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Chapter 1

Introduction

1.1 Research Background

Graphene is flat monolayer allotrope of carbon atoms densely packed in a hexagonal
structure as shown in Fig. 1.1. Although its electronic properties were theoretically
studied much earlier [1], graphene was long regarded as difficult to realize exper-
imentally. This was mainly due to the common expectation that atomically thin
crystals would be unstable and could not exist freely [2]. However, the experimental
success of obtaining few-layer graphitic sheets using micromechanical exfoliation [3]
has initiated cascades of theoretical and experimental research of graphene [4-11].
This breakthrough made it possible to examine graphene’s intrinsic electronic, me-
chanical, and optical properties directly, leading to rapid progress in understanding
its fundamental physics and accelerating research on graphene [12-19].

A remarkable electronic property of graphene is that its charge carriers behave as

massless Dirac fermions with a Fermi velocity of vy ~ 108 cm/s near the Dirac point

L

Figure 1.1: Carbon atoms arranged in a flat monolayer hexagonal lattice of graphene.



1.1. Research Background

[4, 5]. Due to the linear energy-momentum relationship, charge carriers maintain
very high velocities even at low energies, contributing to the exceptional mobility
observed in pristine samples [20-22]. These unique transport characteristics make
graphene a strong candidate for high-speed electronic applications and for exploring

transport phenomena in two-dimensional systems [23-27].

Graphene has been experimentally obtained through various approaches, includ-
ing epitaxial growth on SiC and chemical vapor deposition synthesis [28-33]. How-
ever, the mobility in fabricated graphene samples is often degraded primarily by
the presence of charged impurities, alongside other structural imperfections [34, 35].
Consequently, to overcome these limitations, it is essential to investigate the intrinsic

and extrinsic obstacles that hinder graphene’s high carrier mobility.

One of the intrinsic scattering mechanisms that affects the transport proper-
ties of graphene is phonon scattering [34, 36]. Although phonon scattering can be
suppressed at low temperatures [37, 38|, it remains an important factor in the appli-
cation of room-temperature devices. Besides phonons, charged impurities also play
an important role in determining the transport properties of graphene as an external
scattering source [34, 39, 40]. These impurities appear between the graphene sheet
and its substrate and induce potential fluctuations. As a result, the perturbations
caused by charged impurities change the transport properties of carriers, resulting
in reduced carrier mobility [35, 41]. Figure 1.2 illustrates the schematics of the po-
tential landscape in free-standing graphene and in graphene placed on a substrate
with impurities.

A few methods have been suggested to lessen the effects of impurities on the

carriers. One of these methods is the use of colloidal quantum dots to cancel the fields

Free-standing graphene

Graphene on substrate

[ ) o o G, (X X ° o
SiO2 surface  Impurities

Figure 1.2: Schematic of free-standing graphene and impurity-induced potential
fluctuations in substrate-supported graphene.



1.2. Research Objectives and Thesis Organization

caused by the impurities [42, 43]. In addition, the choice of substrate for graphene
also influences its mobility. Hence, changing the substrate from the commonly used
SiOq to other materials such as h-BN leads to improved mobility [34, 44, 45].
Beside these approaches, which deal with the improvement of the mobility in the
monolayer graphene, another option is to switch to multilayer graphene. This simple,
yet structural change, has a unique merit. One major advantage is that the lower
graphene layers screen the induced potential, effectively shielding the upper layers
from these effects, thus improving their mobility. Specifically, the graphene system
with turbostratic structure is attractive [46-49]. In turbostratic structure, each layer
is positioned on top of other layer with a random degree of rotation, enabling each
layer to preserve the electronic structure of the pristine graphene [46, 50, 51]. Thus,

each graphene layer exhibits the transport properties of the pristine graphene.

1.2 Research Objectives and Thesis Organization

Based on the aforementioned background, this research aims to study the transport
properties of carriers in different systems of turbostratic multilayer graphene. Par-
ticularly, this study examines the different phenomena affecting the transport prop-
erties, how the multilayer structure mitigates impurity scattering, and the factors
limiting carrier transport, with an investigation of possible structural configurations
to improve these properties.

The thesis is structured as follows. Chapter 2 introduces the overall structure of
the multilayer graphene examined in this study. This chapter provides the details
of the simulation framework, ranging from the methods used for calculating the
electrostatic potential to the Monte Carlo simulation calculations. These calcula-
tion methods are common across the different systems examined in this study, and
the distinctive features of each system are explained in their respective chapters.
Chapter 3 presents the simulation results for turbostratic multilayer graphene, and
subsequently analyzes the transport behavior in this turbostratic structure. Systems
with different numbers of layers, along with varying impurity densities, are studied,
and an analytical model explaining the impurity scattering effects on carrier mobil-
ity is introduced. Chapter 4 focuses on edge scattering in the multilayer graphene
structure, and examines carrier transport under different scales of edge scattering.
The calculation model is first explained, followed by the simulation results. This
chapter concludes with an empirical model that reproduces the simulation results

accurately. Chapter 5 introduces a new multilayer graphene structure, where twisted

7



1.2. Research Objectives and Thesis Organization

bilayer graphene is placed between the turbostratic multilayer graphene and the sub-
strate. The suppression of the Fermi velocity in the bilayer structure, which depends
on the twist angle, enables the formation of a new class of multilayer graphene. In
Chapter 5, the transport properties of these structures with different suppression
ratios are explained. Chapter 6 provides a conclusion to the discussions and results

presented in this thesis.



Chapter 2

Simulation Framework

2.1 Introduction

This chapter explains the overall structure of the simulation methods used in this
research. The ultimate objective of this thesis is to study the transport properties
of various multilayer graphene systems, which differ in aspects such as the number
of layers and substrate impurity concentration. As a result, the focal points of
subsequent chapters vary, covering factors that affect transport such as impurity
density and edge scattering, as well as structural configurations designed to improve
it, such as the inclusion of twisted bilayer graphene. Despite these different aspects,
the underlying simulation method employed throughout all calculations is consistent,
with specific modifications tailored according to each chapter’s goals. Here, the basic
structure of the multilayer system along with the foundational simulation method
is explained.

The simulation is performed in two main parts. The first part involves calculat-
ing the impurity-induced potential profile for the multilayer system. This is done by
self-consistently solving the Poisson equation using the Thomas-Fermi approxima-
tion. From the resulting potential profile for each layer, the fluctuating electric fields
induced by the impurities are obtained, thereby allowing the extrinsic factors that
influence carrier mobility to be determined. The second part of the simulation is
the calculation of the transport properties by solving the Boltzmann transport equa-
tion using the Monte Carlo method. In this stage, phonon scattering mechanisms,
which represent the intrinsic scattering sources, are also implemented alongside the
impurity-induced fields. This makes it possible to study the trajectories of carriers
as they move through the graphene sheet and are scattered by these mechanisms.

The procedures for these calculations are described in the following sections.



2.2. System Structure

2.2 System Structure

First, the structure of the multilayer graphene system studied in this research is
presented. The structure described here has the foundational features common to
all the subsequent chapters, and specifically, this structure is studied in Chapter 3.
The following Chapters 4 and 5 have largely similar structures to that described
here, with specific modifications in each chapter, tailored to the objectives of each

one. Hence, the respective structural changes are described in those chapters.

A schematic diagram of the model used in this research is presented in Fig. 2.1.
The system consists of a square-shaped SiO, substrate of size L x L, with donor
impurities on its surface. Except for the substrate surface, the rest of the substrate
contains no impurities. The total number of impurities is denoted by Ni,,, and
the location of each impurity is determined stochastically. From these, the area
density of impurities is given by Np = Niyp/(L % L). On top of the substrate, M
layers of graphene are placed. The uppermost part of the system is an insulating
layer devoid of any charge, located above the last graphene layer. The size of each
section of the system is as follows: the heights of the substrate and the insulating
layer are hy,, and hy respectively. The first graphene layer (the closest graphene
layer to the substrate is referred to as the first layer, and the farthest layer is called
the last layer throughout this thesis) is at a distance of dy, from the substrate.
The interlayer distance between graphene layers is dye. The actual values of the

parameters characterizing the system are listed in Table 2.1.

ht
Insulator
T M
dgg_ :
L Graphene ] 5
T =1

Impurity

Substrate

Figure 2.1: Schematic representation of the simulated system, showing the substrate
with impurities, the M stacked graphene layers, and the insulating region above
them.
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2.3. Self-Consistent Calculation of the Electrostatic Potential

Table 2.1: Structural parameters of the multilayer graphene system. All values are
presented in nm.

Height of the substrate hy, 136
Height of the insulator hy 136
Distance of the 1st graphene layer from the substrate ds; 0.68
Distance between each graphene layer dgq 0.34
Sheet thickness of graphene layer d, 0.34
Length of the square-shaped graphene sheet L 100

2.3 Self-Consistent Calculation of the Electrostatic
Potential

In order to obtain the potential profile of the multilayer graphene system, a few steps
need to be carried out. First, the parameters defining the structure of the system,
such as the number of graphene layers M and the size of the graphene sheets are
determined. Then, the positions of the impurities are also determined. Next, the
positions of the charged impurities are assigned to the mesh grid for the calculation of
the grid-based charge density. Finally, the self-consistent calculation of the Poisson
equation within the Thomas—Fermi approximation is performed. Here, the detailed

procedure of each step is explained.

2.3.1 Impurity Position

The positions of donor impurities on the substrate surface are determined stochas-
tically using uniformly distributed random numbers, ensuring an equal probability
of locating an impurity anywhere on the substrate. These impurities remain fixed
at their assigned positions throughout the calculations. However, a technical is-
sue arises due to the use of periodic boundary conditions in the subsequent Monte
Carlo transport simulation, which necessitate determining the impurity positions
in a manner compatible with these conditions. If the impurity positions were gen-
erated completely randomly within the primary L x L domain, the potential near
opposite boundaries would differ. Since the periodic boundaries in the transport
simulation connect these edges, such discontinuities in the potential profile would
lead to unwanted forces, especially significant at low external electric fields where
impurity-induced fields dominate and therefore influence carrier transport.

To avoid this inconsistency, the impurity distribution is constructed to be peri-

odic. Thus, the following mirroring procedure is used:

11



2.3. Self-Consistent Calculation of the Electrostatic Potential

1. Impurity positions are first generated randomly within the primary L x L
region (0 < z,y < L).

2. The impurity set is mirrored across the line z = L to produce the adjacent

domain to the right.
3. The original set is mirrored across y = L to create the domain above.
4. Mirroring across both x = L and y = L completes the top-right region.

Through this process, a periodic 2L x 2L impurity pattern is constructed, en-
suring that the potential is continuous across the boundaries of the primary sim-
ulation domain. A schematic representation of this mirroring procedure is shown
in Fig. 2.2. In this figure, the impurities in the lower-left region correspond to the
initially generated random positions, while the remaining three regions illustrate the
horizontally, vertically, and diagonally mirrored distributions. The arrows indicate
how the impurity positions in the primary region are mapped to their correspond-
ing mirrored locations. By constructing the impurity pattern in this manner, the
potential landscape becomes fully consistent with the periodic boundary conditions
imposed during the transport simulation, preventing artificial discontinuities at the

boundaries.

X : X

1

X X x XX x X X
1

X | X
1

X y i y X

X X ><>><< ! >><<>< X %

Ve i X« "

X S T ] SR X

1 xx

X | X

I IR
1
1

X % i % X

1

X | X
1
1,

X X X xix X X X

X ! X

Figure 2.2: Schematic illustration of the impurity-mirroring procedure used to gen-
erate a periodic impurity pattern. Impurities are first placed randomly in the lower-
left region and then mirrored horizontally, vertically, and diagonally to form the
corresponding regions. The arrows indicate how impurity positions in the primary
region map to their mirrored counterparts in the adjacent areas.
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2.3. Self-Consistent Calculation of the Electrostatic Potential

i, j+1 i+1, j+]] i, j+l1 i+1, j+1
. °
Xy X,y
ij i+1,;j ] i+1,;
(a) (b)

Figure 2.3: (a) [lustration of the cloud-in-cell (CIC) representation of an impurity.
The impurity located at (x,y) is treated as the center of a finite-sized charged cloud,
shown relative to the four surrounding grid cells indexed by (i, 7), (i+1, ), (i,7+1),
and (i + 1,7+ 1). (b) The corresponding overlapping areas between the impurity
cloud and each of the four neighboring grid cells, which determine the fractional
charge assigned to each grid point in the CIC method.

2.3.2 Cloud-in-cell Method

For the numerical calculations, the system is discretized with a mesh spacing of
0 = 1nm. The impurity charges are then assigned to the grid points using the cloud-
in-cell (CIC) method [52], which distributes the charge of each impurity among its
neighboring grid points. In this method, the coordinate of each impurity is consid-
ered to be the center of a finite-sized charged cloud. The four grid points surrounding
the impurity are treated as the centers of the four surrounding cells. The charges
are assigned to the grid points as follows: first, the overlapping area between the
impurity cloud and each of the four surrounding grid cells is calculated. The charge
assigned to a grid point is then determined by the ratio of this overlapping area to
the area of the corresponding cell. Consequently, the charge is distributed propor-
tionally, with grid points closer to the impurity receiving a larger share. Figure 2.3

shows the schematic illustrations of this procedure.

2.3.3 Outline of Self-consistent Calculation

Here, the outline of the self-consistent calculation is explained. Having an initial

charge distribution of the system and using Poisson equation, the electrostatic po-

13



2.3. Self-Consistent Calculation of the Electrostatic Potential

tential induced by the charges in the system can be obtained. Then, by using the
Thomas-Fermi approximation, the new charge distribution of the system is calcu-
lated. In the self-consistent Poisson and Thomas-Fermi cycle, the calculations of
the charge density and the electrostatic potential are repeatedly alternated until the
change converges to a certain error range. Here, the self-consistent calculation is
performed with charge neutrality valid in the system and Poisson equation is solved
with appropriate boundary conditions applied to the system. The following relations
simplify the aforementioned process.

Denoting F' as the function which, given the input of electrostatic potential,
yields n, the carrier density, and G as the function which yields electrostatic potential

V from n, the following sequence holds:

n = F[V] (ThomasFermi gives n from V'),

(2.1)
V = (G[n] (Poisson equation gives V' from n).
Hence, the composite update would be
IVl = G(F[V]), (2.2)
which yields
V= f[V]. (2.3)
Therefore, iterations over the functions would be
vO L 0 Gy B0 Sy@ il [VED - vE)| < (2.4)

where € is the predetermined error range used for the calculation. Hence, the afore-

mentioned algorithm could be summarized as

1. Guess an initial potential V(0.
2. For k=0,1,2,...

(a) n™ « F[V®] (compute density via Thomas-Fermi)
(b) VED «+ G[n®] (solve Poisson equation)

(c) If |[V*+D — V8| < ¢ stop; else continue.

3. Final density: compute
pUctD) — F[V(kJrl)]

4. Return V*+D and n*+D),

14



2.3. Self-Consistent Calculation of the Electrostatic Potential

2.3.4 Poisson Equation

For a given charge density p(z,y, z), Poisson equation

V2 =-L, (2.5)
€

is solved where ¢ is the permittivity and ¢(z,y, z) is the electrostatic potential. The
permittivity of SiOs is assigned across the system. Both the charge density p(x,y, 2)
and the potential ¢(z,y, z) are discretized on the xy-plane with a grid size of 1 nm.
Here, the charge density is formed by two sections. The first is the density of the
charged donor impurities, enp(z,y), whose positions are randomly chosen on fixed
locations on the substrate. Here, np(z,y) denotes the impurity density at each
point on (x,y) on the substrate. The total number of impurities Ny, is obtained
by integrating the impurity density over the surface of the substrate. The second
part of the charge density is the induced electron and hole densities in each layer
of graphene. n;(z,y) and p;(x,y) denote the electron and hole densities for the I-th
layer, where [ = 1,2,..., M. Contrary to the fixed impurity density, electron and
hole densities adjust to the potential profile of the system in each iteration of the
self-consistent calculation. It is noteworthy that the charge densities in this section
are area densities, being in accordance with the stacked two-dimensional layers of
graphene in the system. However, in the simulation, a parameter d, = 0.34nm is
utilized to represent the thickness of each two-dimensional layer. Thus, the three-
dimensional Poisson equation is solved, and the charge density is treated as a volume
density. As for the boundary condition of the system, the potential is fixed to
zero at the top and bottom of the system, thus applying a zero Dirichlet boundary
condition, while on each of the four lateral faces, zero Neumann boundary conditions

are applied where the derivative of the potential is set to vanish.

2.3.5 Carrier Density by Thomas-Fermi Approximation

Once the potential profiles for each layer of graphene are obtained in each self-
consistent iteration of the calculation, the induced electron and hole densities are
calculated for the given profile. The following linear dispersion relation near the

Dirac points is assumed for each layer of the stacked graphene structure:
E = hu|k|, (2.6)

15



2.3. Self-Consistent Calculation of the Electrostatic Potential

where the magnitude of the 2D wave vector k = (k,, k,) is denoted by |k|, and the
Fermi velocity of vy = 10®cm/s is used. Therefore, the density of states in each

graphene layer is given by
_ 2|E]

 wh*?
The Fermi-Dirac distribution function, f(E) = [1 + exp((E — p)/ksT)]™*, with

the Fermi level p, temperature of 7', and the Boltzmann constant kg, is used to

9(E)

(2.7)

determine the carrier densities. Defining the Dirac point as the origin of the energy
level and in accordance with the Thomas-Fermi approximation, it is considered that
the electrostatic potential ¢(r) is a very slowly varying function of r» = (x,y, 2), and
hence, due to slowly varying potential, the local Dirac point is shifted by ¢(r) =
—eg(r) [53]. By utilizing this assumption, the local potential profile determines the
carrier densities. Thus, the density of states of graphene at the local point S can be

written as
9(E —¢s) = go(E — ps) + go(E — ¢s), (2.8)

where g. denotes the density of states of the conduction band for energies higher

than the local potential (E > ¢g), defined as

9e(E — ps) = 2(E — @g)/(mh*v}). (2.9)

Similarly, g, represents the density of states of the valence band for the energies

lower than the local potential (£ < ¢g), defined as

9 (E = ps) = 2(ps — E)/(nh*}). (2.10)

Thus, using each density of states, the induced electron density at the given point

S in the graphene sheet, ng, can be calculated by

Emax
ng = / 9(E — ps)f(E)dE, (2.11)
s
where Fi.x is the upper energy bound for the integration. Equation 2.11 yields the
electron density corresponding to the occupied states above the Dirac point in the

conduction band.

Similarly, the following is used to calculate the hole density pg at the given point
S:
©s
ps= [ gu(B = pa)1- SE)E, (212

Emin

16



2.4. Monte Carlo Simulation Method

where F;, is the lower energy bound for the integration. Here, the hole density in
the valence band below the Dirac point is calculated.

The upper and lower bounds of the energy are set to be E .. = 5eV and
ELin = —5eV. Therefore, for a point S, the net carrier density is determined by

Emax ®Ys
ns=ps= [ a9 (E)AE - [ 0B g1~ f(B)aE
e o5
~ [ adB e 1E)AE+ [ 0B~ o) (E)AE
— /SOS 9v(E —ps)dE
Emin
FEmax ®s
= [ o - ps) sE) B~ [ g~ ) (2.13)
Fhin Emin

Taking into account the charge neutrality of the system, the number of the
induced electrons in the system should be equal to the number of the induced holes
plus the donor impurities. Eq. 2.13 gives the net carrier density at a point in the
system, thus by integrating it for all the M layers of the graphene, the following

equation is obtained:

M L pL
1=1 70 70

Eq. 2.14 denotes the charge neutrality of the system. Therefore, to enforce the
charge neutrality in the system, an appropriate Fermi level for the whole system is
determined. To be more specific, as mentioned earlier, the Dirac points are shifted
by —ep(r), thus the local potential perturbations are reflected in the calculation of
the induced carriers. Simultaneously, a common Fermi level is adjusted for the entire
system, in such a way that the Eq. 2.14 remains valid. Hence it can be interpreted
that Eq. 2.13 is a function of the Fermi level, and the search for an appropriate
Fermi level to fulfill Eq. 2.14 is the main numerical problem that needs to be solved.

Here, the bisection method is used to determine it.

2.4 Monte Carlo Simulation Method

The transport properties of carriers in devices can be studied theoretically by solving

the Boltzmann transport equations and Poisson equation. Solving the Boltzmann

17



2.4. Monte Carlo Simulation Method

transport equation directly is quite challenging, and thus using alternative methods
to simulate the trajectories of carriers is more practical and desirable. One of the
widely used methods for this purpose is the Monte Carlo simulation method. In the
Monte Carlo method, the transport history of each individual carrier is updated and
tracked throughout the simulation. The duration of the free-flight and the scattering
mechanism that terminates it are determined stochastically. Additionally, since the
band structure of the material under study along with its scattering behavior is
incorporated in the Monte Carlo method, the transport properties of the material
can be studied. With a large enough number of simulated trajectories, the final
results provide a reliable approximation of the average behaviors of the carriers
in real devices [54-56]. Hence, this approach captures the statistical behavior of
carriers, leading to results that represent the ensemble-averaged transport properties
of the system. Here, the implementation of the Monte Carlo simulation for the

multilayer graphene system is explained.

2.4.1 Initial States

First, the initial states of the electrons are determined (the explanation here focuses
on electrons, and only the differences for holes are mentioned separately). These
initial states include the electron positions in the graphene sheet, which are gen-
erated using uniformly distributed random numbers across the simulation area, as
described earlier. The electron energies are sampled so that they follow the equi-
librium energy distribution, which is given by the product of the graphene density
of states and the Fermi-Dirac distribution. To achieve this in the simulation, the
rejection sampling method is used so that only the energy values matching the de-
sired distribution are kept. The initial direction of motion of each carrier is also

determined stochastically.

2.4.2 Free-flight

Here, the free-flight of the carriers is described. The free-flight refers to the move-
ment of the carriers between the scattering events. In this study, the carriers are
subjected to an in-plane external electric field in the x direction, and there is no
additional field applied to the carriers along the y direction. The external field is
denoted by

Fo = (Fext,am 0)- (2-15)
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2.4. Monte Carlo Simulation Method

This field is applied to drive the electrons from the left side of the graphene sheet
to the right side, hence (Fix < 0). Additionally, the electrons are subjected to the
local electric fields originating from the charged impurities on the substrate. These

local fields, denoted by
Emp - (Emp,xu Emp,y)v (216>

are obtained from the self-consistently calculated potential profile (Fi,, = —V¢).
Thus, the total electric field applied to the electrons during the free-flight is

Fiy = Foyy + -Fimp- (217)

In graphene, the electrons move with the Fermi velocity during the free-flight. Here,
the simulation is done for an ensemble of 10* electrons. The total duration of the
simulation is defined as tg,. The evolution of electrons’ trajectories over tg, is
divided into smaller intervals. The duration of each interval is denoted by the time-
step parameter t,. The positions along with the components of the wave vector and
the energy are updated in each time interval. The time intervals may contain no
scattering events or one or more scattering events (in rarer cases). The beginning
and end of the intervals are denoted by ¢, and t., respectively. Therefore, at the
beginning of the simulation for the first interval, ¢, = 0 and ¢, = ;. Similarly, for
the n-th interval, t, = (n — 1)t, and ¢, = nt.

The duration of the free-flight time is related to the scattering rate, in which
higher scattering rate leads to the shorter free-flight. Considering a system with m

scattering mechanisms, the total scattering rate, I'; is obtained by

rE) =Y Tk(lE)’ (2.18)

m
where 7, is the relaxation time for the k-th scattering mechanism. Since the scat-
tering rate I" varies with energy, the well-known method of introducing fictitious
self-scattering into scattering mechanisms [57], which does not alter the carriers’
momentum, but makes the scattering rate constant, is used. Hence the constant
scattering rate I} is fixed and the duration of the free-flight, t;, is then calculated
by

te=—Ip 'lnr, (2.19)

where r is a uniformly distributed random number between 0 and 1. Here, ¢ is
calculated for each electron, and denotes the duration during which no scattering

events occur, and carriers are only influenced by Fi,. Subsequently, a scattering
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2.4. Monte Carlo Simulation Method

event occurs after the free-flight duration ¢;. After the scattering event, another t; is
calculated using Eq. 2.19 to determine the duration of next free-flight. Consequently,
the cumulative free-flight time #c,, is defined as the aggregate of the free-flight

durations from the first through the n-th scattering event, and expressed as
o = > 1. (2.20)
i=1

Here, the cumulative free-flight time for each electron represents the occurrence
time of the n-th scattering event. As the transport properties of the carriers are
calculated by moving through the ¢, it is checked whether t;., falls inside the
current time-step. If it does, it indicates that a scattering event is going to happen

in the current time-step.

During the time-step, the x and y coordinates of the electrons at the beginning
of the free-flight, x1, and ¥y, are advanced to the new coordinates, x. and v., at the
end of the free-flight. This update is done in two scenarios: one in the absence of
any scattering event within the time-step, where the new coordinates are obtained

according to the following expressions:

Te = Tp + tsVrCOS @ (2.21a)

Ye = Yp + Lsvrsina. (2.21Db)

Here, the electrons move with the Fermi velocity during the free-flight, and their
direction of movement is denoted by the angle «, which is obtained using the com-
ponents of the wave vectors at the beginning of the time-step, k,1, and k, 1, by the
following equation:

a = tan ' (ky,p/kep). (2.22)

Accordingly, the components of the wave vector are also updated until the end of

the time-step by

et

ka:,e = kx,b + W(Fext,:c + Emp,x), (223&)
ets

ky,e = ky,b + fFjimp,y- (223b)

In Egs. 2.23a and 2.23b, the negative signs correspond to the expressions for updat-
ing electron wave vectors, whereas the positive signs denote the analogous updates

for hole wave vectors. Obtaining k, . and k, . furthermore yields the magnitude of
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the wave vector,
k| = (ko + Ky o)'? (2.24)

as well as the new angle (o = tan™'(kye/kzc)). Subsequently, the energy for each

electron at the end of the time-step is calculated via Eq. 2.6.

Now when there is a scattering event in the time-step, the movement of the
electrons is divided into two parts: one before the scattering, and one after. From
the beginning of the time-step to ¢ cum, where the scattering happens, the electron’s

position is updated by

Tf= Ty + (tf’cum - tb)vf COS v, (225&)

Yr = Yp + (tf,cum - tb)vf sin . (225b)

Here, zy and y; correspond to the electron’s x and y coordinates when scattering
happens. Once z; and y; are obtained, the wave-vector components are updated
over the interval (ffcum — tb) using Eqgs. 2.23a and 2.23b. Subsequently, the electron
energy upon completion of free flight is calculated. In order to update the transport
properties of the electrons after t¢..m, first the type of the scattering event needs to
be determined. Since the scattering rate varies with the energy, the probability of a
certain scattering happening also varies with energy. Taking these into account and
using the electrons’ energy before scattering, the appropriate scattering mechanism
is chosen. Specifically, a random number r is generated, and the specific mechanism [
is selected by identifying the interval in the cumulative scattering where the following

condition is met:

-1 1 l 1

—_— 2.26
8 < p o =8 (226)

Here, [ ranges from 1 to k + 1 scattering mechanisms including self-scattering [54].

Depending on the type of the scattering mechanism, the electron might gain, lose,
or retain its energy. Except in the case of self-scattering, the electron’s trajectory
is altered. Thus, a random number is used to randomize the direction of movement
isotropically. The details of the scattering mechanisms considered here are described
in Section 2.4.3. After determining the scattering mechanism and the electrons’ new
transport property attributes, the movement of the electrons is resumed until the

end of the time step, using:

To = Tf+ (te — bt eum) Vs COS A, (2.27a)

Ye = Yt + (te - tf,cum)vf sin 0/7 (227b)
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where o denotes the direction of the electron movement after the scattering. Simi-

larly, the components of the wave vector are updated by

e(te - 7ff,cum)

kx,e - k:p,b :F h (Fext“’f + Emp’m>, (228&)
€ te —1 cum
ky,e = ky,b :F %Emp,y7 (228b)

and the energy of the electrons at the end of the time-step is also calculated.

2.4.3 Scattering Mechanism

The carriers in the graphene are scattered by phonons, besides the impurity scat-
tering. Here the phonon scattering implementation is explained. Acoustic phonon
(AP) and optical phonon (OP) scattering mechanisms are considered. The elastic

AP scattering rate for electrons in the conduction band is expressed as [36, 58]

Selas o 4E]%kBT

P RPRe2p,

(2.29)

where Ep denotes the deformation potential, ps represents the density of graphene,
and vy is the sound velocity.

The inelastic scattering rates of electrons due to OP and AP interactions are
given by [45, 58]

D2
inelas f,op(ac)
Sop(ap) = R [(E + hwop(ac)) Nop(ac)
—l—(E — hwop(ac))(Nop(ac) + 1)@(E — hwop(ac))} , (230)

where Digpac) represents the deformation field, wopac) is the optical (acoustic)
phonon frequency and Ngpe) is the phonon occupation number. The Heaviside

function, ©(F), ensures that the electron energy is sufficient for phonon emission.

Table 2.2: Parameters used for phonon scattering rates.

Deformation potential (acoustic) Ep (eV) 4.6
Deformation field (optical) Do, (eV/cm) 1.0 x 10°
Deformation field (acoustic) D,. (eV/cm) 3.5 x 108
Density of graphene p (g/cm?) 7.6 x 1078
Sound velocity vs (cm/s) 2 x 10°
Optical phonon energy hw,, (meV) 164
Intervalley acoustic phonon energy hw,. (meV) 124
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2.5. Summary

Table 2.2 lists the parameters utilized for calculating the scattering rates in Eqs. 2.29
and 2.30.

2.4.4 Ensemble Drift Velocity

The Ensemble Monte Carlo simulation is performed on N carriers using the previ-
ously described approach, incorporating periodic boundary conditions (except at the
edges in systems where edge states are considered). To calculate the drift velocity
of carriers in the x-direction (the direction in which the external field is applied) at
the [-th graphene layer, an ensemble average of the xz-components of the individual
carrier velocities is taken. Each carrier moves with the Fermi velocity v¢, and o
denotes the angle of its velocity direction measured from the z-axis. Thus, v¢cos «;
is the z-component of the j-th carrier’s velocity, and the drift velocity for electrons

in layer [ is
N

1
Vale = 3 vacos a;. (2.31)

j=1
The same ensemble averaging procedure is applied to holes to obtain v,;, using
the corresponding angles of hole velocity directions. The net drift velocity in the
x-direction for the [-th layer, v, ;, is then the weighted average of the electron and
hole contributions. Here, n; and p; are the sheet densities of electrons and holes in

layer [, respectively. The total drift velocity for the [-th layer is then obtained by

MUz 1e — PiVx,lh
n;+ pi

Vgl = (232)

2.5 Summary

This chapter outlined the simulation framework used to study carrier transport
in multilayer graphene systems. The computational approach was divided into two
main parts: the calculation of the electrostatic potential and the simulation of carrier
transport.

In Sec. 2.2, the structural model used in this study is introduced. It consists of a
Si0, substrate containing randomly distributed donor impurities, stacked graphene
layers placed on top of it, and an insulating layer covering the graphene. Section 2.3
describes the procedure for obtaining the electrostatic potential profile, which in-
volves solving Poisson equation self-consistently in conjunction with the Thomas-
Fermi approximation. This iterative process updates both the potential and the

induced carrier densities until the system converges. A specific impurity-mirroring
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technique is employed to generate a periodic impurity pattern, ensuring consistency
with the periodic boundary conditions applied in the transport simulation. The
Cloud-in-Cell method is used to assign the impurity charges to the computational
grid.

The second phase of the simulation is described in Sec. 2.4, which explains the
transport calculation using the Ensemble Monte Carlo method. This approach sim-
ulates the trajectories of a large ensemble of carriers moving under the influence
of both the impurity-induced electric fields and an externally applied field. Carrier
dynamics are modeled as a sequence of free flights interrupted by scattering events.
The framework explicitly accounts for intrinsic scattering mechanisms, including
acoustic phonon scattering and optical phonon scattering. Finally, the transport
properties of the system are obtained by computing the ensemble average of the
individual carrier velocities, yielding the drift velocity for each graphene layer.

Overall, this chapter establishes the computational foundations used throughout
this thesis and provides the methodological basis for the analyses presented in the

subsequent chapters.
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Chapter 3

Carrier Transport Simulation in

Turbostratic Graphene

3.1 Introduction

As it has been briefly explained in Chapter 1, the transport properties of monolayer
graphene are highly sensitive to external perturbations arising from its surrounding
environment [23, 24]. On substrates such as SiO,, randomly distributed charged
impurities generate electrostatic potential fluctuations. These fluctuations locally
shift the charge neutrality point in graphene, resulting in spatially varying electron-
rich and hole-rich regions known as electron puddles and hole puddles [39, 59, 60].
Accordingly, this perturbative potential landscape is recognized as a major factor for
the reduction of mobility in graphene well below its intrinsic limit [22, 34, 40, 61-63].

A promising route to alleviating this impurity-induced problem and achieving
mobility enhancement is the use of multilayer graphene structures with a tur-
bostratic configuration. Figure 3.1 illustrates the schematic configuration of this
structure. The attractiveness of the turbostratic arrangement lies in the fact that
adjacent graphene layers are rotated by a relatively large angle, typically around
30°, resulting in a decoupling of graphene layers. Hence, due to this rotational mis-
alignment, each layer preserves the linear Dirac dispersion characteristic of pristine
monolayer graphene, which essentially enables each layer to behave as monolayer
graphene when the carrier transport is considered [51, 64-66]. Thus, carriers main-
tain a high Fermi velocity and excellent intrinsic transport characteristics. Beyond
preserving the desirable monolayer-like electronic properties, the multilayer struc-
ture offers an additional advantage, enhanced screening of impurity-induced poten-

tial. Lower graphene layers in the stack shield the upper layers from the fluctuating
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3.2. Results and Discussion

Figure 3.1: Schematic illustration of a turbostratic multilayer graphene structure,
in which each graphene sheet is stacked with random rotational angles with respect
to one another.

electrostatic potential generated by charged impurities on the substrate surface. As
a result, it is expected that the potential inhomogeneity experienced by carriers di-
minishes rapidly as the distance from the substrate increases. Previous studies have
shown that graphene layers can change the potential landscape and cause a redistri-
bution of charges among the layers, which leads to a smoother landscape [48, 67-70].
Thus, turbostratic multilayer graphene provides a structural pathway to suppress
extrinsic disorder, and retain the intrinsic transport characteristics.

The objective of this chapter is to investigate the effectiveness of this multilayer
approach by examining how turbostratic graphene layers influence potential fluctua-
tions in each graphene layer, and ultimately, affect the carrier mobility. The details
of the model and methodology were explained in the preceding chapter, and the

following section presents the numerical results and their physical interpretation.

3.2 Results and Discussion

3.2.1 Potential Profile

The general configurations of the multilayer structures have been explained in Sec-
tion 2.2 of Chapter 2. The specific configurations considered in this section are as

follows. The calculations are performed for systems with different numbers of layers
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Figure 3.2: Three configurations of randomly distributed impurities on the substrate,
comprising Ny, = 20 impurities (corresponding to a density of Np = 2x 10! cm™2),
are considered. The cross-sectional potential along the dashed line in pattern (b) is
shown in Fig. 3.3.

to investigate the changes in the potential profile with the addition of further layers
in the system. Multilayer graphene systems with M = 2, 4, 8, 12, and 16 are ana-
lyzed. The electrostatic potential is calculated using a mesh size of § = 1 nm in the
xy plane and 0.34nm in the 2 direction, corresponding to the interlayer spacing dg,.
The potential profiles for three different impurity densities of Np = 2 x 10" em—2,
5x 10" em™2) and 1 x 102 cm™2 (corresponding to Nip, = 20, 50, and 100) are
determined for systems with M = 16. In order to minimize the impact of a spe-
cific impurity distribution on the transport properties, the potential profiles for ten
different impurity patterns are calculated. Figure 3.2 illustrates three samples of

2 used in this

impurity patterns, corresponding to a density of Np = 2 x 10 cm™
study. The cross marks indicate the position of the impurities on the substrate.
There are no correlations between the positions of the impurities, and each position

is determined independently and randomly on the substrate.

Figure 3.3 illustrates a cross-section of the potential profile at y = 37 nm, in-
dicated by the dashed line in pattern (b) of Fig. 3.2. The figure shows that the
peaks of potential fluctuations coincide with the impurity positions; however, their
magnitude varies significantly across the graphene layers. In the 1st layer (black
line), pronounced peaks appear. For example, at x = 49 nm, a sharp potential max-
imum of approximately 0.28 V is observed. In contrast, the 4th layer potential (blue
dashed line) decreases to about 0.07V, while the 6th and 8th layers show further
reductions, with approximate potential values of 0.03V and 0.01V, respectively.

Finally, the 16th layer becomes nearly flat, exhibiting minimal fluctuation. This
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Figure 3.3: Cross-sectional electrostatic potential along the dashed line in impurity
pattern (b) of Fig. 3.2, calculated for a 16-layer graphene structure with an impurity
density of Np = 2 x 10 em™2. The trend here indicates that the potential profile
becomes noticeably smoother in the upper layers.

demonstrates that the amplitude of the potential curves diminishes substantially as

the layer index increases.

Figure 3.4 presents a color map of the potential profiles of the 1st, 4th, 8th and
16th graphene layers in the multilayer graphene system corresponding to the im-
purity pattern (b) shown in Fig. 3.2. The bright orange regions indicate areas of
high potential. By comparing the 1st layer profile with the impurity positions in
Fig. 3.2 (b), it is observed that locations near impurities correspond to prominent
potential peaks, whereas the rest of the graphene sheet exhibits only minor fluc-
tuations. As the layer index increases from the 1st to the 16th layer, the orange
spots gradually fade, indicating a progressive reduction of potential variations. In
the uppermost layer, there is no significant difference between the regions near the
impurities and the remainder of the graphene sheet, indicating an overall flattening

of the potential profile.

Figure 3.5 presents how the standard deviation o; of the electrostatic potential
evolves across the graphene layers for systems with M = 16 and different impurity

densities. The quantity o; characterizes the spatial fluctuation of the potential
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Figure 3.4: Electrostatic potential profile for the 1st, 4th, 8th, and 16th layers for a
system with an impurity density of Np = 2 x 10" em™ and impurity pattern (b) in
Fig. 3.2. Bright spots indicate regions with higher potential peaks. It is seen that
the magnitude of the potential peaks decreases with increasing layer index.

within each graphene sheet and is defined as

Ny 1/2
o) = [NL Z(¢jl - 51)2] ) (3-1)

m =1

where ¢; denotes the potential at grid point j in the [-th graphene layer, ¢, is the
average value of the potential in the layer, and Ny, is the number of grid points in
the layer.

Large o; values in the lower layers indicate strong spatial inhomogeneity of the
potential, where sharp local peaks appear near charged impurities and dominate

the local electrostatic landscape. As the distance from the substrate increases, these
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Figure 3.5: Standard deviation of the electrostatic potential for a 16-layer graphene
system at different impurity densities. Here, the amplitude of potential fluctuations
within each graphene sheet is shown. The lower layers exhibit large fluctuation
magnitudes due to strong impurity-induced variations, whereas the upper layers
show nearly vanishing fluctuations. A rapid decrease in fluctuation amplitude with
increasing layer index is observed for all impurity densities.

variations diminish rapidly. For example, in the system with an impurity density of
2 x 10" em~2, the standard deviation decreases by approximately 67% in the 4th
layer and by more than 90% in the 8th layer compared to the 1st layer. By the
16th layer, the fluctuation amplitude is reduced by about 99%, suggesting that the

potential profile in the uppermost layer has become almost uniform.

This exponential decay of o; is consistently observed even when the impurity
density increases. Systems containing a larger number of impurities exhibit stronger
potential fluctuations within each individual layer. However, the rate of reduction in
standard deviation with layer number remains nearly unchanged, and the potential
variation in the upper layers becomes negligible regardless of impurity concentra-
tion. This rapid reduction can be attributed to the large accumulation of electrons
near the charged impurity regions. These electron concentrations effectively screen
the electrostatic potential induced by the impurities, which weakens exponentially
with distance, resulting in an increasingly smoother potential profile in the upper

graphene layers.
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3.2.2 Transport Properties

The Monte Carlo simulation is performed for 10* carriers, with t, = 1fs and tg, =
1ns. The averaged drift velocity of each graphene layer for a system with M = 16
and impurity density of 2 x 10! cm~2 under different external fields is depicted in
Fig. 3.6. The results are averaged for 10 impurity patterns with Eq. 2.32. Here it
is seen that the lower layers closer to the substrate have the lower drift velocity,
and as the layers get farther from the substrate, the velocity improves significantly,
eventually approaching the velocity of a system with no impurity (shown by the solid
line). Additionally, for each layer, as the magnitude of the external field increases,
the velocity also increases, but at higher fields the rate of increase diminishes due
to phonon emission. This increase in the velocity is more prominent for the layers
farther from the substrate, where the impact of the impurity scattering is reduced
due to screening. These velocity results are compatible with the potential results,
shown in the last section, where the upper layers had smaller potential fluctuations
compared to the lower layers, and hence the carriers in the upper layers face fewer
obstacles from the impurity potential while moving through the graphene. Here,
the velocity of carriers in the 16th graphene layer becomes almost identical to the
phonon-limited drift velocity of electrons in an impurity-free system, indicating that
the impact of impurity scattering becomes so inconsequential that electrons feel no

hindrance from the impurities.

Figure 3.7 (a) presents the carrier mobility of each layer for multilayer graphene
systems with 2, 4, 8, 12, and 16 layers under an electric field of 10 V/cm and in the
presence of an impurity density of 2 x 10" em™2. The first observation is that the
lower layers exhibit nearly identical mobilities across all systems, implying that the
impurity influence dominates similarly across the systems in that region. However,
clear differences in mobility appear in the upper layers. For instance, the 8th layer in
the M = 8 system shows a lower mobility value than the same layer in the M = 12
system, and a similar relationship holds between the 12th layers of the M = 12
and M = 16 systems. This is because the screening of the potential does not occur
only in the lower layers, but the upper layers also contribute to the screening to
some extent. Thus, the additional upper layers further enhance the screening, and
reduce the impact of impurities. The mobility of the 12th layer in a system with
M = 16 improves simply due to the presence of four more layers above it. However,
beyond approximately 16 layers, this improvement saturates, and the upper-layer
mobility approaches the phonon-limited value, meaning that the impurity potential

is almost entirely screened out by the lower layers. This trend is also inferred from
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Figure 3.6: Averaged drift velocities of each graphene layer in a 16-layer system with
an impurity density of 2 x 10! cm™2 under various electric fields. Lower layers ex-
hibit reduced velocities due to strong impurity scattering, while upper layers show
progressively higher velocities as the impurity potential becomes more effectively
screened. As a result, the 16th layer approaches the phonon-limited drift veloc-
ity of an impurity-free system. The increase in velocity with electric field is most
pronounced in the upper layers, where phonon emission eventually limits further
increase.

the curvature of the mobility profile of the system with M = 16, where a rapid
increase in mobility is followed by saturation. More specifically, it is observed that
around the 7th to 9th layers in the systems, a pronounced boost in mobility is
achieved with the addition of just one more layer. However, in the upper layers, this

rapid growth slows down.

Figure 3.7 (b) shows the drift velocity profiles of carriers under an applied field of
103 V/em and an impurity density of 2 x 10 ecm™2 for systems with 2, 4, 8, 12, and
16 layers. Here, the overall trend resembles that observed for the mobility in Fig. 3.7
(a). The screening effect originating from the lower layers weakens the influence of
impurities in the upper layers, resulting in an improved drift velocity in the upper
layers. However, at this higher applied field, the increase in drift velocity becomes
more pronounced in the layers near the substrate. This behavior arises because

carrier transport is governed by two fields: the externally applied electric field and
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Figure 3.7: (a) Carrier mobility for each layer in multilayer graphene systems with
M =2,4,8,12, and 16 under an electric field of 10 V/cm. As the number of layers
increases, the mobility in the upper part of the stack improves due to a smoother
potential landscape, and this enhancement gradually saturates as it approaches the
phonon-limited value. (b) Drift velocity for each layer under an applied field of
103 V/cm for the same systems. A similar trend of improvement followed by satu-
ration is observed, with the higher field causing a steeper rise in the velocity before
it reaches its saturated value.

the local field induced by the charged impurities. When the applied field is large,
the external field rapidly outweighs the impurity-induced field, thereby reducing the
relative impact of impurities more effectively than in the lower-field case shown in
Fig. 3.7 (a). Consequently, as illustrated in Fig. 3.7 (b), the drift velocity exhibits
a steep rise followed by saturation, ultimately approaching the velocity observed in
the impurity-free system.

Figure 3.8 (a) shows the carrier mobility of each layer in a 16-layer multilayer
graphene system under an electric field of 10* V/cm for impurity densities of 2 x
10" em™2, 5 x 10" em™2, and 1 x 102 cm™2. Here, it is observed that for each
layer, the system with the higher impurity density has the lower carrier mobility.
Nevertheless, there is a mobility enhancement for all systems, irrespective of their
impurity density, in the higher layers. Additionally, the mobility differences between
the different impurity densities are quite small up to the third graphene layer, and
the difference increases in the middle layers of the systems in the range of the 7th to
9th layers, and eventually the mobilities converge to the phonon-limited mobilities
in the upper layers. In other words, for the system with a lower impurity density, the

rise in the mobility of graphene layers occurs in the lower layers and the eventual
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Figure 3.8: (a) Carrier mobility for each layer in a 16-layer graphene system under
an electric field of 102 V/cm for impurity densities of 2 x 101, 5 x 10", and 1 x
102 cm™2. Higher impurity densities yield lower mobilities, yet all profiles exhibit
mobility enhancement in the upper layers and eventual convergence toward the
phonon-limited value. (b) Drift velocity for each layer under an applied field of
10® V/cm for the same impurity densities. The overall behavior mirrors the mobility
trends, though the stronger field induces a sharper rise in velocity and an earlier
convergence to the phonon-limited regime.

convergence also happens earlier, and this trend becomes delayed (the rise and
convergence occur in higher layers) for the systems with higher impurity densities.

Figure 3.8 (b) illustrates the drift velocity trends for the same systems as Fig-
ure 3.8 (a). Here, the general trends of the velocity curves are the same as the
mobility curves. However, due to the application of a higher external field, the rise
in the velocities is more pronounced, and the convergence to the phonon-limited
velocity also happens in the lower layers compared to the mobility case.

Figure 3.9 (a) illustrates the total mobilities of systems with 2, 4, 8, 12, and 16
layers under an electric field of 102 V/cm and an impurity density of 2 x 10 cm™2.
These mobilities are derived using a method similar to Eq. 2.32, where the average
is taken over all layers comprising the multilayer graphene system and weighted by
their carrier densities across the entire system. As observed, the addition of more
layers to the system contributes positively to the total mobility of the system. It is
important to note that the carriers are disproportionately induced in the graphene
layers; consequently, the average total mobility of the system becomes lower than
the highest mobility observed in the upper layers, as seen in the case of 16-layer

graphene. Figure 3.9 (b) shows the total velocity for the same systems as Fig. 3.9
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Figure 3.9: (a) Total mobility of multilayer graphene systems with 2, 4, 8, 12, and 16

layers under an electric field of 10 V/cm and an impurity density of 2 x 10!t cm=2.

The total mobility is obtained by averaging over all layers comprising the multilayer
graphene system and weighting them by their carrier densities across the entire
system. (b) Total drift velocity for the same systems under an electric field of
103 V/em. The velocity trends mirror those in part (a), showing an enhancement
as more layers are added, although a clear disparity remains between the averaged
velocity and the highest velocities occurring in the upper layers.

(a). The velocity trends here are the same as those of the mobilities, with an
enhancement of the total velocity as more layers are added, although a noticeable
gap remains between the averaged velocity and the highest layer-specific velocity in

each multilayer scheme.

3.3 Analytical Model of Mobility for Turbostratic
Graphene

3.3.1 Potential Fluctuation

Here, an analytical model for the mobility of a multilayer graphene system is con-
sidered. Ninp impurities are assumed to be randomly distributed over a plane of
area S. If the in-plane position of the i-th impurity is r; = (z;,y;), the areal density

of impurities is written as [71]

Nimp

p(r) = Z dr —mr;). (3.2)
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Taking the Fourier transform gives

Nimp Nimp

mm:/}wni“ﬂr=/§;Mr;meMHv=§;ewv (33)

The electrostatic potential induced by these impurities at a plane with a distance

of d from the impurity plane is considered. The potential is obtained by

Vir) = / e (3.4)

whose Fourier transform reads

2
. e .
Vig) = /V r)e "I dr = // e T dr p(r') dr’
@ = [vir) e i)
2

e o o
_/ ey e L / plr')e ™ dr' = v(g) pla).  (3.5)

Here, v(q) is the Fourier transform of the potential due to a single impurity, given
by

v(q) = / v(r)e T dr = / v(r)e s dr dg = / 2mv(r)Jo(gr)rdr.  (3.6)

Jo(x) denotes the zeroth-order Bessel function of the first kind

1 2m )
Jo(z) = 7 e resd dg, Jo(—x) = Jo(x), (3.7)
T Jo
which gives
2
21 Jo(qr) = / emlareosd g, (3.8)
0
Hence, Eq. 3.6 becomes
o2
v(q) =21 | ———=Jo(qr)rdr
@) /47T6\/m olar)
2
_ e [ Jolgr)r . (3.9)
26 A /TZ + d2
— 6_2 —qd
2eq '

To account for screening effects, the Fourier transform of the potential is modified
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by the screening constant ¢ as

__ ¢ - 1
v(q) AT qs)e : (3.10)
Here, g5 is given by [72]
e? df(FE
4 =5 (_—d(E )) g(E)dE
e (3.11)
~ 2ckpT

where n, is the electron density.

The mean square of the potential fluctuations is given by [34]

(Vimp) = ([V(r) = (V(r)]*) = (V()?) = (V(r))?
Y L B
- 1mp/<2ﬂ_>2 <Q) ) (312>

where Ny, = Nimp/S' is the impurity density. This integral can be evaluated ana-

lytically to yield

dq e? ’ e\ [adg_ e _
5V2 = Nim / |: _qd:| = Nim ( /
Vo) =imw [ (502 |26+ 0 e\ 2e 27 (g +¢s)°

1 e\ ?
- % Nimp (2_€> C(qsd)a (313)

where the function C' is defined by
C(z) = (14 2z)e* E,(27) — 1, (3.14)

and F; denotes the exponential integral

Ei(z) = / N e; dt. (3.15)

3.3.2 Mobility of Monolayer Graphene

The conductivity of electrons, in terms of the momentum relaxation time, is written
as [72, 73]

o= W<T>/f(E) dE, (3.16)
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/ET(E)( jg) dE'
[2 (i) e

Here, f(FE) represents the electron distribution function. Consequently, the density

where

(r) = (3.17)

of states is given by

SUE S’UE
o(E) = B9 L _ 99

_ , 3.18
27Th2vf2 27y? ( )

where g, = 2 is the spin degeneracy, g, = 2 is the valley degeneracy and v = huy.
The electron density is then given by

n=[aBrErae= 2 [ i (3.19)

272

Hence, the mobility can be expressed as

o O () [
ST /E( j};)dE /Ef()

ne
Approximating f(E) with the Boltzmann distribution, and § = 1/kgT, the

following expression is obtained

) / E7(E)e PPdE / e PEAE
g _

(3.20)

e = 2
/ Ee PEAE / Ee PEdE
cuf /ﬁE (E)e PE dBE = cuf /5 (kpTe)e de (3.21)
= T = T e )
2%pT 2kpT . ’
where ¢ = SE.
The momentum relaxation time 7(E) due to impurity scattering of electrons is
given by [72]
h E do1
= 2y, ——o | ——(1 — cos? 6 2 3.22
R e IR ) (322
where
2F .
q = —sin(0/2) = 2ksin(0/2), (3.23)
r’y
and F = vk.

Here, the potential obtained in Eq. 3.10 is used in Eq. 3.22, hence, the momentum
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relaxation time is expressed as:

h E do1 e2 S
— (1= - - —2qd
B 27Tn1mp2 /0 - 2(1 cos? 0) <2€(q+qs)> e

—4kdsin(0/2)
( )E % ) G 3) +
2\ 2

= im .24
2” P (26) EG(qsd kd)’ (3:24)
where G(x,y) is defined by
1 /«71' de ) e—4ysin(9/2)
= —(1 — cos“ 6 - ) 3.25
T B I CF N (7 RN ) 529
Therefore, using Eq. 3.21 and Eq. 3.24, the mobility is given by
26\ > hev?
. f 2 —e
= <§> . / 2G(qud, d)e* de. (3.26)
Since k = ¢kgT /7, the following expression is obtained
2¢\ * hiev?
= (—2) £ /52G(qsd, ekgTd/v)e = de
e Nimp
(3.27)
- " hevf H(qyd, ksTd/~)
= 62 Mo qsa, KB ),
where H(z,y) is defined by
H(z,y) = /52G(x,ys)e_5 de. (3.28)

Figure 3.10 illustrates the mobility in terms of the screening constant g, cal-
culated using Eq. 3.27, for three different impurity densities of njy,, = 2.0 x 10,
5.0 x 10*, and 1.0 x 10'2 cm™2. The dashed lines show the MC results for the
mobility of the first layer of a 16-layer graphene system, corresponding to each of
these impurity densities. It is seen that the MC simulation values are consistent for
qs < 106 m~L. Tt is noteworthy that this result does not imply that the screening is
weak, but rather demonstrates the semiclassical limit of MC simulation. Therefore,
the classical limit is considered as k > ¢,, where the electron wavelength is much
shorter than the length scale in which the potential changes. In this case, G(qsd, kd)
can be approximated by G(0, kd), and G(0,y) can be analytically expressed using
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i (cm?/Vs)

Figure 3.10: Mobility as a function of the screening constant ¢, for three impurity
densities (ny,, = 2.0 x 10, 5.0 x 10", and 1.0 x 10'? cm™?), calculated using
Eq. 3.27. The dashed lines indicate the MC results for the first layer of a 16-layer
graphene system.

the modified Bessel function of the first kind 7,,(z), and the modified Struve function
L,(z) as

1 I(4y) — L, (4
G(0,y) 4y

Since kgTd/v < 1, G(0,y) in Eq. 3.28 is given by

GO,y) =2+ 22y + (3.30)
7y - 37Ty .
and hence, the approximate expression for the mobility is obtained as

hev? [2¢\° 64 kpTd

=l (-S) (4+— B +) (3.31)
Nimp \ € Ty
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3.3.3 Mobility of Multilayer Graphene

Here, it is assumed that there are /—1 screening layers between the electron transport
layer and the impurity plane. Due to the screening, the potential at the transport

plane is reduced by a factor 7., such that

2
€ —qd
v(q) = e 1. 3.32

Using this screened potential and proceeding as in the aforementioned derivation,

the lowest-order mobility from Eq. 3.31 becomes

hev? < 26) 2
—p hev;
uw=4n — | . 3.33
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Figure 3.11: Carrier mobility versus potential fluctuations for each graphene layer
in the M = 16 systems with impurity densities of 2 x 10 ecm™2, 5 x 10 em™2, and
1 x 10* cm~2. Mobility improves with decreasing potential fluctuation. Large fluc-
tuations near the substrate result in strong mobility degradation, while fluctuations
below 1 mV result in the mobility approaching the phonon-limited transport value.
The dashed lines show the analytical mobility of Eq. 3.35, in agreement with the
Monte Carlo results.
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The variance of the potential fluctuation is

1

e
<5‘/1r2np> = 5 7ﬁnimp (

—2) C(gsd), (3.34)

27 2€

where C'(gsd) is the same function defined earlier. Hence, expressing the mobility in
terms of the potential fluctuation gives
2 hevt

p= ;mc(qsd% (3.35)

imp

indicating that p is inversely proportional to <5V112np>-

Figure 3.11 shows the dependence of the carrier mobility on the standard devia-
tion of the impurity-induced potential profile for each graphene layer in the M = 16
systems with impurity densities of 2 x 10 em=2, 5 x 10" em™2, and 1 x 102 cm 2.
A layer-by-layer correlation between the magnitude of the potential fluctuations and
the resulting mobility is observed. In the layers close to the substrate, large poten-
tial variations are accompanied by significantly reduced mobility, indicating that the
transport is strongly limited by impurity scattering. As the layer index increases,
the potential fluctuations diminish, and the corresponding mobility increases. When
the fluctuation amplitude falls below approximately 1 mV, as occurs around the 10th
layer in the 2 x 10! cm ™2 system, the mobility approaches the phonon-limited value.
Thus, suppressing the potential variation to approximately 1 mV level effectively re-
moves most impurity-induced mobility degradation. The dashed lines represent the

analytical model of Eq. 3.35, which captures the trend of the Monte Carlo results.

3.4 Summary

This chapter examined how charged impurities on the substrate influence the elec-
trostatic potential and carrier transport in multilayer graphene systems, and how
increasing the number of graphene layers suppresses impurity-induced scattering.
The numerical results from self-consistent electrostatic calculations and ensemble
Monte Carlo simulations are presented, followed by an analytical model that con-
nects mobility to potential fluctuations.

The potential analysis revealed that impurities generate strong, localized poten-
tial peaks in the graphene layer closest to the substrate. These fluctuations decay
rapidly with distance from the impurity plane due to screening by carriers in the

lower graphene layers. In systems containing up to sixteen layers, the potential

42



3.4. Summary

variation diminishes, and the potential profile becomes almost flat in the upper-
most layer. The standard deviation of the potential in each graphene sheet, used to
quantify the fluctuation variation, exhibits an approximately exponential decay with
layer index, and this trend holds even when impurity density is increased. Thus,
the multilayer structure effectively screens the impurity potential, with most of the
screening achieved within the first several layers.

Transport calculations further showed that the suppression of potential fluctu-
ations translates directly into enhanced carrier mobility and drift velocity in upper
layers. Layers near the substrate experience strong impurity scattering and ex-
hibit significantly reduced transport properties. In contrast, layers farther from
the substrate exhibit improved mobility and, in the upper layers, the transport be-
comes nearly identical to the phonon-limited behavior of an impurity-free graphene
sheet. At high electric fields, the applied field more strongly dominates the impurity-
induced field, leading to a steeper velocity increase and earlier velocity saturation.

Comparison across different impurity densities demonstrated that higher im-
purity concentrations degrade mobility in all layers, but the qualitative trend of
rapid recovery with layer index remains unchanged. Nevertheless, the convergence
to phonon-limited mobility shifts to higher layers when impurity density is larger,
reflecting the stronger potential variations created by the higher density impurities.

An analytical model was then introduced to relate mobility to the impurity-
induced potential fluctuations. The model established that mobility is inversely
proportional to the potential fluctuation. This framework reproduces the layer-by-
layer trend observed in the MC results and captures how mobility improves as the
potential landscape becomes smoother.

Overall, this chapter shows that multilayer graphene provides an effective path-
way to mitigate impurity scattering originating from the substrate. Accordingly, the

upper graphene layers achieve higher mobility than those closer to the substrate.
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Chapter 4

Edge Scattering in Turbostratic
Graphene

4.1 Introduction

As discussed in Chapter 3, the multilayer graphene systems with turbostratic stack-
ing have promising characteristics for utilizing the high mobility of graphene. Thus
far, the impact of impurity scattering on the transport properties has been discussed.
Here, the impact of the edge scattering, as another key limiting factor of the mo-
bility, is also discussed. The size of the system and the edge geometry itself has
long been known to affect graphene’s electronic structure [74-76]. Consequently,
the edge scattering plays an important role in determining the transport proper-
ties, as it alters the transport behavior of the carriers [77-82]. In the systems with
smaller scales such as nanoribbon graphene, the influence of the boundary becomes
increasingly important because the lateral dimensions are comparable to the mean
free path [76, 83-85]. This has the implication that even when impurity scattering
is minimized, edge scattering can still impose a fundamental limitation on carrier
mobility. Previous studies have shown that rough or disordered graphene edges in-
duce diffusive scattering, in which the collisions randomize the direction of carrier
motion [86, 87]. Since diffusive scattering is commonly observed in graphene, and
strongly affects transport behavior, it is important to incorporate edge-scattering
effects into the simulation model.

In this chapter, the effects of boundary collisions on the transport properties are
studied. While in the model studied here, carriers are not restricted as strongly as in
graphene nanoribbons, the finite system width defined by the edges still imposes a

limiting factor on carrier transport and consequently alters the transport behavior.
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4.2. System Structure

In multilayer graphene systems, the interplay between interlayer screening and
edge collisions introduces additional complexity. The lower layers can effectively
screen the impurity potential, while the outermost layers remain susceptible to
boundary-induced scattering. Therefore, even when impurity scattering is reduced,
the edge-scattering effects can still significantly affect the mobility of the system.
Understanding this interplay is essential for accurately evaluating the transport be-
havior of multilayer systems, where both impurity and edge effects coexist.

In this chapter, a probabilistic model for boundary collisions is introduced, fol-
lowed by Monte Carlo transport simulations incorporating this model. In Sect. 4.2,
the schematic configuration of the multilayer system studied in this chapter is de-
scribed. In Sect. 4.3, the boundary treatment and the implementation of edge-
scattering events in the Monte Carlo framework are explained. Section 4.4 presents
the simulation results and discusses how edge scattering modifies transport behavior
across different layers and conditions. Finally, in Sect. 4.5, an analytical formula-
tion is developed to describe the edge-induced carrier dynamics and to validate the

numerical trends.

4.2 System Structure

The multilayer graphene system studied in this chapter is shown in Fig. 4.1. Here,
similar to the previous chapter, the graphene layers are placed on top of a SiO,
substrate (ksio, = 3.9), with impurities residing below the graphene, on the surface
of the substrate. Both the substrate and the graphene sheet have the same length,
L. The width of the graphene is set to w, whereas the width of the substrate is
equal to its length. Each graphene layer is indexed by [, which ranges from 1 to

. L L
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Figure 4.1: A schematic figure of the multilayer graphene system for studying the
transport properties with the inclusion of edge scattering. The carriers are confined
in the graphene sheet with a width of w.

46



4.3. Monte Carlo Simulation

M. The layer closest to the substrate is represented by [ = 1. An insulating layer
is also placed on top of the graphene layers. The heights of the substrate and the
insulating layer are hy, and hy, respectively. The top insulator has the same relative
permittivity as the substrate. Except for the surface of the substrate, both the
substrate and the insulator are devoid of charge. The distance dg, represents the
gap between the closest graphene sheet to the substrate, and dg, represents the
gap between the graphene sheets. Donor impurities are placed at randomly chosen
positions in the area below the graphene sheet. Therefore, Ny, impurities yield the

impurity areal density of np = Nimp/(w x L).

4.3 Monte Carlo Simulation

Here, the self-consistent calculation of Poisson equation and Thomas-Fermi approxi-
mation is performed as explained in Chapter 2. However, it is important to mention
that in the present model, the impurities are located directly below the graphene
sheet on the substrate, while the induced carriers reside within the graphene layers.
The other regions of the structure are devoid of impurities and carriers. Thus,
no charge exists in the areas outside the graphene sheet (y < (L — w)/2 and
y > (L+w)/2).

After obtaining the potential profile for each layer, the Monte Carlo simulation
is performed to calculate the transport properties. The details of the MC method
are explained in Section 2.4. However, in this chapter, a probabilistic model is
incorporated into the MC simulation, to model the transport behaviors due to edge
scattering. In the structures studied in Chapter 3, periodic boundary conditions
were applied to all sides of the graphene sheet. However, here, the assumption is
that the carriers in the graphene move along the z-axis, confined between edges
perpendicular to the y-axis. Thus, the periodic boundary condition applies only
along the transport direction. When the carriers arrive at the top edge in the
positive side of the y-axis, or on the contrary at the bottom edge in the negative
side of the y-axis, the edge scattering occurs and they bounce back.

The post-collision direction of the carriers is determined stochastically by the
edge-scattering parameter r. The parameter r characterizes the extent of random-
ness in edge scattering. » = 0 denotes specular reflection at the edges, where carriers
are reflected with the same angle as the incident angle. On the other hand, r = 1
corresponds to fully diffusive scattering, where scattering angles are determined ran-

domly. The schematic illustration of the edge interaction employed in this study is
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y [ r
t, X RN !
Figure 4.2: A schematic illustration of the probabilistic edge interaction model used

in this chapter. The parameter r indicates the scale of diffusive scattering occurring
at the edges, while 1 — r represents the scale of specular reflection.

shown in Figure 4.2.

The edge scattering is incorporated into the MC calculations as described be-
low. As discussed in the section 2.4, at the end of the free-flight, the updated =z
and y positions of the carriers along with their wave vectors, are determined using
Egs. 2.21a, 2.21b, 2.23a and 2.23b. Here, after updating the positions, a check is
performed to identify any possible boundary encounters. Since the edges are located
at fixed positions perpendicular to the y-axis, a carrier is considered to have reached
an edge if its y-position goes beyond these limits during free-flight. Hence, the edge
scattering mechanism is taken into account when the carrier contacts a boundary.
First, a random number ¢ is drawn from a uniform distribution, ranging from 0 to
1, and its value is compared with parameter r. If ¢ > r, the carrier undergoes spec-
ular reflection at the edge, while ¢ < r indicates diffusive scattering. Once the type
of edge interaction is determined, the positions and the wave vector are updated
accordingly. For specular reflection events, the x component of the wave vector is

updated according to

etedge

h

kx,new = k'x + (Fext,z + Emp,x) ) (41)

where feqqe = ts, the time-step parameter. In the case that phonon scattering takes
place during the time step, teqge = 1}, Where t; corresponds to the free-flight time
within the current time step. Unlike the x component, updating the y component
occurs in two steps. This is because, irrespective of whether electrons collide with the
top edge or bottom edge, their direction of movement along the y-axis reverses after
the collision, resulting in a change in the sign of the y component of the wave vector.

Accordingly, teqge is split into two segments: ¢, corresponding to the free-flight time
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before arriving at the edge, and t,, representing the time after the collision. Thus,

k, is computed through a three-step process:

6t1

kya = ky F 7Fimp,ya (4.2)

]{3%2 = _ky,h (43)
et

ky,new = ky,? + %Emp,y- (44)

Here, k, 1 denotes the y component of the wave vector for the free-flight segment
up to the edge before collision, k, 5 is the y component with a reversed sign, signifying
the change in direction along the y-axis after reflecting from the edge, ky new is the
final y component of the wave vector including the free-flight after edge reflection.
Following the calculation of the new wave vector, the corresponding direction of

carrier movement is calculated as

Ky new
« = arctan (;—) : (4.5)

T,new

Accordingly, the positions of the carriers are also calculated.

For diffusive scattering (¢ < r), the free-flight time feqqe is also split into two
intervals, t; and t9, corresponding to the duration of free-flight before and after
the scattering event. For the free-flight prior to the scattering event, the following

equations are used to describe the carrier movement:

et

kl“,l = k"x :F # (Fext,m + Emp,x) 9 (46)
et

kyr =ky F #Fimp,y- (4.7)

After completing the free-flight with duration of ¢;, the following series of equations

are used to describe the diffusive scattering:

’kmag,1’ =/ k§,1 + ki,l (4-8)

kz2 = |Kmag| cos®, (4.9)
ky72 = |kmag,1‘ sin 6. (410)

Using Eq. 4.8, the magnitude of the wave vector is determined, and with Eqgs. 4.9 and
4.10, new components of the wave vector after the scattering event are calculated.
Angle 6 defines the new direction of the carriers and is computed using a random

number. Finally, the remaining portion of free-flight after the scattering is described
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by
€t2
kx,new == kx,Z + ? (Fext,x + Emp,x) 5 (411>
et
ky,new = ky,2 + #Fjimp,y- (412)

Edge scattering is modeled as elastic scattering in this study; therefore, the mag-
nitude of the wave vector |kmae1| does not change due to the scattering event.
Additionally, in the present model, localized electronic edge states of graphene are
not included. Therefore, neither carrier exchange with such states nor Coulomb

interactions with charges localized at the edges are considered.

4.4 Results and Discussion

4.4.1 Potential Profile

Figure 4.3 shows the positions of Niy,, = 100 donor impurities placed on the sub-
strate below the graphene sheet of width w = 100 nm and length L = 200 nm, with

an impurity density of np = 5 x 10! cm =2

. Here, the remaining structural param-
eters of the systems are adopted from Table 2.1. The bottom edge is located at

y = 0 and the top edge is located at y = 100nm. The initial impurity locations are
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Figure 4.3: Spatial distribution of NVj,,, = 100 donor impurities on a substrate, with
impurities distributed over a 100 nm x 200 nm area corresponding to an impurity
density of np = 5 x 10t ecm 2. Impurity positions are randomly allocated from 0 to
100 nm in the z-axis and from 0 to 50 nm in the y-axis and subsequently mirrored
across both the x = 100nm and y = 50nm lines. The symmetrical arrangement
near the edges preserves consistent scattering environments.
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randomly chosen between 0 and 100 nm along the z-axis and between 0 and 50 nm

along the y-axis.

To maintain a balanced environment, the impurity distribution is mirrored in
two directions. First, it is mirrored across x = 100 nm, which cancels out small
differences in the potential profile caused by periodic boundary conditions. Second,
the distribution is mirrored across y = 50nm, so that both edges of the graphene
experience a similar impurity environment. Although edge scattering is stochastic
and varies at each event, this structure maintains similar potential conditions near
the top and bottom edges of graphene. This ensures that impurity effects are not

unevenly introduced between the two boundaries.

Figure 4.4 presents a three-dimensional representation of the induced potential
calculated by the self-consistent simulation. An offset of 0.37 V is applied between
each potential profile of the layers to enhance visibility. The figure shows that the

lower layers exhibit sharper potential peaks, whereas the upper layers display more
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Figure 4.4: A three-dimensional figure of the induced potential, obtained from self-
consistent simulations of a graphene system with M = 4 layers. To improve visual
clarity, an offset of 0.37 V has been introduced between layers. The potential profiles
exhibit sharp peaks in the lower layers, which become less pronounced in the upper

layers, indicating the screening effect of the lower layers on the overall potential
distribution.
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subdued peaks, reflecting the potential flattening effect caused by screening from the
lower layers. To be more specific, the standard deviation of the potential fluctuations
is reduced from 23.9 mV in the first layer to 12.2 mV in the fourth layer.

4.4.2 Transport Properties

Upon obtaining the potential profile of each layer, the transport properties are eval-
uated using the MC simulation. Prior to incorporating the impurity effects, the
transport properties are examined for systems with different scattering parameters
in the absence of impurities. Hence, the MC simulation is performed for a graphene
system with M = 4 and values of r = 0 to r = 1.0 with an increment of 0.1.

Figure 4.5 depicts the drift velocity of the graphene layers for various values
of r, plotted against the applied electric field in the impurity-free system. For the
case of r = 0, in which electrons undergo specular reflection at the boundaries,
the drift velocity is shown by the solid line. This curve matches the impurity-free

drift velocity of a graphene sheet calculated in Chapter 3, where periodic boundary

W ~

\S]

Drift velocity (107 cm/s)

0 | | | | 1]
0 2 4 6 8 10

Electric field (10> V/cm)

Figure 4.5: Drift velocity versus applied electric field for graphene layers with differ-
ent edge scattering parameters r in the absence of impurities. The solid line (r = 0)
denotes specular edge reflection. Curves below the solid line represent increasing r
values (from 0.1 to 1.0), in which stronger random edge scattering reduces the drift
velocity. The figure illustrates the achievable drift velocity range when only phonon
and edge-scattering mechanisms are present.
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conditions were applied along all edges. As r increases, the corresponding drift
velocity curves appear below the r = 0 line, with the lowest curve corresponding to
r=1.

Larger values of r correspond to stronger random edge scattering, meaning that
the electron motion becomes more randomized at the edges. As a result, the drift
velocity decreases systematically as r increases. Particularly, the velocity reduction
becomes more pronounced in the high-field region, where electrons with higher en-
ergy interact with the boundaries, and consequently their motion is altered more
frequently. Thus, Fig. 4.5 demonstrates the range of drift velocities achievable in
the considered graphene layers under phonon and edge scattering alone, excluding
impurity effects. From this, it can be deduced that even in systems without impu-
rity scattering, edge scattering alone can noticeably reduce the drift velocity of the
electrons.

Fig. 4.6 presents the average drift velocity of carriers in a four-layer graphene
structure (M = 4) under four different impurity configurations and varying values
of parameter r. When r = 0, the fourth (uppermost) layer exhibits a considerably
higher drift velocity compared to the lower layers. As edge scattering becomes more
pronounced, the drift velocities of the upper layers (the third and fourth layers)
decrease, whereas the velocities of the lower layers show only a slight decrease.
For example, at r = 1, the velocity contrast between the fourth and lower layers
becomes much smaller compared to configurations with weaker edge scattering. As
established in Chapter 3, multilayer graphene with a turbostratic structure tends
to exhibit enhanced transport properties in the upper layers, mainly due to the
screening effect from the lower layers. However, Fig. 4.6 demonstrates that this
advantage is largely undermined when edge scattering is frequent. Even though the
upper layers experience smoother potential landscapes, stronger boundary scattering
suppresses their drift velocity and limits the overall transport properties of the upper
layers.

The drift velocities of carriers in a four-layer graphene system (M = 4), subjected
to an external electric field of F' = 10° V/cm, are illustrated in Fig. 4.7. The
results are averaged for four distinct impurity distributions across different values
of r. Here, two primary effects are observed. First, it can be seen that the drift
velocity is almost unchanged for the first layer and decreases slightly in the second
layer. This is because in the lower layers, impurity scattering is the most prominent
scattering mechanism; therefore, the edge scattering has little impact on carrier
velocity. However, in layers farther from the substrate (third and fourth layers), the

drift velocity decreases with increasing r. This occurs due to the reduced impact of
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Figure 4.6: Drift velocity of carriers across four impurity distribution patterns in
a four-layer graphene system (M = 4) under varying edge-scattering parameters 7.
For r = 0, the system exhibits the highest drift velocity for every layer index [,
while increasing r (approaching 1) reduces the velocity gap between the upper and
lower layers. This indicates that although the upper layers in turbostratic graphene
generally exhibit better transport due to screening by lower layers, this benefit is
reduced with more random edge scattering.
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Figure 4.7: Drift velocities of carriers in a four-layer graphene system under an
applied electric field of ' = 10° V/cm for different values of the edge scattering
parameter r. In the lower layers, impurity scattering dominates, and edge effects
are negligible, while in the upper layers, increasing r significantly reduces the drift
velocity. The velocity gap between layers also decreases with increasing r, as en-
hanced edge scattering affects the upper layers more strongly. Results are averaged
over four impurity distributions.

impurity scattering in the upper layers, where edge effects become more influential,
resulting in a decrease in drift velocity with increasing r. For instance, in the
fourth layer, the velocity declines from roughly 9.2 x 10° cm/s at r = 0 to about
3.7 x 10% cm/s at r = 1. The second observation is that the velocity differences
among layers decrease as r increases. For example, the gap between the first and
fourth layers narrows from 8.0 x 106 cm/s at = 0 to 2.9 x 10° cm/s at » = 1. This
reduction is caused by enhanced random edge scattering at higher r values, which
affects the upper layers to a greater extent, where impurity scattering is weaker,

thus leading to a reduction in the velocity differences among the layers.

Figure 4.8 shows the drift velocity normalized by its value at » = 0 for each
graphene layer. It is observed that the normalized drift velocity decreases mono-
tonically with increasing r for all layers. For systems with relatively large edge-
scattering parameters (r 2 0.6), the rate of decrease is nearly identical across all
layers. In contrast, for smaller values of r, the reduction in the normalized drift

velocity is more pronounced in the upper layers.
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Figure 4.8: Normalized drift velocity as a function of the edge-scattering parameter
r for each layer in a four-layer graphene system at 7' = 300K and F' = 103V /cm.
The drift velocity in each layer is normalized by its corresponding value at r = 0.
For larger values of the edge-scattering parameter (r 2 0.6), the rate of decrease in
the normalized drift velocity is nearly the same for all layers, whereas for smaller r
values, the reduction is more pronounced in the upper layers.

This behavior arises because the absolute magnitude of the potential fluctuations
is smaller in the upper layers due to screening, such that even a small increase in
edge scattering leads to a relatively sharp reduction in the drift velocity. In the lower
layers, impurity scattering acts as a strong transport limiting mechanism, and there-
fore a modest increase in edge scattering results in a comparatively smaller decrease
in velocity. As r increases further, edge scattering becomes strong enough that its
relative influence is nearly the same for all layers. Nevertheless, the normalized drift

velocity is lower in the higher layers for all values of r.

4.5 Analytical Model

An analytical model is developed here to characterize the transport properties of
graphene with edge scattering taken into account. In Chapter 3, an analytical model
of the transport properties with respect to impurity scattering was presented. Based

on that model, the electron conductivity in graphene in terms of the transport
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LY

v

Figure 4.9: Schematic of a graphene sheet of width w. The z-axis is along the
transport direction, y-axis across the width, and origin o at the center. At ¢t =0, an
electron moves at angle 6 to the z-axis toward the nearest edge.

relaxation time 7, can be written as [72, 73]
o2
S / F(E)dE. (4.13)
mh

Here, 7, is expressed in terms of the energy-dependent relaxation time 7(FE) as

BB (-3 4B

Ter = of (414)
JE(-55) dE
In the case of non-degenerate carriers, the mobility p can be written as
2
ev;
= —1 7, 4.15
W= T (4.15)
where T,y is the average relaxation time, described by
1
ave — 77 o ET(E —E/kT dFE. 4.16
e = T || Er(B)e (4.16)

Based on these formulations, an analytical model that includes edge scattering is
constructed. Here, the coordinate system is defined such that the z-axis aligns with
the transport direction, and the y-axis extends across the width of the graphene
sheet. The graphene sheet has a width of w, and the origin of the coordinate system
is set at its center, as depicted in Fig. 4.9. It is considered that an electron moves
from the point (0,y) towards the graphene edge with an angle 6 with respect to
the x-axis. More specifically, the initial location of the electron is set at a position

0<y< %w, at an angle 0 < ¢ < 7 with respect to the z-axis. Knowing the initial
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y coordinate of the position of the electron and its angle relative to the edge, the

time 7, at which an electron reaches the edge can be estimated as

1

vesin 6

(4.17)

where vf denotes the Fermi velocity. Assuming that 7 is the relaxation time due to
phonon and impurity scattering, and using Matthiessen’s rule, the total relaxation

time 7 is obtained by

1 . -1

T0 rvs

Here, r denotes the edge-scattering parameter ranging from 0 to 1, £ = %w —y, and
a is a dimensionless parameter calculated by a = ¢/(rverg). Averaging 7 over the

angles yields

w/2 9 ¢ w/2
(1) = —/ 7d) = —— (sinf +a)"'df = 7oF (a). (4.19)
0

mrve Jo

Here, F'(a) is defined as

2a arctan(v/a? — 1)

2 1 ) (a‘ > 1)?
T a® —
F(a) = 4.20
@) 2a arctanh(v/1 — a?) (a<1) (4.20)
— , (a :
@ V1—a?
Furthermore, averaging (7) over y yields
2 w/2
() == [ ) ay =G (421)
0

= [ arctans, 102 (30)]. (0> 1),
_ (4.22)

—% [ﬁ, arctanh 3_ + log (%b)} , (b< ).

Here, b = w/(2rvmg) and Sy = [£(b* — 1)]1/2.
Using Eq. 4.15 and the averaged relaxation time ((7)) calculated from Eq. 4.21,
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Figure 4.10: Comparison of Monte Carlo simulation results (symbols) and the an-
alytical model (dashed lines) for electron mobility in an M = 8 layer system. The
impurity density is fixed at np = 5 x 10" ecm™2, with data averaged over four im-
purity distributions. The black dashed line represents the fit for the specular case
(r = 0), which serves as the baseline for determining the relaxation time 75. The
green and red curves depict the theoretical predictions for edge scattering parame-
ters r = 0.5 and r = 1.0, respectively.

the mobility p is then obtained by

2
evg

= kT

Iz (7)) = 1oG(b). (4.23)

Here, o denotes the mobility of a graphene sheet in the absence of edge scattering,
defined as py = evity/(2kpT). Accordingly, the dimensionless parameter b is given
in terms of py by b = evpw/(4ruokgT). From Eq. 4.23, it can be inferred that edge
scattering reduces the mobility by a factor of G(b). Here, G(b) is a monotonically
increasing function, with G(0) = 0 and G(o0) = 1. Thus, G(b) serves as a measure of
how strongly edge scattering suppresses transport, starting from high suppression at
narrow widths to negligible influence at large widths. In particular, edge scattering
can be neglected when b is sufficiently above unity. This condition implies that
the width w must be much larger than 2rvery. This criterion aligns with the basic
expectation that edge scattering becomes less significant for system widths larger
than the mean free path (verg). It should be noted that the probabilistic model
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explained in this section is based on the assumption that electrons move toward the
nearest edge. This assumption excludes cases where electrons reach the farther edge.
However, this simplification is useful, as it allows this empirical model to reproduce
the Monte Carlo results with good accuracy.

Figure 4.10 presents the influence of potential fluctuations on electron mobil-
ity in an 8-layer system with an impurity density of np = 5 x 10 cm™2 for three
different values of r. The symbols indicate the MC results averaged over four im-
purity configurations. The black dashed line corresponds to a fit of the r = 0
data and is taken as a reference for extracting p, which includes only phonon and
impurity scattering. From this baseline, mobilities for » = 0.5 and » = 1.0 are
evaluated using Eq. 4.23. The corresponding analytical predictions are plotted as
dashed lines: a green line for r = 0.5, and a red line for » = 1.0. Despite being
empirical, the aforementioned model reproduces the overall edge-scattering effects
on mobility across different impurity fluctuations. However, deviations are observed
in the lower layers under strong-scattering conditions, most notably for » = 0.5 and
r = 1.0, where Matthiessen’s rule may not hold. The discrepancy becomes most
significant at r = 1.0.

The trends in Fig. 4.10 corroborate experimental findings for turbostratic multi-
layer graphene [49], showing that the turbostratic configuration enhances transport
properties. Even though the experimental mobilities exhibit lower values than the
simulation results, mainly due to narrower widths and higher impurity densities, the
qualitative behavior is consistent. This validates the effectiveness of turbostratic

stacking in preserving graphene’s high mobility

4.6 Summary

In this chapter, the transport properties of turbostratic multilayer graphene were in-
vestigated with a focus on the role of edge scattering. Edge scattering was integrated
into the calculation using probabilistic modeling. A parameter r was introduced to
describe boundary scattering, where r = 0 corresponds to specular reflection and
r =1 to fully diffusive collisions. The results are consistent with those of Chapter 3
indicating that carrier transport is governed substantially by impurity scattering,
and the screening of the fluctuating potential has a positive effect on the transport
properties of the upper layers. However, the analysis in this chapter shows that,
with the introduction of edge scattering, an additional limitation on carrier mobil-

ity emerges that affects the graphene layers. Since edge scattering originates from
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the intrinsic structure of graphene layers, it affects every layer in the stack, even
when the impurity potential is screened. Furthermore, the simulation results indi-
cate that the edge-scattering effect becomes more pronounced in the upper layers,
where the impurity potential is weaker due to screening. In these layers, the rela-
tive importance of boundary collisions increases, leading to a reduction in the drift
velocity. Finally, an empirical model was introduced in this chapter, which agrees
well with the Monte Carlo results. Through the calculations and results of this
chapter, it has been shown that integrating edge scattering is vital for constructing
an accurate model for the transport behavior of the carriers. Overall, this chapter
demonstrates that a comprehensive transport model must simultaneously account
for impurity scattering, boundary scattering, and interlayer screening, in order to

correctly predict the transport properties of multilayer graphene devices.
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Chapter 5

Carrier Transport Simulation in
Twisted Bilayer and Multilayer

Graphene Structures

5.1 Introduction

In Chapters 3 and 4, it was shown that turbostratic stacking serves as an effective
mechanism for screening impurity-induced potential fluctuations and thereby en-
hances the transport properties of multilayer graphene systems. Building on these
results, this chapter investigates the application of twisted bilayer graphene (tBLG)
as an interfacial screening layer within turbostratic multilayer structures.

In a tBLG system, two graphene layers are stacked with a relative rotational
misalignment characterized by the twist angle 6, generating a spatially periodic
Moiré pattern. The twist angle acts as a key parameter that governs the degree of
electronic coupling between the layers [66, 88-91]. Figure 5.1 presents the schematics
for systems with twist angles of § = 3° and § = 6° as examples. At most twist angles,
the bilayer retains a band structure similar to that of monolayer graphene [92, 93].

However, tBLG has attracted considerable interest because it provides a con-
trollable way to tune interlayer interactions without altering the atomic structure
of each layer [94, 95]. As 6 decreases, the interaction between the layers becomes
stronger, and the carrier motion gradually deviates from the ideal linear dispersion
of monolayer graphene. In particular, near the so-called “magic angle”, the band
structure becomes extremely flat [89, 96-100], leading to a substantial suppression
of the Fermi velocity.

In contrast, the turbostratic structures examined in the previous chapters cor-
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respond to larger twist angles, typically around 30°, where the graphene layers are
effectively misaligned enough to behave as monolayer graphene. In this large-angle
regime, the interlayer coupling is very weak, and each sheet retains its own electronic
character similar to that of monolayer graphene [51, 101]. When the twist angle
becomes smaller, however, the interlayer interaction can no longer be neglected.
Theoretical studies have reported that as the twist angle decreases to values on the
order of several degrees, the Fermi velocity drops noticeably below that of monolayer
graphene, and at sufficiently small angles it becomes even less than one-tenth of the
monolayer value [65, 101, 102]. Therefore, the flattening of the band structure and
the strong suppression of carrier velocity lead to an increase in the density of states
within tBLG layers. Consequently, it is expected that carriers more readily accumu-
late near charged impurities, thereby weakening and smoothing out the surrounding

potential fluctuations.

This behavior suggests that twisted bilayer regions can serve as natural “buffer
layers” that help reduce potential variations between adjacent graphene sheets. In
particular, a tBLG layer placed near the substrate can act as an effective screening
interface that compensates for impurity-induced disorder, complementing the role
of turbostratic stacking in multilayer systems [69]. Thus, incorporating tBLG lay-
ers within a turbostratic multilayer structure could provide a new pathway toward

enhanced carrier transport through reinforced interlayer screening.

The objective of this chapter is to examine multilayer graphene systems that
include twisted bilayer configurations and to evaluate their capacity as an effec-
tive means for achieving high intrinsic mobility in graphene-based structures. To
this end, this chapter analyzes how the presence of tBLG modifies the electrostatic

potential profile, alters carrier dynamics, and contributes to the overall mobility
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enhancement across the multilayer stack.

5.2 Calculation Model

The calculations presented in this chapter follow the simulation framework described
in Chapter 2, with several modifications introduced to incorporate a multilayer
graphene system containing twisted bilayer graphene. A brief description of the
procedure and the modifications is summarized below. As described in the in-
troduction, the degree of band flattening in tBLG depends on the twist angle. In
order to estimate the effects of integrating the tBLG into the turbostratic multilayer
graphene system, the exact twist angles of the tBLG are not taken into account, and
only the extent of flattening of the bands near the Dirac points is considered. There-
fore, in constructing this model, a parameter « is introduced to describe the ratio
of the Fermi velocity in tBLG to that in monolayer graphene. Here, o represents

the degree of Fermi velocity suppression in tBLG defined by

o= PG (5.1)
Vf monolayer
A smaller a corresponds to heavier carriers, whereas a larger a corresponds to
faster carriers. Given these points, the entire graphene system is characterized by
two parameters: «, which represents the degree of Fermi velocity suppression in the
tBLG layers, and M, which represents the total number of layers, including both
the tBLG and turbostratic graphene layers.

The objective of the calculations here is to clarify how inserting a tBLG between
the turbostratic graphene layers and the substrate influences impurity-induced po-
tential fluctuations and the eventual transport properties of the graphene layers.
The simulation procedure consists of two stages. First, the electrostatic poten-
tial is obtained through a self-consistent solution of Poisson equation under the
Thomas—Fermi approximation. Second, carrier transport is computed by solving
the Boltzmann transport equation using MC simulations. In addition, hypothetical
cases with o > 1 are considered, to examine the trade-off between tBLGs with faster
carriers with weaker screening and slower carriers with stronger screening capability.

Figure 5.2 shows the schematic structure of the systems studied in this chapter.
Similar to the systems studied in Chapter 3, the graphene layers are located between
the substrate and an insulator. The specific values of parameters denoting the
system size are the same as those of the model used in Chapter 3.

The same assumption used in the previous chapters applies here as well. Near the
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Dirac points of the turbostratic layers, a linear dispersion E = hug|k| is used. Here,
vr is the Fermi velocity of graphene, and |k| denotes the magnitude of the carrier
wave vector k = (k;, k). For tBLG layers, a reduction of the Fermi velocity must
be considered. This is introduced by the parameter «, resulting in the dispersion
relation

E = hawilk, (5.2)

where a (< 1) encapsulates the extent of this suppression of the Fermi velocity.

Subsequently, the density of states in tBLG is obtained as

9(E) = 25

wh(owp)?

(5.3)

It is noteworthy that in both Eqgs. 5.2 and 5.3, inserting @ = 1 would yield the
characteristics of monolayer graphene, which is the same as the turbostratic layers

in this study.

The details of the MC simulation are the same as those of the systems in Chapter
3. However, as for the phonon scattering, the equations are modified to incorporate
the parameter « in the model. Here, acoustic phonon (AP) scattering and optical
phonon (OP) scattering are also considered. The elastic AP scattering rates for

electrons in the conduction band are obtained by

AE2 kT
elas __ DVB
Sap

= b 54
(v, (5:4)

Here, the variables are defined as follows: ps is the density of graphene, vg is the

sound velocity, and Ep denotes the deformation potential. The inelastic scattering

Insulator

Figure 5.2: Schematic of the multilayer graphene system containing a tBLG layer.
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Table 5.1: Parameters for the phonon scattering rates

Density of graphene p (g/cm?) 7.6 x 1078
Sound velocity vs (cm/s) 2 x 10°
Optical phonon energy hw,, (meV) 164
Intervalley acoustic phonon energy hw,. (meV) 124
Deformation potential of acoustic phonon scattering Fp (eV) 4.6

Deformation field of optical phonon scattering Dy, (€V/cm) 1.0 x 10°
Deformation field of acoustic phonon scattering Dg,. (€V/cm) 3.5 x 10%

rates for electrons are governed by the following expression

Sinezlas) o DEOP(B‘C) (E + FLCL) ( ))N (ac)
op(ap) — op(ac op(ac
PEP T B op(ac) ps(are)? (5.5)

+ (E - hwop(ac))(NOP(aC) + 1) @<E - thp(ac)) ’

The parameters in the equation are defined as follows: wqp(ac) is the phonon
frequency (optical or acoustic). Digp(ac) is the deformation field corresponding to
the scattering process. ©(x) represents the Heaviside function. This function acts as
a threshold, to ensure that the electron’s energy is sufficient for a phonon emission

process to occur.

After conducting the MC simulation and obtaining the drift velocity of each
layer, the transport properties of the entire system are obtained by averaging the
carrier velocities over all layers, weighted by the corresponding carrier densities. In
each layer [, the velocities of the electrons and holes are denoted by v, ;. and vy,

and the respective carrier densities are n; and p;, yielding

M
Z (nlvx,l,e - plvx,l,p)
=1
Vgavg = M y (56)
Z (ru + p1)
=1
as the drift velocity and
Vg avg
av, - ’ 9 57

as the mobility of the entire system under an electric field of magnitude F,. Thus,
the dynamics of transport properties of the entire system can be evaluated and

studied. The parameters used for the phonon scattering rate calculations are listed
in Table 5.1.
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5.3 Results and Discussion

5.3.1 Potential Profile

The simulations were carried out for multilayer graphene systems with four different
impurity patterns. In all cases, the impurity density was set to Np = 2.0x 10 cm—2,
and the parameters M and « were varied. A smaller value of « results in tBLG
with flatter bands, which can improve the screening of potential fluctuations caused
by impurities. By changing the total number of layers M, it becomes possible to
examine how the influence of impurities extends to the upper layers and affects their
transport properties.

Figure 5.3 shows the electron and hole densities of each layer in the system with
M =12 and = 0.1, 0.2, 0.5, and 0.8. A significantly higher carrier concentration
appears in the first two layers, which correspond to the twisted bilayer graphene.
The remaining turbostratic layers exhibit a sharp decrease in both electron and hole

densities from the third layer onward. Since a lower Fermi velocity increases the den-

sity of states near the Dirac point, these layers induce a higher carrier concentration
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Figure 5.3: Carrier densities across layers for M = 12 and o = 0.1, 0.2, 0.5, and
0.8. The first two layers (tBLG) contain most of the carriers, while densities drop
sharply from the third layer onward. Smaller v values yield higher carrier densities
and stronger screening compared to larger a.
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compared to the upper turbostratic layers. As a result, a larger portion of the total
carriers becomes concentrated in the first two layers, which enhances the screening
of the impurity-induced potential. In the upper turbostratic layers, where the den-
sity of states is smaller, fewer carriers are induced, leading to the rapid decrease in
carrier density observed from the third layer onward. The effect of « is also evident.
Larger values of o correspond to a higher Fermi velocity, which reduces the density
of states in the twisted bilayer graphene. Cases with small « (0.1 or 0.2) induce
more carriers in the first two layers than cases with larger o (0.5 or 0.8). Therefore,
small a leads to higher carrier densities in the first two layers and stronger screening

of the impurity-induced potential, while larger o weakens this screening effect.

Figure 5.4 illustrates the spatial distribution of the electrostatic potential in the
first graphene layer for systems with M = 12 and parameter « of 0.1, 0.5, 0.8,

and 1.0. Here, a clear trend is observed: systems with smaller a exhibit noticeably
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Figure 5.4: Spatial distribution of the electrostatic potential in the first graphene
layer for systems with M = 12 and o = 0.1, 0.5, 0.8, and 1.0. Smaller o values lead
to stronger carrier accumulation near the interface, resulting in enhanced screening
of impurity-induced fluctuations and a smoother potential landscape. In contrast,
systems with larger o exhibit more pronounced potential peaks, visible as bright
regions in the plot, indicating weaker screening capability.
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Figure 5.5: Cross-sectional potential profiles extracted along the dashed lines in
Fig. 5.4, taken at a fixed position of y = 58 nm. The a = 0.1 system shows the
smallest fluctuation amplitude, while the o = 1.0 system exhibits strong peaks.
This comparison reflects the dependence of screening effectiveness on the parameter
a.

reduced potential fluctuations across the surface, whereas systems with larger o show
more pronounced potential peaks. As mentioned earlier, a smaller a corresponds
to higher carrier density in the tBLG region. Thus, the accumulation of carriers in
these bottom layers of systems with smaller « alters the overall potential landscape

of the layer to a smoother profile compared to the systems with larger «.

For a more quantitative evaluation of these fluctuations, Fig. 5.5 presents the
one-dimensional potential profiles extracted along the dashed lines shown in Fig. 5.4.
The slice is taken at a fixed y coordinate of 58 nm for all four « values for direct
visual comparison. The contrast in the magnitude of fluctuations becomes more
apparent here, where the system with o = 0.1 demonstrates the smallest potential
variations, whereas the a = 1.0 case exhibits pronounced peaks and dips, reflecting
a much weaker screening effect. These results indicate that the electronic properties
introduced by the tBLG layers directly affect the strength of screening and the

resulting potential profile.

In Fig. 5.5, it is shown that for a = 1, the peak electrostatic potential reaches
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approximately 0.28 V, whereas for a = 0.1 it decreases drastically to 0.031 V. Thus,
the peak amplitude for a = 1 is nearly nine times larger than that for o = 0.1. This
reduction clearly demonstrates that using a tBLG with a smaller « significantly
mitigates impurity-induced potential fluctuations by providing stronger electrostatic

screening.

5.3.2 Transport Properties

Figure 5.6 shows the carrier mobility versus the velocity ratio under an electric
field of 10 V/cm for a system with M = 12 layers, where each mobility value is
averaged over four different impurity configurations. The first two layers correspond

to the tBLG segment, whereas the remaining ten layers correspond to turbostratic

graphene.
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Figure 5.6: Carrier mobility of a 12-layer multilayer graphene system versus the
velocity ratio a. In the tBLG segment, mobility increases with a. In contrast,
mobility in the turbostratic layers decreases as « increases, showing that weaker
screening at larger « allows impurity-induced potential fluctuations to influence
the turbostratic layers more and consequently, reduce the mobility of the upper
turbostratic layers. For the systems with small values of «, it is observed that
the turbostratic layer closer to the substrate reaches the phonon-limited mobility,
showcasing the effectiveness of screening of potential fluctuations by tBLG layers.
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For the tBLG layers (layers 1 and 2), the mobility increases monotonically with «,
reflecting the direct dependence of the mobility on the Fermi velocity. For example,
in the first layer of a system with a = 0.1, u; = 1.26 x 10> cm?/Vs, whereas for
a system with a = 1.0, the mobility increases to yu; = 2.63 x 10° ¢cm?/Vs. On
the other hand, the mobility of carriers in the turbostratic layers decreases with
increasing o. The most drastic decrease occurs in the third layer, where for o = 0.1,
ps = 1.94 x 10° ¢cm?/Vs, which is nearly equal to the phonon-limited mobility,
whereas for o = 1.0, the mobility decreases to uz = 1.03 x 10* cm?/Vs. Even in the
twelfth layer, from o = 0.1 to o = 1.0, there is a decrease of mobility from p15 =
2.00 X 10° cm?/Vs to pyp = 1.71 x 10° cm?/Vs. Nevertheless, systems with smaller a
reach mobility values closer to the phonon-limited value at much lower layers within
the turbostratic segment. Overall, this demonstrates that for sufficiently small o, the
tBLG efficiently screens the impurity-induced potential fluctuations, which are one
of the dominant scattering sources in graphene transport, and thus allows the upper
turbostratic layers to approach the phonon-limited mobility of pristine graphene at
a layer much closer to the substrate.

While using tBLG with a smaller Fermi velocity ratio « effectively enhances
the screening of impurity-induced potential fluctuations, it also reduces the carrier
velocity within the tBLG layers, thereby reducing their transport properties. Thus,
the overall behavior of the multilayer system is governed by two opposing effects: (i)
slower carrier motion within the tBLG layers, and (ii) enhanced potential screening
that benefits the upper turbostratic layers.

Figure 5.7 (a) presents the averaged mobility, fiave, of the entire multilayer system
as a function of the velocity ratio o for systems with M = 4,6,8, and 12. Each
mobility value is averaged over four different impurity configurations. For small
Q, llave increases with increasing a and reaches a maximum around « =~ 0.7, after
which it begins to decrease. When « is small, carriers in the tBLG layers have
significantly reduced Fermi velocities and exhibit higher carrier densities compared
to the upper turbostratic layers. Even though the tBLG layers in systems with small
a efficiently screen impurity-induced potential fluctuations and therefore support
improved mobility in the upper layers, the slow carrier motion within the tBLG
dominates the total transport properties, leading to a lower overall mobility of the
system. As « increases, the situation reverses: the Fermi velocity in the tBLG layers
becomes larger, and the carrier density within the tBLG decreases. For instance, in
the M = 12 system, approximately 95% of the carriers reside in the tBLG layers
at a = 0.1, whereas this fraction decreases to 45% at a = 0.5 and 18% at o = 1.0.

This redistribution of carriers reduces the dominance of the tBLG contribution to

72



5.3. Results and Discussion

8 T T T T 4 T T T T
F=10%V/em F=10%V/cm
00000 o 4 T=300K _ T=300K
’26_ o M=12 © 0 0 o 53_ AA & A & A A A
2 o 5 ab M=12
N
o A

= =) a
g o -
S 4t 1 g2r & M-8 i
~ Q
> M=8 S
= o o) A
E < e

2r o M=6 4 E1r |
= A A LA0A888 & A A A 4 A

9 0000000 0 0 0 0 0 O & a M
U:pO ! M4 ! ! ! &t 1 I I I
%.O 0.5 1.0 1.5 2.0 (2).0 0.5 1.0 1.5 2.0
Velocity ratio Velocity ratio a

Figure 5.7: (a) Averaged mobility p,y. of the entire system versus the velocity ratio
a for M = 4,6,8, and 12, averaged over four impurity configurations. For small «,
[lave increases as the carriers in the tBLG layers gain higher Fermi velocities. The
mobility reaches its maximum around « = 0.7, after which it decreases because the
reduced screening from the tBLG layers becomes insufficient to suppress impurity-
induced potential fluctuations in the upper layers. (b) Averaged drift velocity v, ave
of the entire system under an electric field of 10°V/cm. For a < 1, the strong
electric field drives carrier transport and the influence of weaker screening is minor,
resulting in an increase in v, 5ve With . When o > 1, carriers in the first two layers
experience stronger impurity scattering and provide little screening to the upper
layers, leading to a reduction in the overall drift velocity of the system.

the total mobility, allowing the upper layers to play a more significant role in the

transport.

A reduction in screening by the first two layers would intuitively suggest a de-
crease in the overall mobility. However, the screening is shared among all layers of
the system, so the reduction in screening by the tBLG layers is partially compen-
sated by the turbostratic layers above. Consequently, as « increases, the benefit of
faster carrier motion in the tBLG outweighs the moderate reduction in screening,

leading to an overall increase in fi,ve With o for a < 0.7.

Figure 5.7 (b) shows the dependence of the overall drift velocity, v, ave, On the
velocity-ratio parameter a under an applied electric field of 103 V/cm. For o < 1.0,
the average drift velocity increases as a becomes larger. In this regime, a larger o
causes a greater portion of carriers to reside in the graphene layers located above the
tBLG region. Although these carriers are subject to stronger potential fluctuations,
the relatively strong electric field dominates their motion, and the reduced screening

plays a secondary role. As a result, the drift velocity of the entire system increases.
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Figure 5.8: Relationship between the standard deviation of the electrostatic poten-
tial and the mobility of each graphene layer for M = 12 and o = 0.1, 0.2, 0.5, 1.0.
Layers closer to the substrate experience stronger impurity-induced fluctuations and
exhibit lower mobility, while screening from the lower layers reduces the potential
variation and mobility approaches the phonon-limited value. A sharp mobility in-
crease between the 2nd and 3rd layers is observed when « is small, marking the
transition from the tBLG segment to the turbostratic layers due to stronger screen-
ing.

When « > 1.0, however, the trend reverses, and v, 5ve gradually decreases. In this
regime, the carriers in the first two layers have higher Fermi velocities than those in
the upper layers, yet they are more strongly affected by impurity-induced scattering,
which suppresses their drift velocities. For example, in the 12-layer system, the drift
velocities of the first layer for a = 1.0, 1.6, and 2.2 are 2.65 x 10%cm/s, 2.13 x
10 cm/s, and 1.73 x 10°cm/s, respectively, and the drift velocities of the second
layer for the same cases are 5.56 x 106 cm/s, 5.47 x 10%cm/s, and 4.70 x 105 cm/s,
respectively. Even though « increases, the drift velocity of these layers decreases
due to the enhanced scattering from impurities. Because the carriers in the first two
layers also provide limited screening to the upper layers, the overall drift velocity of

the multilayer graphene system becomes smaller.

Figure 5.8 presents the relationship between the standard deviation of the elec-
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trostatic potential and the carrier mobility for each graphene layer in systems with
M = 12 and velocity ratios a = 0.1, 0.2, 0.5, and 1.0. In each system, the rightmost
data point corresponds to the layer nearest to the substrate, where impurity-induced
potential fluctuations are the strongest and mobility is the lowest. As the layer index
increases, screening from the lower graphene layers reduces the standard deviation,
which allows the mobility to increase. When the standard deviation decreases to
approximately 1 mV, mobility becomes unaffected by the remaining potential fluctu-
ations and converges to the phonon-limited value, fiphonon. Under these conditions,
transport is governed predominantly by intrinsic phonon scattering rather than by
impurity-induced potential variations. Since the upper turbostratic graphene layers
have the same Fermi velocity for all values of «, the convergence value of mobility
is identical among all four systems. In contrast, mobility behavior changes at the
interface between the tBLG segment and the upper turbostratic layers, where the
Fermi velocity shifts from its reduced value in the tBLG to the higher value in the
turbostratic graphene. A sharp increase in mobility between the 2nd and 3rd layers
marks the transition from the tBLG segment to the upper turbostratic graphene.
As « decreases, the tBLG layers provide stronger screening, resulting in smaller
standard deviations in the first turbostratic layer. For a = 0.1, this screening is
sufficiently strong that the mobility of the 3rd layer already reaches fiphonon, €ven
though it is only a few layers above the substrate.

These observations suggest that the choice of o plays an important role in deter-
mining the transport characteristics of the multilayer system, and different values
of a can shift the balance between screening efficiency and carrier mobility. There-
fore, the influence of o should be considered carefully when evaluating or designing
multilayer graphene systems incorporating tBLG.

Based on the results shown in Figs. 5.6 and 5.8, a device concept emerges in
which the multilayer graphene stack is functionally divided into two distinct roles:
the tBLG layers act as a screening buffer that suppresses impurity-induced potential
fluctuations, while the upper turbostratic layers serve as the primary transport
channel carrying most of the electrical current. In this configuration, selecting a
small velocity ratio (o < 1) for the tBLG layers is advantageous because it increases
the density of states and strengthens electrostatic screening. Consequently, the
turbostratic layers above can approach phonon-limited mobility within only a few
layers, as illustrated for a« = 0.1, where the third layer already exhibits nearly
intrinsic transport characteristics.

These findings imply that, in principle, even a minimal stack composed of a tBLG

and a monolayer graphene (M = 3) could operate as a high-mobility structure.
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Achieving such small values of a, however, requires rotational alignment extremely
close to the magic angle, where o becomes highly sensitive to the twist angle, mak-
ing fabrication challenging. If the overall layer count is not a strict constraint, a
more practical approach is to employ tBLG with a moderately larger velocity ratio
and compensate by adding several turbostratic layers. The transport calculations
indicate that, for example, a configuration with four turbostratic layers atop a tBLG
buffer with @ &~ 0.2 can attain comparable mobility performance while easing the
requirements on twist-angle precision. In this sense, the velocity ratio a acts as a
design parameter that balances screening effectiveness and device thickness, which

needs to be considered in device fabrication.

5.4 Summary

In this chapter, multilayer graphene systems incorporating twisted bilayer graphene
(tBLG) were investigated. In tBLG, the Fermi velocity is suppressed depending
on the twist angle, and in this study, the extent of the suppression is represented
by the parameter «, defined as the ratio of the Fermi velocity in tBLG to that of
pristine graphene. A smaller value of « indicates stronger suppression and lower
carrier velocity in the tBLG region. Based on this characteristic, the possibility
of using tBLG as a means to improve mobility in turbostratic multilayer graphene
systems were investigated. Here, electrostatic potential profiles of the multilayer
structures were calculated and Monte Carlo transport simulations were performed
to evaluate the transport behavior of these multilayer systems. Since velocity re-
duction increases the density of states, the tBLG layers attract more carriers and
become effective in screening substrate-induced impurity potentials. As a result,
the electrostatic potential experienced by the upper graphene layers becomes signif-
icantly smoother, allowing carriers there to move under reduced impurity scattering
conditions. The mobility behavior is determined by the competition between two
effects: (i) enhanced screening due to increased carrier density in tBLG, and (ii) re-
duced carrier velocity within the tBLG region. For small «, the upper turbostratic
layers experience greatly weakened impurity scattering, and their mobility rapidly
approaches the phonon-limited value fiphonon. In systems with M = 12, for example,
the 3rd layer already reaches fiphonon When o = 0.1, only a few layers above the
substrate. In contrast, at a = 1.0, screening is weaker, the potential fluctuations
remain large, and impurity scattering continues to limit mobility over more layers.

When the mobility is evaluated for the entire multilayer stack, this trade-off pro-
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duces a non-monotonic dependence on «, with the highest overall mobility occurring
near a =~ 0.7, where screening and carrier velocity are optimally balanced. These
results demonstrate that the reduced Fermi velocity inherent to tBLG can serve as
a functional design element: tBLG can be used as an intentional screening layer
to mitigate impurity-induced potential fluctuations and enable the upper layers to

attain mobility values close to the intrinsic phonon-limited regime.
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Chapter 6
Conclusion

This thesis has presented a theoretical and numerical investigation into the carrier
transport properties of multilayer graphene systems. By utilizing a self-consistent
electrostatic calculation combined with an ensemble Monte Carlo simulation, this
work has shown the distinct roles and combined effects of substrate-induced im-
purity scattering, edge scattering, and the structural modifications introduced by
twisted bilayer graphene (tBLG). The findings provide a framework for understand-
ing how electrostatic screening and structural design can be leveraged to optimize

the performance of graphene-based electronic devices.

The first part of this research focused on the limitations imposed by charged
impurities on the substrate. The results demonstrated that the multilayer struc-
ture serves as an effective electrostatic shield. The potential analysis revealed that
impurities generate strong, localized potential peaks in the graphene layers closest
to the substrate, which decay exponentially with the layer index. This behavior
confirmed that the lower graphene layers effectively screen the impurity potential,
creating a significantly smoother potential landscape for the upper layers. Conse-
quently, transport calculations indicated a recovery of mobility and drift velocity
in the upper layers, where transport characteristics converge toward the intrinsic
phonon-limited regime of impurity-free graphene. The development of an analytical
model establishing that mobility is inversely proportional to the potential fluctua-
tions provided a theoretical explanation for this phenomenon, describing the general

layer-by-layer mobility trends observed in the Monte Carlo simulations.

While the screening of impurity potentials significantly improves transport in up-
per layers, this study also took into account the impact of geometrical limitations.
In particular, edge scattering was integrated into the analysis and modeled using

the parameter r, which quantifies the degree of scattering randomness. Since edge
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scattering is an intrinsic factor in graphene layers, it influences carrier transport
throughout the stack. Crucially, as the impurity potential is screened in the upper
layers, the relative dominance of edge scattering increases. This leads to a scenario
where, even in the absence of significant impurity scattering, the carrier mobility is
restricted by diffusive collisions at the boundaries. The empirical model derived in
this study successfully captures this behavior, demonstrating a clear correlation be-
tween the randomness parameter and the resulting mobility. Notably, while bound-
ary collisions impose a constraint on transport properties, the multilayer stacking
remains highly advantageous because it effectively screens the substrate impurities,
enabling the upper layers to reach higher mobilities where carriers move with fewer
impediments.

Finally, the research explored the functional engineering of multilayer systems
by incorporating twisted bilayer graphene (tBLG). This study specifically exam-
ined the impact of the Fermi velocity suppression, characterized by the parameter
a. The reduction of Fermi velocity in tBLG layers results in an increased density
of states, which enhances the screening capacity of the tBLG layers. The simula-
tions demonstrated that these layers effectively suppress substrate-induced potential
fluctuations, allowing the upper turbostratic layers to achieve phonon-limited mo-
bility with fewer stacked layers. At the same time, while strong velocity suppression
(small o) maximizes screening, it directly limits the carrier velocity within the tBLG
layers themselves. The evaluation of the total mobility of the stack revealed a non-
monotonic dependence on parameter «, with an optimal balance found near o ~ 0.7.
This finding suggests that tBLG can be utilized not merely as a simple screening
layer, but as an intentional design element to mitigate impurity scattering while
maintaining high overall transport properties.

Prospective extensions of this work could involve introducing a device structure
with defined source and drain regions to quantitatively assess performance. Ad-
ditionally, the simulation framework could be further extended by expanding on
disorder configurations, such as introducing clustered impurity distributions and
defects.

In summary, this thesis establishes that while substrate impurities are a major
obstacle for carrier transport in graphene, their effects can be effectively mitigated by
using turbostratic structures. Additionally, intrinsic factors such as edge scattering
are also important to consider. Finally, using tBLG systems is effective in improving
the carrier mobility of the system. Collectively, these insights provide essential
guidelines for the design of high-mobility multilayer graphene devices, showing that

high transport properties are achievable through the careful balancing of layer count,
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boundary quality, twist-angle engineering, and stacking configuration.
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