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Abstract

Quantum computing is expected to offer exponential or polynomial speedups over classical
computing for many socially important problems, including integer factorization, combinatorial
optimization, and quantum chemistry. This promise has fueled strong expectations for quantum
computers as next-generation computing infrastructure. Most algorithms with provable quantum
advantage require large-scale quantum error correction, making fault-tolerant quantum computers
(FTQC) essential. However, currently available devices are noisy intermediate-scale quantum
(NISQ) devices, and further breakthroughs, such as advances in large-scale integration, are
required to realize practical implementations of quantum error correction.

Given these constraints, extensive research has focused on NISQ-friendly algorithms that
can extract useful performance from small, noisy quantum circuits over the past 10 years. A
central idea is hybrid quantum-classical computation, where quantum circuits are combined
with classical processing. A representative approach is variational quantum algorithms (VQAs),
which iteratively evaluate parameterized quantum circuits and update parameters using classical
optimization, typically by estimating expectation values of physical quantities. Although VQAs
have been proposed for many applications including combinatorial optimization and quantum
chemistry, they face major obstacles, including high measurement costs for expectation estima-
tion and optimization difficulties such as barren plateaus. As a result, clear practical quantum
advantage has not yet been established. Against this background, sampling-based NISQ algo-
rithms that directly exploit samples obtained from quantum computers have recently attracted
attention as an approach distinct from VQAs.

This thesis investigates hybrid quantum-classical Markov chain Monte Carlo (MCMC), one
of the sampling-based NISQ algorithms, as an alternative route to quantum speedup on NISQ
devices. In this framework, the output distribution of a quantum circuit is used as the proposal
distribution within MCMC. Sampling from the quantum circuit produces new transitions for the
Markov chain, and the accept-reject step is performed classically based on the acceptance prob-
ability between transitions. Unlike VQAs, the method requires neither variational optimization
nor expectation-value measurements, which can substantially reduce the number of quantum
circuit executions. In particular, this thesis focuses on sampling from the Boltzmann distribution
of Ising models, a task that underpins many problems in combinatorial optimization and machine
learning, and experimentally demonstrates that the proposed approach can outperform existing
classical MCMC techniques. Previous studies have applied hybrid quantum-classical MCMC to
Boltzmann distribution sampling, but their implementations face challenges such as restrictions
on the quantum circuits that can be used and the lack of systematic methods for optimizing circuit



parameters. Addressing these issues is crucial for realizing practical quantum speedup in the
NISQ era. To advance the development and applicability of hybrid quantum-classical MCMC,
this thesis presents three core studies.

First, we propose Quantum Alternating Operator Ansatz Monte Carlo (QAOA-MC), a hybrid
quantum-classical MCMC algorithm that uses a fixed-depth parameterized quantum circuit based
on QAOA as the proposal distribution to accelerate convergence while remaining compatible with
NISQ devices. To systematically improve mixing, we introduce an optimization strategy based
on the relationship between the spectral gap and the acceptance rate, showing that appropriate
parameter restriction and acceptance rate minimization can enhance convergence. Numerical
experiments on Boltzmann sampling of spin glass models demonstrate a near-quadratic speedup
over uniform proposals and validate efficient magnetization estimation for systems of up to 15
spins.

Second, we develop a hybrid quantum-classical MCMC framework that integrates quantum
circuit sampling with a generative neural sampler to overcome symmetry constraints imposed in
existing methods. By approximating the output distribution of an arbitrary quantum circuit with a
neural network surrogate, the proposed approach enables flexible circuit design without requiring
explicit evaluation of proposal probabilities. Applied to Boltzmann sampling of fully connected
spin glass models, the method achieves a polynomial speedup (over cubic) at low temperatures
and enables efficient, unbiased sampling using shallow QAOQOA circuits, even without variational
parameter optimization.

Finally, we investigate the fair sampling properties of hybrid quantum-classical MCMC
and demonstrate its applicability to solution-sampling tasks in constraint satisfaction problems.
Through analyses of Ising model toy systems, we show that combining quantum proposals with
MCMC updates restores fair sampling. Extending the study to random k-SAT problems, we find
that the proposed method achieves fairness comparable to state-of-the-art classical algorithms for
2-SAT and remains effective for 3-SAT, where such classical methods are no longer applicable.

Through these three studies, this thesis demonstrates the systematic development of hybrid
quantum-classical MCMC algorithms as an effective framework for extracting the advantages of
quantum computation even under the constraints of NISQ devices. In particular, by realizing
quantum proposals through a combination of neural networks and quantum circuits without
variational optimization, and by verifying the practically important property of fair sampling,
this work substantially broadens the applicability of quantum heuristics. These results constitute
an important step toward the realization of practical sampling algorithms that exploit near-term
quantum devices, and they are expected to stimulate further developments across a wide range
of fields, including statistical physics, machine learning, and combinatorial optimization.
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Chapter 1

Introduction

1.1 Dawn of Quantum Computation: Establishing the Theoretical
Foundations

The history of quantum computation originated from fundamental concerns regarding the limita-
tions of classical computers in simulating physical systems. In the early 1980s, Richard Feynman
pointed out that an efficient simulation of nature, which obeys the laws of quantum mechanics,
would require a computing device that itself operates according to quantum-mechanical princi-
ples [1]. In response to this insight, David Deutsch formalized the concept of a universal quantum
Turing machine in 1985 [2]. He demonstrated that computation exploiting quantum superpo-
sition and interference can violate the extended Church—Turing thesis [3]. Through this work,
quantum computers came to be defined not merely as tools for physics but as a new framework
within computer science. As this theoretical foundation was established, two algorithms intro-
duced in the mid-1990s ignited widespread interest in research on quantum computation. The
first was the integer factorization algorithm proposed by Peter Shor in 1994, commonly known as
Shor’s algorithm [4]. This algorithm showed that integer factorization, which underlies modern
public-key cryptographic systems, can be solved in polynomial time on a quantum computer. As
a result, it provided a clear example of an exponential computational advantage over classical
algorithms. In addition, in 1996, Lov Grover proposed an algorithm that accelerates the search
in an unstructured database [5]. These developments demonstrated that quantum computers can
efficiently solve certain problems with specific mathematical structures that are intractable for
classical computers within practical time scales, thereby attracting considerable attention as a
potential next-generation computing paradigm.

Despite the demonstrated usefulness of quantum algorithms, there was widespread skepticism
regarding their practical feasibility. A common concern was that quantum states are extremely
fragile and that interactions with the environment or errors during computation would rapidly
destroy the encoded information. This pessimistic view was fundamentally challenged by the
concept of quantum error correction proposed by Shor in 1995 [6]. He showed that by encoding
information redundantly using quantum entanglement, it is possible to detect and correct errors
occurring on individual qubits without directly measuring and disturbing the stored quantum
information. Subsequently, the threshold theorem was established, proving that arbitrarily long
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quantum computations are possible provided that the error rate remains below a certain thresh-
old [7,8]. This result transformed quantum computation from a purely theoretical model into
an engineering goal that is, in principle, achievable. Supported by the theory of quantum error
correction, the development of quantum computers has since proceeded with the realization of
fault-tolerant quantum computation (FTQC) as its ultimate objective. From that point onward,
while research progressed on the theoretical foundations of quantum computation and on algo-
rithms whose advantage over classical computation is theoretically guaranteed [9, 10], hardware
development remained largely limited to experimental demonstrations of basic qubits and quan-
tum gates [11-13]. As a result, research on quantum algorithms continued to be conducted
primarily within a theoretical framework. This situation persisted until a major shift occurred in
the 2010s.

1.2 NISQ Era: Hardware Development and Applications

The history of device development from the early to mid-2010s marked a transition of quantum
computation from a theoretical concept to an object of practical engineering implementation. In
recent years, the realization of high-fidelity quantum gates below the error threshold required for
surface codes has driven rapid progress in the integration of quantum devices across various phys-
ical platforms, most notably superconducting circuits [14]. In 2018, John Preskill introduced
the concept of noisy intermediate-scale quantum (NISQ) devices, referring to medium-scale
quantum processors that lack full error-correction capabilities but may still outperform classical
computers for certain tasks [15]. This definition provided a clear and widely shared research
direction for the field, focusing on how imperfect qubits can be utilized effectively. Hardware
development in the NISQ era has steadily improved both the number and quality of qubits, with
superconducting platforms leading this progress. For example, IBM and Google have demon-
strated increasing scalability with devices such as IBM’s 127-qubit Eagle processor [16] and
Google’s 105-qubit Willow processor [17]. On the other hand, from the mid-2020s onward, sig-
nificant advances have also been observed in platforms beyond superconducting circuits. Neutral
atom systems [18] and trapped-ion systems [19,20] have demonstrated high connectivity and
gate fidelity, offering complementary strengths and expanding the range of viable architectures
for commercial applications.

As quantum hardware reached a sufficient scale, a major milestone of the NISQ era was
the experimental demonstration of “quantum supremacy”. In 2019, Google reported that its
53-qubit Sycamore processor performed a specific task known as random circuit sampling
[21-23] significantly faster than the most powerful classical supercomputers available at that
time [24]. This result demonstrated that quantum processors can execute computations that
are difficult to simulate classically, providing concrete evidence that quantum computation can
surpass classical computational capabilities for specific tasks. Subsequent experiments using
both photonic and superconducting platforms reported increasingly sophisticated results [25-27],
establishing quantum computational supremacy as a general milestone that does not depend
on a single hardware implementation. While these achievements do not directly translate into
immediate practical advantages, they have convincingly demonstrated the potential computational
power of quantum devices and have served as a strong driving force for further development.
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In parallel with demonstrations of computational capability on real hardware, active efforts
have been made to develop applications that can deliver practical benefits despite the presence of
noise. Rather than relying on ideal algorithms such as Shor’s algorithm, which require an imprac-
tically large number of coherent operations, research has focused on hybrid quantum-classical
approaches in which quantum devices are used to generate quantum states and classical com-
puters are employed for optimization. This approach is called variational quantum algorithms
(VQAs) [28]. Representative examples include the variational quantum eigensolver (VQE) [29],
which targets applications in materials science and drug discovery, and the quantum approximate
optimization algorithm (QAOA) [30], which aims to support complex decision-making problems
in logistics and finance. These methods have opened pathways toward real-world applications
in quantum chemistry and combinatorial optimization. From the present perspective, NISQ
algorithms are best regarded as quantum heuristics, as they do not offer provable computational
advantages. Nevertheless, when combined with quantum error mitigation techniques that statis-
tically suppress the effects of noise, they have reached a stage where partial practical advantages
can be demonstrated. As such, the NISQ paradigm plays a crucial role in bridging the gap
between current noisy devices and the future realization of FTQC.

1.3 Beyond NISQ Era

At present, quantum computing is entering a transitional phase from the NISQ regime toward
FTQC. Recent studies have successfully encoded a few logical qubits into more than one hundred
physical qubits on platforms such as superconducting circuits [17] and neutral atom systems
[31,32]. Despite this progress, several major challenges must still be overcome before realizing
a clear computational advantage with FTQC. In particular, the implementation of universal
quantum computation requires 7-gate operations, which cannot be directly realized and therefore
rely on methods based on magic state distillation [33]. These approaches require a very large
number of physical qubits. For example, the number of physical qubits required to factor
standard public-key cryptographic schemes using fault-tolerant quantum algorithms is estimated
to reach several million [34]. Given that current hardware is limited to devices with at most
a few hundred qubits, further breakthroughs in large-scale integration remain essential for the
realization of FTQC [35, 36].

At the same time, VQAs, which attracted significant attention during the NISQ era, face
serious technical challenges. One of the most critical issues is the barren plateaus phenomenon
[37], in which the gradients required for optimization decay exponentially as the number of
qubits increases. This phenomenon has been shown both theoretically and experimentally to
make parameter optimization using classical computers increasingly difficult for large-scale
systems. In parallel, classical computing has continued to advance through the development
of fast quantum simulation techniques based on graphics processing units and increasingly
sophisticated heuristic algorithms [38]. As a result, demonstrating a clear quantum advantage
using straightforward variational approaches has proven to be more challenging than initially
anticipated.

Against this backdrop, new classes of NISQ algorithms that focus on sampling rather than
optimization have been proposed [39,40]. These approaches aim to extract useful information
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directly from complex probability distributions generated by quantum devices, instead of relying
primarily on iterative optimization loops. In this framework, noisy quantum hardware is used to
tackle sampling tasks that are difficult for classical computation by drawing samples from quan-
tum states prepared with suitably designed quantum circuits. One representative example is the
quantum-selected configuration interaction (QSCI) method [41]. In this approach, approximate
ground states generated by variational quantum circuits are sampled to construct effective Hamil-
tonians for configuration interaction calculations in quantum chemistry, enabling more accurate
energy estimates than conventional VQAs [42]. Another important example is hybrid quantum-
classical Markov chain Monte Carlo (MCMC) algorithms [43] for sampling from Boltzmann
distributions, which play a central role in condensed matter physics. In these methods, samples
generated by quantum circuits are used as proposal distributions to drive state transitions within
the MCMC framework. These sampling-based approaches not only offer promising pathways
for quantum computers to contribute to practical problem solving prior to the realization of full
fault tolerance, but may also remain effective as quantum heuristics even in the FTQC era.

1.4 Overview

This thesis explores the potential advantages of quantum computation for practically relevant
problem settings in both the NISQ era and the post-NISQ era by investigating a new class
of sampling-based NISQ algorithms as an alternative to VQAs. To this end, we focus on
hybrid quantum-classical MCMC as a novel approach for exploring the possibility of quantum
speedup on NISQ devices. Hybrid quantum-classical MCMC is a framework in which the output
distribution of a quantum circuit is used as a proposal distribution within Markov chain Monte
Carlo, one of the most widely used probabilistic sampling methods. Unlike VQAs, this approach
does not require variational optimization or repeated measurements of expectation values of
objective functions. As a result, it can substantially reduce the number of quantum circuit
executions required. Previous work [43] has primarily considered sampling from Boltzmann
distributions of Ising models, which play a central role in combinatorial optimization and machine
learning, and has experimentally demonstrated that the proposed methods can outperform existing
classical MCMC techniques in certain settings. At the same time, several important challenges
remain, including the lack of a systematic method for setting quantum circuit parameters [44,45]
and the constraints imposed by circuit architectures that are implementable on NISQ devices.
Addressing these challenges is therefore an essential research problem for realizing practical
quantum speedup in the NISQ era.

The thesis consists of three studies. Two of them aim to address limitations identified in prior
work, while the remaining study explores use cases enabled by the improved methods proposed
in this thesis.

The first study addresses the challenge of systematically designing quantum circuits that can
accelerate convergence in hybrid quantum-classical MCMC. To this end, we propose Quantum
Alternating Operator Ansatz Monte Carlo (QAOA-MC), which employs a fixed-depth circuit
inspired by QAOA as the proposal distribution in MCMC, thereby suppressing circuit depth
growth irrespective of parameter choices and maintaining compatibility with NISQ devices. We
establish a concrete optimization strategy by analyzing the relationship between the spectral gap
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and the acceptance rate of the proposal distribution, and show that, after appropriately restricting
parameter ranges and reducing the number of circuit parameters, minimizing the acceptance rate
can lead to faster mixing. Numerical experiments on Boltzmann sampling of spin glass models
demonstrate that QAOA-MC achieves a near-quadratic speedup in convergence compared with
uniform proposals, and stable estimation of magnetization is confirmed for a 15-spin system.

The second study aims to overcome the structural limitations of existing hybrid quantum-
classical MCMC methods that rely on symmetry constraints in quantum circuits to avoid explicit
evaluation of proposal probabilities. We introduce a hybrid framework that combines quantum
circuit sampling with a generative neural sampler, which serves as a classical surrogate model
that approximates the output distribution of a quantum circuit in a tractable form. This approach
removes the need for restrictive circuit structures and enables the use of arbitrary quantum
circuits, including shallow QAOA circuits, as proposal distributions. Applied to Boltzmann
sampling of fully connected spin glass models, the method yields a spectral gap that remains
superior to that of classical proposals as the system size increases, with improvements of up to
two orders of magnitude at low temperatures. Furthermore, we show that the method enables
unbiased magnetization estimation in regimes where single spin-flip updates fail, and that using
well-chosen fixed circuit parameters eliminates the need for costly variational optimization. This
study demonstrates that integrating neural density estimation significantly enhances the flexibility
and practicality of hybrid quantum-classical MCMC on NISQ devices.

The third study investigates the fair-sampling capability of hybrid quantum-classical MCMC,
which is essential for applications where multiple solutions exist and uniform sampling over the
solution space is required. We first analyze small Ising models and show that introducing MCMC
steps on top of quantum dynamics can restore fair sampling that is otherwise lost in purely
quantum evolution. We then consider random k-SAT problems as a more practically relevant
setting. For 2-SAT instances, combining quantum-generated proposals with standard single spin-
flip updates achieves a level of fairness comparable to that of parallel tempering with isoenergetic
cluster moves. For 3-SAT, where such advanced classical methods are no longer applicable, the
hybrid quantum-classical MCMC still attains fair sampling. In addition, for solution counting,
the required number of transitions is comparable to that of WalkSAT, a representative classical
heuristic solver. These results show that hybrid quantum-classical MCMC can overcome a long-
standing weakness of quantum heuristics and broaden their applicability to solution-sampling
tasks.

Through these studies, we seek to advance a new class of quantum algorithms applicable to
the NISQ and post-NISQ eras, and to clarify how quantum computation can contribute to solving
real-world problems.

1.5 Outline

An outline of each chapter is organized as follows.
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Chapter 2: Preliminaries

This chapter introduces several key topics that form the background of this thesis. We first
describe the Ising model and the Boltzmann distribution, which define the problem setting of this
work, as well as Markov chain Monte Carlo (MCMC) as a representative sampling technique.
We then review relevant NISQ algorithms, with particular emphasis on variational quantum
algorithms and the quantum approximate optimization algorithm (QAOA). Finally, we introduce
the hybrid quantum-classical MCMC algorithm, which constitutes the central topic of this thesis,
and review its advantages and remaining challenges.

Chapter 3: Optimization of Quantum Proposals Inspired by QAOA

This chapter presents the first study on improving hybrid quantum-classical MCMC. We propose
a method for optimizing quantum circuits in order to accelerate the convergence of MCMC. In
existing studies, the relationship between quantum circuit parameters and MCMC convergence
had not been clearly understood. By introducing a new objective function that directly reflects
MCMC convergence properties, we demonstrate an effective acceleration of hybrid quantum-
classical MCMC. This chapter is based on joint work conducted with H. Hakoshima, K. Mitarai,
and K. Fujii [Achievements 1].

Chapter 4: Neural-Network-Assisted Monte Carlo Sampling Trained by QAOA

This chapter presents the second study on improving hybrid quantum-classical MCMC. We
propose a new hybrid framework that combines quantum circuits with neural-network-based
distribution estimation. To address the limitations imposed by the restricted set of quantum
circuit architectures available on NISQ devices, we introduce a classical neural network that
approximates the output distribution of a quantum circuit. This approach alleviates circuit-
related constraints while preserving the benefits of quantum-generated proposals. This chapter
is based on joint work conducted with K. N. Okada and K. Fujii [Achievements 2].

Chapter 5: Fair Sampling of Ground-State Configurations

This chapter explores use cases for hybrid quantum-classical MCMC. In particular, we analyze the
fair sampling properties of hybrid quantum-classical MCMC and investigate their applications.
Many important combinatorial optimization problems admit multiple solutions, and for such
problems it is often desirable to sample solutions uniformly, a property commonly referred
to as fair sampling. Through the analysis of toy models, we demonstrate that hybrid quantum-
classical MCMC can achieve fair sampling. Furthermore, using the practically important random
k-SAT problem as a benchmark, we apply the proposed methods and show that they achieve fair
sampling and convergence efficiency comparable to state-of-the-art classical MCMC approaches.
This chapter is based on joint work conducted with K. Fujii [Achievements 3].
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Chapter 6: Conclusion

This chapter summarizes the contributions of this thesis and discusses possible future direc-
tions. The results presented in this work indicate that quantum algorithms available on NISQ
devices may exhibit advantages for practically relevant problems under appropriate conditions.
These findings represent a meaningful step toward the societal application of near-term quantum
computers.
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Chapter 2

Preliminaries

In this chapter, we provide background knowledge relevant to the research presented in this
thesis. First, in Section 2.2, we introduce the Ising model and its Boltzmann distribution, which
constitute the core problem setting throughout this thesis. While this model and its distribution
have a wide range of important applications beyond statistical physics, their computational cost is
extremely large, and approximate calculations are often performed via distribution sampling. In
Section 2.3, we describe Markov chain Monte Carlo (MCMC) algorithms, which are widely used
for sampling from the Boltzmann distribution. We review the fundamentals of MCMC as well
as advanced techniques and associated challenges. Next, after introducing the basics of quantum
computation in Section 2.4, we present NISQ algorithms developed for problems related to the
Ising model. In Section 2.5, we review variational quantum algorithms, focusing in particular on
QAOA for combinatorial optimization problems that can be mapped to the Ising model. Finally,
in Section 2.6, we review hybrid quantum-classical MCMC, which constitutes the central topic
of this thesis and is applicable to sampling from the Boltzmann distribution of the Ising model.

2.1 Notations

This section summarizes the notations used throughout this thesis. Unbolded x represents a
single number, boldface @ represents a vector, and the capital letter A represents a matrix. )
indicates the state at time ¢ represented by the vector x. Other notations are shown in Table 2.1.
Detailed definitions are provided in the following sections.

2.2 Model

2.2.1 Ising Model

The Ising model is one of the simplest and most fundamental models in statistical mechanics for
describing phase-transition phenomena [46,47]. The model consists of a collection of n-spin
variables s; placed on lattice sites i, denoted by s = {s{,---,s;,- -+, S, }. Each spin takes one
of two discrete values, s; € {+1,—1}. The Hamiltonian Hp, which determines the energy of the

9
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Table 2.1: Notations used in this thesis.

Notation Description

R The set of real numbers.

C The set of complex numbers.

z®" The n-fold tensor product.

[y) A state vector. Also known as a ket.

(Y| A vector dual to |¢). Also known as a bra.

A* The complex conjugate of the A matrix.

AT The transpose of the A matrix.

Af The Hermitian conjugate or adjoint of the A matrix, AT = (AT)".
AR The Frobenius norm of the A matrix, ||Al|p = {tr(ATA)}!/2,
N(u, o?) A normal distribution with mean y and standard deviation o
Uniform(a, b) A uniform distribution on the interval [a, b].

system, is generally written as

k
Hp(s) == DR sk si (2.2.1)

g=11<ij<iz<---<ig<n

Here, Ji(lf’.).iq is the interaction coefficient among the g spins s;;,...,s;, . In many cases, one
focuses on the case k = 2. In this case, the Hamiltonian is given by

HP(S) = - Z Jijsisj - Z hiSi, (222)
) i

where J;; is the interaction coefficient between neighboring spins (i, j). When J;; > 0, the
system is called ferromagnetic (the energy is lowered when spins align), whereas when J;; < 0,
it is called antiferromagnetic (the energy is lowered when spins alternate). The parameter /;
denotes an externally applied magnetic field. The Ising model has long played an important role
in the theory and analysis of phase transitions. In particular, the existence of exact solutions
in low-dimensional systems has been indispensable for validating theoretical frameworks. In
the one-dimensional Ising model, no phase transition occurs at finite temperature because the
effect of entropy outweighs the interactions. In contrast, in systems of two or more dimensions,
spontaneous symmetry breaking occurs below a critical temperature, and long-range order is
formed in which spins align in a single direction. The divergent behavior of physical quantities
near the critical point (critical exponents) depends only on the dimension and symmetry of the
system, and not on the microscopic details of the interactions. In addition, spin-glass models
with random interactions J;; ~ N(0, 1) were proposed to explain magnetic ordering in alloys
containing magnetic impurities in paramagnetic metals [48-50]. Such models have complex
energy landscapes with many local minima and constitute an important class of models for
understanding systems with random interactions.
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2.2.2 Boltzmann Distribution

The properties of a system at thermal equilibrium are described by the Boltzmann distribution
(also known as the Gibbs distribution). This distribution characterizes the probability that a
system in thermodynamic equilibrium occupies a particular energy state. Let 7" be the temperature
of the system. The probability u(s) that the system occurs in that state is given by

¢BH(5)
Z(p)

Here, B8 = 1/kpT is the inverse temperature (with kg being the Boltzmann constant). Z(8) =
>, e BH() is called the partition function, and it is the constant required to normalize the
total probability over all states to unity. The partition function is not merely a normalization
constant; it is also a key function for deriving thermodynamic quantities such as the free energy
and entropy. However, when the state space S grows exponentially, an exact computation of Z
becomes computationally extremely difficult.

u(s) = (2.2.3)

2.2.3 Applications of Ising Model

The Ising model and its Boltzmann distribution extend far beyond their original role in the study
of magnetism and now serve as a standard prototype in the analysis of complex systems.

The spin glass model is important not only in statistical physics but also from the perspectives
of information processing and machine learning. The Hopfield network [51], known as an
associative memory model, treats binary neurons as spin variables, so that the stable states of the
network correspond to low-energy states of an Ising model. Learning is equivalent to designing
the couplings such that desired memory patterns become local minima of the energy, and the
ability to recover correct patterns from noisy inputs can be interpreted as associative memory. On
the other hand, limitations in memory capacity and the proliferation of spurious local minima give
rise to difficulties similar to those encountered in spin glass systems, and are closely related to the
problem of local optima in machine learning. Furthermore, by introducing stochastic updates,
the framework can be extended to sampling based on the Boltzmann distribution, leading to
energy-based models such as Boltzmann machines [52].

One of the most notable applications of the Ising model is to the solution of combinatorial
optimization problems. Many difficult real-world problems, such as the traveling salesman
problem, scheduling, and portfolio optimization, can be reformulated as the problem of searching
for the ground state of the Ising model (a spin configuration that minimizes the energy). This is
obtained by formulating the objective function of a combinatorial optimization problem in the
form of a quadratic unconstrained binary optimization (QUBO) problem using binary variables
x € {0,1} [53,54]. It can then be converted into an Ising Hamiltonian through the variable
transformation: s; = 1 —2x;. On the other hand, finding the ground state of a general Ising model
is classified as NP-hard in computational complexity theory [55], and it is therefore necessary to
develop efficient search algorithms.

There are two approaches to searching for the ground state of the Ising model. One is
search based on energy minimization. A classical method in this category is simulated annealing
(SA) [56], which aims to reach the ground state by gradually lowering the temperature while
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exploiting thermal fluctuations. The other approach is sampling from the Boltzmann distribution
at zero temperature (or at very low temperature). As the temperature approaches absolute zero
(8 — o0), the Boltzmann distribution concentrates on energy-minimizing configurations:

. _ 1/g (if H(8) = Emin)
ﬁh_r)rgou(s) - {0 (otherwise) ’ @24

where g is the degeneracy of the ground state. Therefore, sampling from the Boltzmann distri-
bution under an appropriately low-temperature parameter can be regarded as equivalent to the
ground-state search problem for the Ising model. This is similar to SA in that the temperature is
gradually decreased in the Boltzmann distribution; however, here one directly samples from the
low-temperature Boltzmann distribution using a sampling algorithm and discovers the ground
state [57].

2.3 Markov Chain Monte Carlo (MCMC)

Markov chain Monte Carlo (MCMC) algorithms [58, 59] provide a powerful framework that
is widely used for sampling from complex probability distributions, including the Boltzmann
distribution. The central idea is to construct a Markov chain whose stationary distribution is the
desired distribution (the target distribution). In this section, we summarize Markov chains as the
theoretical foundation of MCMC and explain the Metropolis—Hastings algorithm as a general
procedure for constructing a Markov chain with a given target distribution as its stationary
distribution. We also discuss proposal distributions, which are an important factor governing
the performance of MCMC, and review associated challenges and several practical techniques.
Finally, we introduce several metrics for evaluating the performance of MCMC.

2.3.1 Markov Chain

A Markov chain is a stochastic process with the property that the probability distribution of the
next state depends only on the current state and does not depend on the previous history. This
property is called the Markov property. In what follows, we focus on Markov chains on discrete
state spaces. A sequence of random variables { X () }+=0.1,2.... on a discrete state space S is said
to be a Markov chain if, for any states xg, x, ..., Z;+1 € S, the following holds:

P(X(Hl) =Tr41 | X = fL't,X(t_l) =Tr-1,- --,X(O) =xp) = P(X(Hl) =Try1 | X = ).
(2.3.1)

The matrix P with entries P(y|z) = P(X**D =y | X(©) = ), which are transition probabil-
ities that do not depend on time ¢, is called the transition probability matrix. Its entries satisfy
P(y | ) > 0 and the row-sum condition ¥ .5 P(y | ) = 1.

When a Markov chain is used for sampling or optimization, it is important whether the
distribution converges, as time evolves, to a particular distribution. In particular, a Markov
chain that satisfies the following two properties converges to a unique stationary distribution &
independently of the initial state.
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Irreducibility For any two states «,y € S, it is possible to move between them in a finite
number of transitions.

Aperiodicity There is no restriction that forces the chain to return to the same state only at
specific step intervals (periods).

A Markov chain with these properties is called ergodic, and its stationary distribution 7 is defined
as the solution of the following equation:

Z m(x)P(y | x) =n(y), VYyeS. (2.3.2)

xeS

A stronger sufficient condition that guarantees 7 to be a stationary distribution is the detailed
balance condition. It requires that, for any pair of states (x,y), the probability flow in one
direction equals that in the reverse direction:

m(x)P(y | x) =n(y)P(x |y), VYx,yeS. (2.3.3)

A Markov chain that satisfies this condition is called reversible. Since summing both sides
of the above equation over x yields the definition of the stationary distribution, designing the
transition probabilities P(y | ) so as to satisfy detailed balance enables sampling from the
desired distribution 7.

2.3.2 Metropolis—Hastings Algorithm

As discussed above, if one can construct a reversible Markov chain whose stationary distribution
is the desired distribution 7 (), then samples generated from the chain can be regarded as being
drawn from 7 (x). The Metropolis—Hastings (MH) algorithm [59] is one of the most general
MCMC algorithms for drawing samples from a complex distribution 77 () (the target distribution)
from which direct sampling is difficult.

In the MH algorithm, one introduces a proposal distribution Q (y | «) to propose a candidate
next state y from the current state . By deciding probabilistically whether to accept the proposed
state vy, the algorithm enforces the detailed balance condition. The procedure is as follows.

1. Imitialization: Choose an initial state x arbitrarily.

2. Proposal: Given the current state x;, generate a candidate y from the proposal distribution

Oy | ).
3. Acceptance probability: Compute the acceptance probability A(y | ;) defined by

n(y)0(x; | y)

Aly L) =min{ L 0w @)

(2.34)

4. Update: Draw a uniform random number u from [0,1]. If u < A(y | x,), accept the
proposal and set x,4; = y. Otherwise, reject the proposal and set x;+; = x; (remain at
the current state).
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In particular, when the proposal distribution satisfies Q(y | ) = Q(x | y), the ratio of proposal
probabilities becomes unity, and the acceptance probability A(y | x) reduces to a simpler form.
This is called the Metropolis algorithm [58].

That the MH algorithm (or the Metropolis algorithm) correctly has the target distribution
n(x) as its stationary distribution follows from the fact that the detailed balance condition holds.
The transition probability from x to y (for £ # y) is given by the product of the proposal
probability and the acceptance probability,

P(y | z) = Oy [2)A(y [ z) ify #x, (235)
1= 0@ |D)A(2" | 2) ify ==, -

Substituting the definition of the acceptance probability yields

7(z)P(y | «) = 7(2)Q(y | ©) min (1’ 7(2)0(y | w>)

= min (7(x)Q(y | =), 7(y)Q(x | y)) . (2.3.6)

Since this expression is symmetric in & and y, it follows Eq. (2.3.3).

This leads to two major advantages of the MH algorithm. First, it does not require computing
the normalization constant. Since the acceptance probability depends on the ratio 7 (y)/n(x),
this algorithm can be applied even when the normalization constant of the distribution (which
often involves intractable integrals or sums) is unknown, as long as the relative values of the
probability density can be computed. Second, it offers substantial flexibility in algorithm design.
The proposal distribution Q(y | x) can be chosen freely as long as the resulting transition
probabilities do not violate ergodicity, which is a very mild condition.

2.3.3 Proposal Distribution

MCMC, namely the MH algorithm, is a highly powerful tool for sampling from probability
distributions due to its computational convenience and broad applicability. However, the price of
this flexibility is that one must prepare an “appropriate” proposal distribution for the given target
distribution. This becomes a serious issue particularly for high-dimensional and multimodal
distributions such as the Boltzmann distribution of the Ising model. In what follows, we discuss
proposal distributions for the Boltzmann distribution of the Ising model.

Single Spin-Flip (SSF) Update

The simplest proposal distribution for spin systems randomly selects a single spin from the
current state and flips it. This is called the single spin-flip (SSF) update, and it has existed
since the original studies of MCMC [58]. It is straightforward to show that this proposal is
irreducible and aperiodic. Moreover, because the proposal distribution is symmetric, one can
use the Metropolis algorithm. This update rule can be applied independently of the model.
However, a serious drawback is the performance degradation near a phase transition and in
spin-glass systems. In the Boltzmann distribution, larger 8 makes low-energy states increasingly
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dominant, and the distribution becomes sharply concentrated near the minimum energy. Since
SSF induces only local transitions at Hamming distance one, sampling multiple modes of a
low-temperature distribution requires transitions that pass through many high-energy states.
As a result, proposed moves often involve a large energy increase, characterized by the energy
difference AH = Hp(y)—Hp (x) between the proposed state y and the current state . This leads
to a very large rejection probability, A(y | ) = min(1, e #*H), and the dynamics concentrate
on a single mode. As a consequence, the Markov chain generated by SSF effectively loses
ergodicity and often suffers from severe slowing down.

Global Update

One approach to address the limitations of SSF is to use a proposal distribution that induces
nonlocal transitions. Such methods are typically realized by generating some form of cluster and
flipping all variables within the cluster, and this class of proposal distributions is referred to as
cluster updates. For example, for the ferromagnetic Ising model, the Swendsen-Wang [60] and
Wolff [61] algorithms have been proposed. There are also methods combined with techniques
such as parallel tempering [62, 63], and for spin glasses, isoenergetic cluster update (PT-ICM)
algorithms [64, 65] have been proposed. While these methods can achieve efficient sampling
for specific models, satisfying detailed balance is not self-evident, and careful model-dependent
design is required. In recent years, approaches have also been proposed in which neural networks
are used to generate proposal distributions adapted to a given model [66].

2.3.4 Convergence

Finally, we describe how to evaluate the performance of MCMC. The reliability of MCMC
depends on whether the generated sample sequence has sufficiently converged to the target
distribution m and whether the chain explores the state space efficiently (good mixing). In theory,
the time required for a Markov chain to be regarded as having become “sufficiently close” to
the target distribution 7 is called the mixing time. First we define the total variation distance
between two probability distributions u and v:

drv =l p=v llry = max |u(z) - v(z)] (2.3.7)

Using the total variation distance dtv, the distance between the 7-step transition probability
P (.| x) starting from the initial state  and the target distribution 7 is defined as

d(t) =sup || PO( | &) — 7 ||Ipv- (2.3.8)

xeS

For a tolerance € > 0, the mixing time #ix (€) is defined by
tmix(€) = min{z : d(¢) < €}. (2.3.9)

In practical computations, early samples prior to reaching the mixing time do not correctly
reflect the target distribution and are therefore discarded as a burn-in period. A chain with a
short mixing time (small #,ix) is said to be “rapidly mixing,” and this provides an indicator of
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algorithmic efficiency. However, evaluation via the mixing time depends on the initial state and
requires computation over the entire state space, which is computationally very expensive. For
this reason, in this thesis we evaluate the performance of MCMC using the following metrics.

Spectral Gap

As an indicator of convergence speed that is closely related to the mixing time, one can consider
the spectral gap of the transition probability matrix [67,68]. The convergence rate of MCMC
is governed by the eigenvalue spectrum of the transition matrix P. In particular, the spectral
gap, defined as the difference between the largest and the second-largest eigenvalues, is one of
the most important theoretical quantities for quantifying convergence efficiency. For a reversible
Markov chain on a finite state space S, the transition matrix P has real eigenvalues A;, which can
be ordered as

I=>h22 2 A5 = -1 (2.3.10)

Here, the largest eigenvalue A4; = 1 corresponds to the stationary distribution n, and if the chain
is irreducible and aperiodic, then the absolute values of all other eigenvalues are less than 1.
Letting Amax = max;s; |4;| denote the eigenvalue with the second-largest absolute value, the
(absolute) spectral gap is defined as

6 =1~ dmax. 2.3.11)

The spectral gap is generally inversely proportional to the mixing time through i = O(571).
It is known that the mixing time #n,ix (€) is bounded above and below in terms of the spectral gap
as

(671 - l)ln(é) < tmix(€) < 5-11n( ) (2.3.12)

€Tmin

where mnin = minges (x) [69]. This inequality implies that a larger spectral gap leads to a
shorter mixing time and faster convergence. Since the spectral gap does not depend on the initial
state and, in the case of the Boltzmann distribution, depends only on the proposal distribution and
the temperature, we use the spectral gap to evaluate the performance of proposal distributions in
this study. On the other hand, because computing eigenvalues of a 2" x 2" transition matrix is
required, different metrics are used for large-scale systems.

Autocorrelation Function

A sample sequence {X ()} obtained by MCMC is not statistically independent because, by
definition, each state depends on the immediately preceding state. The autocorrelation function
(ACF) quantifies this dependence between samples. The autocorrelation at lag 7, denoted by
¢(1), is defined as

Cov(X @), x (t+7))
Var(X (1))

(1) = (23.13)
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Here, Cov denotes the covariance and Var denotes the variance. For a well-converged chain,
c() decays rapidly to zero as 7 increases. Conversely, if autocorrelation persists for a long range
of lags, it suggests that the chain remains confined to a narrow region of the state space and that
exploration is insufficient.

2.4 Foundations of Quantum Computation

In this section, we summarize basic concepts in quantum computation. As fundamental elements
that constitute the theoretical framework of quantum computation, we describe the notions of
quantum states, quantum gates, and quantum measurement. We define a computational procedure
for a specific problem built from these elements as a quantum algorithm. This is a universal
model of computation and does not depend on the hardware implementation used to realize it
(for example, superconducting circuits or ion traps).

2.4.1 Quantum State

In classical information science, information is represented using a two-state system called a
bit, taking one of two distinct states. A qubit extends this concept to the quantum world and
is the smallest unit of information in quantum computing. While a classical bit can take only
one of the states 0 or 1, a qubit can take a complex linear combination of these states, namely
a superposition state. The state of a qubit is represented in a two-dimensional complex Hilbert
space. Using the two computational basis states

1 0
0) = [o]’ 11y = H (2.4.1)
an arbitrary single-qubit state can be expressed as a superposition of |0) and |1) as

l) =al0) +B]1) = , (2.4.2)

@
B
where a, 8 € C are probability amplitudes and must satisfy |e|* + |8]> = 1. A system consisting

of n qubits can be represented as the tensor product of the states of the individual qubits. Denoting
the state of the i-th qubit by |);, the state of the entire system is written as

W) =) @)@ @Y),. (2.4.3)

An n-qubit system lives in a 2"-dimensional complex Hilbert space and can be expressed as a
superposition of 2" basis vectors:

2”
Wy =" cila), (2.4.4)

i=1
where ¢; € C and Z?:l lc;|*> = 1. Hereafter, unless otherwise specified, we consider the
computational basis of an n-qubit system, labeled by n-bit strings x; = (xy,---,x,) with

i € [0,2" — 1], and denote the corresponding basis states by |x;).
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2.4.2 Quantum Gate

In classical computation, operations on classical bits are described as a set of gates. Similarly,
operations on quantum states are described by quantum gates. Since the time evolution of a closed
quantum system follows a unitary transformation, a quantum gate is mathematically defined as a
unitary matrix U. This is a complex square matrix that satisfies the unitary condition

U'u=uu" =1, (2.4.5)

and the total probability of a quantum state is preserved under unitary transformations. A
quantum gate acting on a single qubit is represented by a unitary matrix U € C>*2.
Representative single-qubit gates include the following four operators, called the Pauli oper-

ators:
, xE[O 1], YE[(? ‘i], 25[1 0]. 246

10
IZ[ 10 i 0 0 -1

01

Another important single-qubit gate is the Hadamard gate:

1
NG
which can generate the superposition state (|0) + |1))/V2 from the computational basis state |0).

Operations on an n-qubit system can likewise be represented by a unitary matrix U € C2"*%",
By using multi-qubit gates such as the Controlled-NOT (CNOT) gate, which induces interactions
between two qubits, one can generate quantum entanglement. In particular, it is known that any
unitary transformation can be approximated to arbitrary accuracy by an appropriate combination
of single-qubit gates and CNOT gates, and such a set of gates is called a universal gate set [70].
A computational process consisting of multiple gate operations is called a quantum circuit, by

analogy with circuits in classical computation. An example of a quantum circuit is shown in
Fig. 2.1.

H

1 -1

bl } , (2.4.7)

=)
S~
n
AN
e
S~—

Figure 2.1: An example of quantum circuit diagram.

2.4.3 Quantum Measurement

At the final stage of quantum computation, measurement is performed to extract classical infor-
mation from a quantum state. Measurement in quantum mechanics is inherently probabilistic,
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unlike deterministic classical computation. Measurements in quantum systems and their asso-
ciated outcome probabilities are given by the Born rule. For a quantum system in the state
|¥), when a measurement of a physical observable A is performed, the measurement outcome
is randomly obtained as one of the eigenvalues of A. The probability of observing a particular
eigenvalue a € R is given by

PrlA=a | |y)] = WM. lY), (2.4.8)

where M, denotes the projector onto the eigenspace corresponding to the eigenvalue a and
satisfies ), M;Ma = I. Such an operation is called a projective measurement.

The simplest example is the measurement of a quantum state in the computational basis.
This corresponds to a measurement defined by the operators M; = |x;) (x;|. When measuring
the state |i/), the probability of observing the bit string ; is given by

Pr(x;] = (| M; ) = |cil*. (2.4.9)

Thus, measurement outcomes follow a probability distribution determined by the overlap be-
tween the quantum state and the measurement operators. Therefore, the goal in designing a
quantum algorithm is to use a quantum circuit to amplify the probability amplitude of the states
corresponding to desired solutions and then perform measurement.

Next, we consider the estimation of the expectation value of an observable A. When the
observable A is a Hermitian operator with spectral decomposition A = }’,,, a,, M,,, The random
variable obtained by measuring A takes the eigenvalues a,, with probability distribution p(m).
The expectation value of A in a quantum state p is therefore expressed as

(A) = amp(m) = " anTe(Mpp) = Tr(Ap). (2.4.10)

m m

In experiments or quantum circuit executions, the same state p is prepared N times and measured
repeatedly. Using the eigenvalues {am,.}f\i , corresponding to the observed outcomes {mi}f\; 1>
the expectation value is estimated by the sample mean

N

-1
A= ;am[. (2.4.11)

This estimator satisfies E[A] = (A) and is therefore an unbiased estimator. Assuming that
the measurement outcomes are independent and identically distributed, its variance scales as
Var(A) = Var(a)/N, and thus decreases on the order of 1/N. In particular, when the spectrum
of the observable is bounded, the central limit theorem implies that A approaches a normal
distribution for large N, and the typical statistical error scales as O(1/VN). Consequently, in
order to estimate the expectation value with a desired precision €, one generally requires on the
order of N = O(1/€?) measurement shots. In summary, while the Born rule determines the
probability distribution of measurement outcomes and expectation values are defined as averages
with respect to this distribution, practical estimation is inherently a statistical inference problem
based on a finite number of measurements. As a result, there exists an intrinsic trade-off between
the number of measurement shots and the achievable estimation accuracy.
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2.5 Quantum Approximate Optimization Algorithm (QAQOA)

In this section, we provide a comprehensive overview of variational quantum algorithms and
introduce the Quantum Approximate Optimization Algorithm (QAOA) as a variant that is closely
related to the Ising model. We also present several advanced approaches related to QAOA.

2.5.1 Algorithm

Variational quantum algorithms (VQAs) were developed as an approach for achieving quan-
tum advantage on NISQ devices [24]. The core idea is a hybrid quantum-classical approach
that restricts the role of quantum computation to subroutines where an advantage is expected.
Specifically, a parameterized quantum circuit is executed on a quantum computer, while the
optimization of its parameters is delegated to a classical optimizer. This approach allows the
circuit depth to be kept shallow and thereby mitigates the impact of hardware noise.

A VQA begins by defining a cost function C that encodes the solution to the problem. As
in classical machine learning, the cost function maps trainable parameters to a real number. In
general, the cost function can be written as

C0) = f {l¥i)}.{0:},U(0)), 2.5.1)

where f is a function, U(0) is a parameterized unitary operator, and is also called a variational
quantum circuit or an ansatz. The set {|i;)} denotes input states, and {O;} denotes a set of
observables. The task is formulated as the minimization (or maximization) problem

0" = argmin C(0), (2.5.2)
0

and the ansatz is trained through a quantum-classical hybrid loop. More specifically, the quantum
computer is used to estimate C(6) (or its gradient), and 0 is trained using a classical optimization
method. The algorithm has a loop structure that repeats the following three steps:

1. Preparation of a quantum state: Starting from the initial state |0)®", a variational
quantum circuit is applied to generate a trial state:

[ (6)) = U(0)]0)*". (2.5.3)

2. Measurement and estimation of expectation values: For the trial state |(0)), the
Hamiltonian H is measured. Typically, H is expanded as a linear combination of Pauli
operators (X, Y, Z):

H=) cPr (Pie{l,X,Y,Z2}"). (2.5.4)
i
For each term P;, repeated measurements are performed, and the expectation value of
C(0) is computed by taking the sample average.

3. Classical optimization: The parameters @ are updated using an optimization algorithm
on a classical computer.
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The loop is continued until the change in C(6) becomes smaller than a threshold or until a
predefined number of iterations is reached.

The quantum approximate optimization algorithm (QAOA) is a type of VQA for solving
combinatorial optimization problems, proposed by Farhi et al. [30]. It aims to find the ground
state of a problem mapped to an Ising model, using the energy as the objective function. The
QAOA ansatz is inspired by quantum annealing (QA) [71,72], which is a method for searching
for the ground state of the problem Hamiltonian

Hp = - Z JiiZ:Zj - Z hiZ;, (2.5.5)
(i) i

by exploiting quantum fluctuations. Z; denotes the Pauli-Z matrix acting on site i. As a mixer
Hamiltonian with a trivial ground state, one prepares

Hy = - Z X, (2.5.6)

and the total Hamiltonian H(t) is slowly varied from Hj; to Hp as a function of time:
H(t) = A()Hy + B(1)Hp, (2.5.7)

where the time r € [0,7,] and the annealing schedules A(z) and B(f) are monotonic real-
valued functions that satisfy A(0) = 1, B(0) = 0, and A(T,) = 0, B(T,) = 1. By the adiabatic
theorem, if the system changes sufficiently slowly, a system initialized in the ground state of
Hjs remains in the instantaneous ground state of the Hamiltonian during the evolution [73, 74].
As a result, the ground state of Hp, namely the optimal solution, is obtained at the end of the
evolution. QAOA can be interpreted as a time-discretized approach to the adiabatic evolution in
QA. The time-evolution operator in QA is approximated, in a form analogous to a Suzuki—Trotter
decomposition, by alternating applications of time evolution under Hp and time evolution under
Hps (2.5.6). Concretely, for a quantum circuit with p layers, the state [ (7, 3)) is generated by
the following unitary transformation:

p

(v, B8 = U BN, UM, B) =] ](c®Hmeir) @ss8)

Jj=1

Here, |+)®" is the ground state of Hys (2.5.6), and v = (y1,.. yp)and B = (Bi,...,0Bp)
are variational parameters. Rather than performing an adiabatic evolution over physical time
as in QA, QAOA searches for an approximate solution by tuning the parameters (v, 3) using a
classical optimization method so as to minimize the expectation value (W/|Hp|y). It is known
that, in the limit p — oo, QAOA has sufficient expressive power to reproduce adiabatic quantum
computation [73].

2.5.2 Challenges

VQAs attracted substantial attention as a leading candidate algorithm for the NISQ era. However,
several studies have pointed out that they face serious technical challenges. One of the major
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bottlenecks in VQAs is the barren plateau (BP) phenomenon. For certain classes of quantum
circuits, the associated cost function has partial derivatives whose magnitudes vanish exponen-
tially with the system size on average [37]. This implies that the landscape becomes essentially
flat, so parameter updates based on gradients require an exponentially large measurement cost.
In particular, the increase in the number of measurements during the optimization process can
eliminate the potential quantum computational advantage of VQAs, making this issue crucial.

Ansatz Variants

One approach to overcoming BPs is to design an appropriate ansatz tailored to the problem at
hand. Highly expressive circuits such as a hardware-efficient ansatz [75] must optimize over a
vast cost landscape as a trade-off, and thus they are more likely to encounter difficulties such as
BPs [76]. Therefore, by using an ansatz specialized for a given problem, one can restrict the
search space.

For QAOA, the original ansatz was introduced as a time discretization of QA, as expressed
in Eq. (2.5.8). A more generalized framework is known as the Quantum Alternating Operator
Ansatz [77]. This framework alternates time evolutions under two Hamiltonians, Hp and
H),. While H), drives global transitions in the state space, it does not necessarily have to be a
transverse-field Hamiltonian (2.5.6), unlike in the original proposal. For example, for constrained
problems, there exist variants of Hjy; designed to induce transitions within a restricted search
space [78-81].

Alternatively, restricting the parameter space of the ansatz can also limit the search space. A
p-layer QAOA has only 2p parameters, which grow only linearly with the circuit depth p, and
there are further methods to reduce the number of degrees of freedom. For instance, by assuming
a linear ramp as in QA, the parameters can be expressed using only four variables [82-84].

Parameter Initialization

If the ansatz parameters are initialized at random, the algorithm may start from a point far from
the solution, near a local minimum, or in a region where BP exists. Therefore, selecting suitable
initial parameters can increase the likelihood that the optimization succeeds.

In particular, for QAOA, it is known that for problem instances sharing the same structure,
there can exist parameters (so-called “fixed angles”) that commonly yield a good cost function
[85-88]. By using such parameters as the initial values for optimization, one can expect a shorter
optimization process and a reduced risk of being trapped in local minima.

2.6 Hybrid Quantum-Classical MCMC

In this section, we introduce hybrid quantum-classical MCMC algorithms as a sampling-based
NISQ approach for drawing samples from the Boltzmann distribution of the Ising model, which
constitutes a central topic of this thesis. In this approach, the output distribution of a quantum
circuit is used as the proposal distribution in MCMC. The key idea is to exploit sampling from
a quantum circuit without explicitly computing its output distribution, which typically requires
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exponential time as the system size increases. In contrast, VQAs, which represent a conventional
approach on NISQ devices, extract the output of a quantum circuit as an expectation value of an
objective function. To suppress the statistical error of the expectation value to a required level,
a large number of measurements and steps are needed, and the impact of noise is substantial on
current NISQ devices. By comparison, hybrid quantum-classical MCMC directly uses samples
from a quantum circuit as proposed transitions, and therefore can reduce the number of circuit
measurements relative to VQAs. This is a highly desirable property on NISQ devices, where
circuit execution is costly and hardware noise is significant.

The original study is referred to as quantum-enhanced MCMC (Qe-MCMC) and was pro-
posed by Layden et al. [43]. In this method, a quantum circuit U is applied to a spin state s, and
a new spin state s’ is obtained by measuring the output state U |s) in the computational basis.
This sequence of operations defines the proposal distribution:

0(s" | s) = [(s'|U]s) |*. (2.6.1)

To avoid computing the output distribution explicitly, a symmetry condition U = U is im-
posed on the quantum circuit. This requires the proposal distribution to be symmetric, and the
acceptance probability reduces to that of the Metropolis algorithm:

0(s' | 8) = [{z'|U]z) |” = [ {z|U|z') |* = Q(s | §). (2.6.2)

In Qe-MCMC, time evolution under a time-independent quantum Hamiltonian associated
with Hp is used to generate proposals. The quantum circuit U that drives the proposal is given
by

U(u,t) = e H?, (2.6.3)
H(u) = (1 —u)aHp + uHy, (2.6.4)
and a time ¢, where
H
o = 1A e (2.6.5)
| Hp |l

is the normalization factor for Hy; and u € [0, 1] is a parameter that controls the relative weights
of both Hy; and Hp.

The algorithm flow is shown in Algorithm 1. In the original work [43], the tunable parameters
(u,t) are not optimized; instead, they are randomly chosen at each proposal step. It was shown
that parameters selected from an appropriate range yield sufficient performance. On the other
hand, a systematic method for parameter optimization has not been established, leaving room for
further improvement [44,45].

2.7 Summary and Discussion

In this chapter, as background to research on hybrid quantum-classical MCMC schemes, we
reviewed Boltzmann distribution sampling of the Ising model and MCMC algorithms, as well
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Algorithm 1 Quantum-enhanced MCMC (Qe-MCMC) [43]

Input: Initial spin configuration sg, Target distribution 7, MCMC iterations M
Output: Samples {s™)}M_

: function QuantumJume(s, U, )

1

2 Generate [iy) = U |s) on quantum device

3 s’ = result of measuring |¢) in computational basis
& Acminfl, 2

5: if A > Uniform(0, 1) then

6 return s’

7 else

8 return s

9 end if

10: end function

11: Initialize s(® « s
122m«0

13: for m < M do

14: u ~ Uniform(0.25, 0.6)
15: t ~ Uniform(2, 20)

16: s(m*+1)  QuantumIump(s™ U(u,1), n)
17: me—m+1
18: end for

as related approaches developed in the NISQ era, including QAOA and Qe-MCMC. The Ising
model and its Boltzmann distribution sampling constitute an important class of models with broad
applications extending beyond the original analysis of magnetism to combinatorial optimization,
machine learning, and related fields. However, both ground state search and distribution estima-
tion for such models are computationally extremely demanding tasks. MCMC is a representative
approximate algorithm for distribution estimation, in which sampling is achieved by constructing
a Markov chain through repeated steps consisting of proposal generation and acceptance or re-
jection. The proposal distribution is a crucial factor that determines the convergence properties
of MCMC, yet it has long been known that convergence deteriorates in complex models such as
spin glasses or in systems at low temperatures. In recent years, alongside advances in quantum
hardware, numerous attempts have been made to identify quantum advantages for tasks related to
the Ising model. A representative example is QAOA for ground state search. QAOA is a type of
VQA designed to be executable on NISQ hardware. Nevertheless, it suffers from issues such as
circuit optimization complexity and high measurement costs, and to date no clear advantage over
existing classical methods has been demonstrated on real hardware. Motivated by this situation,
hybrid quantum-classical MCMC schemes have been proposed as approaches better suited to
NISQ hardware. In these schemes, the output distribution of a quantum circuit is utilized as a
proposal distribution, while the role of quantum computation is restricted solely to sampling.
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This design mitigates the disadvantages inherent to variational quantum algorithms and yields
features that are more favorable for execution on NISQ hardware.

As a supplementary remark, quantum algorithms for Boltzmann distribution sampling have
been studied for many years, and several representative algorithms exist for which computational
advantages have been theoretically demonstrated [89-97]. These approaches construct quantum
Markov chains for quantum Hamiltonians, and in some cases also for classical Hamiltonians,
in order to perform sampling or estimate physical observables. However, all of these methods
assume a FTQC architecture as their operating environment. Consequently, they cannot be
executed in the NISQ era that is the focus of this thesis.

Based on the above considerations, hybrid quantum-classical MCMC has the potential to
become a promising approach for solving academically and industrially important problems
using real hardware in the NISQ and post-NISQ eras. However, as mentioned at the end of
Section 2.6, the original work (Qe-MCMC) suffers from several challenges. In particular, the
two challenges addressed in this thesis are summarized below.

1. Lack of circuit optimization methods: Hybrid quantum-classical MCMC is fundamentally
different from VQAs and does not possess a systematic optimization mechanism comparable to
that of VQAs. Although this algorithm also requires parameter tuning to accelerate MCMC
convergence, an effective method for doing so is nontrivial. In Qe-MCMC, heuristic parameters
obtained by pretesting the quantum circuit U (u, t) are employed.

2. Restrictions on quantum circuits: Qe-MCMC introduces symmetric circuits satisfying
U = UT as a means to avoid explicit computation of the quantum proposal distribution Q.
However, this requirement implies that the class of circuits that can be used as proposals is
significantly restricted.

These two challenges constitute major obstacles to applying hybrid quantum-classical MCMC
schemes to a wide range of practical problems and undermine their potential effectiveness.

In the subsequent chapters, we present solutions to these two challenges. In Chapter3, we
address the first challenge by proposing a new method for optimizing quantum circuits used
as proposal distributions. We define an objective function that can be estimated within the
MCMC framework and design an algorithm based on a newly parameterized quantum circuit
together with an associated optimization loop. In Chapter 4, we address the second challenge by
introducing a classical surrogate model that approximates the output distribution of a quantum
circuit, instead of directly using the quantum circuit as the proposal distribution. In this study,
we focus on Boltzmann distribution sampling of the Ising model, employ QAOA circuits as
proposal distributions, and use a neural network for distribution estimation, specifically a masked
autoencoder for distribution estimation (MADE), as the classical surrogate model.
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Chapter 3

Optimization of Quantum Proposals
Inspired by QAOA

This chapter presents our first study on improving hybrid quantum-classical MCMC. We propose
a method for optimizing quantum circuits in order to accelerate the convergence of MCMC. In
the original work, the relationship between quantum circuit parameters and MCMC convergence
had not been clearly understood. By introducing a new objective function that directly reflects
MCMC convergence properties, we demonstrate an effective acceleration of hybrid quantum-
classical MCMC. This chapter is based on [Y. Nakano, et al., Phys. Rev. Res. 6, 033105 (2024),
Achievement 1] with modifications to fit the context.

3.1 Introduction

The number of qubits in current quantum computers is limited. They hence lack the capacity
to implement quantum error correction, rendering them vulnerable to noise. These emerging
systems are known as Noisy Intermediate-Scale Quantum (NISQ) devices [15]. These devices
have successfully demonstrated the superiority of quantum computers over classical computers
in practice: “‘quantum supremacy” [24,26]. For practical applications, Variational Quantum
Algorithms (VQAs) [28] have emerged as a promising approach to utilize NISQ devices. VQAs
run parameterized quantum circuits (known as variational quantum circuits) on NISQ devices
and optimize the parameters using an objective function that is expressed by the expectation value
of an observable with respect to the output distribution. This approach keeps the quantum circuit
depth shallow because the optimization is performed on classical computers. Some algorithms
based on the VQA framework have been proposed for quantum chemistry [29], combinatorial
optimization [30], and machine learning [98,99]. Unfortunately, existing VQAs have not yet
demonstrated a quantum advantage over the state-of-the-art classical approaches for solving those
problems. A possible weakness of these algorithms is their use of expectation values of operators.
This requires us to run quantum circuits many times to suppress statistical errors. Furthermore,
since optimization using the expectation value is performed iteratively, the total runtime can be
prohibitively large [100-102].
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In contrast, algorithms that utilize each sampling output from quantum circuits may be
more suitable for making use of NISQ devices. For example, Random Circuit Sampling (RCS)
used to demonstrate quantum supremacy in NISQ devices is the task of sampling from the
output distribution of a random quantum circuit [103] and is shown to be classically hard under a
plausible conjecture [22]. Sampling from Instantaneous Quantum Polynomial (IQP) circuits [23]
and random linear optical circuits [21] are other famous examples whose classical hardness is
strongly believed. These examples motivate us to develop algorithms that fully exploit each
sampling outcome from NISQ devices.

The quantum-enhanced Markov chain Monte Carlo (Qe-MCMC) method [43] is one of
these algorithms, which uses samples from a quantum circuit as the proposal distribution in the
Metropolis—Hastings method [59]. Markov chain Monte Carlo (MCMC) [58, 59] is a powerful
technique for sampling from computationally difficult distributions such as the Boltzmann dis-
tribution and has many applications in statistical physics [104], combinatorial optimization [56],
and machine learning [105]. The Metropolis—Hastings method, one of the MCMC methods,
consists of two steps: the generation of a sample by the proposal distribution and the acceptance
or rejection step for this sample. Since the proposal distribution determines the efficiency of the
algorithm, using the proposal distribution generated by a quantum computer, including distribu-
tions that are difficult to simulate on classical computers, can improve the convergence speed of
MCMC over existing ones. The Qe-MCMC employs a distribution defined by a classically in-
tractable quantum state as its proposal. The circuit proposed in Ref. [43] is expressed as the time
evolution governed by a time-independent Hamiltonian. However, when running it on quantum
computers, the time evolution has to be decomposed using the Suzuki—Trotter expansion [106],
which increases the circuit depth when the evolution time is long. In addition, the quantum
circuits and their parameters are selected heuristically, and the strategy to construct a quantum
circuit that improves the convergence speed of MCMC remains unclear.

In this chapter, we propose a new MCMC method called Quantum Alternating Operator
Ansatz Monte Carlo (QAOA-MC). This algorithm uses a fixed-depth parameterized quantum
circuit in the form of the so-called Quantum Alternating Operator Ansatz (QAOA) [77] as the
proposal distribution. We thereby aim to suppress the increase in circuit depth regardless of
the choice of parameters. Furthermore, we construct a systematic strategy to optimize the
circuit to improve the convergence speed by examining the relationship between the spectral
gap and the acceptance rate (AR) of the proposal distribution. More precisely, we find that
MCMC can be accelerated by minimizing AR after properly limiting the parameter range and
reducing the number of circuit parameters. Through numerical experiments, we evaluate the
performance of QAOA-MC for the Boltzmann distribution of a spin glass model, which is one
of the most challenging systems to simulate due to its complex energy landscape and slow
relaxation dynamics. As a result, we show that QAOA-MC achieves a near-quadratic speed-up
in the convergence speed compared to the proposal using the uniform distribution. Additionally,
we demonstrate QAOA-MC through the estimation of the average magnetization in a spin glass
consisting of 15 spins. These results suggest an acceleration of MCMC using NISQ devices and
contribute to promoting the use of current NISQ devices.

The rest of this chapter is organized as follows. Section 3.2 outlines our scheme: QAOA-MC.
There, we propose utilizing a parameterized quantum circuit for MCMC proposals and provide
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guidance on optimizing the circuit. In Section 3.3, we describe the details of the numerical
experiments and their results. Finally, a conclusion and future perspectives are presented in
Section 3.4.

3.2 QAOA-MC

We propose to use a parameterized quantum circuit with a fixed depth as the proposal distribution
of MCMC, and to optimizing this circuit based on the MCMC acceptance rate. We call this
method Quantum Alternating Operator Ansatz Monte Carlo (QAOA-MC). An overall view of
this algorithm is shown in Fig. 3.1.

1. MCMC simulation with parametrized quantum proposal (Qe-MCMC)

Propose a new state with U(6;) Accept or reject the proposal
A(s' | s® 1— A(s' | s®
] : (&™) Metropolis- (s
[s®) s — Hastings
|
gt+1) — o gt — g(®)
i i+1 ‘ MCMC samples

3. Optimize the quantum circuit 2. Estimate the objective function

minimize AR(6;) R ) )
o= 2 E o
subject to 0 < 60; < Oppax =0

Figure 3.1: Schematic illustration of the QAOA-MC algorithm.

3.2.1 Parametrized Quantum Proposal

We apply the Quantum Alternating Operator Ansatz (QAOA) [77] to the structure of the circuit
that generates MCMC proposals. Concretely, this circuit is defined as follows:

U=V(.B)V(H.0), (3.2.1)

where V (v, 3) is the p-layer QAOA ansatz (2.5.8). It is shown in Fig. 3.2. The quantum circuit
U in Eq. (3.2.1) has a similar structure to Eq. (2.6.3). However, unlike the circuit implementation
in Eq. (2.6.3), this circuit is more NISQ-friendly because the circuit depth is fixed. The initial
state |s) is expected to be updated globally through Hjs and Hp is responsible for proposing a
transition respecting the energy landscape of the system. The generated probability distribution
Q(s’|s) includes those that are classically difficult to simulate and may realize acceleration of
the convergence compared to existing proposal distributions.



30 Chapter 3. Optimization of Quantum Proposals Inspired by QAOA

@ (b)
U (o) Us®) Us®)
T ] {Rx )} — =R} -
v v 'l WEXO ey 7 O vy

repeat p times

Figure 3.2: Parameterized quantum circuit used in the MCMC proposal. This structure of the
circuit is inspired by QAOA, but is designed to satisfy the symmetry constraint that Qe-MCMC
requires regarding arbitrary parameters, which is slightly different from the original QAOA.

3.2.2 Optimization of Quantum Proposal
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Figure 3.3: The relationship between the circuit parameter 8, AR and the spectral gap ¢ in a
typical instance. The right figure is an enlarged image of the area around the smallest parameter
6* among those taking AR minima in the left figure. In many cases, 6* gives a large spectral gap.
In these figures, we use a fully connected Ising model (2.2.2) with n = 5. Coefficients {/;;} and
{h;} are randomly generated from the normal distribution N (0, 1).

Next, we explain how to optimize the proposal distribution generated by the proposed cir-
cuit (3.2.1) to achieve faster convergence. One might think that we can use the spectral gap
0 (2.3.11) which directly determines the convergence speed as an objective function to max-
imize. However, computing ¢ requires solving for the eigenvalues of a transition probability
matrix P with a size of 2" x 2" for a system of size n and is not feasible. The objective function
must be a quantity that reflects the convergence speed of MCMC and is easily computable. We
find that the MCMC acceptance rate can be used as the objective function after some numerical
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experiments. The acceptance rate (AR) [107] is defined as:
AR = Z 7(8)Q(s'|8)A(S|3). (3.2.2)

s,8’eS

This formula includes 7 (s), making it difficult to be calculated directly. However, it can be
efficiently estimated by performing MCMC on 7 (s). We estimate AR using M MCMC samples
as follows:
e LS 40D | )
AR = — Z (sU*D ] sW), (3.2.3)
Jj=0
where s(/) represents the state at the j-th step of the MCMC.

After experimenting with the Boltzmann distribution for various Ising models, we have
discovered a relationship between AR and the spectral gap 6. Figure 3.3 illustrates the relationship
between ¢ and AR in a typical Ising model instance. In this experiment, we use a single-parameter
circuit U(6) which is defined by setting the parameters in Eq. (3.2.1) as

Gzﬁlz---:ﬁp:’yl:---:’yp,

Figure 3.3 shows that although there is usually no correlation between AR and ¢, a correlation
exists for small 6, where ¢ increases as AR decreases. It continues until the AR reaches a local
minimum, which is often a local maximum value of . Based on these observations, we optimize
U(6) by searching for a small 6 that achieves the locally minimal AR.

There are several reasons for AR minimization in QAOA-MC optimization. Firstly, the
optimization process initiates near § = (0. At this point, for the Metropolis-Hastings method,
the proposal distribution is maximized with AR = 1, yet it corresponds to the “delta-function”
proposal which proposes the same state as before, rendering it the most inefficient proposal [108].
Consequently, in most instances, directing the search toward minimizing AR tends to significantly
enhance convergence speed. Given these observations, it is reasonable to optimize the system
with the aim of moderately reducing the AR value. The reason why AR local minima near
the origin lead to effective global convergence speed remains an open question. While we
expect that these considerations will remain valid when multiple parameters are involved, such
an optimization becomes increasingly challenging as the dimensionality of the parameter space
grows. Therefore, in this study, to maintain simplicity, the single parameterization is employed. It
is important to note that our observation is given for the classical Ising model, and its applicability
to other models remains still open.

The full procedure of QAOA-MC is summarized in Algorithm 2, and a schematic illustration
of the overall process is shown in Fig. 3.1. We perform a search for the local minimum value
of AR by restricting the search range to 8 € (0, Omax]. Omax 1S set as a hyperparameter in our
optimization method.

3.3 Numerical Experiments

In this section, we evaluate the performance of QAOA-MC through the Boltzmann distribution
associated with the fully connected spin glass model. This model is defined within the framework
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Algorithm 2 QAOA-MC

Input: Initial spin configuration sg, Target distribution 7, MCMC iterations M, M’
Output: Samples {s(””‘)}n";":1

1: function AREstimaTorR(U, 1, M)
2 Initialize s(®
3 m,AR « 0
4 for m < M’ do
5: s(m+1)  QuantumIump(s™ U, )
6 A < min {1, M}
(s(m))
7 AR «— AR+ A/M’
8 m—m+1
9 end for

10: return AR
11: end function

12: Step 1: Optimization of parameter by minimizing AR
13: 6 < 0.01

14: while 6 not converged do

15: AR(6) «— AREstivartor(U(0), 7, M’)

16: Optimize 6 using AR(6)

17: end while

18: 6 «— 6

19: Step 2: MCMC simulation

20: Initialize ¥ « s

21: m«— 0

22: for m < M do

23: s(m+1)  QuantumIume(s™ U (6%), 1)
24: me—m+1

25: end for
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of the Ising model (2.2.2) and is given as follows:

n n
Hp(s) == > Jjsjse— ) hys, (3.3.1)
j=1

1<j<k

in which the coefficients {J;} and {h;} are independently drawn at random from a normal
distribution A (0, 1). In what follows, we present numerical experiments for this model and
provide an analysis of the results.

3.3.1 Spectral Gap

First of all, to investigate the performance of QAOA-MC, we analyze the absolute spectral gap
6 of the Boltzmann distribution u(s) for fully connected spin glass instances of various sizes
n. The temperature of the Boltzmann distribution is set to 8 = 10.0. We prepare 500 random
spin glass instances (3.3.1) and calculate ¢ for each u(s). The average convergence speed (5)
for a model size of n is obtained from these 500 ¢ values. This is done for each 3 < n < 10 to
investigate the relationship between n and (6). In this numerical experiment, we compare the
QAOA-MC proposal to three proposal distributions: SSF (local) update, uniform update, and
“random circuit”’. The random circuit corresponds to a distribution defined by Eq. (3.2.1) with a
randomly chosen parameter 8 € [0, 2r] to verify the improvement of convergence speed through
optimization. AR is calculated exactly by Eq. (3.2.2).

10"
- 10° T 4§ QroAMC
& 1073 [ ) $ (optimized)
2 s QAOA-MC
g 10 (random)
é 10° L ] ¢  Uniform
? 10°¢ ¢ Local

107 I

3 4 5 6 7 8 9 10
Number of spins n

Figure 3.4: Numerical simulation results for the absolute spectral gap ¢ of the Boltzmann
distribution at 8 = 10.0 for fully-connected Ising model instances. Relationship between model
size n and average convergence rate (5). “QAOA-MC (random)” uses the randomly chosen
parameter 6 € [0, 2rr] in the parameterized quantum circuit (Fig. 3.2).

Figure 3.4 shows the relationship between n and (d) obtained from the numerical experiment.
The points represent (6) computed using 500 random instances at each value of n. The error
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Figure 3.5: Percentage of cases where QAOA-MC surpasses other methods in convergence speed
é.

bars represent the standard deviations computed over 500 § values. Although (§) decreases as
n increases for all methods, QAOA-MC shows a slower rate of decrease compared to the others
and is superior in terms of (5). We fit (§) by 27%" with a parameter k and show the result as
straight lines in Fig. 3.4. The approximation curves fit the data well except for the local update.
The fitting is calculated using the least squares method. Table 3.1 displays the scaling factor &
for these curves. Uncertainties in Table 3.1 are obtained from the covariance matrices obtained
in the fitting process. QAOA-MC has a scaling factor k approximately 1/1.89 times that of the

Table 3.1: The value of the scaling factor k obtained by fitting (5) with 274",

Proposal k Ratio to Uniform
QAOA-MC(optimized)  0.521(6) 1.89(2)
QAOA-MC(random) 0.926(9) 1.06(1)
Uniform 0.9869(11) 1

uniform update, which represents an approximately quadratic acceleration in terms of {(§). On
the other hand, the results of the “random circuit” are almost identical to those of the uniform
update, suggesting that this acceleration is due to the optimization of the circuit.

Although QAOA-MC optimizes a parameter based on the observation that a local minimum
of AR often gives a local maximum of ¢, it does not always hold for all instances. To see the
effect of this imperfect assumption, we show the percentage of instances for which QAOA-MC
surpasses the ¢ of other methods for each size n in Fig. 3.5. The percentage of instances in
which QAOA-MC is dominant increases with increasing n. For n > 7, QAOA-MC outperforms
the others in more than 90% of the 500 instances, making it the best-performing proposal in
this experiment. This result indicates that our optimization method, which searches for a local
minimum of AR for small values of 8, works for many instances.
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Figure 3.6: Relationship between model size n and average convergence rate (J) as a function
of the number of MCMC samples M used for AR estimation. The dotted line represents the
“QAOA-MC (random)” result in Fig. 3.4.

3.3.2 Optimization with MCMC Estimator of AR

We now examine the impact of MCMC estimation of AR on the performance of QAOA-MC.
Since this algorithm must use an MCMC estimate to obtain AR in practice, the objective function
contains statistical errors that could adversely affect the convergence performance. We analyze
the relationship between the number of samples used in AR estimation and the performance. The
numerical experiments performed here are under the same setup as discussed in Section 3.3.1
unless otherwise stated. AR is estimated from M samples, which are obtained through MCMC
as described by Eq. (3.2.3). We set M to 8, 32, 128, and oo (where AR is calculated directly
from the target distribution via Eq. (3.2.2)) and optimize 8. Note that in the AR estimation, the
MCMC simulations start from a random initial configuration, and no post-processing techniques,
such as burn-in, are employed. Then, using the optimized 6, we calculate the absolute spectral
gap ¢ for the same instances used in Section 3.3.1. When using MCMC estimators, the L-BFGS-
B method cannot be used as the optimization method because the objective function contains
statistical errors. Here, we employ the bisection method for optimization, taking advantage of
the fact that we only have a single parameter 6. In the numerical experiments, we used Brent’s
method [109], which is implemented by Scipy. The circuit and the hyperparameter settings are
the same as in Section 3.3.1.

Figure 3.6 displays the relationship between M and resulting (§). Table 3.2 shows the
scaling factor k for the approximate curves obtained by the same fitting in Fig. 3.4. As M
becomes smaller, the standard deviation of (&) increases and the scaling factor k deteriorates
at the same time. This is because decreasing M results in a less accurate AR estimate. This
then leads to poor optimization, making the result close to the outcomes of “random”. On the
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Table 3.2: The value of the scaling factor k of the approximate curve (§) ~ 27¥"* in QAOA-MC,
as M varies.

Number of samples M k Ratio to Uniform
o0 0.538(6) 1.834(19)
128 0.5615(26) 1.758(9)
32 0.592(6) 1.668(17)
8 0.629(6) 1.568(15)

other hand, if M is large enough, Brent’s method can be used to achieve a performance that is
nearly the same as that attained by the L-BFGS-B method. Note that the size of a sufficient M
in QAOA-MC is much less than the number of measurements used for a single evaluation of an
expectation value in VQAs. Additionally, once the parameters are optimized, only a single-shot
measurement from the optimized circuit is required for each step of the MCMC.

3.3.3 Magnetization Estimation

Finally, we conduct numerical experiments with QAOA-MC by estimating a physical quantity,
the average magnetization (m) of the Ising model. The average magnetization, defined in the
context of the Boltzmann distribution u(x), is expressed as:

(my =) u(s)m(s), (3.3.2)

where m(s) = % ?:1 s j denotes the magnetization of a state s. In this numerical experiment, we

estimate the average magnetization of an n = 15 fully connected spin glass instance with respect
to the Boltzmann distribution at 8 = 1.0. The Boltzmann probabilities for the ground, first,
second, and third excited states (Ey, E1, E; and E3) are approximately 45.0%, 39.3%, 8.6%, and
4.8% respectively, resulting in a multimodal distribution with large probabilities corresponding
to several low-energy configurations. Notably, this instance features several energy minima, each
separated by considerable Hamming distances. As a result, MCMC for such an instance faces
significant challenges in transitioning frequently between these distant energy minima, a task
that proves difficult for traditional classical proposal distributions.

We simulate not only an ideal quantum computer but also examine the effects of noise on the
convergence performance of MCMC. Various implementation methods for quantum computers
exist, and noise models can vary significantly among them.

For our simulations, for simplicity, we employ one of the most commonly employed noise
models, namely depolarizing error, and observe how noise impacts the MCMC convergence
performance. For instance, a single-qubit gate is followed by a single-qubit depolarizing error:

D(p) = (1= po)p + %(XpX+YpY+ZpZ). (3.3.3)

Here, p. denotes the gate error probability, with Pauli operators X, Y, and Z acting on a quantum
state p with equal probability. The two-qubit gate error is also similarly introduced by using the
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Figure 3.7: Estimation of the average magnetization (m) using MCMC. (Top) The relationship
between the number of MCMC steps and the estimated value 2. (Bottom) The absolute difference
between the mean of the estimated value /m and the true value {(m).
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two-qubit depolarizing noise with error probability p.. While actual devices encounter various
other types of noise, this study simplifies the analysis by not delving into additional details. In
this experiment, We set the error probability to p, = 1.0 x 1072,5.0 x 1073, 1.0 x 1073, which
is feasible with the current quantum computers.

In the experiment, optimization is conducted as previously described, utilizing AR estimated
from MCMC samples. We employ Brent’s method for this optimization. The number of
samples used for AR estimation is set to M = 10°. All optimization processes are computed
through noise-free simulations, while noise simulations are conducted for the MCMC using the
optimized parameter 6*. The MCMC simulations begin from a spin configuration randomly
selected according to a uniform distribution, and each of the 10 simulations runs for 10* steps,
with each simulation starting from a new initial configuration.

Figure 3.7 presents the MCMC estimation results for the average magnetization (m). The
solid lines depict the average of running averages m, derived from 10 independent Markov chains
at each step. The shaded bands around these lines indicate their standard deviations, illustrating
the variability among the chains. The dotted line in Fig. 3.7 represents the true value of (m),
which has been calculated from the target distribution u(s). It is clear from the QAOA-MC
results that the running average /m converges more rapidly to the true value compared to other
methods, under both noisy and noise-free conditions. Additionally, the standard deviation of m
within this algorithm remains low and stable throughout the simulations. In the presence of noise,
observations indicate that the convergence speed decreases with the increasing error probability
Pe. Simultaneously, it is also observed that when p. is sufficiently small, the advantage over
classical proposals, such as the uniform proposal, still remains. In practical devices, there may be
additional factors not accounted for in this experiment that could adversely affect the algorithm’s
performance. Notably, the presence of biased noise could disrupt the symmetry of the circuit.
Nevertheless, this issue can be mitigated through the use of a noise-averaging technique known
as Pauli Twirling [43,110-112]. While this experiment does not consider such factors, and the
implementation of twirling could potentially further impact performance, it is anticipated that
this method would still substantially improve upon traditional classical proposal distributions.

3.4 Conclusion

In this chapter, we proposed QAOA-MC, which uses samples from quantum circuits in the
form of QAOA as the proposal for MCMC. Quantum computation is used only for proposing
transitions, and the other parts of the algorithm are executed on classical computers, which makes
the algorithm feasible on current NISQ devices. We introduced the use of a QAOA-type circuit to
realize the algorithm with shallow circuits. Furthermore, we showed that the convergence speed
of MCMC can be improved by finding a local minimum of the AR. As shown in the numerical
experiments, QAOA-MC confirmed an approximately quadratic speed-up in the absolute spectral
gap for the Boltzmann distribution in a spin glass, when compared to the uniform distribution.
Some future directions are in order. First, the circuit in Fig. 3.2 originally has multiple
parameters that could be further tuned to achieve a better proposal distribution. However, the
optimization of multiple parameters using AR did not work in our trials. Building more advanced
optimization methods remains a possible future work. Additionally, the results of the numerical
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experiments in this study are based on the assumption of a quantum computer operating under
an ideal or simplified noise model. It is unclear whether the acceleration can be achieved on real
NISQ devices.
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Chapter 4

Neural-Network-Assisted Monte Carlo
Sampling Trained by QAOA

This chapter presents our second study on improving hybrid quantum-classical MCMC. We
propose a new hybrid framework that combines quantum circuits with neural-network-based
distribution estimation. To address the limitations imposed by the restricted set of quantum
circuit architectures available on NISQ devices, we introduce a classical neural network that
approximates the output distribution of a quantum circuit. This approach alleviates circuit-
related constraints while preserving the benefits of quantum-generated proposals. This chapter is
based on [Y. Nakano, K. N. Okada, and K. Fujii, PRX Quantum (2026) (in press), Achievement
2] with modifications to fit the context.

4.1 Introduction

Quantum computers are widely anticipated as the next generation of computing devices, as they
are capable of solving certain problems faster than known algorithms on classical computers
[4,5,10,113]. However, current Noisy Intermediate-Scale Quantum (NISQ) devices [15] lack
the capability to implement full quantum error correction, which makes it difficult to execute these
algorithms with theoretically proven quantum speedups. Still, these devices possess the potential
to outperform classical computation, as experimentally demonstrated by the achievement of
“quantum computational supremacy” [24-26], and active efforts have been made to leverage
this capability for practical tasks. Variational Quantum Algorithms (VQAs) [28] are the leading
strategies to obtain a quantum advantage on NISQ devices. These methods heuristically find
solutions by optimizing objective functions based on results from parameterized shallow quantum
circuits and then updating parameters using classical optimization methods. For example, the
Quantum Approximate Optimization Algorithm (QAOA) [30] is one of the most promising
VQA:s for solving combinatorial optimization problems by searching for the ground state of an
Ising model that encodes the problem. While VQAs have achieved significant success in the
NISQ era [29, 30,98, 99], most methods that employ expectation values of Hamiltonian as the
objective function remain impractical for real-world applications. This is primarily due to the
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large number of measurements required as circuit size and noise increase [101], as well as the
existence of barren plateaus in the optimization [37].

The fundamental source of quantum advantage lies in its ability to generate states that are
difficult to produce classically, by operating in a Hilbert space that grows exponentially with
system size, and to sample classical bitstrings by measuring them. Indeed, random circuit
sampling [103], which is used to demonstrate quantum supremacy [22,24], relies on these
facts. On the other hand, if one is only interested in evaluating expectation values, then even
for large-scale quantum circuits, classical simulation can be performed efficiently as long as
the spread of correlations remains limited [114, 115]. This observation suggests a promising
usage of NISQ devices as a sampler to generate certain probability distributions, instead of an
estimator of expectation values. With this in mind, a hybrid quantum-classical algorithm known
as Quantum-Selected Configuration Interaction has recently been proposed [41] and large-scale
demonstrations using quantum hardware have already been conducted [42].

Another approach in this direction is hybrid quantum-classical MCMC [43], which uses a
quantum circuit as the proposal distribution in Markov chain Monte Carlo (MCMC) [58, 59].
Sampling from the quantum circuit produces new transitions for the Markov chain, and the accept-
reject step is performed classically based on the acceptance probability between transitions. The
key idea is to take advantage of quantum circuit sampling without explicitly calculating its output
distribution, which typically requires exponential time as system size increases. Existing works
implement the idea by selecting a symmetric circuit U = UT, which can avoid the calculation
of the output distribution entirely. However, this complicates the understanding of how the
circuit influences the acceptance probability, making it difficult to control the convergence
rate [44,45,116].

In this chapter, we investigate a hybrid quantum-classical MCMC framework that integrates
quantum circuit sampling with a generative neural sampler (GNS) [117-119] to overcome existing
limitations in these approaches. Unlike existing methods that impose symmetry constraints on
the quantum circuit to avoid calculating output distributions, this approach uses a GNS as a neural
surrogate model that approximates the output distribution in a computationally tractable form.
This eliminates the need for restrictive circuit structures and enables the use of arbitrary quantum
circuits as proposal distributions. Consequently, this study expands the applicability of the hybrid
quantum-classical MCMC to a broader class of target distributions while retaining compatibility
with NISQ devices. By enabling flexible and efficient quantum sampling, this framework paves
the way for practical applications in domains such as statistical physics, machine learning, and
combinatorial optimization.

We focus on Boltzmann sampling for the Ising model using a proposal distribution generated
by a QAOA circuit, which does not satisfy the symmetry constraint and thus lies outside the
scope of existing methods. It has been shown that the output distributions of shallow QAOA
circuits can approximate low-temperature Boltzmann distributions that include contributions
from several excited states [120-122]. A GNS trained on such QAOA outputs can induce
transitions weighted toward low-temperature Boltzmann distributions, where long convergence
times are typically a bottleneck, thereby enabling more efficient MCMC simulations. Moreover,
shallow QAOA circuits are well suited for implementation on NISQ devices, while sampling from
them remains intractable for classical computers [123]. We demonstrate the performance of the
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proposed method on the Boltzmann distribution of fully-connected spin glasses. The spectral
gap of the proposed method remains superior to that of the classical proposals as the system
size increases. The proposed method achieves a polynomial speedup (over cubic) compared
with the uniform distribution, particularly at low temperatures (8 > 5.0). In magnetization
estimation, we show that the method constructs a proposal distribution that approximates the
Boltzmann distribution at low temperatures, allowing transitions in complex energy landscapes
where the single spin-flip (SSF) update struggles and ensuring unbiased sampling. In particular,
the use of well-chosen initial parameters, known as “fixed angles” [85-88], can obviate the
need for parameter optimization, allowing the method to be deployed without costly variational
procedures. Through numerical experiments, the proposed method with fixed-angle QAOA also
surpasses the classical proposals. This feature may facilitate practical applications that leverage
the computational power of NISQ devices with a realistic number of circuit executions.

The rest of this chapter is organized as follows. In Section 4.2, we introduce a generative neural
sampler (GNS). Section 4.3 provides a hybrid quantum-classical MCMC algorithm integrating
QAOA with GNS, which is named QAOA-NMC. Section 4.4 presents numerical experiments
demonstrating that the proposed sampler improves convergence compared to existing methods
and offers several additional advantages. Finally, Section 4.5 concludes this chapter and discusses
future directions.

4.2 Generative Neural Sampler

Neural networks can infer an underlying unknown probability distribution from a given dataset,
a task known as distribution estimation that has been studied for decades. Generative neural
samplers (GNSs) employ this capability by sampling from the probability distribution learned by
these neural networks. One of the earliest examples in this field is the Boltzmann machine [124].
In particular, the development of restricted Boltzmann machines (RBMs) [125] and gradient-
based methods such as contrastive divergence [126] has made it feasible to avoid enumerating
exponentially large state spaces, thereby reducing computational costs. However, distributions
whose normalization constants are hard to compute, such as the Boltzmann distribution, remain
challenging for RBMs. More recently, Neural Autoregressive Distribution Estimators (NADE)
[117,118] have proven effective for this task. These models offer greater ease of use and higher
computational efficiency compared to conventional approaches.

In this study, we focus on the Masked Autoencoder Distribution Estimator (MADE) [119],
which is a variant of NADE. MADE is a distribution estimator that uses an autoencoder. An
autoencoder [127] is a feedforward network designed to produce an output vector ¥y that closely
matches the input vector . The main objective is to capture the underlying structure of the
distribution from which the input data are drawn, thereby learning representations that can
efficiently generate new samples from the same distribution. An autoencoder generally consists
of an input layer, one or more hidden layers, and an output layer. A network with a single hidden
layer can be written as

h=g(Wx+b) 4.2.1)
y =sigm(Vh +c), (4.2.2)
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Figure 4.1: An example of a MADE network with a single hidden layer. By applying a binary
mask (shown on the right) that restricts certain connections, the model obtains autoregressive
properties absent in a standard autoencoder. The gray paths in MADE represent connections that
are removed by the mask.

where W and V' are weight matrices, b and c are bias terms, and g denotes the activation
function. The sigmoid function sigm(a) = 1/(1 + exp(—a)) is applied at the output layer.

MADE augments this autoencoder network with an autoregressive property to facilitate
efficient distribution estimation. Any joint distribution can be factorized into a product of
conditional probabilities:

D
p@) =] | pGosl®o.,) (4.2.3)
d=1
where o, specifies the ordering of the variables as a permutation of {1, --- , D}. Autoregression

imposes dependencies among the output-layer variables, allowing the joint distribution to be
computed as the product of the network outputs. To implement this, masks MW and MV are
introduced to constrain the network connections. Consequently, a single-hidden-layer MADE
can be expressed as

h=g ((MW W)z + b) (4.2.4)
Yy = p(xo, = l|To_,) = sigm ((MV -V)h + c) (4.2.5)

Figure 4.1 illustrates a case of a MADE network with a single hidden layer and the masks defined
by Eqgs. (4.2.4), (4.2.5). The network is trained by minimizing the cross-entropy loss:

D
l() = ) {~xqlogya - (1 - x4) log(1 - ya)} (4.2.6)
d=1



4.3. QAOA-NMC 45

which is equivalent to the negative log-likelihood of p(x). In practice, the loss function can be
optimized via stochastic gradient descent, such as Adam [128].

Recently, a strategy that integrates machine learning into MCMC has been proposed in the
field of statistical physics, involving global updates through GNS that approximate the target
distribution [129-131]. These neural proposals enable model-specific global updates by training
a GNS to learn an auxiliary distribution that closely approximates the target. A major challenge
of using the GNS as a proposal distribution lies in learning the target distribution. There are
two primary strategies for this task: maximum likelihood estimation [130] and learning based
on variational energy minimization [129, 132]. In maximum likelihood estimation, the model
is trained on samples that closely approximate the target distribution, adjusting parameters to
maximize the likelihood of the data. This approach depends heavily on the quality of the dataset,
and it faces the difficulty of preparing samples that are sufficiently close to the target distribution
when the latter is hard to sample from. Ref. [133] demonstrated that although a GNS trained with
high-temperature SSF samples can be gradually refined through “sequential annealing” [130] to
approximate the low-temperature Boltzmann distribution, the results reveal that it is not possible
to obtain samples of sufficient quality in the low-temperature regime. In contrast, learning
based on variational energy minimization does not require training samples. However, this
method often suffers from mode collapse, where only a subset of the multiple peaks of the target
distribution is learned. While this issue may not be severe for models where only a few dominant
modes exist (e.g., a two-dimensional Edwards-Anderson model), it becomes a critical limitation
for distributions with highly complex energy landscapes, such as spin glasses [133, 134].

43 QAOA-NMC

We present a hybrid quantum-classical MCMC algorithm that integrates GNS with quantum
circuits. In this approach, GNS, which approximates the output distribution of the quantum
circuit, serves as the proposal distribution for MCMC. Specifically, we propose using QAOA for
the Boltzmann sampling of spin glasses.

4.3.1 Algorithm

The algorithm based on QAOA operates as follows. First, QAOA is executed, and samples are
drawn from its final state. Although QAOA parameters typically require variational optimization,
this computational cost can be significantly reduced or even avoided entirely by using the initial
parameters introduced later in this study. The resulting binary samples are then used as training
data for GNS, allowing it to learn the QAOA output distribution. Finally, an MCMC simulation
is performed using GNS, which approximates the QAOA output distribution, as the proposal
distribution. The GNS proposal is prepared and trained separately for each model instance. The
full procedure of the proposed method is summarized in Algorithm 3, and a schematic illustration
of the overall process is shown in Fig. 4.2.

The transition defined by GNS is independent of the current state, meaning that Q(s’|s) =
p(s’). If p(s) exactly matches 7 (s), the acceptance probability becomes 1. Therefore, when
GNS closely approximates the target distribution, a high acceptance rate can be expected.
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Figure 4.2: A schematic diagram of the proposed method in this study. The method comprises
three main components: QAOA, GNS, and MCMC, and proceeds as follows: (i) Run QAOA
and sample the output states of the quantum circuit. (ii) Use the sampled binary sequences as
training data to train a generative neural network that reproduces the QAOA output distribution.
(iii) Perform MCMC using the trained neural network as the proposal distribution.

In this algorithm, MADE is adopted as the GNS. MADE utilizes autoregressive properties
to reduce connections, resulting in polynomial complexity of O(n?) for both evaluating and
sampling from the distribution. This structure enables efficient computation. Furthermore, since
the transition is independent of the current state, GNS proposals can be generated separately from
the MCMC simulation. This property suggests that proposals may be precomputed, potentially
reducing the overall computational cost.

4.3.2 Boltzmann Sampling with Neural Proposal Trained by QAOA

The main significance of combining quantum circuits with generative neural samplers is that,
within hybrid quantum-classical MCMC, any quantum circuit can serve as a proposal distribution,
provided its output distribution satisfies ergodicity. The trade-off of using quantum dynamics for
MCMC proposals is the need to access output state probabilities, which are generally difficult
to compute. Previous studies avoided computing output distributions by exploiting symmetric
dynamics, but this approach restricted the set of applicable quantum circuits. Our method enables
both the use of quantum dynamics and the tractable computation of proposal distributions by
approximating the distribution generated by quantum dynamics with a surrogate model based
on GNS. Earlier work proposed quantum annealing-like Hamiltonian dynamics [43, 135] for
sampling from the Boltzmann distribution of the Ising model. In contrast, this study demon-
strates that QAOA circuits without symmetry can also be handled. Moreover, this method may
extend the benefits of quantum proposals to a broader class of distribution sampling problems
beyond Boltzmann distributions. Nonetheless, identifying suitable quantum circuits for other
distributions and examining the applicability of this method remain open directions for future
research.
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Algorithm 3 QAOA-NMC

Input: Initial spin configuration sy, Target distribution 7, MCMC iterations M, MADE
MADE(), QAOA circuit U(0), Initial parameters 8, Dataset size N.
Output: Samples {s")}M_

1: Step 1: Sampling from QAQOA circuit
2: Set By in U(0)
3: Dataset D « Sampling U(8) in the computational basis

4: Step 2: Training MADE on QAOA samples
Train MADE() on D

bed

6: Step 3: MCMC simulation with trained MADE proposal
7. Initialize (9 « s
8 m 0

9: for m < M do

10 s',p(s’) «— MADE()

11: A < min {1, n?s(fm))) pl(,s((:)))}

12: if A > Uniform(0, 1) then

13: slm+l) o
14: else

15: glm+l)  g(m)
16: end if

17: me—m+1

18: end for

There are several advantages to using QAOA samples as training data for the neural proposal.
The QAOA output distribution is known to approximate a classical Boltzmann distribution
at a low temperature, which can be especially beneficial at low temperatures compared to
samples generated by traditional MCMC methods such as the SSF update. In practice, however,
the optimized QAOA output distribution may deviate from the true Boltzmann distribution of
the model. This deviation arises because the optimal QAOA solution corresponds to a zero-
temperature thermal state, which may fail to capture peaks associated with certain low-energy
excited states that are present in a finite-temperature Boltzmann distribution. Nevertheless, the
method often performs well in practical applications. Indeed, studies have shown that under
short-time evolution with QAOA-like Hamiltonians, wavefunction collapse upon measurement
tends to converge with high probability to one of the lowest-energy configurations [43,122,136].
This result suggests that the output distribution of a shallow QAOA circuit is well-suited for
proposing low-energy configurations, which remains a central challenge in Boltzmann sampling.

Another important feature of QAOA is the availability of heuristic initial parameters [85—88].
Utilizing such parameters enables rapid sample generation via QAOA without the computational
overhead of optimization. This feature aligns well with the capabilities of NISQ devices, where
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expectation value estimation can be challenging, but direct sampling remains feasible. As a
result, this approach is especially promising for near-term quantum devices.

While this discussion focuses on QAOA implemented on quantum computers, related algo-
rithms using quantum annealers are also possible [137], since QAOA is originally regarded as a
discretized form of quantum annealing. Quantum annealers are capable of solving Ising mod-
els involving thousands of qubits [138], although hardware constraints limit the range of graph
structures that can be directly implemented [139]. In contrast, universal quantum computers
may support broader applications beyond the Ising model and may not be subject to such graph
limitations, depending on the architecture. Moreover, VQAs are generally resilient to noise, and
several noise mitigation techniques have been developed. Through these strategies, the proposed
method may achieve quantum speedup on real NISQ devices for useful tasks such as Boltzmann
sampling.

4.4 Numerical Experiments

In this section, we evaluate the performance of the proposed method by sampling from the
Boltzmann distribution of spin glass systems. This model is a fully connected spin glass model
without an external field and is given as follows:

Hp(s) = — Z TikS ks (4.4.1)

1<j<k

where the coefficients {J/;;} are randomly drawn from a normal distribution N'(0, 1). For all
experiments, we assume that computations are carried out on an ideal, noise-free quantum
computer.

4.4.1 Spectral Gap

We begin by analyzing the average performance of the proposed method for small-scale systems.
We calculate the spectral gap of the Markov chains generated by the proposed method and
compare these results with those from various alternative proposal distributions.

In this experiment, we compute the spectral gap for 100 randomly generated instances (4.4.1)
for each system size n, ranging from 3 to 12 spins, in order to examine how the performance of the
proposed method depends on system size. MADE is trained separately for each instance, using the
dataset generated by QAOA on that instance. We consider two types of QAOA circuits: one that
uses fixed angles derived from the Sherrington-Kirkpatrick model [ 140] followed by optimization,
and one that applies the same angles without any optimization. For comparison, we evaluate
the proposed method against a quantum algorithm known as QAOA-MC. We also compare
the proposed method with classical proposals, including the SSF update and a uniform proposal
distribution. While more advanced techniques such as replica exchange methods are available for
spin glasses, this study limits its scope to a range of simpler proposal distributions. Importantly,
the proposed method could be extended to include replica exchange or other advanced MCMC
algorithms for direct comparisons with state-of-the-art methods. However, such extensions are
beyond the scope of this study.
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Figure 4.3: System size dependence of the spectral gap at 8 = 10.0. The data points represent
the average spectral gap (6) calculated over 100 randomly generated instances for each system

size n. The dotted lines indicate the scaling obtained through least-squares fitting.

Table 4.1: The exponential fit parameters in Fig. 4.3. Uncertainties are from the covariance

matrices obtained in the fitting process.

Proposal type Fitting (6) = 27%"
MADE+QAOA (optimized) 0.272(8)
MADE+QAOA (fixed angle) 0.371(21)
QAOA-MC 0.689(12)
Uniform 0.977(5)

SSF -

Enhancement (vs Uniform) 3.60(11)
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Figure 4.3 shows how the spectral gap varies with n for each proposal distribution at 8 = 10.0.
The average spectral gap (d) tends to decrease as n increases. However, in the case of optimized
QAOA, the trend can reverse for small n: performance may actually degrade as n decreases.
This occurs because, in the small-n regime, QAOA optimization becomes highly effective,
concentrating nearly all probability on the optimal solution. The resulting output distribution
thus approximates a zero-temperature Boltzmann distribution, which deviates from the desired
proposal distribution.

At B8 = 10.0, the scaling of the spectral gap with n is well fitted by (§) = 27%" except in
the case of SSF. For the optimized QAOA results, the fitting is applied only in the region where
(8) decreases with increasing n, for the reasons discussed earlier. Table 4.1 reports the fitted
values of k, from which it follows that the proposed method achieves a polynomial speedup
(approximately cubic) compared with the classical uniform proposal. In this low-temperature
regime, the proposed method consistently outperforms all of the other methods. Classical
proposal distributions struggle to navigate the complex energy landscape, especially near local
minima. By contrast, the proposed approach attains high convergence efficiency thanks to a
neural network sampler trained on samples generated by QAOA, which effectively captures low-
energy configurations of the spin glass. Although QAOA-MC also employs QAOA-inspired
circuits to facilitate fast transitions between low-energy states, the proposed method still achieves
better performance overall. Unlike QAOA-MC, which is constrained by available quantum
circuits, this method, using the GNS representation, provides transitions that are better suited
for low-temperature Boltzmann sampling through the QAOA output distribution. On the other
hand, proposals based on the QAOA output distribution are not well suited for cases where the
target distribution assigns appreciable probability to high-energy configurations, such as at high
temperatures. In the high-temperature regime (8 < 1), the scaling in fact worsens compared
with classical SSF and uniform proposals. (See Appendix A for simulations and scaling results
at other temperatures.) Nonetheless, it should be emphasized that in these temperature regimes,
simple classical proposals are sufficiently efficient, and therefore fall outside the scope of this
study.

Notably, the fixed-angle QAOA also yields superior outcomes compared to other methods
aside from the optimized QAOA. This finding is particularly significant because the main bottle-
neck in VQAs generally lies in optimizing the parameterized quantum circuits. The possibility
of achieving quantum advantage without extensive optimization could thus offer substantial
benefits. Indeed, the hybrid quantum-classical MCMC algorithms typically face optimization
and tuning challenges. For instance, quantum-enhanced MCMC methods still require careful
circuit parameter adjustments [44]. Such difficulties underscore why the proposed method may
represent a more practical quantum solution for current NISQ devices.

4.4.2 Magnetization Estimation

Next, we assess the performance of the proposed method for larger systems by estimating
magnetization. Defined as the average spin value in the model, m(s) = % Z’;:] s j, magnetization
quantifies the net polarization of spins. In this experiment, we estimate the average magnetization

m =y, u(s)m(s) from samples generated by MCMC simulations of a 25-site spin glass (4.4.1)
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Figure 4.4: MCMC estimation results for the squared estimator of the average magnetization (im =
0). The solid lines represent the average of running averages, computed from ten independent
Markov chains at each step. The shaded bands around the lines indicate the standard deviations,
illustrating variability among the chains.

at 3 = 5.0, corresponding to the Boltzmann distribution. We run ten separate MCMC simulations,
each starting from a different initial configuration and running for 10° steps.
In Figure 4.5, we plot the evolution of the squared estimator of the average magnetization,

L \2
m? = (ﬁ jA’ial m(sY ))) , as computed from the MCMC simulations. Because the SSF update

only allows local moves, it captures only a limited portion of the energy landscape, causing the
magnetization estimate to converge to a different value. By contrast, the proposed method steadily
approaches the true magnetization. Although a uniform proposal permits global transitions, it
does so indiscriminately across all states. In a low-temperature Boltzmann distribution with
sharp energy minima, this uniform search appears to hinder convergence. In comparison, the
proposed method rapidly converges and efficiently estimates the magnetization by prioritizing
proposals in low-energy regions of the energy landscape. Consequently, it focuses on the most
significant configurations for accurate sampling and estimation, showcasing a clear advantage in
exploring low-energy states.

Figure 4.5 presents the magnetization histogram for samples obtained from a single MCMC
chain, all starting from the same initial configuration. Owing to the Z,-symmetry of the spin
glass defined in Eq. (4.4.1), the system features symmetric magnetization peaks corresponding to
pairs of configurations with identical energies. While the SSF update tends to sample unevenly
by favoring one side of these peaks, the proposed method successfully samples both peaks in a
balanced manner. This highlights its capacity to respect the inherent symmetry and to explore
the overall configuration space more thoroughly.

‘We examine the autocorrelation of the magnetization. The autocorrelation function measures
the degree of statistical correlation among MCMC samples. Although samples drawn from an
ideal probability distribution would be uncorrelated, MCMC samples inherently exhibit finite
correlations due to the Markov chain nature of the process. When these correlations diminish
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Figure 4.5: Magnetization histogram for samples obtained from a single MCMC chain.
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Figure 4.6: Evolution of the autocorrelation function of magnetization.

sufficiently, we regard the MCMC process as converged, making autocorrelation a key metric for
gauging convergence efficiency. The autocorrelation function for magnetization is defined as

_ (m+)m(®) = (m(1)*
(m(Om(t)) - (m(0))y*

Here, m () denotes the magnetization of sample s*), and () indicates an average over the entire
Markov chain. To mitigate biases introduced by initial conditions, we discard the first 10* samples
of each chain before computing autocorrelations. Figure 4.6 shows how the magnetization’s
autocorrelation evolves over time. The proposal distribution derived from optimized QAOA
exhibits a notably faster decay in autocorrelation than other methods. By contrast, the fixed-
angle QAOA, unlike the trend observed in the spectral gap results, performs on par with or
worse than the SSF update. Nevertheless, it is important to emphasize that the SSF update fails

c(7)

(4.4.2)
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Figure 4.7: Acceptance rate for five random instances of 25-site spin glass. The dotted line
shows the average over the five instances. Instance 1 is the same as that used in Section 4.4.2.

to converge to the correct magnetization, as evidenced by the mean magnetization estimates
and magnetization histograms, while the proposed method reliably converges to the true value.
These observations suggest that the proposed method yields an efficient proposal distribution for
complex systems such as spin glasses. Unlike the SSF update, it achieves unbiased sampling
while maintaining ergodicity and successfully capturing the Boltzmann distribution.

Finally, to test whether similar results hold for other instances, we calculated the acceptance
rate. The acceptance rate is defined as the fraction of accepted proposals out of the total M
steps. Figure 4.7 presents the acceptance rates for each proposal distribution across five random
instances of a 25-site spin glass. Instance 1 is the same as that used in the previous experiments.
The MCMC settings for the five instances are identical to those described earlier. Among the
proposals that realize global transitions, the highest acceptance rate is achieved by optimized
QAOA, followed by fixed-angle QAOA and then the uniform distribution, indicating that pro-
posals based on the QAOA output distribution facilitate transitions to different configurations.
The acceptance rate of SSF is comparable to that of optimized QAOA; however, as shown by
the autocorrelation results, SSF introduces biased sampling, so its high acceptance rate does not
necessarily correspond to efficient sampling.

4.5 Conclusion

In this study, we present a method to accelerate MCMC sampling for spin glasses by combining
QAOA with a generative network sampler. While Boltzmann distributions of spin glasses have
traditionally been studied in statistical physics, they are also central to binary combinatorial
optimization and machine learning. However, sampling from these distributions remains a well-
known challenge, particularly at low temperatures. The proposed approach leverages samples
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from a QAOA circuit that approximates the Boltzmann distribution and uses them to train
MADE, producing a proposal distribution closely aligned with the target. We benchmarked
the proposed method on fully connected spin glasses and conducted several computational
analyses. Spectral gap results show that the proposed method maintains strong performance
as the system size increases. In magnetization estimation via MCMC, we demonstrated that,
unlike the SSF update, the proposed method enables unbiased sampling and converges more
rapidly than classical proposals. This advantage is maintained even when using unoptimized
QAOA samples. This finding highlights the potential of the proposed approach to exploit current
quantum devices without the extensive measurements that are typically required in VQAs.

One of the directions for future research is to extend beyond the Ising model to more
general systems. This extension may require exploring alternative neural network architectures
in place of MADE. Recent studies on neural network samplers for MCMC have indicated that
MADE-based proposals may become inefficient for models that involve substantial computational
complexity [133]. As a result, adopting more advanced architectures such as Transformers,
which have shown strong performance in modern machine learning [141, 142], or customized
architectures tailored to specific physical systems [143], could offer significant advantages.



Chapter 5

Fair Sampling of Ground-State
Configurations

In this chapter, we explore use cases for hybrid quantum-classical MCMC. In particular, we
analyze the fair sampling properties of hybrid quantum-classical MCMC and investigate their
applications. Many important combinatorial optimization problems admit multiple solutions,
and for such problems it is often desirable to sample solutions uniformly, a property commonly
referred to as fair sampling. Through the analysis of toy models, we demonstrate that hybrid
quantum-classical MCMC can achieve fair sampling. Furthermore, using the practically impor-
tant random k-SAT problem as a benchmark, we apply the proposed methods and show that
they achieve fair sampling and convergence efficiency comparable to state-of-the-art classical
MCMC approaches. This chapter is based on [Y. Nakano and K. Fujii, arXiv:2512.14552 (2025),
Achievement 3] with modifications to fit the context.

5.1 Introduction

Combinatorial optimization problems play an indispensable role across a wide range of fields,
including logistics, finance, drug discovery, and machine learning [144]. However, many practi-
cally important problems are classified as NP-hard in computational complexity theory, meaning
that their computational cost typically grows exponentially with problem size, which makes
the computation of exact optimal solutions extremely challenging. Consequently, a great deal
of effort has long been devoted to the development of approximation algorithms and heuris-
tics that can provide high-quality approximate solutions within practical time scales [145]. In
recent years, rapid advances in quantum hardware have spurred interest in new optimization
heuristics that exploit the principles of quantum mechanics. Among these, quantum annealing
(QA) [72,73] and the quantum approximate optimization algorithm (QAOA) [30] are regarded
as two of the most widely studied and promising approaches. In both methods, the cost function
of an optimization problem is encoded into a classical Ising Hamiltonian Hp, which is combined
with a driver Hamiltonian Hj; (such as a transverse field) that induces quantum superposition
and transitions between configurations, thereby enabling exploration of the solution space. QA

55
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aims to reach the ground state of Hp (the optimal solution) through adiabatic time evolution
implemented on a quantum annealer, whereas QAOA pursues the same goal using parameter-
ized quantum circuits on universal quantum computers. These quantum heuristics have been
applied to a variety of optimization tasks, and numerical evidence has suggested potential advan-
tages in time-to-solution scaling over classical algorithms under specific conditions [146, 147],
positioning them as promising candidates for next-generation computational paradigms.

On the other hand, in several important applications of optimization, it is not sufficient to find
a single optimal solution. Instead, one must exhaustively explore the entire set of optimal solu-
tions (ground states). Representative examples include model counting problems (#SAT) [148],
counting solutions of knapsack instances (#Knapsack) [149], and SAT-based membership fil-
ters [150,151]. For such tasks, the ability to draw solutions uniformly at random from the solution
space, that is, fair sampling, is of critical importance. However, the standard transverse-field
driver (2.5.6) widely used in QA and QAOA is known to induce biased transition probabilities
due to quantum interference effects, leading to an exponential suppression of the occurrence
probabilities of certain ground states [152-155]. To mitigate this bias and achieve perfectly
fair sampling, the use of higher-order interaction drivers has been proposed in QA [152], while
in QAOA, the introduction of Grover-mixers has been suggested [78—81]. Nonetheless, imple-
menting these more complex drivers typically entails substantial overhead in terms of hardware
connectivity and circuit depth, rendering them impractical on current noisy intermediate-scale
quantum (NISQ) devices [154].

Against this backdrop, there has been growing interest in leveraging quantum optimization
heuristics not only as solvers for optimization problems but also as building blocks for sampling
from probability distributions. A particularly promising line of research in this direction is hybrid
quantum-classical Markov chain Monte Carlo (MCMC) [43]. In this approach, samples drawn
from a quantum circuit are used as a proposal distribution in the transition steps of MCMC
methods, such as the Metropolis—Hastings algorithm. Previous work has demonstrated that
transitions driven by a time-independent QA Hamiltonian can be effective for sampling from
low-temperature Boltzmann distributions of Ising models [43]. In addition, methods have been
proposed that employ autoregressive neural-network samplers trained to approximate the output
distribution of QAOA circuits, enabling adaptive sampling [137, 156]. These hybrid schemes
aim to enhance sampling efficiency by combining the local exploration capabilities of classical
MCMC with the global exploration abilities provided by QA and QAOA. This naturally leads
to a central open question: Can hybrid quantum-classical MCMC with a standard transverse-
field driver achieve fair sampling while retaining the practical advantages of easy hardware
implementation? If the sampling bias can indeed be mitigated within the MCMC framework
using such a simple driver, without resorting to more elaborate mixers, it would constitute a
highly practical and significant sampling algorithm for near-term quantum devices.

In this chapter, we investigate the fair-sampling capability of hybrid quantum-classical
MCMC. Specifically, we explore its fair-sampling performance and applications through two
problem settings based on Ising models. The first is an analysis of small-scale Ising models,
including toy models studied in previous work. There we show that introducing MCMC steps
on top of the quantum dynamics can restore fair sampling. Furthermore, as a more practically
relevant problem setting, we consider sampling solutions of random k-SAT instances. For k = 2,
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we find that combining proposals generated by quantum dynamics with a standard single spin-flip
(SSF) update achieves a level of fairness comparable to that of PT-ICM [65], which is known
to realize fair sampling. For k = 3, where sophisticated classical sampling algorithms such as
PT-ICM are no longer applicable, the hybrid quantum-classical MCMC still attains fair sampling.
In addition, for solution counting, we show that it requires a number of transitions comparable
to that of WalkSAT [157], a representative classical heuristic solver. These results point to new
possibilities for applying quantum heuristics to solution-sampling tasks, which have traditionally
been regarded as a weak point of such methods.

The rest of this chapter is organized as follows. Section 5.2 examines the fair-sampling
capability using representative small-scale instances that have been employed in previous work.
Section 5.3 investigates the sampling of solutions for random k-SAT problems, comparing our
approach with classical algorithms and discussing applications to counting problems. Finally,
we present our conclusions and discuss future prospects in Section 5.4.

5.2 Degenerate Ground-State Sampling for Small Systems

N Kp B

- Fair sampling

QA

I QAOA
BN Qe-MCMC
HEE QAOA-NMC

GS0 GS1 GS2 GS3 GS4 GS5 - GSo GS1 GS2 GS3 . GSO GS1 GS2 GS3

Figure 5.1: Three five-site Ising models with degenerate ground states and their corresponding
sampling probabilities. (Top) Model specifications. Node colors represent the local fields #;,
and edge colors represent the couplings J;;: red indicates coeflicients +1, blue indicates —1, and
gray indicates 0. (Bottom) Sampling probabilities over the degenerate ground states. The black
dashed line indicates perfectly fair, that is, uniform, sampling over the ground-state manifold.

To investigate the sampling properties of quantum heuristics for the Ising model, we first
perform numerical simulations on small-scale models with degenerate ground states. The models
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Figure 5.2: Dependence of the final QA state on the annealing time 7, for the instance with
sixfold degeneracy shown in Fig. 5.1. The red line indicates the total effective evolution time,
Toaoa = Zle (B:i + yi) obtained by interpreting the optimized QAOA parameters as effective
evolution times.

considered are k = 2 Ising models (2.2.2) with five sites. The interaction coefficients take only
two values, J;; € {+1, —1}, which results in a degenerate ground-state manifold.

We sample degenerate ground states using four methods: direct sampling of the final state
via QA and QAOA, and two hybrid quantum-classical MCMC approaches, Qe-MCMC and
QAOA-NMC. For all methods, a transverse-field driver Hamiltonian is employed as the mixer
Hamiltonian. The specific settings are as follows: For QA, we calculate the final state by
integrating the Schrodinger equation using the QuTiP library with an annealing time 7, =
10°. For QAOA, we employ a circuit of depth p = 5, optimize parameters via the BFGS
algorithm [158], and perform 103 measurements. QAOA-NMC uses these samples as training
data, with all hyperparameters and settings adopted from Ref. [156]. Qe-MCMC is executed
with hyperparameters based on Ref. [44]. For both MCMC approaches, 10° samples are drawn
from the Boltzmann distribution with § = 10. Regarding implementation, Qulacs [159] is used
for quantum circuit simulations of QAOA and Qe-MCMC, while PyTorch [160] is used for the
training and inference of MADE.

Figure 5.1 shows the sampling results for the three models previously examined in Ref. [154,
155]. As confirmed in earlier studies, QA suppresses the occurrence probabilities of certain
ground states, even for sufficiently large 7,,. Interestingly, in the case of short-time annealing
(T, < 10), the sampling probabilities of all ground states remain fair in the final state (Fig. 5.2).
This suggests that, in principle, fair sampling might be achieved by appropriately optimizing
the annealing time. However, determining such an optimal value of 7, in advance is highly
nontrivial.

By contrast, hybrid quantum-classical MCMC methods show no such suppression, retaining
sampling probabilities for all degenerate ground states. This is primarily because both algorithms
employ QA Hamiltonian dynamics with short evolution times for transitions, thereby mitigating
the driver-induced suppression of degenerate ground states. In fact, the red dotted line in Fig. 5.2
denotes Toaoa = Zle (Bi + vi), the effective annealing time derived from optimized QAOA
parameters, which corresponds to the temporal region where annealing maintains relatively
fair sampling. Furthermore, the Metropolis—Hastings post-processing applied to the quantum
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proposals also contributes significantly to restoring fair sampling. QAOA-NMC, in particular,
shows reduced bias compared with the raw QAOA output distribution on which it is trained. This
improvement arises because the low-temperature Boltzmann distribution imposes acceptance
probabilities that effectively act as a filter, allowing only ground states and a subset of low-energy
excited states to be accepted. These findings indicate that combining quantum heuristics with
MCMC is a promising strategy for achieving fair sampling.

5.3 Random k-SAT Sampling

In this section, we perform a numerical analysis of the fair sampling and applications of hybrid
quantum-classical MCMC on random k-SAT instances.

5.3.1 Problem Setting

The Boolean Satisfiability Problem (SAT) is one of the most fundamental problems in computer
science. It asks whether there exists an assignment of variables that evaluates a given logical
formula to True. In particular, the case where each constraint consists of a logical disjunction
(OR) of k literals is referred to as k-SAT.

For n binary variables x1, . .., x,, let a literal [ be either the variable itself x; or its negation
—x;. An instance of k-SAT is described in the conjunctive normal form (CNF) as a logical
conjunction (AND) of “clauses” C,,, each consisting of the disjunction of k literals:

M k
F@)=CAC A ACy =\ [\ lny]- (5.3.1)
m=1\ j=1

Here, M denotes the total number of clauses, and /,, ; represents the j-th literal included in the
m-th clause. The objective of the problem is to find a configuration of variables € {0, 1}" such
that F(x) = 1 (True).

The k-SAT problem addressed in this study is a typical class of Constraint Satisfaction
Problems (CSP). From a physical perspective, the SAT problem can be formulated as an energy
minimization problem by treating each clause C,, as a local interaction energy term. We define a
Hamiltonian H,, for each clause, which assigns an energy of 0 if the logical formula is satisfied
True and a positive energy penalty H,, > 0 if it is not satisfied False. The total Hamiltonian of
the system, Hsar, is then constructed as:

M
Hgar = Z Hy () (5.3.2)

m=1

In k-SAT, the sole condition under which a clause C,,, remains unsatisfied is when all & literals
in the clause evaluate to False. Therefore, by constructing a penalty function that increases
the energy only under this condition and expanding it using Ising variables s; € {+1,—1} (or
x; € {0, 1}), the problem can be mapped to the Ising model or QUBO formulation introduced in
Section 2.2.
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Figure 5.3: Number of solutions, or degeneracy, N, of the generated random 2-SAT and 3-SAT
instances as a function of the problem size n.

For example, the Hamiltonian for a clause C = x; V x; V x; in 3-SAT (where variables
are binary) can be constructed as follows. Since this clause evaluates to False only when
(xi,xj,xx) = (0,0,0), the penalty term is given by:

Hyy = (1= x;)(1=x;)(1 = xp). (5.3.3)

This term evaluates to 1 only for the state (0, 0, 0) and 0 otherwise. By expanding this expression
and converting the variables to spin variables via s; = 1 — 2x;, an Ising Hamiltonian containing
up to three-body interactions is obtained.

Furthermore, it is known that the computational hardness of k-SAT changes dramatically
depending on the constraint density @ = M /n, defined as the ratio of the number of clauses M to
the number of variables n. A phase transition regarding the existence of a solution (SAT/UNSAT
transition) occurs near a specific critical value a.. This region is of particular importance as it
represents the most difficult regime even for classical heuristics.

5.3.2 Numerical Experiments
Instance Set

In this study, we utilize Random k-SAT problems with £ = 2 and 3. Specifically, to address
problems with a constraint density near the critical point a. [146], where quantum heuristics are
expected to be particularly effective, and to ensure the existence of multiple SAT solutions, we
generate the instance set as follows. First, we generate a Random k-SAT instance consisting of
M = |a.n] + 1 clauses, randomly selected from the set of all possible (',:)2" clauses. Next, we
use a classical solver to filter out instances that have one or zero SAT solution. Through this
procedure, we prepare an instance set consisting of 100 random instances for each problem size
n, ranging from 8 < n < 16. Figure 5.3 shows the number of degenerate ground states, N, for
each problem size n.
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Method

In this experiment, we perform the sampling of SAT solutions for the generated instance set using
a hybrid quantum-classical MCMC. We adopt QAOA-NMC for this purpose. The rationale for
this choice is twofold: QAOA-NMC using an optimized QAOA circuit is expected to demonstrate
faster convergence than Qe-MCMC, and it facilitates a direct comparison with the QAOA output
distribution. This approach allows us to clearly elucidate the correction effects resulting from
the MCMC steps.

The detailed settings for QAOA-NMC are described below. For QAOA, we use a circuit with
depth p = 5. To reduce the computational cost associated with optimization, we introduce linear
parameters [82]. This involves replacing the 2p parameters of the QAOA with a linear schedule
consisting of four parameters: 5; = ﬁslope% + Bintep and y; = yslope% + Yintep- Furthermore, since
such linear schedules contain parameters (referred to as “fixed angles”) that universally yield good
cost functions for instances, we prepare two types of QAOA circuits: one based on optimized
parameters and another based on these fixed parameters derived from the schedule [83, 84]. For
MADE, the size of the training dataset is set to 103, and all hyperparameters are identical to
those in Ref. [156]. Sampling of the ground state is performed via the Boltzmann distribution
with 8 = 10. We executed 10* sampling steps for each of 10 random initial states.

Hybrid Algorithm

As shown in Fig. 5.3, the instance set exhibits a high degree of degeneracy. Particularly for k = 2,
the system possesses a vast number of solutions; consequently, it is highly probable that some
ground states are missing from the training data, and the learned MADE may fail to transition to
all ground states. To correct these biases, we introduce a new hybrid method that combines the
MADE update with a sweep consisting of n single spin-flip (SSF) updates. The computational
cost of an SSF sweep is minimal, and the hybrid update remains of the same order as the MADE
update. The introduction of the SSF sweep is intended to explore other ground states located
in the vicinity of the state proposed by MADE. Since many instances in k = 2 form clusters
with close Hamming distances, this approach is expected to play a role in complementing the
sampling of ground states that were missing during the MADE training. Hereafter, we denote
this hybrid variant combining QAOA-NMC and SSF sweeps as QAOA-assisted Hybrid neural
MCMC (QAOA-HMC).

Classical Algorithms

As benchmarks for classical algorithms in this study, we adopt PT-ICM, a state-of-the-art sam-
pling algorithm for 2-body Ising models, and WalkSAT, a representative method for Stochastic
Local Search (SLS).

PT-ICM PT-ICM [65] is an algorithm that combines Parallel Tempering (PT) [62, 63] with
Isoenergetic Cluster Moves (ICM) [64]. PT simulates multiple replicas with different temperature
parameters in parallel and periodically exchanges their configurations. High-temperature replicas
perform global exploration, while low-temperature replicas perform local optimization, enabling
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the system to efficiently overcome energy barriers. The ICM identifies clusters of interacting
spins and performs non-local updates by flipping them collectively. This update is designed
to preserve the total energy of the system (or cause minimal change), facilitating transitions to
distant valleys in the state space by “tunneling” through regions with high energy barriers. The
overall process is described by the procedure below. Due to the synergistic effect of PT and ICM,
PT-ICM achieves extremely fast relaxation and efficient sampling even in complex systems like
spin glasses.

WalkSAT WalkSAT [157] is an incomplete solver that heuristically explores the solution space,
unlike complete solvers such as the DPLL (Davis-Putnam-Logemann-Loveland) algorithm [161],
which performs an exhaustive search. It is known for its ability to discover satisfying assignments
extremely quickly, especially for random k-SAT instances. The search process of WalkSAT
begins with a random initial assignment and proceeds by repeating the following steps:

1. Randomly select one unsatisfied clause under the current variable assignment.

2. Determine which variable within that clause to flip. At this point, one of the following
operations is performed based on a probability p (noise parameter):

* Random Move (probability p): Randomly select a variable in the clause and flip its
value. This promotes escape from local optima (local minima).

» Greedy Move (probability 1 — p): Select the variable that, when flipped, results in the
greatest reduction (or minimal increase) in the total number of unsatisfied clauses.

By balancing this greedy optimization and random walk, WalkSAT efficiently explores the
complex energy landscape, aiming to reach a global optimum (satisfying assignment). In this
study, we utilize an algorithm called WalkSATIm [162], which is modified with a more complex
cost function. Although WalkSAT is originally designed to find a single SAT solution, it can
be utilized to enumerate SAT solutions with a simple modification. This involves adding a new
clause to the problem’s CNF that prohibits the already discovered solution, thereby searching
for undiscovered solutions. By repeating this process until the CNF becomes UNSAT, all SAT
solutions can be enumerated.

5.3.3 Fair Sampling

First, to assess the fair sampling capability, we quantify the sampling bias using the ratio of the
maximum to minimum probabilities of the ground states, denoted as pmax/Pmin- For QAOA and
MADE, this ratio is derived based on the directly computed output distributions; for MCMC, it
is calculated from the histogram constructed from all sampled ground states. It should be noted
that for MCMC, there are cases where the sampler fails to visit all degenerate ground states. In
such instances, the ratio pmax/pPmin cannot be defined, and thus these results are excluded from
the analysis.
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Figure 5.4: The ratio pmax/pPmin and the number of instances where all ground states were
successfully discovered as a function of the problem size n for the k = 2 case.
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Random 2-SAT

Figure 5.4 illustrates the ratio pmax/ pmin and the number of instances where all ground states were
successfully discovered as a function of the problem size n for the k = 2 case. As discussed in the
analysis of small systems, optimized QAOA exhibits significant bias. Consequently, the MADE
trained on these outputs becomes an even more biased sampler. Therefore, QAOA-NMC often
fails to sample all degenerate ground states. In contrast, QAOA-HMC successfully discovered
all ground states for all instances. Furthermore, in terms of the ratio pmax/Pmin, it demonstrates
fairness comparable to, or even surpassing, that of PT-ICM, which is known for achieving fair
sampling. Additionally, QAOA yielded nearly identical results regardless of whether optimized
parameters or fixed angles were used. This is because the linear schedule employed in this
study exhibits a strong concentration of optimal parameters [82], and the fixed angles, derived
as the medians of these values, are very close to the optimal parameters. While this does not
directly affect fair sampling performance, the use of fixed angles eliminates the need for the
computationally expensive optimization of QAOA, making it a practically significant property.

Random 3-SAT

Figure 5.5 presents the ratio pmax/Pmin and the number of instances where all ground states
were discovered as a function of problem size n for k = 3. While the trend is fundamentally
similar to that of k = 2, the overall degree of bias is reduced. This is attributed to the smaller
total number of solutions, N, compared to the k = 2 case. Consequently, even QAOA-NMC
succeeded in exploring all ground states for many instances. However, in the case of k = 3,
there were instances where even QAOA-HMC failed. All such instances possess configurations
that are weakly correlated with other ground states; thus, they cannot benefit from the local
neighborhood search provided by the SSF sweep.

5.3.4 Model Counting

Next, as an application of the fair sampling property, we perform the enumeration of SAT
solutions. This is a problem known as Model Counting (#SAT) [148]. Here, we compare the
counting performance between MCMC sampling and WalkSATIm. We define a state transition
as a single step and evaluate the total number of steps required to discover all solutions. For
QAOA-NMC, QAOA-HMC and WalkSATIm, we calculate the average number of steps over 10
trials, whereas for PT-ICM, we count the steps in a single trial. As in the previous section,
instances where not all degenerate ground states were discovered within a limited number of
steps are excluded from the analysis.

Random 2-SAT

Figure 5.6 displays the number of steps required to enumerate all ground states and the number
of instances where MCMC demonstrated superiority over WalkSATIm, as a function of problem
size n for k = 2. QAOA-NMC fails to surpass the performance of PT-ICM in almost all instances
and is also inferior to WalkSATIm in many cases. This is because, as mentioned in the previous
section, QAOA-NMC fails to sample all ground states for many instances. Consequently, the
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Figure 5.6: The number of steps required to enumerate all ground states and the number of
instances where MCMC demonstrated superiority over WalkSATIm and PT-ICM, as a function
of problem size n for k = 2.
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step count data for QAOA-NMC is omitted from Fig. 5.6. In contrast, QAOA-HMC outperforms
WalkSATIm in most cases and achieves performance nearly equivalent to that of PT-ICM.

Random 3-SAT

Figure 5.7 displays the number of steps required to enumerate all ground states and the number of
instances where MCMC was superior, as a function of problem size n for k = 3. Unlike the k = 2
case, QAOA-NMC possesses a certain degree of competitiveness against WalkSATIm. Although
QAOA-HMC still outperforms WalkSATIm in many instances, the scaling of the average step
count is comparable to that of WalkSATIm. As discussed in the previous section, the efficacy
of the SSF sweep diminishes in this regime; consequently, the bias of QAOA-HMC increases,
leading to significant performance variance across instances.

5.4 Conclusion

In this chapter, we investigated the fair sampling property of hybrid quantum-classical MCMC
algorithms for problems with degenerate ground states.

Through numerical experiments on small Ising models, we showed that although quantum
annealing and QAOA with transverse-field drivers exhibit strong sampling bias, the introduction
of Metropolis—Hastings post-processing substantially restores uniformity over degenerate ground
states. This result highlights that sampling bias arising from quantum dynamics does not
necessarily preclude fair sampling when combined with classical MCMC updates that enforce
detailed balance.

We further examined random k-SAT problems as practically relevant benchmarks with highly
degenerate solution spaces. For random 2-SAT, we found that a hybrid MCMC combining QAOA-
trained neural proposals with single spin-flip updates achieves a level of fairness comparable to
that of PT-ICM, a well-established classical fair sampler. For random 3-SAT, where PT-ICM is
no longer applicable, the hybrid approach still yields approximately uniform sampling, although
instance-dependent limitations remain, particularly for solutions that are weakly connected in
configuration space.

As an application, we studied model counting and observed that the number of transitions
required to enumerate all solutions using hybrid MCMC is comparable to that of WalkSAT, a
representative stochastic local search algorithm. This suggests that hybrid MCMC can serve
as an alternative sampling-based approach for enumeration tasks, rather than a replacement for
existing classical solvers.
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Conclusion

This thesis elucidates, from algorithmic and empirical perspectives, the effectiveness of hybrid
quantum-classical MCMC algorithms that use samples generated by quantum circuits as pro-
posal distributions and guarantee detailed balance through classical Metropolis—Hastings (MH)
updates. The central claim is that, rather than employing quantum heuristics as the final sampler,
one can restrict their role to generating transition proposals and justify the resulting procedure
within classical MCMC, including accept-reject decisions. In this way, sampling performance,
including convergence speed and fairness, can be improved in a form that is implementable even
on the NISQ devices.

In Chapter 3, we proposed Quantum Alternating Operator Ansatz Monte Carlo (QAOA-MC),
a hybrid quantum-classical MCMC algorithm that uses a fixed-depth QAOA circuit as a pro-
posal distribution to accelerate convergence while remaining compatible with NISQ devices. By
adopting a QAOA-type circuit, we increased practical feasibility with shallow circuits, and we
showed that local optimization with respect to the acceptance rate can contribute to improved
mixing. In numerical experiments for the Boltzmann distribution of spin glasses, we observed an
approximately quadratic improvement in the absolute spectral gap compared with a uniform pro-
posal, providing concrete evidence that quantum circuit based proposals can accelerate MCMC
convergence.

In Chapter 4, we presented a method to accelerate MCMC sampling by training an au-
toregressive generative model (MADE) using QAOA samples, thereby constructing a proposal
distribution consistent with the target Boltzmann distribution of spin glasses. Benchmarks on
fully connected spin glasses showed that the performance of the proposed proposal mechanism
remains strong as the system size increases. In estimating physical observables such as magne-
tization, we demonstrated that the method achieves faster convergence than the single spin-flip
(SSF) update while preserving unbiased sampling. Moreover, the advantage persists even when
the QAOA samples are not rigorously optimized. This indicates the potential for practical
use of samples from quantum devices without relying on variational optimization or extensive
measurement overhead.

In Chapter 5, we focused on fair sampling, which is crucial for problems with degenerate
ground states. Using small Ising models, we showed that while quantum annealing and a
transverse-field Hamiltonian mixer can exhibit strong sampling bias, a hybrid MCMC equipped
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with MH post-processing substantially restores uniformity over the degenerate solution set. We
further considered random k-SAT as a practically relevant benchmark with highly degenerate
solution spaces. For random 2-SAT, we found that a hybrid MCMC combining a QAOA-trained
proposal with SSF updates achieves a level of fairness comparable to PT-ICM, a well-established
classical fair sampler. For random 3-SAT, we confirmed that the hybrid approach still yields
approximately uniform sampling. As an application, we examined model counting, namely
solution enumeration, and found that the number of transitions required to obtain all solutions is
comparable to that of WalkSAT. This suggests that hybrid MCMC can function not as a simple
replacement for existing classical solvers, but as an alternative sampling-based approach for
enumeration and estimation tasks.

In summary, through (i) optimization strategies for accelerating convergence, (ii) quantum
proposals that combine quantum samples with generative neural samplers, and (iii) verifica-
tion of fair sampling properties together with applications to solution sampling tasks in SAT
problems, this thesis demonstrates that hybrid quantum-classical MCMC algorithms provide
an effective framework for extracting the advantages of quantum computation even under the
constraints of NISQ devices. In the NISQ era, quantum algorithms have primarily developed
around VQAs, but it has also become clear that obtaining a realistic computational advantage
is difficult due to issues such as variational optimization and measurement costs. Against this
background, sampling-based NISQ algorithms have attracted attention, leading to the emergence
of hybrid quantum-classical MCMC. This thesis advances this approach and elevates it to a more
practical level. In particular, QAOA-NMC based on fixed-angle QAOA inherits insights from
VQAs while achieving accelerated MCMC without variational optimization, thereby opening a
path toward obtaining computational advantage on currently available NISQ devices. Further-
more, applications to combinatorial optimization problems that exploit fair sampling properties
demonstrate that NISQ algorithms can leverage quantum advantages for practically important
tasks such as solution sampling. These results represent a major step toward the realization of
practical sampling algorithms using near-term quantum devices and are expected to become an
important milestone for achieving quantum advantage with NISQ devices across a wide range of
fields, including statistical physics, machine learning, and combinatorial optimization.

Finally, we discuss directions for future research. A key unresolved issue for hybrid quantum-
classical MCMC is whether the advantages observed in this thesis and in prior work persist for
larger systems and on real hardware. Existing evaluations, including those in this thesis, have
been limited to scaling analyses over small systems for which spectral gaps can be computed.
In contrast, MCMC in statistical physics is routinely applied to large systems with hundreds
to thousands of variables. If it can be confirmed that hybrid quantum-classical MCMC also
outperforms classical MCMC in these regimes, it would constitute quantum advantage in a
substantive sense. Another open question concerns robustness on actual hardware. The original
Qe-MCMC [43] study demonstrated, using an IBM superconducting processor, that an advantage
over classical proposal distributions can be maintained for a 10-qubit system. However, it remains
unclear whether Qe-MCMC can overcome the difficulty of preserving symmetry under noise and
still maintain performance for larger systems.

The QAOA-NMC proposed in Chapter 4, which combines QAOA with machine learning
based distribution estimation, may address these issues. QAOA has already been executed on
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systems exceeding one hundred qubits [84,163,164], and with fixed angles it should be possible
to run QAOA-NMC with realistic circuit execution and measurement costs even at these scales.
Regarding scalability, although the problem sizes that can be handled directly by current devices
remain limited, it may be possible to apply the method to problems larger than the hardware
size by employing divide and conquer strategies that partition the problem into subsystems
and incorporate quantum subroutines [165]. QAOA-NMC can be naturally integrated with such
structures, potentially enabling practical performance improvements using NISQ devices even for
real world problems with hundreds to thousands of variables. While analyzing these directions
is left to future work, the results of this thesis indicate the possibility that algorithms based
on currently available NISQ devices can exhibit quantum advantage for problems of practical
importance, and we believe that this represents an important step toward near-term societal
applications of quantum computing.
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Appendix A

Spectral Gap For Different
Temperatures

Table A.1: The exponential fit parameters in Fig. A.1. The fitting compares the quantum
proposal’s enhancement over the uniform proposal with the best scaling (highlighted in bold)
among the data for which fitting was feasible. Uncertainties are from the covariance matrices
obtained in the fitting process.

Proposal type £ =0.1 L=1.0 £=2.0 =50 p=100
MADE+QAOA (optimized) 1.73(8) 0.99(7) - 0.23615 0.2728
MADE+QAOA (fixed angle) 1.430(34) 0.732(14) 0.27518 0.355(21) 0.371(21)
QAOA-MC 0.000(5) 0.272(8) 0.459(11) 0.640(12) 0.689(12)
Uniform 0.0954(8) 0.632(5) 0.829(6) 0.948(6) 0.977(5)
SSF - 0.374(35)  0.60(6) 1.21(8) -
Enhancement (vs Uniform) None None 3.02(20) 4.02(25) 3.60(11)

Figure A.1 shows how the spectral gap depends on system size across different temperatures,
including the data at 8 = 10.0 previously shown in Fig. 4.3. The (§) = 27" fitting is performed
only on valid data; therefore, for some data the scaling of (§) could not be obtained. Table A.1
reports the fitted values of k. At high temperatures (8 < 1), classical proposals are sufficiently
efficient and outperform the proposed method. It is important to note that simulations in this
regime are classically tractable, and the proposed method is specifically designed to utilize
approximate Boltzmann distributions generated by QAOA at low temperatures. Therefore, it is
not intended for high-temperature settings. In the low-temperature regime (8 > 1), the optimized
QAOA circuit yields the best performance. Interestingly, around 5 = 1, the fixed-angle QAOA
performs better than its optimized counterpart. The proposed method consistently maintains an
advantage over classical proposals throughout the low-temperature regime. This result suggests
that even without parameter optimization, quantum circuits can serve as effective generators of
Boltzmann samples at finite temperatures, which is a highly promising finding.
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lines indicate the scaling obtained through least-squares fitting. The resulting values of fit

parameter k are given in Table A.1.
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