapter 3 proposes an online CBF learning framework from sensor measurements, where unsafe

regions are modeled by GPIS and updated efficiently via Bayesian meta-learning and uncertainty-

aware data selection. The learned safety model is integrated into a CBF–CLF–QP controller, and

a probabilistic safety guarantee is derived under standard GP confidence assumptions. Chapter 4

introduces STL2vec, an embedding method that maps STL specifications into a vector space so that

similarity reflects induced control behavior. Conditioning an RNN controller on STL2vec enables

a single policy to address multiple specifications with improved memory and training efficiency

compared to per-specification training.

Together, these contributions form a coherent methodology stack in which task requirements can be

compactly varied, performance is improved using data, and safety is enforced through certificate-based
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constraints with uncertainty quantification.

5.2 Future Work and Outlook

Beyond the chapter-specific extensions, several cross-cutting research directions naturally emerge

from this dissertation. In particular, since Chapters 2–4 develop complementary building blocks for

data-driven performance improvement, uncertainty-aware safety assurance, and specification-aware

generalization, an important next step is to investigate how these components can be combined and

scaled toward real-world deployment.

1) Toward an integrated framework (MPC + learned safety + STL-aware objectives). A nat-

ural next step is to unify the proposed building blocks into a single closed-loop architecture: STL

embeddings can parameterize objectives/constraints in MPC, while learned CBFs act as a safety filter

or as constraints within MPC. Establishing end-to-end guarantees (recursive feasibility, stability, and

probabilistic safety/specification satisfaction) for such integrated designs is an important direction.

2) Less conservative uncertainty quantification and scalable verification. Reducing conserva-

tiveness in confidence sets and certificate bounds remains central. This includes tighter confidence

ellipsoids/tubes in Chapter 2, sharper calibration and active data selection for GPIS-based predictions

in Chapter 3, and data-efficient dataset generation for STL2vec in Chapter 4. Developing scalable

verification schemes (e.g., hybrid robust–probabilistic arguments or sample-efficient validation) will

be crucial for higher-dimensional systems.

3) Robustness to non-stationarity and distribution shift. Real applications involve changing

dynamics, sensor noise, partial observability, and distribution shift. Extending the theoretical and

algorithmic tools across the dissertation to handle such non-stationarity systematically—and clarifying

when performance and safety guarantees remain valid—is a key future direction.

4) Real-world deployment and computational efficiency. For practical deployment, improving

computational efficiency and demonstrating robustness on hardware platforms are essential. This

includes fast solvers and warm-starting for iterative MPC, real-time learning and pruning strategies

for online CBF learning, and lightweight policy architectures for specification-conditioned control.

5) Extensions to interactive settings (multi-agent and human-in-the-loop). Many safety-critical

tasks are inherently interactive (multi-robot, multi-vehicle, or human-robot). Extending iterative MPC,
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online safety learning, and specification embeddings to interactive settings with coupled constraints

and shared safety models is a promising direction.

6) Theory unification: joint performance–safety–specification guarantees. Finally, developing

a unified theoretical lens that connects performance improvement (e.g., regret/suboptimality bounds),

constraint satisfaction (recursive feasibility), and safety/specification satisfaction (probabilistic CBF

and temporal-logic guarantees) would strengthen the long-term impact of this dissertation and guide

principled design choices across tasks and domains.
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[40] V. Raman, A. Donzé, M. Maasoumy, R. M. Murray, A. Sangiovanni-Vincentelli, and S. A.

Seshia, “Model predictive control with signal temporal logic specifications,” in 53rd IEEE

Conference on Decision and Control, pp. 81–87, 2014.

[41] C. Belta, B. Yordanov, and E. A. Gol, Formal Methods for Discrete-Time Dynamical Systems.

Cham: Springer, 2017.

[42] I. Haghighi, N. Mehdipour, E. Bartocci, and C. Belta, “Control from signal tempo-

ral logic specifications with smooth cumulative quantitative semantics,” arXiv preprint,

vol. arXiv:1904.11611, 2019.

86



[43] W. Liu, N. Mehdipour, and C. Belta, “Recurrent neural network controllers for signal temporal

logic specifications subject to safety constraints,” IEEE Control Systems Letters, vol. 6, pp. 91–

96, 2022.

[44] W. Liu, M. Nishioka, and C. Belta, “Safe model-based control from signal temporal logic

specifications using recurrent neural networks,” 2023.

[45] S. YAGHOUBI and G. FAINEKOS, “Worst-case satisfaction of stl specifications using feed-

forward neural network controllers: A lagrange multipliers approach,” in 2020 Information

Theory and Applications Workshop (ITA), pp. 1–20, 2020.

[46] D. Mayne, J. Rawlings, C. Rao, and P. Scokaert, “Constrained model predictive control:

Stability and optimality,” Automatica, vol. 36, no. 6, pp. 789–814, 2000.

[47] D. Bristow, M. Tharayil, and A. Alleyne, “A survey of iterative learning control,” IEEE Control

Systems Magazine, vol. 26, no. 3, pp. 96–114, 2006.

[48] J. H. Lee and K. S. Lee, “Iterative learning control applied to batch processes: An overview,”

Control Engineering Practice, vol. 15, no. 10, pp. 1306–1318, 2007. Special Issue - Interna-

tional Symposium on Advanced Control of Chemical Processes (ADCHEM).

[49] U. Rosolia and F. Borrelli, “Learning model predictive control for iterative tasks. a data-driven

control framework,” IEEE Transactions on Automatic Control, vol. 63, no. 7, pp. 1883–1896,

2018.

[50] U. Rosolia and F. Borrelli, “Learning model predictive control for iterative tasks: A compu-

tationally efficient approach for linear system,” IFAC-PapersOnLine, vol. 50, no. 1, pp. 3142–

3147, 2017. 20th IFAC World Congress.

[51] C. E. Rasmussen, Gaussian Processes in Machine Learning, pp. 63–71. Berlin, Heidelberg:

Springer Berlin Heidelberg, 2004.

[52] N. Srinivas, A. Krause, S. M. Kakade, and M. W. Seeger, “Information-theoretic regret bounds

for gaussian process optimization in the bandit setting,” IEEE Transactions on Information

Theory, vol. 58, no. 5, pp. 3250–3265, 2012.

[53] C. J. Ostafew, A. P. Schoellig, and T. D. Barfoot, “Robust constrained learning-based nmpc

enabling reliable mobile robot path tracking,” The International Journal of Robotics Research,

vol. 35, no. 13, pp. 1547–1563, 2016.

87



[54] J. Kabzan, L. Hewing, A. Liniger, and M. N. Zeilinger, “Learning-based model predictive

control for autonomous racing,” IEEE Robotics and Automation Letters, vol. 4, no. 4, pp. 3363–

3370, 2019.

[55] T. Koller, F. Berkenkamp, M. Turchetta, and A. Krause, “Learning-based model predictive

control for safe exploration,” in 2018 IEEE Conference on Decision and Control (CDC),

pp. 6059–6066, 2018.

[56] R. Soloperto, M. A. Müller, S. Trimpe, and F. Allgöwer, “Learning-based robust model predic-
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[78] D. Mayne, M. Seron, and S. Raković, “Robust model predictive control of constrained linear

systems with bounded disturbances,” Automatica, vol. 41, no. 2, pp. 219–224, 2005.

[79] A. Clark, “Control barrier functions for complete and incomplete information stochastic sys-

tems,” in 2019 American Control Conference (ACC), pp. 2928–2935, 2019.

[80] K. Garg and D. Panagou, “Robust control barrier and control lyapunov functions with fixed-time

convergence guarantees,” in 2021 American Control Conference (ACC), pp. 2292–2297, 2021.

[81] Y. Chen, H. Peng, and J. Grizzle, “Obstacle avoidance for low-speed autonomous vehicles

with barrier function,” IEEE Transactions on Control Systems Technology, vol. 26, no. 1,

pp. 194–206, 2018.

[82] A. D. Ames, X. Xu, J. W. Grizzle, and P. Tabuada, “Control barrier function based quadratic

programs for safety critical systems,” IEEE Transactions on Automatic Control, vol. 62, no. 8,

pp. 3861–3876, 2017.

[83] M. A. Khan, T. Ibuki, and A. Chatterjee, “Gaussian control barrier functions: Non-parametric

paradigm to safety,” IEEE Access, vol. 10, pp. 99823–99836, 2022.

[84] M. Srinivasan, A. Dabholkar, S. Coogan, and P. A. Vela, “Synthesis of control barrier functions

using a supervised machine learning approach,” in 2020 IEEE/RSJ International Conference

on Intelligent Robots and Systems (IROS), pp. 7139–7145, 2020.

[85] K. Long, C. Qian, J. Cortés, and N. Atanasov, “Learning barrier functions with memory for

robust safe navigation,” IEEE Robotics and Automation Letters, vol. 6, no. 3, pp. 4931–4938,

2021.

[86] C. Finn, P. Abbeel, and S. Levine, “Model-agnostic meta-learning for fast adaptation of deep

networks,” in Proceedings of the 34th International Conference on Machine Learning, ICML

90



2017, Sydney, NSW, Australia, 6-11 August 2017 (D. Precup and Y. W. Teh, eds.), vol. 70 of

Proceedings of Machine Learning Research, pp. 1126–1135, PMLR, 2017.

[87] T. Hospedales, A. Antoniou, P. Micaelli, and A. Storkey, “Meta-learning in neural networks:

A survey,” IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 44, no. 9,

pp. 5149–5169, 2022.

[88] J. Harrison, A. Sharma, and M. Pavone, “Meta-learning priors for efficient online bayesian

regression,” in Algorithmic Foundations of Robotics XIII (M. Morales, L. Tapia, G. Sánchez-

Ante, and S. Hutchinson, eds.), (Cham), pp. 318–337, Springer International Publishing, 2020.

[89] T. Lew, A. Sharma, J. Harrison, A. Bylard, and M. Pavone, “Safe active dynamics learning and

control: A sequential exploration-exploitation framework,” IEEE Transactions on Robotics,

vol. 38, no. 5, pp. 2888–2907, 2022.

[90] O. Williams and A. Fitzgibbon, “Gaussian process implicit surfaces,” in Gaussian Processes

In Practice, June 2006.

[91] W. Martens, Y. Poffet, P. R. Soria, R. Fitch, and S. Sukkarieh, “Geometric priors for gaussian

process implicit surfaces,” IEEE Robotics and Automation Letters, vol. 2, no. 2, pp. 373–380,

2017.

[92] M. P. Gerardo-Castro, T. Peynot, and F. Ramos, Laser-Radar Data Fusion with Gaussian

Process Implicit Surfaces, pp. 289–302. Cham: Springer International Publishing, 2015.

[93] C. Dawson, S. Gao, and C. Fan, “Safe control with learned certificates: A survey of neural

lyapunov, barrier, and contraction methods for robotics and control,” IEEE Transactions on

Robotics, vol. 39, no. 3, pp. 1749–1767, 2023.

[94] A. Taylor, A. Singletary, Y. Yue, and A. Ames, “Learning for safety-critical control with control

barrier functions,” in Proceedings of the 2nd Conference on Learning for Dynamics and Control

(A. M. Bayen, A. Jadbabaie, G. Pappas, P. A. Parrilo, B. Recht, C. Tomlin, and M. Zeilinger,

eds.), vol. 120 of Proceedings of Machine Learning Research, pp. 708–717, PMLR, 10–11 Jun

2020.
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